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E: ” NOW preſent my Readers with a Fourth Volume of the Scriptores Logas 


rithmici, of the contents of which I ſhall here give a ſhort account. 


The firſt Tra& in this Volume is intitled “ An Appendix to the Tra? of 


Dr. Edmund Halley, intitled An Eaſy Demonſtration of the Analogy of the 


Logarithmick Tangents to the Meridian Line, or Sum of the Secants ; with various 
Methods of computing the ſame to the utmoſt examneſ; which has been re-printed 
in I ſecond Volume of this Collection of Trafts, intitled, Scriptores Logarithmict, 
in pages 76, 77, 78, &c, - - - 84: Containing the Solution of a curious Problem 
relating to Navigation, propoſed by Dr, Halley in the latter part of the ſaid 

Trad,” | | 


This Problem, relating to Navigation, was propoſed by Dr. Halley towards 
the end of the aforeſaid Tract, intitled, * An eaſy Demonſtration of the Analogy, 
&c” in the year 1696, in a paſſage expreſſed in theſe words; “ I need not 
ere how, by regreſſive work, to find the latitudes from the meridional parts; the 


method being ſufficiently obvious: 1 ſhall only conclude with the propoſal of a 


Problem, which remains to make this dodtrine compleat ; and that is this, 


Vol. IV. | i 7 A PRO. 


u | = WS © 3: 2 


A PROBLE M. 


A Ship ſails from à given latitude ; and, having run a certain number of leagues, 
has altered her longitude by a given angle. It is required to find the courſe fleered. 


_ The Solution hereof would be very acceptable, if not to the Publick, at leaſt to the 
Author of this Tratft ; being likely to open ſome further light into the myſteries of 
Geometry.” See Vol. II of this preſent Collection of Tracts, called Scriptores 


Logarithmici, page 83. 


In this Problem the ſhip is ſuppoſed to have ſailed always in the ſame courſe 
during the whole voyage, or in ſuch a line as to have always cut the ſeveral! 
meridian-lines (or circumferences of great circles of the earth paſſing through 
it's two poles,) over which it has paſſed, in the ſame angle: and the earth is 
ſuppoſed to be of a ſpherical, and not of a ſphero-eidical, or other oval, figure; 


and conſequently all the meridian-lines (or circumferences of great circles of 


the earth that paſs through the two poles,) will be equal to the circumference 
of the equator : And by the difference of the ſhip's longitude at the beginning and 
at the end of the voyage, (which difference is here ſuppoſed to be given, or 
known,) we are to underſtand the arch of the circumference of the equator 
that is intercepted between two meridian-lines (or the circumferences of two 
oreat circles of the earth paſſing through the two poles,) that are drawn 


* through the ſhip's two poſitions at the beginning and at the end of the voyage. 


- Theſe things muſt be thoroughly underſtood, and carefully attended- to, in 
order to have a clear idea of the meaning of the Problem of which Dr. Halley 


wiſhed to ſee a Solution, 


This Problem has never yet received a compleat and accurate Solution from 
the time when Dr. Halley propoſed it in the year 1696, to this day; though it 
has been ſolved fince that time in à zentative way by ſeveral Mathematiciaus ; 
and particularly by Mr. John Robertſon, the late Librarian of the Royal Society 
(who had been formerly the Head Maſter of -the Royal Military Academy at 
Poriſmouth,) in his valuable Treatiſe on Navigation, Book VIII, Sect. IV, 
Problem X, page 560 ; and by Monſieur Pierre Bouguer, (a diſtinguiſhed 


member of the Royal Academy of Sciences at Paris,) in his copious and 
| | learned 
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learned rreatiſe on Navigation, (publiſhed at Paris in the year 1753, and 
intitled Nouveau Traite de Navigation, contenant la Tyeorie et la Pratique du 
Pilotage,) in the 5th book of the ſaid treatiſe, Sect, I, Chapter II, pages 352, 
353, under the title of Sixieme Probleme general ; and likewiſe by the la e 
Mr. Iſrael Lyons, in the Appendix to the Nautical Almanack for the year 1772. 

And, indeed, long before it was propoſed by Dr. Halley in the year 1696, and 
even long before the birth of Dr. Halley (which was in the year 1656,) thi 

Problem had been very ably ſolved in this tentative way by a very eminent 
Dutch Mathematician, named Sye/lins, or Willebrord Snell, in his excellent 
treatiſe on Navigation, written in Latin and intitled Tiphys Batavus, five Hiſtrio- 
dromice; de navium curſibus et re navali, and publiſhed at Leyden in Holland 
in the year 1624 ; and it had been propoſed 30 years before that time, to wit, 
in the year 1594, by Mr. Robert Hues, of the Univerſity of Oxford, in a very 
valuable treatiſe on the Uſe of the Globes, written in Latin and publiſhed in 
that year, as Snellius informs us in his Tiphys Batavus. But all this ſeems to 
have been unknown to Dr, Halley, who (in the paſſage above-cited from his 
Tract called An eaſy Demonſtration of the Analogy, &c,) ſpeaks of this Problem 
as having been then propoſed for the firſt time to the conſideration of learned 
men. This ſeems rather ſurprizing in a man of Dr, Halley's character, who 
was not only a very learned and ſkillfull Mathematician, but particularly con- 
verſant with Geography and Navigation, and had even performed a long 
ſea-voyage to the Ifland of St. Helena, on the ſouth fide of the equator, in 
the capacity of a maſter, or captain, of a ſhip, and who therefore might be 
ſuppoſed to have been acquainted both with the Tiphys Batavus of Snellius and 
the more antient, but much-eſteemed, treatiſe of Hues on the Uſe of the 
Globes. But fo the fact is, however difficult it may be to account for it: ſince 
it is by no means probable that, if Dr. Halley had known theſe two works of 
Hyes and Snellius, (of which the former had mentioned and propoſed this 
Pioblem, and the latter had actually given a very good ſolution of it,) he 
would have propoſed this Problem to the mathematical world as an abſolutely 
new queſtion worthy of their attention and inveſtigation, and neceſſary to 


compleat the doctrine of Navigation, 


It ſeems probable, however, that, if Dr, Halley had been acquainted with 


Snellius's tentative Solution of this Problem, he would not have been perfectly 
a 2 ſatisfied 
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fatisfied with it, though it is a very good one, and ſufficient for alt practical 
purpoſes, This I collect from his intimating an opinion ht the Solution of this 
Problem was likely io open ſome further light into the myſteries of Geomeliy; by 


which words I conceive he muſt have meant, that a dire and accurate Solution 


of it was likely to be attended with this defirable conſequence, which could 
hardly be expected to follow from a mere tentative ſolution of it. And therefore 
I conjecture that the Solution of this Problem in the preſent Volume, (which is a 
direct and accurate ſolution of it, grounded on a Series invented by Mr. James 
Gregory for expreſſing the length of the logarithmick tangent of a circular arch 


that is greater than 45 degrees, but leſs than go degrees, in a circle of which the 


radius is known, or the length of the logarithm of the ratio of the natural tangent 
of ſuch an arch-to the radius of the circle, taken on the axis, or aſymptote, of a 
logarithmick curve ok which the ſubtangent is equal to the radius of the ſaid 
circle,) is ſuch a Solution as Dr. Halley wiſhed to fee, though I doubt whether 
it is likely to produce the good effect he had in view, of opening ſome further 


"tight into the myſteries cf Geometry, The ſubſtance of this Solution was invented 


and communicated to me by the learned Mr. George Atwood, A, M. who was 
formerly a Fellow of Trinity-College, Cambridge. But, as I have drawn it 
up at great length and with much labour in it's preſent form, I have thought I 
might without impropriety call it mine, after making the preſent acknowledge- 
ment. The Problem is a very abſtruſe one ; and the Solution here given of it 


is very ſubtle and difficult to underſtand, as well as very tedious and laborious 


in the application of it to particular examples, inſomuch that, if any ſea-faring 
perſon ſhould ever have occafion to ſolve this Problem, and to find, in a 


particular caſe, the courſe which a ſhip had ſteered, from the knowledge of the 


latitude at the beginning of the voyage, the number of leagues run, and the 
difference of the longitudes at the beginning and the end of the voyage, I would 
adviſe him to ſolve it by be tentative method taught us by Snellius, or by ſome 


other method of the fame kind, rather than to have recourſe to the direct and 
accurate Solution that is given of 1 it in this Tract. For this Solution requires 


the reſolution of an infinite equation, in which x, or the unknown quantity, or 
root, is the co-fine of the angle ſought, or the angle made by the ſhip in it's 
courſe with the ſeveral meridian-lines which it has crofſed , and not only the 
left-hand fide of this final equation, (which involves the lent powers of x,) 
is an infinite ſeries, but the co-efficient of each of the powers of x contained 

in 
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in it is likewiſe an infinite ſeries, or the reſult of an infinite ſeries combined 
with ſome other known quantity - ſo that there is a great deal of laborious 
calculation required to obtain the ſaid final equation, before we enter upon the 
labour of reſolving it by Mr. Raphſon's, or ſome other, Method of Approxi- 
mation; which labour is likewiſe very great. 


I have, however, done all that was in my power to leſſen the difficulty both of 
underſtanding and of reducing to practice the Solution of this Problem. For I have 
divided the Problem into three ſeparate caſes, and have given a ſeparate ſolution of 
each caſe, and an example to each of the three ſeparate ſolutions. The firſt caſe is, 
when the place from which the ſhip ſails and that at which it arrives are both on 
the ſame ſide of the equator, and the former place is more diſtant than the latter 
from the equator; or, in other words, when the ſhip fails, from any place not in 
the equator, in an oblique line, towards the equator, but does not pals it: the 
ſecond caſe is, when the ſhip ſails, from any place not in the equator, in an 
oblique line, from the equator ; which is the reverſe of the former caſe: and 
the third caſe is, when the ſhip fails from a place on one fide of the equator, 
in an oblique line, to a place on the other fide of the equator, 'The firſt 
21 pages of this Tract are taken up with the demonſtration of three Lemmas, 
or preliminary propoſitions to the Solution of the Problem itſelf ; after which 
the ſolution of the firſt caſe of the Problem itſelf extends from page 21 to 


page 33, and is afterwards illuſtrated by an application to a particular example, 


which extends from page 33 to almoſt the end of page 45, and by a proof of 
the truth of the concluſion obtained by it, (to a conſiderable degree of exact- 
neſs,) in pages 45, 46, and 47 ; ſq that this firſt caſe of the Problem takes up 


no leſs than 26 pages. The ſolution of the ſecond caſe of the Problem begins 


in page 48, and extends to the end of page 59; after which it is applied to a 
particular example, which begins in page 60, and extends to page 75 ; and 
this example is followed by a proof, or confirmation, of the truth of the 
concluſion $brained by it, which reaches through pages 76, 77, and 78; fo 
that this ſecond caſe of the Problem takes up 30 pages, or ftill more pages 
than the firſt caſe. And the ſolution of this ſecond cafe is followed by the 
ſtatement and ſolution of a certain additional Lemma, (or Problem, preliminary 
to the ſolution of the third caſe of the Problem itſelf,) which begins in page 79, 
and extends to the bottom of page 80; after which the ſolution of the faid 
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third caſe of the Problem itſelf begins in page 81, and extends to the end of 
page 94, and is then applicd to a particular example, which begins in page 95, 
and extends to page 111; and this example is followed by a proof, or con- 
firmation, of the truth of the concluſion obtained by it, which extends from 
page 111 through pages 112 and 113; ſo that this third cale of the Problem 


takes up no leſs than 35 pages. And with this ſolution of the ſaid third caſe 


of the Problem, and the illuſtration of the faid ſolution by an example, and a 
proof of the truth of the value of x obtained by it, this firſt Tract concludes, 


This Problem is no otherwiſe connected with the ſubject of Logarithms, and 
therefore proper to be admitted into this Collection of Tracts, (which relates to 
that ſubject,) than as it's ſolution is derived from Mr, James Gregory's infinite 
Series for expreſſing the length of what he calls the logarithmick tangent of a 
given circular arch, greater than 45 degrees but leſs than go degrees in a given 
circle, by which he means the logarithm of the ratio of the natural tangent of 
ſuch a circular arch to the tangent of an arch of 45 degrees, or to the radius of 
the circle, taken upon the axis, or aſymptote, of a logarithmick curve, of 
which the ſubtangent is equal to the radius of the given circle, 


When I had compleated the dire& Solution of Dr, Halley's Nautical Pro- 
| blem at ſo great length and with ſo much pains, I thought it would be proper 
to accompany it with a deſcription of the tentative Solution that had been given 
of the ſame Problem in the year 1624 by Willebrord Snell in his Treatiſe of 
Navigation called Tiphys Batavus, which appeared to me to be a very good 
ſolution, and, for practical purpoſes, even preferable to the direct Solution that 
makes the ſubje& of the firſt Tract in this Volume. And this induced me to 
look into this treatiſe of Snellius with more care and attention than I had 


hitherto beſtowed upon it. And the reſult was, that this treatiſe appeared to 


me to be the moſt regular, well-written, and ſcientifick book that I had ever 
met with on the ſubje& of Navigation. I alſo found that the Preface, or 
Introduction, to it was a moſt curious and intereſting collection of every thing 
that could be found in the books publiſhed at that time, both antient and 
modern, relating to the Hiſtory of Navigation. It contains, amongſt other 
things, a very diligent and learned inquiry into the form of the veſſels of the 


Antients, made to be rowed by three, or four, or five, or more benches of 


rowers placed one above the other, and called /riremes, quadriremes, quingui- 
remes, 
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remes, &c, and into the manner of managing the oars, and into the ſize or 
capacity of theſe veſſels, and the number of men they were capable of holding, 
and into the figures of heathen gods, or of celebrated heroes, or of ſome brute 
animal, (ſuch as a lion, or a bull, or a ram,) that were placed by the Antients 
at the heads of their ſhips, and from which the ſhips took their names ;—and 
it likewiſe contains an account of the diſcovery that an iron needle that had 
been touched by a load-ſtone, would, if moving freely upon a center, always 
point towards the North Pole ; which remarkable and moſt uſeful property he 
luppoſes to have been diſcovered about four hundred years before the time in 
which he wrote, that is, about the year of Chriſt 1220 ;—and an account of 
the diſcovery of America by Chriſtopher Columbus, a native of Genoa, who 
was induced by a remarkable adventure that had happened to another man, to 
undertake a voyage acroſs the Atlantick Ocean in hopes of finding land on the 
other ſide of it ; which undertaking terminated in the diſcovery of America. 
This adventure, as Snellius informs us, was reported to be as follows. The 
maſter of a veſſell in the Spaniſh Province of Andaluſia, (whoſe name, how- 
ever, is not now known, ) who had been accuſtomed to a ſea-faring life from 
his early youth, had made many voyages which, in the humble ſtate of Navi- 
gation in thoſe times, (about the year 1470,) were conſidered as very long and 
ventureſome ; and in one of theſe voyages he had failed weſt- ward beyond the 
Iſland of Madeira, and (whether by defign, or driven thither by ſtreſs of 
weather, is not certain,) had arrived at ſome part of the oppolite coaſt of 
America; from whence he ſoon after returned to Madeira, after loſing a great 
part of his crew, and with his own health very much impaired and broken by 
the fatigues and hardſhips he had undergone ; and ſoon after died at Madeira, 
at the houſe of the ſaid Chriſtopher Columbus, (who was then ſettled in that 
iſland, and got his living by making ſea-charts for the uſe of trading-veſlells,) 
to whom he communicated the Journal of his voyage, and the ſcveral courſes 
be had followed in performing it, (as pointed-out by the needle and compats 
by which his voyage had been directed,) and the parallel of latitude in which 
the new land he had touched-at was ſitua ed. This information made Co- 
lumbus refolve to make, it poſſible, another attempt to dilcover this new 
Continent ; in which at lalt, by the aſſiſtance he received towards this important 
undertaking from Ferdina.d and Jabella, king and queen of Arragon and 
Caſtile in Spain, he was iuccelsiul, This Pretace of Snellius afterwards gives 


an account of further improvements made in the Science of Navigation by 
the 
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the great ſagacity, learning, and induſtry, of Peter Nonius, or Nunez, the 
celebrated Portugueſe, in the year 1530, and by Gerard Mercator and Stevinus, 
in Flanders and Holland, and Robert Hues and Edward Wright in England, 


Io all theſe writers he gives juſt commendations; but yet intimates, in the laſt 


page of his Preface, that it appeared to him that there was ſtill wanting to the 
completion of the Theory of Navigation a treatiſe that ſhould point-out with a 
conſiderable degree of exactneſs, and to every minute of longitude, the variation 
of the longitude of a ſhip's poſition correſponding to a given number of leagues 
run by it on a given courſe, or the relation that ſubſilts between the diſtances 
run by the ſhip in any given times on a given courſe and the changes of it's 
latitude and longitude in the ſame times : and ſuch a treatiſe it was therefore his 
intention to compoſe. This (if I underſtand it right,) is the meaning of the 
following paſſage. Sed, ut ingenue dicam quod res e/t, coronis et operis perfecta 


. delineatio defiderari videbatur, ¶ ſcilicet,} ut © quantum loxodromie fingulæ, et earum 


partes, in longitudine evariarent,” ad minutum conſtaret: neque id rudi aut me- 
chanicd aliqud factione, ſed accuratiore illd que minimas quaſque particulas ſubducit. 
1d igitur ſecutus ſum, ut ab ipſo fundamento omnia ſolidè demonſtrata, et ordine 
conſtituta, nunc demùm exhiberem. Theſe words expreſs the Author's intention of 
treating this ſubject in a regular and ſcientifick manner: and he appears to me 
to have executed this deſign with ability and ſucceſs, And therefore, as this 
book of Snellius is now grown ſcarce, I thought it would be an acceptable 
thing to the Students of this uſefull branch of the Mathematicks to have a new 
edition of it; and I conſequently reſolved to re-print it in this Collection, 
though it has (it muſt be confeſſed,) but little connection with Logarithms, 


which are the principal ſubje& of theſe Volumes. , I have printed this treatiſe 


of Inellius faithfully and carefully from the Leyden edition in the year 1624, 
with the Tables that belonged to it and were there printed with it : and I have 
added nothing of my own to it, but a note in page 172 of the length of -about 


half a page, and another note at the end of the Tables, in pages 269, 270, 


and'271, concerning the rule of falſe poſition, which is adopted by the Author 
as a method of approximation to ſome of the quantities he has occaſion to 
inveſtigate. This treatiſe of Snellius extends from page 115 to page 271, 


The third Trad in this Volume- relates to the ſame ſubje& as the firſt, or 
to the Solution of Dr. Halley's Nautical Problem above-mentioned, being a 
new 
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new Solution of that Problem in an indirect, or tentative, wiy by Dr. Andrew 
Mackay, Doctor of Laws in the Univerſity of Aberdeen in Scotland. It was 
communicated to me by that learned gentleman (who is uncommonly well 
acquainted with the ſubject of Navigation,) in conſequence of my having 
ſent him a copy of the direct and accurate Solution of it printed in the firtt 


* Tract of this Volume, and a copy of Snellius's Tiphys Batavus. It differs from 


the tentative Solutions of the ſame Problem given by former Mathemaricians ; 
and Dr. Mackay has, in this tract, inſtituted a compariſon between it and the 
Solutions given of this Problem by Snellius in the Tiphys Batavus, by Monficur 
Bouguer, Mr. Robertſon, Mr. Emerſon, Mr. lirael Lyons, and Monſieur 
Bezout ; fo that the reader, after peruſing this tract, will be able to form his 
own judgement of the merits of Theſe ſeveral different Solutions. This Tract 
of Dr. Mackay begins in page 275, and ends in page. 299; and I conſider it 
as a very valuable addition. to the n Tracts on the ſubject of Navi- 


gat ion. 


The fourth Tract in this Volume is Dr. James Wilſon's Hiſtorical Diſſertation on 
the Riſe and Progreſs of the Modern Art of Navigation, which had been printed before 
in the year 1772 at the beginning of the 3d edition of Robertſon's Elements of Navi- 
gation, This Tract begins in page 303, and ends in page 332. It is full of curious 
hiſtorical matter, and has ſuggeſted to my mind awiſh that ſome perſon of affluence, 
fond of the ſubject of Navigation, and who ſhould have been indebted to it, 
perhaps, for his rank or fortune, would cauſe a collection of all the Authors on that 
ſubject whoſe works are mentioned in this Diſſertation, to be made, and re- 
printed in a handſome manner in a ſet of quarto volumes of the ſize of theſe 
volumes of the Scriptores Logarithmici, under the title of Scripteres Nautici. 
Such collections of learned tracts on particular ſubjects, under various titles 
fuited to the ſeveral ſubjects of which they treated, would be very convenient 
in the preſent ſtate of ſctence; which is extended to ſuch a variety of ſubjects, 
and diſperſed in ſuch a number of different books, that it is very difficult and 
very expenſive for a perſon, fond of any particular branch of ſcience, to 
procure bimſelf all the books that relate to it, Beſides the collection called 
Scriptores Nautici, relating to Navigation, therg might be a collection c:iled 


. Seriptores Static!, relating to the doctrine of Szaticks, or bodies at reſt that form 


an equilibrium, or counter-poiſe, to each other; under which head all the 
books of metit that treat of the Lever, the Incliued Plaue, and the other mecha- 
Vor. IV, b nical 
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nical powers, would be comprized, and thoſe that treat of the catenary curve, and 


of the partial immerſion and the poſitions of bodies floating in liquids of*greater 
ſpecifick gravity than themſelves, and of many other curious ſubjects of the 
like nature. And there might be another collection called Scriptores Phoro- 
uamici, relating to the doctrine of bodies in motion; under which head would 
be compriſed Galileo's Mechanical Dialogues, of which the 3d and 4th contain 
the doctrine of the fall of heavy bodies to the earth with the law of their accele- 
ration, and of their motion on inclined planes, and of the motion of pendulums 


in circular arches, and of the motion of projectiles, which (abſtracting from 


the reſiſtance of the air,) would deſcribe parabolas ; and under the ſame head 
would be compriſed Mr. Huygens's tract on the motions of perfectly elaſtick 
bodies ſtriking againſt each other, and his admirable treatiſe De Horclegio 
Oſcillatorig, or on the motion of a pendulum-clock, and his tract on central 
forces, and all Sir Iſaac Newton's moſt profound, but very difficult, work 
called the Principia, or Mathematical Principles of Natural Phils/ophy, with the 
ſeveral commentators on it, and Herman's Phorozomia, and Euler's work 


De Motu. Another Collection might relate to the finding the centers of gravity 


of different bodies ; which is, I believe, a more ſubtle and difficult ſubject 
than is generally ſuppoſed. This Collection might be called Scriptores Centro- 
Zarici. And another Collection might confiſt of all the writers on Opticks, 
under. the title of Scriptores Oplici. This Collection ſhould comprize the work 


of Fuclid, or that which has been aſcribed to him, on this ſuhject, and thoſe 


of Alhazen, and Vitellio, and Roger Bacon, (the learned Engliſh monk,) and 
Antonio De Deminis, and Willebrord Snell, and Des Cartes, and Mr, Huygens's 
Dioptricks, and his treatiſe De Lamine, and other works of his on the ſubject of 
Opticks, and James Gregory's Optica Promota, and Dr. Barrow's Lefiones 
Optice, and Sir Iſaac Newton's Lefiones Optice, and his Treatiſe of Opticks, or 


Experiments on Light and Colours, and Molineux's Dioptricks, and Dr. Smith's 


Compleat Syſtem of Opticks, and Harris's Opticks, and many papers in the 
Philoſophical Tranſaftions relating to the fame ſubject. If ſuch ſeparate Col- 
lections of Authors were publiſhed, every perſon, who was devoted to any 
particular branch of theſe ſciences, (and no man can attend to all of them, or 
even to many of them, with any great proſpect of becoming maſter of them, ) 


might buy the Collection which related to his particular branch, at a moderate 


£xpence,—But, to return from this digreſſion to Dr. Wilſon's Differtation on 
. | | Navigation 
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Navigation; I will add that the author of it was a doctor of Phyfick, and a man 
of great ſkill and knowledge in the Mathematicks, and was an intimate friend of 
Dr. Hemy Pemberton, the learned Mathematician who aſſiſted Sir Iſaac Newton 
in the publication of the third and laſt edition of his Principia, and who dillin- 
guiſhed himſelf by giving a demonſtration of a famous Theorem of Mr. Cotes 
concerning a remarkable property of the circle, a deſcription of which had been 
found amongſt Mr. Cotes's papers after his death, but without a demonſtration, 
and had been publiſhed in that manner in Mr. Cotes's Harmonia Menſurarum 
amongſt his other works, by Dr. Robert Smith, who ſucceeded him as Plumian 
Profeſſor of Aſtronomy and Experimental Philolophy, and who was afterwards 
Maſter of Trinity College, Cambridge. Dr. Pemberton's demonſtration of 
this Theorem was publilhed in a thin quarto pamphlet, under the title of 
Exjiftola ad Amicum J. W. de Ceteſii iuventis, and was addreſſed to this Dr. James 
Wilſon, who was the perſon meant by the word Amicum with, the two letters 
J. V., which were the initial letters of his name. Dr. Wilſon was alſo an 
intimate friend of the celebrated Mr. Benjamin Robins, who was one of the 
greateſt Mathematicians of the middle of the preſent century, and was till 


more admired for the accuracy and perſpicuity of his ſtyle in treating of the 
moſt difficult parts of thoſe ſciences than for his extenſive knowledge of them, 
He was allo a very able engineer, and was employed in that capacity by the 
Eaſt India Company, in whoſe ſervice he died-at Madraſs in the year 1751 at 
only 44 years of age. And ſome years after the death of this eminent man, 
this Dr. Wilſon collected and publiſhed a new edition of his Mathematical and 


| Philoſophical works in two volumes octavo in the year 1761. Ir is reaſonable 


to preſume that this intimate friend and companion of two ſuch eminent Ma- 
thematicians as Dr. Pemberton and Mr. Robins, and who publiſhed the works 
of the latter, muſt himſelf have been deeply learned in the ſame ſciences : and 


the Diſſertation here re- printed is worthy of a man of that character. 


The fifth Tract in this Volume contains, firſt, the conſtruction, and, aiter- 
wards, the Algebraical Solution, of a curious Geometrical Problem that had 
been propoled by James Glenie, Eſq., who was ſome years ago a Lieutenant in 
the Corps of Engineers, and who is known to be profoundly ſkilled in the 
Mathematicks. It was, firſt, propoſed in the Ladies“ Diary for the year 794, 
page 48, in the words following: 
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In the Palace of ene of the Perſian kings, it is ſaid, there was a triangular area, 
ſuch, that the cubes of two of the ſides were, together, equal to thrice the cube of 
' the third fide, (which was 200 feet in length,) and that the arca itſelf contained 

10,000 ſuperſicial feet, Suppeſing this to have been really the caſe, it is required 40 
conſeruct the triangle by common, or plane, Geometry, And in the Ladies Diary 
for the year 1795 there were publiſhed Mr. Glenie's own conſtruction of this 
Problem and two other conſtructions of it by other perſons, 


This Problem is very fully examined and diſcuſſed in. the preſent Volume, 
of which it takes up no leſs than 78 pages, to wit, from page 334 to page 412, 
of the contents of which it will be proper to give ſome account. 


The Problem is ſtated in Art. 1, page 335; and Mr. Glenic's conſtruction 
of it (which is very ſimple and elegant,) is given in page 336, which is 
followed by a demonſtration of that conſtruction in pages 336, 337, and 338: 
and this demonſtration gives riſe to a Scholium that contains ſome curious 
matter relating to the extraction of the ſquare- root of a binomial quantity, of 
which one of the members is a ſurd quantity, or the ſquare-root of a non-ſquare 
number. For in the courſe of that demonſtration it became neceſlary to extract 


the ſquare- root of the quantity < f 12, which is equal to the binomial 


quantity 2 + => as will appear by ſquaring the ſaid binomial qu ntity and 


: 2 5 ; 6 
obſerving that it's ſquare will be equal to the ſaid quantity — But 


how to diſcover that the fquare-root of the quantity — (which involves 
in it the ſurd quantity / 96, ) will be the binomial * 2 + 7 is by no 


means obvious. The method of doing this is therefore explained in the ſaid 
Scholium in pages 338, 339, 340, 341, and 342. 


The firſt ſtep taken in the inveſtigation of the ſquare- root of the quantity 


7 / K . - , 
| — — is to reduce this quantity to it's loweſt terms, or ſmalleſt numbers, by 


ſhewing that it is equal to ＋ * '7 + wv 24; whence it follows that it's ſquare- 


25 XVY/ +4/24. And then it becomes neceflary to find 
| | the 
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the ſquare-root of the binomial quantity 7 + VA, of which the firſt member 
is the whole number 7, and the fecond member 1s the lurd number 24, or 
the ſquare-root of the non-{quare number 24. And this is done in Art. 7 
and 8, in which the ſquare root of 7 + 4/24 is found to be equal to 6 + 1, 
or 1 + V. And in Art. 9g it is ſhewn that this binomial quantity 1 ＋ 6 
is truly equal to the ſquare- root of the former binomial quantity 7 + 4/ 24, 
by actually ſquaring it, or multiplying it into itſelf; by which we obtain a 
product that is = 7 + 4/24. And then, in Art. 10, it is ſhewn that the 


binomial quantity 2 + 75 will be equal to 3 * 1 + o, and conſcquenily 


to 5 X+/7+v 24, and therefore to the ſquare-root of the firſt quantity 


Ls 1 2 And thus the inveſtigation of the binomial ſquare- root of the 


3 


* 


14 + 96 - 


After this, in Art. 11, 12, 13, and 14, there is a fimilar inveſtigation of 


the binomial ſquare-root of the. quantity — — by, firſt, ſhewing that the 


ſaid quantity is e to ＋ x % — +24, and conſequently that it's (quare- 


root will be = 75 Xx //7 — 24, and then inveſtigating the ſquare- root of 


the binomial, or refidual, quantity 7 — y/24, which is found to be = y/6 — 1, 
or 6 * — 1; whence it follows that the ſquare- root of the quantity = — 


; te DE = e 
will be equal to * 6 1 and conſequently to 2 = 


Theſe inveſtigations of the ſquare-roots of the quantities = —— and 


14 — 6 


, and of the ſquare-roots of the binomial quantities 7 ＋ 4/24 and 


7 — 24, are followed by ſome uſefull obſervations on the limitations to which 
the methods uſed in thoſe in veſtigations for finding the ſquare-roots of the taid 
binomial quantities 7 + 24 and 7 — , or, 12 general terms, tor landing 
the ſquare-roots of the binomial quantities A + V/P and A VB, (A «nd 
B being any whole numbers,) are ſibjeQ ; and it is ihewn that theſe methods 
of finding ſuch binomial ſquare-roots of the binomial quantities A + y/B and 
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4 vB, can be applied only when the whole number A is greater than the 
ſurd number YB, or when AA is greater than B. Thus, for example, it 


cannot be applied to the finding of a binomial ſquare-root of the quantity 
3 + +24, or of the quantity 24 — 3, in which the rational member 3 is 


leſs than the ſurd member 24; as is ſhewn in Art. 16, page 343. This 


limitation, I have obſerved, is not mentioned in ſome very cclebrated books of 
Algebra which treat of this ſubject. Bat it is a circumſtance very proper to be 


attended-ro, in order to avoid attempting inveſtigations which will lead to 


abſurd concluſions. 


% y 


Having gonc through Mr. Glenic's "conſtruction of this Problem, and the 
demonſtration of that conſtruction, and the obſervations concerning the ex- 


traction of the binomial ſquare- roots of ſuch binomial quantities as A + VB 
and A — Z, to which the faid demonſtration gave riſe, I, in Art. 20, 
page 345, &c, undertake the Solution of Mr. Glenie's Problem de novo by 
means of Algebra, and without the help of his conſtruction. And, for this 
purpoſe, I, firſt, ſtate the Problem over again in Art. 20, and then, before I 


enter upon the Solution of it, I ſhew that the Problem is poſſible, or that it is 


poſſible for a triangle to exiſt which ſhall have the properties required by the 
conditions of the Problem, to wit, iſt, that it's beight ſhall be equal to half 
it's baſe, and, 2ndly, that the ſum of the cubes of the other two ſides of it 
ſhall be triple of the cube of it's baſe. And then I ſhew further, that, if from 
the point C, or the right-hand extremity of the given baſe BC, in fig. 2, 
page 345, we draw the right line CE at right angles to the baſe BC and equal 


to BY or half the baſe BC, (which is the height of the intended triangle ABC,) 


and from the point E we draw the right line EB to the other extremity B of 


| the baſe BC, the ſum of the cubes of the two lines EB and EC will be leſs 


than three times the cube of the baſe BC, and conſequently the line EB will be 


leſs than the line AC, or the greater fide of the intended triangle ABC. And 


bence it follows that, if from A, or the vertex of the intended triangle, a right 
line were to be drawn at right angles to the baſe BC, or to the ſaid baſe pro- 
duced, if need be, and cutting the ſaid baſe, or baſe produced, in the point NH, 
the ſaid point H would fall without the ſaid triangle ABC, and the line BH 
would be longer than the baſe BC of the ſaid triangle. And, after thefe pre- 


Jiminary obſervations, I put @ for half the given baſe BC of the intended 
| triangle, 
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triangle, and x for the, hitherto unknown, external line CH, the determination 
of which will enable us to ſolve the Problem, For, when the length of CH' 
is diſcovered, we need only draw the line HA at right angles to the line BC, 


or BH, and equal to = , and from the point A draw the lines AB and AC; 


and the triangle ABC, fo conſtituted, will be the triangle which was required 
to be found. And thus the Solution of the Problem is reduced to the inveſti- 
cation of the length of the external line CH, that extends from the right-hand 
extremity C of the ſaid baſe BC to the point H, from which, if the right line 


HA be drawn at right angles to BC, or BH, and equal to = , and from the 


point A be drawn the right lines AC and AB, the ſum of the cubes of AC Bd 
AB will be equal to 3 x BC?, or to 3 X 2a}, or to 3 x 8*, or to 24% 


After this preparation I enter upon the inveſtigation of the magnitude of x, 
or CH, or of it's relation to =, or a, and I find it to be expreſſed by the 


following long equation of the 10th order, or involving the 1oth power of the 
unknown quantity x, to wit, 16,9 5 + 12,4356'x* — 1, 3044 — 9, 1624 ˙ 


10 — 


— 8.7484 — 4, 62a Ü — 1,8484 — gold'x' — goax? — gx = 
12,6254 by the reſolution of which we may diſcover the value of x, or CH, 
and from that value may derive the value of xx, or CH?, and that of aa + xv, 


(or AF? '+ CH ny or ACY, and that of 522 + 44x + xx, (or of aa + 442 


+ 4ax +-xx, or of a@ + 2a +x}*, or of Ah! + BC TCI, or of AH! 


+ BH?,) or of AB, and conſequently thoſe of AC and AB, or the ſides of 
the triangle ABC, which we are required to deſcribe, 


This inveſtigation of the value of , or CH, or of the equation expteſſing 


% 


is relation to @, or , takes up pages 348, 349, 359, and 351, and con- 
7 5 3 C 5-5-0 1 35 bl 


- tains many redious and difficult Algebraick operations, in which it ſeemed 


reaſonable to apprehend that ſome miſtake might have been made, which 
would render the ſaid final long equation inacc-rate. I therefore thought it 
prudent and expedient to have recourle alſo to another method of obtaining an 
equation that ſhould exprels the relation of x to 2. And J bound that this 

| fecons. 
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ſecond method of proceeding produced the ſame long equation above-men- 
tioned, which had been obtained by the firſt method. This ſecond method of 
obtaining this equation takes up pages 352, 253, 354, and part of 355. And 
from the agreement of the reſults obtained by both theſe methods it ſeems 
reaſonable to conclude with confidence that no arithmetical miſtakes have been 
made in the operations by which the faid final long equation has been obtained, 


and conſequently that the ſaid equation does truely exprefs the relation between 


the given line a, or DF, or =, and the unknown line x, or CH. And 


therefore all that remains to be done, in order to the Solution of the Problem, 
is to reſolve the ſaid long, final, equation 16,9 5 + 12,435 — 1,50447x? 
— 9,162a%x* — 8,7484%%* — 4, 762“ — 1,84849%x#7 — gold's® — goax? 
- 0x7 = 12,02 5a". | 


Now this equation is capable of being reduced to a quadratick equation by, 


firſt, ſubtracting it's abſolute term, or known quantity, 12,62 5, from both 


ſides of it, and then dividing the remainder of ſuch ſubtraction, to wit, the 
compound quantity — 12,62 54 + 16,950a% + 12,435%%a* — 1,304? 
— 9,1624%x* — 8,748 — 4,7624%* — 1,8483%x — 5014'x* — goar? 
— 9x**, conſiſting of eleven terms, (which will be equal to o,) by the com- 
pound quantity — 25254" + 360 E 14044x* + 1640 + 978 aπ e + 
4084%%* + 1244%x* + 24a + 3x", conſiſting of nine terms, by which the 
former compound quantity is exactly diviſible, or without leaving any re- 
mainder, For the quotient of - this diviſion will be the trinomial quantity 
ga — Ga — gar, from which we may derive the quadratick equation 


gag = Gar + 3xx, or xx + 24 = 75 , by reaſoning in the manner following. 


Since the dividend of the foregoing diviſion, to wit, the above-mentioned com- 
pound quantity conſiſting of eleven terms, is equal to o, it follows that either 
the diviſor of it, or the quotient, or both the diviſor and the quotient, muſt 
be equal to o likewiſe. For in every diviſion the product of the multiplication 
of the diviſor into the quotient 1s always equal to the dividend. And in this 
caſe the dividend is equal to o. Therefore the ſaid product of the multiplication 
of the diviſor into the quotient will in this caſe be equal to o. Now this would 
be impoſſible, if both the diviſor and the quotient were finite quantities, but 
will be poſſible if either one, or both of them, is equal to o. Therefore either 
the ſaid diviſor, conſiſting of nine terms, or the ſaid quotient gag — 64x zæx, 
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or hoth the ſaid diviſor and the ſaid quotient, will be equal to o. We have 


— 


reaſon therefore to ſuppole that the ſaid quotient 344 — Car — Zxx is equal 
. aa . ; . ö 
to o, and conſcquently that xx + 2av is = 75 which equation may be con- 


ſtructed geometrically, or by drawing only right lines and circles, in the manner 
deſcribed by Mr. Glenie, and likewiſe in other ways, one of which is exhibited 
in page 360 of this Volume. | 


But this method of reducing the ſaid long equation of the 1oth reer to 


the quadratick equation xx + 2ax = _ by the above-mentioned operation of 


diviſion by the aforeſaid diviſor conſiſting of nine terms, is what, I muſt confeſs, 
I ſhould never have thought of, if I had not been previouſly acquainted with 
Mr. Glenic's conſtruction. For I know no method of diſcovering that the 
aforeſaid compound quantity conſiſting of eleven terms, (which is equal to o,) 
is exactly divifible by any other compound quantity conſiſting of nine terms 
and involving all the powers of x as far as **; and, it I had been told, or had 
of my own accord ſuſpected, that it was diviſible by fuch a compound quan- 
tity, I ſhould not have known how to ſind the terms of ſuch a -compound 
quantity. 


But the ſaid long equation may alſo be refolvetichout being reduced to 2 
lower equation, though not without a great deal of arithmetical calculation. 
And this way of reſolving it appears to me to be the plaineſt and cleareſt, and 
therefore, upon the whole, the beſt, way of reſolving it. And accordingly I have 
reſolved it in this manner by Mr, Raphſon's excellent method of approxima- 
tion. This reſolution is performed in Art. 45, 46, 47, &c, -.- - 51, pages | 
367, 368, 369, &c, - - - 380, and the reſult of it is, that x, or Cl, (in 
fig. 2, page 345,) is nearly equal to 0.632,993,15 X a, or 0.632,993,15 
x DF, or 0.632,993,15 * = And in Art. 52, pages 380, 381, it is ſhewn 
that, if x, or CH, be taken = 0.632,993,15 X a, we ſhall have AC (or 
aa + r,) = 1.183,503,41 X 4, and AB (or v/ ;aa + A + ax) = 
2.816,496,569 X @; which will anſwer the conditions of the Problem. For 
AC? will be (= 1.183, 503,41 * 4˙) 1.67, 709, 893 X &, and AB“ will 
be (= 2.816,495,56g* x π = 22.342,28, 740 x , and conſequently 
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AC? + AP? will be (= 1.657,709,893 x 4˙ + 22.342,289,740 x 4˙0 = 
23.999,9099,633 x ; which is exccedingly near to 24 x 4, or 3 X 8, 
or 3 * ass, or 3 x BCi, or three times the cube of the given bale BC, 
agrecably to the conditions of the Problem. | 


But, though the Problem is folved by this determination of the length of 
ihe line CH, yet the long equation 16,950a*% + 12,43 54's? way 1,304a7%x*? 
— 9, 16244 — 8,7483 — 4.762% — 1,848 —- gold'x* — goa 
— ge = 12,6234, deduced from the ſaid Problem, is not yet compleatly 


reſolved, For this equation, has another root greater than CH, or 0.632, 


993,15 Xx a, and nearly = 0.791,626,8 x a, which relates to another 


Problem that much reſembles the former Problem and produces the very ſame 
equation. This Problem may be expreſſed as follows: To deſcribe the triangle 


BC, (in ſig. 4, page 396,) of which the baſe BC is given, and is equal to 
200 feet, and the height DF is allo given and is equal to half the baſe BC, 


or to 100 feet, (as in the former Problem,) and of which the ſides C and aB 
are of ſuch lengths that aB* — 40, or the difference of their cubes, (inſtead, 
of their ſum,) ſhall be equal to three times the cube of the baſe BC.” For, if 
the baſe BC be prolonged to the point , ſo that the external line Ch ſhall be 


= 0.791,626,8 X a, or 0.791,626,8 Xx = „or 0.791,626,8-x DF, and 


from the point + the right line h be drawn at right angles to the line Bh, and 
equal to DF, and from the point à the right lines aB and aC be drawn to the 
extremities of the given baſe BC; the triangle aBC will be the triangle ſought, 


or the exceſs of the cube of aB above the cube of aC will be equal to three 
times the cube of the baſe BC. All theſe things are fully inveſtigated and 


proved in Art. 53, 54, 55, &c, - = - = 64, pages 381, 382, 383, &c, 
= = - - = 398, and are well worth the attention of the curious reader, as they 


afford a remarkable inſtance of an equation that is equally related to two 
different Problems, and fitted by one of it's roots to aiford a Solution of one 


of the Problems, and by it's other root to afford a Solution of the other 
Problem, | 


As to this ſecond Problem, (which relates to the difference of the cubes of 


the triangle required to be found,) I very much doubt whether it can be con- 
: ſtructed 
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ſtrocted in the ſame manner as Mr. Glenie has conſtructed the firſt Problem, 
or by drawing only right lines or circles. 


The ſecond, or greater, root of the long equation of the roth power that 
reſults from both theſe Problems, to wit, 0.791,626,8 X a, is the root of the 
equation 360a˙ + 1, 404% + 1, 640“ + 9784%* + 4089%x* + 124% 
+ 24ax" + 3x* = 2,32 5%, which ariſes from ſuppoſing the above-mentioned 
long compound quantity, conſiſting of nine terms, to wit, the quantity 


2 2,5254 + 3a + 1,4044%x* + 1, C4car + 978a%* + 4084 + 


1244*%* + 24% + 3x*, (by means of which, as a diviſor, we before reduced 
the long final equation of the 10th power, derived from Mr, Glenie's Problem, 


to a quadratick equation,) to be equal to . This is ſhewn in Art. 69, 


pages 403, 404, and 405. 


In Art. 65, page 398, I reſume the ſubject of the reduction of the long final 
equation of the 1oth power, reſulting from Mr. Glenie's Problem, to a qua- 
dratick equation by means of the operation of diviſion, and ſhew how ſome 
ſubtleties and difficulties that attended that reduction, (as it was managed above 
in Art. 33, pages 355 and 356, and as the like reductions of high equations 
are managed in all the books of Algebra that I have ſeen,) may be avoided. 
In making that reduction in Art. 33, the terms of that equation of the 1oth 
power were all brought to the ſame fide of the equation, whereby they became 
equal to o, and then this quantity, or, rather, adoto of a quantity, that was 
equal to nothing, was divided by a long compound quantity conſiſting of nine 
terms, and produced the trinomial quantity 5a@ — 64x = 3xx for the quotient, 
which is likewiſe equal to o. All this is obſcure and myſterious, and therefore 
diſgraceful to the Science of Algebra, or Univerlal Arithmetick, which ought 
to be remarkable for it's perſpicuity. And I therefore endeavoured to find ſome 
method of performing the ſame reduction in a clearer and plainer manner, and 


have found a method of doing it which appears to me perfectly ſatisfactory. 


This method is ſet forth in Art. 65, and is as follows. 


I firſt add oa + q to both ſides of the final equation 16,950 + 
12,4354˙ — 1,3044 — 9,1620%x* — 8,7480%x* — 4,7624%* — 1,8484*x" 


= ola - 04x? — gx? = 12,6254", and I thereby obtain the equation 


L 16,950. 


Ix PREFACE. 
16,9 50*% -1- 12,4385 — 1,3044"x* — 9,1624˙ ms 8,7484 3 4,7 Cꝛ4˙⁰ĩ 
— 1,8484“ — s OI = 12,6254? + goa + gx?, 


I then ſubtract 12.625 from both ſides, and thereby obtain the equation 
— 12,0254”? + 16, 9 50 + 12,43 5%“ — 1,30449/x* — 9, 16247. — 
8,7484 — 4, 76 — 1,8484 7 — 5014 = ga + gx®. 


Now let the long diviſor — 2,52 54 + 3604's + 1,4044*%x* + 1,64045x3 
+ 978]. + 4080%* + 1246%* + 24% + Z be multiplied into 5as , 
and the * will be the compound quantity — 12, 62 + 1,80 
+ 7. o + 3, 200%, + 4, 890 + 2, 40a + b 204% + 1204*x? 
+ ala, in which the literal parts of the ſeveral terms are the ſame as the 
liceral parts of the correſponding terms in the left-hand fide of the laſt equation 
— 12,6252”? + 16,9 50 ˙ ＋ 12,4354 — 1, 3044 — 9, 1624˙ — 
8,748 — % — 1,848 — 50 14. = goa + &. 


Let the long diviſor — 2,254 + Joe's + 1,4044%s* + 1, 640 + 
97 8 + 408 ü- + 124a˙ + 24ax* + 3a be, for the fake of brevity, 
denoted by the letter D. And the ſaid product of the multiplication of the 
faid long diviſor into aa will be equal to 5aaD. » 


a 5 

Further, let the long compound quantity — 12,6254"? + 16, 9 50 ＋ 
12,435 — 1,3044%x* = 9,1624%x* — 8,748 ar — 4,76 24˙ — 1,848 a˙ 
— 5014*x", (which forms the left-hand fide of the laſt equation, ) be, for the 
fake of brevity, denoted by the letter A. And we ſhall then have A = goax* 


+ 9x, 


. Let 5aaD be ſubtraded from both ſides of this equation, and let the re- 
mainder be called R. 


And we ſhall then have A — 544 = — 5 + 9 + 9x, or R = _ 
2 5aaD + goax? ＋. gr. 


Now, ſince A— gaaD is = R, we ſhall have A=R + gaaD. 


But A is = goax? + gx. 8 
eretore 
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Therefore R + gaaD will be = goax? # gx", and conſequently 54a 
will be = — R + goa + ge". 


But R (which is = A — 5aaD)) is = — 12,6254? + 16, % + 
12,4354 — 1, 304 * — 9,10%, — 8, 74844 — 4,7624 — 1,8484 
— 5014*s* + 12,6254 — 1, 800% — 7,0200"%x* — 8, 2004 — 4, 89 
— 2,0404*x* — 6200%* — 120a%x! — 15% = 13, 130 + 5,418 
— 9,5044'x% — 14, 0524 — 10, 7884˙ — 5,38 24˙ — 1,968 4˙⁰ 7 
— 516aNi. | 


Therefore — R + Oo + gx"* will be = — 13, 150 = 5,41 Fa 
+ 9. Se + 14,0524%x* + 10, 884 + $5,3824%* + 1,9684 + 
516˙⁵ðns + goax? + go"? | | | 


Therefore 5aaD (which is equal to — R + goax? + gx®,) will alſo be 
equal to the compound quantity — 15,150a% — 5, 415 + 9,50447x* + 
14,052a%* + 10,7884%4* + 5,3824 + 1,9684%x# + 51G + goar? 
+ *. 


Now let both ſides of this equation be divided by D, or the compound 
quantity — 2, 5254 + 3604's + 1, 04a + 1, 640 + 97a + 
408 ˙²ô + 1244 + 244 + 3a*. 


And we ſhall have aa = 6ax + 3xx, and conſequently xx + 24 = . 


And thus the foregoing long equation of the roth power, derived from 


Mr. Glenic's Problem, is reduced to the quadratick equation xx + 24 = —— 


by intelligible operations performed with finite quantities, without any mention 
of quantities equal to nothing. 


I have ſeen two other Algebraick Solutions of Mr, Glenic's Problem that 
produce equations of the fifth order inſtead of producing the above-mentioned 
equation of the tenth order; one of which Solutions was communicated to me 
by the Reverend Mr, George Walker, of Mancheſter, (the author of a new 
treatiſe on the Conick Sections, in quarto, publiſhed about three or four years 
ago,) and the other by Mr. John Playfair, Profeflor of Mathematicks in the 

: Univerſity 


r nn een. 


Univerſity of Edinburgh. But I have not ſeen any Solution of it that produces 4 
immediately, (or without ſuch a reduction, by means of the operation of 4 
Kt 

diviſion, as has been above-deſcribed,) a quadratick equation (ſuch as the 3 
. aa g 
equation xx + 2ax = =, and conſequently leads us to a geometrical con- 5 
ſtruction of the Problem, to be performed by drawing only right lines and 1 
circles, in the manner required by Mr. Glenie. N 7 


This fifth Tract, concerning Mr. Glenie's Problem, has, it muſt be con— , 
feſſed, no connection with the ſubject of Logarithms, and no pretenſions there- 2 
fore to be admitted into a Collection of Tracts intitled Scriptores Logarithmici. _ = 
But, as this Collection has run into a greater number of volumes than was 5 ; 
originally intended, I have taken the liberty of inſerting in it ſome Tracts upon 0 
other Mathematical ſubjects that contained matters that I thought * be 
intereſting to the lovers of theſe ſciences. 


The ſixth Tract in this Volume has a better right to a place in it, having a 5 
near relation to the ſubject of Logarithms. It is intitled, An importan! Propo- —_ 
fition concerning the Aſymptotick Areas of an Equilateral Hyperbola ; from which it : : 
follows that they are Logarithms, or meaſures, of the ratios of the ordinates that 7 
bound them, Demonſtrated by the late Dr. William Ridlington, L. L. D. formerly £ 


5 Ml 8 = 
1 4 „ 
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Fellow of Trinity Hall in the Univerſity of Cambridge, and 550 or of Civil Law 
in the ſame Univerſity, 


This Tract begins in page 415, and ends in page 420. 


The ſeventh Tract in this Volume conſiſts of two Problems concerning the 
variations of the ratio, or proportion, of the trinomial quantity 24 + 2ax + xx 
to the trinomial quantity aa — ax + xx, upon a ſuppoſition that @ denotes a 

line of a given magnitude, and that „ denotes a variable line that increaſes 
continually from o ad infinitum. This inquiry, concerning the variations of 
this proportion of aa + 2ax + xx to aa — ax + xx while x increaſes from o ; 
ad infinitum, was ſuggeſted to me by the Reverend Mr. John Hellins, B. D. 
Vicar. of Potter's Pury in Northamptonſhire, in conſequence of an anſwer 
given to a queſtion that had been propoſed by him in the Ladies Diary for the 


Fear 1794, in the words following: | 2 
« XIII. "2 
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extend from page 437 to page 370. 
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« XIII. Queſtion 981, by the Reverend Mr. John Hellins, 
« Tt is propoſed to find the correct value of z from the equvion & = —— 


« (where x and 2 begin together,) in ſeries which ſhall converge when x is 
« oreater than 13 and to perform the whole by means of ſeries,” 


Two anſwers were given to this queſtion in the Diary for the year 1795 ;* 


one by Mr. Hellins himfelf, and the other by another perſon under the figna- 
aa + 24x +: 
ture of Amicus, It is in the latter anſwer that the variable quantity — —— 


(which gave rife to the preſent Tract,) was made uſe of. I, TE had not 
ſeen it there, and had no knowledge of it till it was menuoned to me by 
Mr. Hellins. The queſtion propoſed by Mr. Hellins is not a mere idle ſpecu- 
lation defigned to try the acuteneſs and ſagacity of Mathematicians, but 
occurred, as he informed me; in the Solution of a curious and uſeful Problem 
in Phyſical Aſtronomy. And the inquiry contained in the preſent Tract into 
the variations of the proportion of az + 2ax + xx to aa — ax + xx during 
the increaſe of x from o ad infinitum, has alſo this further uſe in it, that it ſeems 
very well fitted to illuſtrate the principles of the curious and amuſing, but often- 
times ſubtle and difficult, doctrine of finding the maximums of variable quantities, 
and particularly of fractions, in which the variable quantity enters into both the 
numerator and the denominator. This Tract begins in page 423, and ends in. 


page 434. 


After this 7th Tract I have re- printed the whole of Monſieur Paſcal's works 
relating to Arithmetick and Algebra, from the laſt edition of his works pub— 
liſhed at the Hague in the year 1779. Theſe works are ſo full of Genius and 
Invention, and are written in ſo clean and pleaſant a ſtyle, that I thought I 
ſhould do a ſervice to the Mathematicians of Great-Britain (where Mr. Paſcal's 
works are not often met with,) by re-publiſhing them in this Collection. And 
ſome of them, and more eſpecially his Arithmetical Triangle, have a conſiderable 
connection with Logarithms by affording a good demonſtration of Sir Iſaac 
Newton's Binomial Theorem in the caſe of integral and affirmative powers, 
which is of great aſe in the conſtruction of Logarithms, as has been ſhewn in 
the two firſt Volumes of this Collection. Theſe extracts from Paſcal's works 


In- 
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In one of theſe Tracts of Monſieur Paſcal there are ſome remarks on the 
Gravity of bodies near the ſurface of the earth, or their tendency to fall towards 
it in right lines paſſing through it's center, which deſerve particular notice. 
They occur in pages 457, 468, 469, and 470, of this Volume, in a Letter 
written jointly by Mr. Paſcal and Mr. Roberval (the learned Profeſſor of 


Mathematicks at Paris,) in the year 1636, to Monſicur 'Fermat, (a Counſellor | 


of the Parliament of Toulouſe and one of the greateſt Geometricians of that 


time,) concerning a certain principle, or maxim, relating to the fall of heavy 


bodies, which he was inclined to lay down as perfectly evident and inconteſt- 
able, and to make the ground-work of the Solution of all queſtions that might 
be propoſed on that ſubject. But this principle Mr. Paſcal and Mr. Roverval 
refuſed to aſſent to, on account of their ignorance, not only of the cauſe, but 
even of the nature, of Gravity, Upon this ſubject they expreſs themſelves in 
the following manner, in page 467. La diverſite des opinions touchant Porigine 
de la peſanteur des corps, (des quelles aucune na ee juſqu'ici, ni demontree, ni 
convaincue de fauſſetè par demonſtration, ) eſt un ample temoignage de Pignorance 
humaine en ce point. La commune opinion eft, que la Peſanteur t une qualité qui 
reſide dans le corps meme qui tombe. D'autres ſont davis que la deſeente des corps 
precede de Vatiraction d un autre corps qui attire celui qui deſcend, comme le globe de 
la terre paroit attirer une pierre qui tombe, I à une troiſieme opinion, qui weſt 
pas hors de vraiſemblance ; que eſt une attraction mutuelle entre les corps, cauſee 
par un deſir naturel que ces corps ent de Sunir enſemble ; comme il eſt evident au fer 
et a Paimant ; les quels ſent tels, que, fi Paimant eſt arrete, le fer, ne Pant pas, 
tra le trouver ; et, fi le fer eft arreté, Faimant ira vers lui; et, fi touts deux ſont 
libres, ils Sapprocteront riciproquement Pun de l'autre; enſerte toutefois que le plus 
fart des deiix fera le moins de chemin.“ That is, in Engliſh, * The difference 
of the opinions that are maintained by different perſons concerning the origin, 
<«.or cauſe, of the gravity of bodies (of which opinions no one has hitherto 
been ſhewn with certainty to be either true or falſe,) is an ample proof of the 
ce ignorance of mankind on this ſubject. The moſt common opinion is, that 
« Gravity is Deſliality reſiding, or inherent, in the body itſelf that falls to the 
ground. Others are of opinion, that the deſcent of bodies is owing to their 
„being attracted by other bodies towards which they fall, or that the latter 
ce bodies draw the former_towards them, as the globe of the earth ſeems to 
draw a lone that falls towards it. And there is a third opinion entertained 
« by ſome perſons, which is not without ſome appearance of probability; 

| * which 
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© which is, that Gravity is owing to a mutual attraction between two bodies, 
c cauſed by a natural deſire in the two bodies to meet and unite together; 
& which is evidently the caſe with a load- ſtone and a piece of iron: for in theſe 
« it js conſtantly ſeen, that, if the load-ſtone is held faſt and prevented from 
© moving, and the piece of iron 1s at liberty to move, the iron will move 
& towards the load-ſtone; and, if the iron is held feſt and prevented from 


e moving, and the load-ſtone is looſe and free. to move, the load- ſtone will 


« move towards the iron; and, if both the load-ſtone and the iron are looſe 
& anc free to move, they will both of them move towards each other, but not 
te through equal ſpaces, the ſtronger of the two going through a ſmaller ſpace 
s than the other.“ 


Theſe were the opinions that were entertained in France in the year 1636 
concerning the Gravity of bodies. The third, or laſt, of theſe opinions, to 
wit, “that Gravity is owing to the mutual attraction of bodies,” is that which 
Sir Iſaac Newton has ſince adopted, and made the foundation of his manner of 
explaining the motions of the heavenly bodies; and moſt Philoſophers of the 
preſent age acceed to this opinion, and to the important conſequences which 
Sir Iſaac has deduced from it in Aſtronomy. But we ſee by this paſtage, that 
in the year 1636 this opinion concerning Gravity was leſs common than either 
of the two former, and particularly than the firſt of them, 


There is another paſſage in this Letter of Monſieur Paſcal and Monſieur 
Roberval, which likewiſe deſerves particular attention. It is in page 470 of 
the preſent Volume, in theſe words. Pour ces conſiderations, dans nos conferences 
de Mechanique, nous appellons des poids egaux, ou inegaux, ceux qui ont tgale, ou 
ins ſgale, puiſſance de ſe porter vers le centre commun des chojſes peſantes ; et nous 
entendens un mme corps avoir un meme poids, quand il a toujours celte meme puiſſance: 
que, fi cette puiſſance augmente ou diminue, alors, quoique' ce ſoit le mime corps, 
nous ne le confiderons plus comme le meme poids. Or, que cela arrive, ou non, aux 
corps qui S'loignent ou s approcbent du centre commun des choſes peſantes, cg cbeſe 
que nous deſirerions bien de ſavo'r : mais, ne trouvant rien qui nous ſatisfaſſe ſur ce 
ſujet, nous la ſſuns cette queſtion indeciſe, raiſonnant ſeulement ſur ce que les Anciens 
et nous avons. pu decouvrir de vrai juſqu's maintenant, That is, in Engliſh, 
For theſe reaſons, in our conferences with each other on the principles of 
+ Mechanicks, we conſider thoſe bodies as equally, or unequally, heavy, and call 

Yor. IV. d & them 
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« them equal, or unequal, weizhts, which have an equal, or unequal, tendency, 
* or power, to move towards the common center of heavy bodies; and we ſay 


« that the ſame body has the ſame weight only fo long as it has the ſame 


e tendency, or power, to move towards this common center: ſo that, if this 
*« tendency, or power, in any body, to move towards this common center, 
« ſhould, from any circumſtance, be increaſed or diminiſhed, we thould, in 
e ſuch caſe, though the body itſelf would (il continue to be the very ſame 
de body that it was before, no longer call it the ſame weight, Now, „ whether, 
« or no, any change in this tendency, or power of moving, towards ſuchy 
„ common center, happens to bodies in conſequence of their approaching 
e towards, or receeding from, the ſaid common center of heavy bodies,“ is 
„what we do not know, but ſhould be very defirous of knowing, if we could 
« find any method of diſcovering it: but, as we bave not hithero been able 
to find any ſuch method that has appeared to us clear and ſatisfactory, we 
ic leave this matter undecided, and, in all our inquirges concerning queſtions of 
% Mechanicks, we form our reaſonings on ſuch grounds and principles only as 
e the Antients and ourſelves have been able to diſcover with certainty to be 
« agreeable to truth.“ | 


In this paſſage we have a plain confeſſion that theſe two very learned men, 
Monſieur Paſcal and Monſieur Roberval, though they ſeemed to ſuſpect that 
the Gravity of bodies might be different at different diſtances from the common 
center of heavy bodies, that is, from the center of the Earth, and conſequently 


that, if a body were to be removed to a conſiderable height above the ſurface 


of the Earth, (as, for example, to the height of three, or four, ſemidiameters of 
the Earth above it's ſurface,) the fpace through which it would fall in a line 
tending to the center of the Earth in a given portion of time, (as, for example, 
in a ſecond of time,) might be greater, or leſs, than the ſpace through which it 
would fall in the ſame time near the ſurface of the Earth, yet could diſcover 
no means of aſcertaining i in a ſatisfactory manner whether there was, or was not, 
any Iuch variation in it. But this diſcovery, which thoſe learned and i ingenious 
Mathematicians fo much wiſhed to make, has been ſince made by the ſagacity of 
Sir Iſaac Newton, which led him to conſider the Moon as being a body that is 
either attracted, or impelled, towards the center of the Earth by the ſame power 
(whatever that power be,) by which a ſtone near the ſurface of the Earth falls to 


the ground, and which is called Gravity, and to W what would be the velocity 
with 
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with which the Moon would move 1n her orbit, or deſcribe a circle round the 
center of the Earth, and conſequently what would be the time in which ſhe would 
deſcribe ſuch a circle, if the gravity of a body at that diſtance from the Earth was 
the ſame as it is at the ſurface of the Earth, and then to compare the ſaid velocity 


and time with the velocity and time that really belong to the Moon's motion. Now 


theſe inquiries may be made, by means of the doctrine of the Motion of falling 
bodies laid down by Galileo in his gd and 4th Mechanical Dialogues, and by 


Alr. Huygens in his excellent treatiſe on Pendulum-Clocks, intitled De Horologio 


Oſcillatorio, and of the thirteen Theorems, in the laſt part of that excellent 
treatiſe in the firſt edition of it at Paris in the year 1673, concerning the centrifugal 


forces of bodies revolving in a circle, by reaſoning in the manner following. 


If a ſtone, or a cannon-ball, or any other body, were to be projected from 
any place near the ſurface of the Earth in a direction parallel to the horizon, or 
at right angles to a line drawn through the ſaid body to the center of the Earth, 


with any ſuch force as human art could employ for that purpoſe, and were to 


meet with no obſtacles in it's paſſage, it would move in the arch of a curve 
that would be concave towards the Earth, till it came to the ground ; and it's 
range (or the diſtance to which it would fly before it came to the ground, 
meaſufed vn the ſurface of the Earth,) would be greater, or leſs, according to 
the force with which it had been projected. And, if this force could be in- 
creaſed at pleaſure, the ſaid body might be projected with ſo great a velocity 
that, if there were no reſiſtance of the air to it's motion, and it met with no 
obſtacles in it's paſſage (as would be the caſe if it were projected horizontally 
from a building erected on the top of the higheſt mountain in the world, 
where-ever that mountain may be,) it would never fall to the ground at all, but 
would move round and round the Earth for ever and ever in a circle at the fame 
diſtance from the ſurface of the Earth as that at which it was firſt projected, 
This velocity would be a prodigiouſly great one, and ſeems at firſt fight difficult 
to be diſcovered, But Mr. Huygens, in the 5th of thoſe thirteen Theorems at 
the end of his Horologium Oſcillatorium which we juſt now mentioned, relating 
to the centrifugal forces of bodies revolving in circular orbits, has taught us how 
to find it, For he there informs us that it is the velocity which a heavy body 
would acquire by falling perpendicularly downwards towards the ſurface of the 
Earth through a line equal to a fourth part of the diameter of the circle that is 
to be deſcribed. Now this circle (as, on the prefent occaſion, we ſhall ſuppoſe 
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the Earth to be an exad ſphere, though, in conſequence of it's diurnal rotation 
round it's axis, the diameter of the equator 1s, in a ſmall degree, greater than it's 
axis, and it's figure therefore deviates a little from that of a perfect ſphere,) 


will be a little greater than the equator, or any other great circle of the Earth, 


becauſe the radius of it is greater than the radius of the Earth by the height of 
the mountain from the top of which the body is ſuppoſed to be projected. But 
this height, even in the higheſt mountains on the Earth, is not more than 
5 miles, which is but a ſmall quantity in compariſon to the radius of the Earth, 
which is near 4000 miles. And therefore we may, without deviating materially 
from the truth, ſuppoſe this circle tobe equal to a great cirele of the Earth, and 
it's diameter to be equal to the diameter of the Earth, or to 8000 miles. And 
then the fourth part of the diameter of this circle will be 2000 miles, (op 
2000 times 5280 feet,) or 10,560,000 feet. And conſequently the requiſite 
velocity will be that which would be acquired by a heavy body m falling per- 
pendicularly downwards towards the ſurface of the Earth through. a line equal 
to 10,560,000 feet, upon a ſuppoſition that the force of gravity by which the 
ſaid body was drawn downwards to the furface of the Earth through the ſaid 
line of 10,560,000 feet was, throughout the whole time of the ſaid fall, as great 
'as at the end of it, when the body had arrived at the ſurface of the Earth, 
Now the force of gravity at the ſurface of the: Earth is ſuch, according to 
Mr. Huygens's eſtimation of it, as would make a body fall through 1 5 t and 
one inch, or 181 inches, of Paris meaſure, in a fecond of time, if the body 
met with no reſiſtance from the air; or (becauſe the Paris foot is greater than 
the Engliſh foot in the proportion of 1068 to 1000,) the force of gravity is 
fuch as would make a body fall, if it met with no reſiſtance from the air, 


through (28 x 181 Engliſh inches, or LEES Engliſh inches, or 193.308 
inches, or 192 inches + 1. 308 inches, or 16 feet + 1.308 inches, or 16 feet 

I 55 
+ 


the — * acquired by falling through a line of 10, 560, ooo feet is to the 
velocity acquired by falling through a line of 16,109. feet in the proportion of 
the ſquare-root of 10,560,000 to the ſquare-root of 16. e that is, in the 


228 15 
4.0135 | 78156 


feet, or 16 feet + 0.109 of a foot, or) 16.109 Engliſh feet. Now 


proportion of 3249.6153 to 40136, (or of 2 or of 809.65 


to 1. But the velocity acquired by a heavy body in aling through a line of 
16. 10g feet is ſuch as, if it continued uniform, would carry it through twice 
| that 
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that length, or through (2 x 16 109 feet, or) 32.218 feet, in a ſecond of 
time. Therefore the velocity acquired by falling through a line of 10,560,000 


feet, or 2000 miles, would carry it (through 809.65 x 32-218 feet, or) 


through 26,085.303,70 feet, or through 4 9.8 miles, or) 4.940, 398 


miles, in a ſecond of time. Therefore the whole circumference of the Earth, 
which is about 25,000 Engliſh miles, would, with this velocity, be deſcribed 
in a portion of time that would be greater than 1 ſecond of time in the ſame 
proportion as 25,000 miles is greater than 4.940, 308 miles, or in a portion of 


* 7 . -060 . 
time equal to 2. ſeconds, or to go ſeconds, (or to minutes,) 
4-949, 393 | 6o 


or to 84 minutes and 20 ſeconds, or to an hour, and 24 minutes, and 20 ſe- 
conds. Therefore the body that would have been projected horizontally from 
the top of a high mountain with the velocity acquired by falling perpendicularly 
through a line of 2000 miles, or 10,560,000 feet, or with the velocity of 
4.940, 398 miles in a ſecond of time, would move round the Earth for ever and 
ever in a circle, 'and would perform one revolution in the ſpace of an hour, 


and 24 minutes, and 20 ſeconds, 1 


And e that a body projected in a horizontal direction from the top of a high 


mountain with this velocity of 4.940, 398 miles in a ſecond of time, would 


move thus in a circle round the Earth without ever coming to the ground,” 
may likewiſe be proved ſynthetically in the following manner. 


With C as a center, and CD as a radius, deſcribe the circle CDLEM 
repreſenting a great circle of the Earth. And let the radius CD be produced 
to the point A; ſo that the little line DA may repreſent the height of ſome very 
high mountain, from which a body is ſuppoſed to be projected in the direction 
of the line AP, which is at right angles to the line CA; and let the velocity 
with which the ſaid body is ſuppoſed to be projected in the ſaid line AP be 
ſuch as, if it continued uniform, would carry it through 4.940,398 miles in a 
fecond of time. With C as a center, and CA as a radius, deſcribe another 
circle ANBO. And in the line AP (which, it is evident, will be a tangent to 
this ſecond, or outer, circle in the point A,) take the line AK equal to 
4.940, 398 miles. And from the point K, through the center C, draw the 
right line KCH cutting the outer circle in the points F and H, and the inner 
circle in the points G and I. 
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Since the body at A is projected in the direction AP with a velocity of 
4.940. 398 miles in a ſecond of time, and the line AK is taken equal to 
4.940, 398 miles, it is evident that, if the force of gravity did not act upon the 
body, and draw it out of the right line AK, the ſaid body would, in the courſe 
of a ſecond of time, deſcribe the right line AK, and arrive at the point K. 
Now the point K is more diſtant than the point A from C, the center of tue 


the ſecant of the arch AF, exceeds the radius CF, or, it's equal, the radius CA, 


AK would have cauſed it to receed from the center C, ſo as to have in- 


creaſed it's diſtance therefrom by the little line KF, though the ſaid receſs 
would 


5 
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two circles, or the center of the Earth, by the little line KF, by which CK, or 


Therefore the ſaid motion of the body projected from the point A along the line 
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would not have been made in a direct line from the center C, or in the line CA 
continued upwards beyond the point A, but in a lateral, or oblique, direction 
in conſequence of it's motion along the right line, or tangent, AR. And this 
tendency of the projected. body to recced from the center C in conſequence of the 
velocity impreſſed in the diiection AP, or AK, (and which, if the action of gra- 
vity upon the body was taken off, would make it actually receed from the ſaid 
center, or increaſe it's diſtance from it, by the little line KF,) is what Mr. 
Huygens calls it's centrifugal force. And other writers ſince Mr. Huygens's 
time (who was, I believe, the firſt perſon that confidered the motions of bodies 
revolving in circular orbits round a given point, or, at leaſt, the firſt perſon 


| who publiſhed any thing concerning them,) have adopted the ſame language, 


and given the ſame name of centrifugal force to this tendency of a projected 
bodly to receed from a given point, which neceſſarily reſults from the projectile 
force impreſſed upon it which urges it to move in a right line, if it is not 
reſtrained, or drawn aſide, by ſome other force. 


— — 


Now the quantity of this receſs, or increaſe of diſtance, of the ſaid body 
projected at A, from C the center of the Earth, in a tccond of time, or while 
the ſaid body {when the action of gravity is taken off, or ſuſpended,) deſcribes 
the line AK, is the little line KF. But, (by Euclid's Elements, Book III, 


7 
Prop. 36,) this little line KF i is n to 2A. But, becauſe KF is extreamly 
fmall in compariſon to FH, we may conſider KH, or KF + FH, as being 


| ? | 
only equal to PH, and conſequently KF (which 1s equal to RT») as being 


7 
equal to F And, becauſe FH (the diameter of the outer circle, ) is very 


little greater than GI 3 diameter of the inner circle, or the diameter of the 


1 


1 2 
Earth,) we may conſi der fr as being equal to 2 „ and es KF 


Wie 


as being alſo equal to T 


Now AK is = 4.940, 398 miles (= 5280 x 4.940, 308 feet) = 
26,085. 301, 440 feet; and Gl, or the diameter of the Earth, is = $000 miles 


(or 
N : 
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{or 8000 x 5280 feet,) or 42,240,000 feet. Therefore a will be ( = 


26,085 .201, 1 380,442, „666, 
26,00 5.301 440)! 2 630, 442,0 t. 215 57 3,600 ſeet,) = 16, 1089 "LEY or, very 


42, 240,000 42,2 40,000 

nearly, 16.109 feet. Therefore the little li F will be = 16.109 feet ; that 
is, the projectile velocity of 4 940,398 nigh a ſecond of time will, on this 
ſuppoſition of the ſuſpenſion of the attionfof gravity upon the projected body, 
have cauſed it to receed from C, the center of the Earth, through the diſtance 
of 16. 109 Engliſh feet in the courſe of a ſecond of time, But the a&ion of 
gravity would, if the body were at reſt in the point A, inſtead of being im- 
pelled by a projectile force in the direction AP, cauſe it to move directly 
downwards in the line AD, or AC, towards C, or the center of the Earth, 
through the very ſame ſpace of 16.109 feet in a ſecond of time, Therefore, when 
the body is ated upon in the point A both by the force of gravity drawing it 
downwards towards the center C, and the projectile force impelling it in the 
direction AP, or AK, with a velocity of 4.940,398 miles in a ſecond of time, 
it will, at the end of che ſaid ſecond of time, be ſituated in the point F, or at 
the extremity of the radius CF, and therefore will be at the ſame diſtance from 
the center C as it was at the beginning of it's motion, or when it was in the 
Pojat A; that is, it will neither have approached towards the ſaid center C, 
nor have receeded from it, in the courſe of the ſaid ſecond of time. And 
therefore, wick this velocity of 4.940, 398 miles in a ſecond of time, and the 
centriſugal force thence ariſing, (which tends to make it receed from the center 
C in ſuch a degree as to increaſe it's diſtance therefrom by the ſpace of 16.109 


feet{in a ſecond of time, while the force of gravity tends to make it approach 
towards the ſaid center through exactly the ſame ſpace in the. ſame ſecond of 


time,) it muſt continue always at the ſame diſtance from the ſaid center C, and 


muſt deſcribe a circle round the ſaid center C, of which the radius will be CA, 
and muſt, if not ated upon by any new force, continue it's revolutions in the 
laid circle for ever and ever, in the ſame manner as the Moon does. Q. k. p. 


The force of gravity by which the ſaid body is continually drawn downwards 
towards C, the center of the Earth, and prevented from flying out of the circle 
in which it moves, in a right line, as AP, that is a tangent to the circle it 
deſcribes, is often called it's centripetal force, as the tendency it has to receęd 
from the center C, in conſequence of it's projectile velocity in the line AP, is 
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called it's cen!rifuza! force. And therefore in the motion of the ſaid body in 
the ſaid circular orbit, of which CA is the radius, the cen!ripeta! and centriſugal 
forces are exactly equal to each other, And ſo they always mutt be when bodies 
revolve in circles round a point towards which they are attracted, 


Now let us ſuppoſe a body to be carricd to the diſtance of the Moon from 
the Earth, that is, to the diſtance of 60 ſemi-diamerers of the Earth, or af 
60 times 4000 miles, or of 240,000 miles, from the center of the Euth; and 
let us ſuppoſe the force of gravity, by which the ſaid body would be drawn 
downwards towards the center of the Earth, to be the ſame as it is on the 
furface of the Earth, or ſuch as to make a body fall from reſt perpendicularly 
downwards through a line of 16.109 Engliſh feet in a ſecond of time. And 
let us inquire, by means of the ſame 5th Theorem laid down by Mr. Huygens 
at the end of his Horologium Oſcillatorium, what would be the velocity with 
which the. body ought to be projected, in a line forming a right angle with a 
line drawn from the body to the center of the Earth, in order that the centri- 
fugal force of the ſaid body, ariſing from the ſaid velocity, or generated by it, 
ſhould be exactly equal to it's centripetal force, or the gravity which draws it 
downwards towards the center of the Earth, (and which, if the projectile force 
were deſtroyed, would make it fall through 16.109 feet in a ſecond of time,) 
and conſequently that the ſaid body ſhould be made to revolye round the center 
of the Earth for ever and ever in a circle of which the radius would be 60 ſemi- 
diameters of the Earth, or 240, ooo miles. 


Now, according to that gth Theorem of Mr. Huygens, this velocity would 
be that which would be acquired by a body in falling perpendicularly down- 
wards towards the Earth through a line equal to the fourth part of the diameter 
of the circle that was to be deſcribed, that is, to a fourth part of 480,000 miles, 
or to 120,000 miles, {or to 120,009 times 5280 feet,) or to 633,600,000 fect. 
But the velocity acquired in falling through 633,600,000 feet is to the velocity 
acquired in falling through 16.109 feet as the ſquare-roat of 633,600,000 is to 
the ſquare-root of 16.109, that is, as ' 25,171.4123 is to 4.0136, (or as 
DITION is to 75136 or as 6271.5 is to 1. And the velocity acquired by 
falling through 16.109 feet is a velocity that, if uniformly continued, would 
carry a body through (twice 16,109 feet, or) 32.218 feet in a ſecond of time. 

Yor, IV. 0 Therefore 
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Therefore the velocity: acquired by falling through 633,6c0,0co feet woald 
carry a body through (6271.5 x 32.218 feet, or) 202,055. 1870 feet in a 

ſecond of time, Therefore, if a body at the diſtance of Ihe Moon, or of 60 
lemi-diameters of the Earth from the center of the Earth, was to be projected, 

io a right line at right angles to a line drawn from the ſaid body to the center 

of the Earth, with a velocity of 202,055.1870 feet in a ſecond of time, the 

centrifugal force of the ſaid body would be equal to it's centripetal force, or | 

gravity, and the ſaid body would conſequently revolve round the Earth for 

ever and ever, in a circle of which the radius would be it's firſt diſtance from 

the center of the Earth, or 240,000 miles. . . 4 


We wilt next inquire, “in what time the ſaid body, fo projected, would 
Teſcribe the ſaid circle, or perform one revolution round the Earth,” Now this 


time may be eaſily found in the following manner. ; 
Since the diameter of this circle is 480,000 miles, (or 480, ooo times 5280 1 
feet,) or 2,534,400,000 feet, it's circumference will be = 2 * 2,534, 5 
de „712, , | . : 

400,000 feet, or 22 1 feet, or) 7, 962,053, ogy feet. But the velocity 
with which this body moves will carry it through 202, 055. 1870 feet in a ſecond Ea 
of time. Therefore it will carry it through 7,962,053,097 feet, or the whole 1 
circumference of the circle, in a portion of time that will be greater than 5 
1 ſecond in the ſame proportion as the whole circumference, conſiſting of ; 
. . . 7.962, 53, 97 7 

7,962,053,097 feet, is greater than 202, 055. 18 70 feet, that is, (in 3 7 


ſeconds, or) in 39, 405 ſeconds, (or in ——— minutes, or in 656 minutes and 


45 ſeconds, or in on hours and 45 ſeconds,) or in 10 hours, 56*minutes, and 


45 ſeconds, Therefore the ſaid body would, with this velocity of 202, 05 5. 1870 
feet in a ſecond of time, deſcribe the whole circumference of the circle, or 
perform one revolution round the Earth, in the ſhort period of 10 hours,. 
56 minutes, and 45 ſeconds, n. 


Here again we may demonſtrate ſynthetically (as we did before in the caſe 
of a body projected horizontally from the top of a high mountain on the 
5 Earth,) 
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Farth,) „that a body projected horizontally with this velocity of 202, 055. 1870 
feet in a ſecond of time, from a place at the diſtance of 60 femi-diameters of 


the Earth, or 240,000 miles, from the center of e Earth, w ould have it's 


centrifugal force exactly equal to it's gravity, or centripetal force, and conſe- 
quently would move for ever and ever in a circle round the Earth, without 
ever falling upon it or approaching ncarer to it.“ This demonſtration may be 


as follows. 


Fi | 


= 
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Since the circumference of every circle contains 360 degrees, and every 


degree contains 6o minutes, and every minute, or firſt minute, contains 60 


ſeconds, or ſecond minutes, it follows that the circumference of every circle 


will contain 360 x 60 x 60 ſecond minutes, (or 21,600 x 60 ſecond mi- 


nates,) or 1,296,000 ſecond minutes. Now the whole circumference of the 
circle deſcribed by the body projected in the manner above-mentioned, is 
run-over by the faid body in 39,405 ſeconds of time, Therefore the number 
of ſecond minutes of a degree in the circumference of the ſaid circle that will 
1,296,000 | 
| 39,405 uk, 
32.889 ſecond minutes of a degree; which is but little more than half a firſt 
minute of a degree, (or a 120th part of one degree, or of the 360th part of 
the whole circumference,) or than the 43,20oth part of the whole circumference. 
This is a very {mall portion of the whole circumference : and in theſe very ſmall 
circular arches the tangents of the arches may be conſidered as equal to the 
arches, (the differences between them being extreamly ſmall in compariſon of 
either the arches or the tangents,) and the exceſs of the ſecant of any ſuch 
ſmall arch will be very nearly equal to the ſquare of either the tangent, or the 
arch, divided by the diameter of te circle, Therefore the exceſs. of the ſecant 
of this little arch of 32.889 ſecond minutes of a degree, which is run-over by 
the ſaid body in a ſecond of time, will be equal to the ſquare of the faid arch, 
or of it's tangent, divided by the diameter of the circle, that is, to the ſquare of 


be gone-over by the ſaid body in one ſecond of time will be ( 


202, 5 J. 1870 
255 34,400, 00 
2 40 


202, 055. 1870 feet divided by 2,534, 400, ooo feet, (or to feet, or 


XxXxVv1 PREFACE 


5 49,826,293, 593.024,999,99 
2,3 44,420,009 | 
Therefore the centiiſagal force of the faid body, ariſing from it's projectile 
velocity of 202, 05 5. 1870 ect ia a ſecond, is ſuch as, if the action of gravity 
had been ſuſpended, and the body had conſequently moved-on uniformly 
during a ſecond of time in a right line that would have been a tangent to it's 
orbit, 2 have cauſed the {aid body, in the ſaid ſecond of time, to receed 
from the center of the earth, or increaſe it's diſtance from it, by the ſpace of 
16.109. feet; which is thEvery diſtance through which, on the other hand, it 
would have been made to move directly downwards by the force of gravity, 
or it's centripetal force, if it had not received any projectile impulſe. There- 
fore, when it is acted upon both by it's gravity and it's projectile impulſe, it's 
centrifugal force will be equal to it's centriperal force, or gravity, and it conſe- 
of quently will continue always at the ſame diſtance from the center of the Earth, 
and revolve round the Earth in a circle for ever and ever. . D. 


feet,). or to 16.1088 feet, or, very nearly, 16.109 feet.. 


We may further obſerve, that the motion of this body, and the time of it's 
performing a revolution in a circle round the Earth, will continue the ſame, 
whether the ſaid body be a ſmall body or a great one. For, if the body were 
to be made double, or triple, or quadruple, or any other multiple, of what it 


was before, ſo as to weigh twice, or three times, or four times, or any number 4 
of times denoted by the letter m, as much as it did before, it's centrifugal force ; 
would, at the ſame time, become double, or triple, or quadruple, or m times 


as great as it was before; and conſequently the equality between the centrifugal 
force of the body and it's gravity, or centripetal force, would ſtil] be preferved. 
And therefore, if the ſaid body were to be made equal to the Moon, and it 
were to be projected horizontally with the aforeſaid velocity of 202,055.1870 
feet in a ſecond of time; it would perform a revolution in the ſame period as 
before, to wit, in the courſe of 10 hours, 56 minutes, and 45 ſeconds, And, 
if the velocity with which it was projected was leſs than that of 202,055.1870 
feet in a ſecond of time, it's centrifugal force (which ariſes from it's velocity, 
would be leſs than it's gravity, or centripetal force, and it would fall towards 
the Earth. | 
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This period of 10 hours, 56 minutes, and 45 ſeconds would be the time of 
one revolution of the aforeſaid body (which was ſuppoſed to be carried to the 
diſtance 
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diſtance of the Moon, or of 60 ſemi diameters of the Earth from the center of 
the Earth, and there projected in a line at right angles to the line drawn from 
the ſaid body to the center of the Earth, ) if the force of gravity towards the Earth 
continues the ſame at that diſtance from the Earth as it is at the Earth's furface. 
But, if the force of gravity decreaſes when the diſtance of the body from the 
center of the Earth increaſes, the centrifugal force, requiite to balance the gravity, 
or centripetal force, of the body, will be leſs than in the former caſe; and conle- 
quently the velocity of the ſaid body in it's orbit (from whica the fail centrifugal 
force ariſes,) will alſo be lets, and the time of performing a revolution will be pro- 


portionally longer, than in the former caſe. And, if it were poſſible to human art 


to carry a body to that diſtance from the Earth, and there to project it, in the 
manner above-deſcribed, with a ſufficient velocity to cauſe it to move in a circle 
round the Earth, and this experiment had been tried, and it had been found 
that a much leſs velocity than that of 202, 035. 18 70 feet in a ſecond ot time 
had been ſufficient for this purpoſe, and con!equently that the time in which 
the ſaid body, moving thus in a circle round the Earth, would perform a ſingle 
revolution, would be much longer than 10 hours, 56 minutes, and 45 ſeconds, 
it might be juſtly concluded, ? conver/o, from theſe circumſtances, “ that the force 
of gravity at that diſtance from the Earth was not the ſame as at the ſurface of 
the Earth, but very much leſs.” Now Sir Iſaac Newton thought that the Moon 
was a body whoſe relation to the Earth and whoſe velocity in her orbit (which is 
not very different from a circular orbit,) and time of performing her revolu- 
tions, might anſwer the ſame purpoſe as ſuch an experiment, which it is beyond 
the reach of human power to make. For he thought it reaſonable to ſuppoſe that 
the force of gravity, by which all bodies here on the ſurface of the Earth fall to 


it's ſurface in lines tending to it's center, (whatever may be the cauſe of it, which 


is hitherto perfectly unknown,) might extend to the diſtance of the Moon, and 
be the cauſe of the Moon's conſtantly moving round the Earth, inſtead of going-aff 
in a right line that was a tangent to her orbit, according to the natural tendency 
of all bodies in motion, to continue to move in the ſame direction, or right line, 
with the ſame degree of velocity for ever and ever, if they are not reſtrained from 
doing fo by ſome force that compels them to change their direction. Here then, 
if we ſuppoſe with Sir Iſaac Newton that the Moon is acted- upon by gravity towards 
the Earth, and is thereby retained in her orbit, and, if we conſider her orbit as 


being circular, (which does not differ greatly from the truth,) we may apply the 
$ foregoing 
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ſoregoing reaſonings to the Moon, and conſider her as a body which has been 
projected in the manner above-deſcribed, by the Creator of the world, at the 
aforeſaid diſtance of Co ſemi-diameters of the Earth from the Earth's center. 
And then. we muſt obſerve that her time of performing one revolution round 
the Earth, inftead of being only the ſhort period of 10 hours, 56 minutes, and 
45 ſeconds, is no leſs than 27 days, 7 hours, and 43 minutes, and conſequently 
that her velocity is leſs than the former velocity of 202,055.1870 feet in a 
ſecond of time, in the ſame proportion as the former ſhort period of 10 hours, 
56 minutes, and 45 ſeconds, is leſs than the Moon's period of 27 days, 7 hours, 
and 43 minutes, and therefore that her centrifugal force (which ariſes from her 
velocity in her orbit,) muſt be very much leſs than the centrifugal force of the 
former body, which was ſufficient to make it receed from, or increaſe it's diſtance 
from, the center of the Earth in a ſecond of time by a line of 16.109 feet, or the 
{pace through which a body falls perpendicularly downwards in the ſame time by 
the force of gravity on the ſurface of the Earth. Yet, ſince the Moon revolves 
in a circle round the Earth, her centripetal force, or her gravity towards the 
Earth, muſt be equal to, and not greater than, her centrifugal force : for, if it 
were greater than her centrifugal force, it would cauſe the Moon to fall towards 
the Earth. It follows therefore that the centripetal force of the Moon, or her 
gravity towards the Earth, muſt be much leſs than the centripetal force of the 
former body, or than the force of gravity on the ſurface of the Earth, by which 
bodies are made to fall perpendicularly downwards through 16.109 feet in a 
ſecond of time. Therefore, if gravity towards the Earth is the cauſe that retains 
the Moon in her orbit, we may conclrfde that the force of gravity is much leſs 
at the diſtance of the Moon from the center of the Earth, or at the diſtance of 
60 ſemi-diameters of the Earth from the ſaid center, than it is at the ſurface of 


the Earth, or at the diſtance of one ſemi-diameter of it from it's center. 
| Q. E. I, 


Having thus diſcovered that the gravity of bodies towards the Earth at the 


diſtance of the Moon, or of 60 ſcmi-diameters of the Earth from the Earth's 
center, is very much leſs than at the ſurface of he Earth, it is natural to 
inquire in the next place, © how much leſs it is“ or what proportion theſe 
different degrees of gravity bear to cach other. Now this may be eaſily deter- 
mined in the following manner, 
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The Moon performs one revolution round the Earth in the ſpace of 27 days, 
7 hours, and 43 minutes. Now 27 days, 7 hours, and 43 minutes, are equal 
to (27 times 24 hours together with 7 hours and 43 minutes, that is, to 648. 
hours and 7 hours and 43 minutes, or to 655 hours and 43 minutes, or to 
65 5 times 60 minutes together with 43 minutes, or to 39,320 minutes together 
with 43 minutes, or to) 39.343 minutes, (or to 39,343 times 60 ſeconds,) or 
to 2,360,580 ſeconds, Therefore in one ſecond of time the Moon performs 
the 2,360, 380th part of a revolution, or goes over the 2, 360, 580th part of her 
orbit. But her orbit is = 7,962,053,097 feet. Therefore in a ſecond of time the 
Moon moves through the 2,360,580th part of 7, 962, 063, og) feet, that is, through. 


| 33 72.9 feet. Therefore the excels of the ſecant of the little arch of the Moon's orbit 


which is deſcribed in a ſecond of time, (and which we have found to be equal to 
3372.9 feet,) above the radius of her orbit, will be equal to the ſquare of the ſaid 
litt arch divided by the diameter of the Moon's orbit, that 1s, it will be equal to 
| 376, 889 
EDIT (= Dui = can) Wy VS 
Therefore the centrifugal force of the. Moon is ſuch as would, if the action of 
gravity were to be ſuſpended, cauſe her to receed from the center of the Earth, 
or to increaſe her diſtance from the ſaid center by only 44,888 ten- millionth 
parts of a foot in a ſecond of time, inſtead of receeding (as in the former caſe,) 
through 16.109 feet in the ſame time, Therefore the centripetal force of the 
Moon, or her gravity towards the center of the Earth, (which counter-balances 
her centrifugal force, and cauſes her to move round the Earth in a circle,) muſt 
be only ſuch as would, if ſhe had no project ile motion, cauſe her to fall towards 
the center of the Earth through 44,888 ten-millionth parts of a foot in a 
ſecond of time. Therefore the force of gravity at the diſtance of the Moon, 
or of 60 ſemi-diameters of the Earth from the Earth's center, is to the force of 
gravity on the ſurface of the Earth, or at the diſtance of only one ſemi- diameter 


parts of a foot, 


. 16 44,888 : 

from it's center, as —.— of a foot is to 16. 109 feet, or to 16. 109, ooo, o, 
161,090,000 . 44,883 . 
707600660. feet, Or as 44,888 18 tO 161,090, 000, (or as 1.999 IS to 

161,090,000 


„) or as 11s to 3588, It appears therefore that the force of gravity 


at the diſtance of the Moon, or of 60 ſemi-diameters of the Earth from the 
Earth's center, is equal to only the 3588th part of the force of gravity on the 
ſurface 
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ſurface of the Farth, or at the diſtance of one ſemi-diameter of the Earth from 
the "Earth's center, . E. To ä 


Y 


"This number 3388 is pretty ears equal to 3600, or the ſquare of 60. 


And therefore it appears that the force of gravity at the diſtance of the Moon, 


or of 60 ſemi-diameters of the Earth from the Earth's center, is to the force of 
gravity on the ſurface of the Earth, or at the diſtance of one ſermi-diameter of 
the Earth from the Earth's center; in, nearly, the ſame proportion as 1 X 1, 
or t, the ſquare of the latter diſtance, to wit, x ſemi-diameter of the Earth, is 
to 3600, the ſquare of the former diſtance, or 60 ſemi-diameters of the Earth, 
And hence it ſeems reaſonable to conclude that the force of gravity, by which 
hodies are made to fall towards the center of the Earth, decreaſes, when their 
diſtances from the ſaid center increaſe, in the ſame proportion in which the 
ſquares of thoſe diſtances increaſe. 6 % 1. 1 


It was, as I conceive, by the foregoing train of reaſoning, or ſome other 
equivalent to it, chat Sir Iſaac Newton derivet rom the knowledge of the 
Moon's diſtance from the Earth, and the period of her revolutions round it, 
and the conſequent knowledge of the velocity of her motion in her orbit, and 
the centrifugal force ariſing from ſuch velocity, his concluſions concerning the 
decreaſe of the force of gravity upon bodies as they receed from the center of 
the Earth, and concerning the law of ſuch decreaſe: which are the points that 
Me. Palcal aud Mr, Roberyal wiſhed {o much to be able to diſcover. 


This Letter of Mr, Paſcal ahd Mr. Roberval is dated in the year 1636, 
when Mr. Blaiſe Paſcal, the great Genius and Author of the Arithmetical Triangle 
and other curious tracts here re- printed, was only thirteen years old. Md 
therefore, if the date of this Letter is not miſ-printed, I think it is probable 
that this Letter was not written by him, but by his father Mr. Stephen Paſcal 
{who was alſo a very ingenious and learned Mathematicigp and Philoſopher, 
though not equal in theſe reſpects to his ſon,) in conjunction with Mr. Ro- 
berval. But in eicher caſe the contents of the Letter are equally curious and 
deſerving of attention. And, amongſt other things contained in this Letter, 
there are ſome remarks on the Centers of Gravity of ſolid figures that ſeem very 


Proper to be conſidered by ſuch perſons as undertake to write on the ſubtle and 
difficult 
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diflicukt ſubject of rational Mechanicks, or the Theory of the Motion of bodies, 


and deſire to preſerve the ideas of all the terms they make ule of on theſe occa- 


fions, (ſuch as Center of Gravity, Center of Oſcillation, Center of Percuſfion, Force of 
Gravity, Centripetal Force, Centrifugal Force, Reſiſtance, and the like,) perfectly 
clear and free from ambiguity. The learned writers of this Letter even declare 
that they do not conceive that any ſolid body, except a ſphere, can have a 
center of gravity, according to the definition of that center given by Pappus 


| Alexandrinus and other antient authors,” See page 468, lines rtoth and gth 


from the bottom of the page. If perſons of ſuch eminent talents as Mr. Paſcal 
and Mr. Roberval expreſs doubts of this kind on the ſubject of rational Me- 
chanicks, or the Theory of Motion, it is ſurely incumbent on the writers who 
treat of Phyſical Aſtronomy and other ſuch abſtruſe branches ot this theory, to 
endeavour to remove theſe doubts and explain clearly the grounds and prin- 
ciples of the ſcience they undertake to teach. 

Other parts of the works of Monſieur Paſcal here reprinted relate to the 
fundamental principles of the Doctrine of Chances, which began about the year 
1654 to be cultivated in France by Monſieur Paſcal, Monſieur Roberval, and 
Monſieur Fermat, and ſome other learned Mathematicians, and of which Mr. 


Huygens afterwards wrote the firſt regular treatiſe in the year 1656 under the 


title of De Ratiociniis in Ludo Alec. And other parts of theſe works of Mr. 
Paſcal contain very curious properties of numbers. 


The gth Tra& in this Vela relates to the Summation of infinite Serieſes, 
and is a proper ſupplement to a, Tract contained in the Third Volume of this 
Collection of Mathematical Tracts called Scriptores Logarithmici, which extends 
from page 255 of that Volume to page 312, and is intitled The Inveſtigation of 
the foregoing Differential Series. The Differential Series here alluded to is as 
filler, 5 ali Bi ab i on ene 2 — &c, and con- 

N 11 * 1+a* 1 +2) R 1 , 


verges with a conſiderable degree of ſwifineſs even when & is very little leſs 
than 1, as, for example, when w.is equal to 13 , or , and even when it is 


equal to 1; and this differential ſeries is in all caſes equal to the ſeries @ — bx 
+ c — os) + en — , + g' — bx) + ir — A + &c, when & is of 
of any magnitude not greater than 1, and 6, c, d, e, ½ g, b, i, k, &c, the 
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co-efficients of the ſucceſſive powers of x, form a decreaſing progreſſion of 


terms; and the differences of theſe co-effictents, to wit, þ —c,c— d, d 4 e, 


75, F- , g — b, b, i — k, &c, allo form a decreaſing progreſſion 
of terms; and the differences of theſe differences, to wit, 6 — — e 4, 


Cann 4 — i e, de — ſ =, emf -=, - — 5, 
5 67, hb —i—7=-k, &, or b— 2c T 4, © = 2d + e 
d — 2e ＋ % e - of +g, f—-2g+h,g—2b ＋ , b—2i + k, &c, or 
the ſecond differences of the ſaid co- effieients, alſo form a decreaſing progreſſion 
of terms; and the third differences of the ſaid co-efficients, or the differences 
of the faid ſecond differences, alſo form a decreaſing progreſſion of terms; and 
the foürth differences, and the fifth differences, and the fixth differences, and 
the ſeventh differences, of the ſaid coefficients, and their differences of every 
following order, alſo form decreaſing progreſſions. With theſe conditions it 
will always be true that, however ſlowly the powers of x may decreaſe, or ſ even, 
if x is equal to 1, and conſequently the faid powers do not decreaſe at all, 
and however ſlowly the co-efficients 5, c, d, e, /, g. b, i, &c may decreaſe, 
and, conſequently, however ſlowly the terms of the ſeries a — bx + cx 
— d + en — fx ＋ g — by) + in — A* + &c may decreaſe, —the 
bx Dt Due 
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in which D' is put for 3 = e, or the firſt difference of the ſaid co-efficients 
„ c, d, e, %, g, b, i, k, &c of the firſt order; and D is put for þ = © fc, 
or 6 — 2c + 4, or the firſt difference of the ſecond order of differences of the 
ſaid co-efficients ; and D is put for 3 — ac + d e — 24 Te, or 3 — ze 
+ 34 — e, or the firſt difference of the third order of differences of the ſaid 
co- efficients; and D, D', Di, Don, Dun, D, &c are put for the firſt differ- 
ences of the fourth, fifth, ſixth, ſeventh, eighih, and ninch, and other following 
orders of differences of the ſaid co-efficients, reſpectis oy And conſequently, 
however ſlowly the terms of the ſeries a — by + of — n + ex! — fo 
+ g — bx! + i — K + &c may converge, their ſum may always be 
obtained by computing a moderate number of the terms of the differential 
Diez Dries Dei Dres Dr“ Der? 
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ſaid {cries will be equal to the differential ſeries * — 


— & c ad infinitum, 
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ſiderable friftnefs; This Differential Series is deſcribed and ſet forth, and 
illuſtrated by ſeveral appoſite examples, in a Track in the 34 Volume of this 
Collection, which is intiiled A Metbed of fuding the Value of a firwiy-converging 
infinite Series of decreaſing Quantities of @ cerlain Form, when it converges too 
flotoly to be ſummed in the common way by the mere computation, and addition er 
ſubtraftion, of ſome of it's initial terms, and which begins in page 219 and 
ends in page 252. And the manner of obtaining it is allo briefly deſcribed in 
the ſaid Track in Art. 5, pages 221, 222. But afterwards I gave a much 
fuller inveſtigation of ic in another Tra& which is allo printed in the ſame 
zd Volume of this Collection of Tracts immediately after the former Trae, 
and is intitled The Iuveſbigation of the foregoing Differential Series, and which 
extends from page 255 to page 312, Yet even in this ſecond Tract there was 
one thing wanting to make the inveſtigation of this Differential Series com- 
pleatly ſatisfactory, and which I had not been able to diſcover ; and that was a 
proof that the remaining terms of the ſaid Differential Series, after thoſe that 
ſhall have been actually inveſtigated, will be ſuch as ariſe from the law of 
continuation that. is obſerved to take place among thoſe which have been 
actually inveſtigated, In that ſecond Tract I had actually inveſtigated the firſt 


— Ke al infinitum, which always converges with con- 


five terms of the ſaid Differential Series, and had ſhewn them to be @ — . — 
_ 5 — | * 
op EX +>} — — 2c + a X _ + 34 — e 'X T7 
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inveſtigated alſo the three following terms, and found them to be equal to 
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- an nd ; SY And, from the analogy of theſe terms ſo inveſtigated, I 


thought it reaſonable to conjecture that the ninth, and tenth, and eleventh, and 
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other following terms of this ſeries would be 


But this was only a conjecture, and I was unable to convert it into a demon- 
f 2 ſtration. 
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ſtration. This defect, however, is now ſupplied in the ninth Tra of the 
preſent Volume, in which I have ſer forth, in as full and clear a manner as [ 
could, another manner of inveſtigating the ſeveral terms of this Differential 
Series which has been invented and communicated to me by the learned and 
ingenious Mr. John Hellins, B. D. Vicar of Potter's Pury in Northamptonſhire, 


and which is of ſuch a ngture as to enable us to perceive that the law of conti- 
A gill . — ' 2 $43 
uation, or generation, of the terms of the ſeries P, 3 = 


== | = 22 I &c ad Watrin, {ulich; in — Mr. Dy 
inveſtigation and mine, is aſſumed to be equal to the. original ſeries 4 bs 
+ e — dx ＋ e — fa* + g' — bx? + &c, and from which the differ- 

3 ba Di: Da: Dae Dass Ds P27 
ential ſeries e 1 1885 n T= 9 IF ts 20 _ ra — Tra- 
— &c was derived by inveſtigating ſucceſſively the values 5 P, Q. R, 8, T, 
V, W, X, &c, and the ſigns that are to be preſixed to the ſecond and other 
following terms of the ſaid ſeries,) one from another, which is found to take 
place in the terms that are actually inveſtigated, mult likewiſe take place in all 
the following terms which have not been inveſligated, to whatever number of 
terms the ſaid ſeries may be continued; fo that we may now conclude with 


certainty (inſtead of only conjeturing, as we did before,) that the ninth, tenth, 
D111 48 
eleventh, twellih, and other following terms of this ſeries will be — 1 


— — — Ws — . — Ke, agreeably to the analogy that has taken 
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place with reſpect to the former eight terms of it, to wit, 4 retry Ty. 


Dus Dui | Di lich bad been actually 
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| computed, This Tract begins in page 571, and ends in page 614. 


The 1 Wy laſt Tract of this Volume is likewiſe an invention of the ſame 
ingenious and learned Mathematician, the Reverend Mr. John Hellins, from 
whom I had the improvement of the inveſtigation of the differential ſeries 
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the gth Tract. | And it relates to the ſame ſubject as the foregoing, or 9th, 
Tract, to wit, the {ſummation of infinite ſerieſes, when they converge too ſlowly 
to be ſummed in the common way, or by computing a moderate number of their 
initial terms and taking the values ot the (ms of thole terms for pretty near values 
of the whole ferieles. For it is remarkable that. ſerieſes of the form a + bx 
+ a + di + ex% + ſa + gx* + bx? + &c, in which all the terms after 
the firſt term are marked with the ſign +, or are added to the firſt term, are 
more difficult to be ſummed, when they converge with exceſſive ſlowneſs, than 
ſerieſes of the form a — by + c — dxf ＋ e — fi + g — bx? + &, 
in which the ſigns are marked alternately with the fign — and the fign +4— 
though one would naturally be inclined to ſuppoſe that the former ſeries a + bx 
Tc + d& + ex* + frf + gi? + bx" + &c ſhould (from the. greater 
ſimplicity of it's compoſition, which ariſes from addition only, inſtead of 
ariſing, as that of the other ſeries does, from both addition and ſubttraction,) 
be more eaſily managed than the latter for the purpoſe of ſummation as well as 
for every other purpoſe whatſoever. It is, however, found that ſerieſes of 
the form a + by + cx + de' + ex“ + fe + gif? + ba? + Kc, when 
their terms decreaſe very ſlowly, are often exceedingly difficult to ſum; and 
no general ſeries has yer been found by the eminent Mathematicians who 
have written upon this ſuhject, that has been equal to the ſaid ſeries, and yet 
has converged with fa conſiderable a degree of ſwifinefs that eight, or ten, 
or a dozen, of it's firſt terms have been equal to three, or four, hundred 
terms of the former ſeries a + u + if + os? + en + fo 4 gx + br 
+ &c, of which we are required to find the ſum, as happens in the cafe of the 
bs Dia D**x3 D Dyas 
+5 if 1h ita iÞa 
reſpect to the ſeries a — by + * — % + nf — ff + g — bx? + &c. 
The finding therefore ſuch a ſwiftly-converging ſeries as will be equal to the 
flowly-converging ſeries @ + bx. + * + di + ex + /if + g + bY? + &c, 
and as will conſequently enable us to find, with a moderate degree of labour, the 
ſum of ſuch a ſlowly-converging ſeries to a conſiderable degree of exactneſs, is ſtill 


a great deftderatum among Mathematicians, But Mr, Hellins has, in ſome degree, 
by 


— &c with 


differential ſeries 2 — 


overcome this difficulty, by ſhewing us that the very differential ſeries a — 
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— &cc itſelf may be 


ſucceſsfully 
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ſucceſsſully employed for this pu rpoſe, or fo as to enable us to find the value of 


the ſeries a + bx + c + dx) + ex + ff + gx) + 5x7 + &c to any 
degree of exadineſs that we may deſire, though it's terms ſhould decreaſe with 
an exceſſive degree of ſlowneſs, if we will have the patienee to make four, or 
more, ſucceſſive applications of the ſaid differential ſeries to certain ſerieſes of 
the form of the ſeries a — bx + if — d + ef — jo + gi — bs" 
+, &c, which are derived from the original ſcries a + bx + ca + dx* + ext 
+ e + gx* + bx. + &c of, which we are endeavouring to find the ſum, 
And the explanation of Mr, Hellins's method of making the ſaid ſucceſſive 
applications of the ſaid differential ſeries to this purpoſe, together with a very 
full illuſtration of this method in the caſe of a particular e namely, in 


0.91 


finding the ſum of the ſlowly-converging ſeries 7 + — 5 4 7 2 + _ 
+ — + WM + => + 29 + &c, make up the chief contents of this 
„ a 


But jt muſt be confeſſed that theſe repeated applications of the ſaid Differ- 
ential Series to this purpoſe are ſo exceedingly tedious and laborious, that it 
is probable few perſons will ever have recourſe to them for the purpoſe of finding 
the value of a ſlowly-converging ſeries of the {aid form à + bx + cx + dx* 
Ten“ + fs + g& + bx + &c. And therefore it is ſtill to be wiſhed that 
ingenious Mathematicians would exert their talents and ſagacity to find- out 
ſome eaſier way of finding the value of ſuch a ſeries, 


=_ 


The deſcription and explanation of, this method of applying the ſaid differ- 
ential ſeries to the ſummation of the flowly-converging ſeries à + bx ＋ c* 
+ dd + ex*- + fa* + gx* + bx! + &c begin in page 615 and extend to 
the end of Art. 15 in page 628; and the illuſtration of the method by applying 
| 2 vs DD +: * 8 — 


it to the ſummation of the ſeries — 
4 22 37 7 * + $4 38 


+ 2 += + &c, begins in page 628, and ends in page 680. The 


degree of 3 obtained by theſe long and laborious calculations is ſuch as 
gives us the number 2.302,585,092,57 3,344,422 for Napiet's logarithm of 10, 
or of the ratio of 10 to 1; of which number the firſt ten figures 2.302,585,092 


are. 
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PREFACE. „rn 
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are exact, tlie more aecurate value of that logarithm being 2.302, 585, 92, 994, 
045,684,017, &c. This is a conſiderable degree of exactneſs; but it is too 
dearly purchaſed by fuch an immenſe quantity of calculation as has been 
employed to obtain it. | 


The laſt 15 pages of this Volume, from page 680 to the end of page 695, 
contain an account of ſome conjectural methods of finding the furas of ſlowly. 
converging ſerieſes of the foregoing form @ + by + c + dd + ex* + fe" 


+ gx* + bY? + Ke, that have occurred to me, and by which we may obtain 


the value of the ſeries exact to about three places of decimal figures, 


FRANCIS MASERES. 


INNER TREMuTLE, Init, 20, 1801. 
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AN APPENDIX 
TO THE TRACT OF , 
DR. EDMUND HALLEY, 


INTITIL E o, 7 


& An eaſy Demonſtration of the Analogy of the Logarithmick Tangents to the 
Meridian Line, or Sum of the Secants ; with various Methods 


&« of Ci omputing the ſame to the utmoſt Exattneſs ;" 


Which has been Re-printed in the Second Volume of this Collection of 
Mathematical Tracts, intitled, Scriptores Logarithmici, in pages 76, 77, 
78, xc, 3233 $4; Containing the Solution of a Curious Problem, 
relating to Navigation, propoſed by Dr. HALLE in the latter part of 
the ſald Tract. 


By FRANCIS MAS ERES, Es d. F. R. 8. 


CURSITOR BARON OF THE COURT OF EXCHEQUER®, 


N. B. I have put my name to the following Solution of this curious and difficult Problem, be. 
cauſe I have drawn it out in its preſent form, But the ſubſtance of it was communicated to me by my- 


learned friend Mr, George Atwood, M. A. and F. R. S. late Fellow of Trinity College, Cambridge. 
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« An eaſy Demonſtration of the Analogy of the Lagaritbmict Tangents to the Meridian 
ce Tine, or Sum of the Secants; with various Methods of Computing the ſame 5 
« the atmeſt Exattneſs, &c.” 
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Article 1. H E above-mentioned Tract of Dr. HarLey was firſt pub- 

liſhed in the Philoſophical Tranſaftions. of the Royal Society 
of London, in the year 1695-6, in Number 219, Vol. XIX of the ſaid Tranſ- 
actions; and was publiſhed a ſecond time in the year 1708, in the ſecond vo- 
lume of the Collection of Mathematical and Philoſophical Tracts, in three 
volumes, octavo, called Miſcellanea Curioſa, pages 20, 21, 22, &c, - = = 36 ; 
and, laſtly, has been publiſhed a third time in the beginning of *the year 1792, 
in the ſecond volume of the preſent Collection of Mathematical Tracts, called 
Scriptores Logarithmici, pages 76, 77, 78, &c, - - 84. Towards the end of 
this Tract Dr. HALLE Y has propoſed a certain Problem relating to Naviga- 
tion, which, I believe, has never received a compleat and accurate ſolution 
to this day; though it has been reſolved in a tentative way by Mr. Foun 
RoBERTSON, the late Librarian of the Royal Society (who had formerly been 
the head Maſter of the Royal Military Academy at Portſmouth,) in his valu- 


able Treatiſe on Navigation, Book VIII, Sect. IV, Problem X, page 560, and 


likewife by Monſſeur Bouguer, a diſtinguiſhed Member of the Royal Academy 
of Sciences at Paris, in his copious and learned Treatiſe on Navigation, pub- 
liſhed at Paris, in the year 1753, and intitled, Nouveau Traits de Navigation, 
contenant la Thecorte et la Pratique du Pilotage, in the 5th Book of the ſaid Trea- 
tiſe, Section I, Chapter Il, pages 352, 353, under the title of Sixieme Probleme 
Generel ; and likcwiſe by the late Mr. ISRAEL Lyoxs, in the Appendix to 
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the Nautical Almanack for the year 1772. The paſſage of Dr. HaiLey's ſaid 
diſcourſe, in which he makes mention of this Problem, is in the words fol- 
lowing. I need not ſhew how, by regreſſive work, to mo the latitudes from the 
« meridional paris; the method being ſufficiently obvious: I ſhall only conclude with 
© he propoſal of a Problem, which remains to make this doftrine compleat ; and 
« that is this : 

H ſhip ſails from a g1ven lalitude, and, having run à certain number of leagues, 
« has altered her longilude ly a given angle. It ts ts 9 to find the courſe 

6 ſteered. 

« The Solution hereof would be very acceptable, if not to the Publick, at leaſt to 
& the Author of this Tra; being likely to open ſome further light into the myſteries 
i: of Geemetry,” See Vol. II. of this preſent Collection of | Tracts, called, 


Scriptores Logarithmici, page 83. 


Art. 2. In this Problem the ſhip. is ſuppoſed to have failed always in the 
ſame courſe during the whole voyage, or in ſuch a line as to. have always cut 
the ſeveral meridian lines (or circumferences of great circles of the Earth paſſ- 
ing through its two Poles,) over which it has paſſed, in. the lame angle.: and 


the Earth 1s ſuppoſed to be of a ſpherical, and not a ſpherocidical, or other 
oval, figure; and conſequently all the meridian lines, (or circumferences of 
great circles of the Earth that pals through the two Poles,) will be equal to 
the circumference of the Equator :*' And by the difference of the ſhip's longitude at 
the beginning and at the end of the voyage, (which difference is here ſuppoſed to 
be given, or known, ) we are to underſtand the arch of the circumference of 


the Equator that is intercepted between two meridian lines, (or the circum- 


terences of two great circles of the Earth paſſing through the two Poles,) 
that are drawn through the ſhip's two poſitions at the beginning and at the end 
of the voyage. Theſe things muſt be thoroughly underſtood, and carefully at- 
tended to, in order to have a clear idea of the meaning of the Problem of 


which we are going to attempt the Solution. 


Art. 3. Let the point P, in Fig. i, denote one of the Poles of the Earth, 


and the line HI denote a part of the circumference of the Equator, or great 


circle of the Earth which is drawn through its center at right angles to its axis. 
Let A and B be two points on the ſurface of the Earth, both ſituated on the 
ſame ſide of the Equator, but at unequal diſtances from it ; and let the diſtance 
of A from the Equator be greater than the diſtance of B from it, or, in other 
words, let the latitude of A be greater than the latitude of B. Alſo let A 
and B be ſituated in different meridian lines P AL and PB M, which cut 
the line HI, or the circumference of the equator, in the points L and M. 
Then, it is evident, the arch LM of the circumference of the equator will be 
the difference ct the longitudes of the points A and B, from whatever original 
zeridian line the ſaid longitudes may be reckoned. 


Further, let a ſhip be ſuppoſed to fail from the point A to the point B. in 


a line that cuts all the meridian lines, over which it baſſes, in the ſame angle 
in 


1 
* r * 
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in which its firſt direction, when it ſets out from A, cuts the meridian line 
PAL which paſſes through its firſt poſition A, or in an angle equal to the 
angle LAB; by which angle we are to underitand the rectilineal angle. con- 
tained between a tangent to the meridian circle P A L in the point A, and a 


tangent to the curve line AB (deſcribed by the (hip in her paſſage from A to 


B,) in the ſame point A. 8 

This curve line AB, deſcribed by the ſhip in her paſſage from A to B, is 
called a loxodromick line, or Irxodromick curve, from the two Greek words Aeg, 
oblique, and J$5ouog, a courſe, becaule it is oblique in its courle, or direction, or 
cuts the ſeveral meridian lines, over which it paſſes, in an oblique angle. And 
it is allo called a umb. liue; and the angle LAB, in which it cuts the ſeveral 
meridian lines over which it pafles, is called the angle of the rhumb, or the 


rbumb- ang le. 

Now in the foregoing Problem, propoſed by Dr. HaLLtey, the arch A L, 
or the latitude of the point A (from which the ſhip ſets out upon her voyage,) 
is ſuppoſed to be known ; but not the arch BM, or the latitude of che point B, 
at which the ſhip arrives after paſſing along the loxodromick-line, or rhumb- 
line, AB. And the arch LM, or the difference of the longitudes of the 
points A and B, is alſo ſuppoſed to be known; and likewiſe the length of the 
loxodromick-line, or rhumb-line, A B, which the ſhip has deſcribed in her 
paſſage from A to B. And from theſe date we are required to find the 
rhumb-angle LAB, in which the rhumb-line A B cuts all the meridian lines 
over which ihe ſhip has paſſed, 


7 
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Art. 4. Before we enter upon the Solution of this Problem, it will be ne- 
ceflary to ſhew the relation of the rhumb-line, or loxodromick line, AB, or 
diſtance run by the ſhip, to the difference of the latitudes of the points A and 
B, and conſequently how B M, or the latitude of the point B, may be derived 


from AL, or the latitude of the point A, and the length of the rhumb-line - 


AB, together with the magnitude of the rhumb-angle L A B, when AL, AB, 
and the angle LAB are previouſly known. Now this relation of the difference 
of the latitudes of the points A and B to the length of the rhumb- line AB and 
to the rhumb-angle LA B, may be demonſtrated in the following manner. 


—— I — — — — — 


LE MMA I. A THEOREM. 


If there be two points A and B (as in Fig. 2,) on the ſurface of the Earth, 
both on the ſame ſide of the Equator HI, but at different diſtances from it; 
and the diſtance of the point A from the Equator is greater than the diſtance 
of the point B from it; and the ſaid points are ſituated in different meridian 
circles PAL and PB M, which cut the Equator in the points L and M re- 
ſpeftively ; and A B be a loxodromick line, or rhumb-line, extending from 
the point A to the point B: the length of the ſaid line AB will be to the 
difference of the two circular arches AL and BM, (which are the latitudes of 
the two points A and B,) as the radius of a circle is to the co-fine of the 


rhumb-angle LA B. 


In the meridian circle PAL, which paſtes through the point A, take the 
arch PQ equal to the arch PB of the meridian circle P B M, which paſſes 
- through the point B. Then will the arch Q L be equal to the arch BM, or 
the latitude of the point B; and conſequently the arch AQ (which is the 
excels of the arch AL above the arch Q L,) will be equal to the excels of the 
arch AL above the arch B M, or will be the difference of the latitudes of 
the two points A and B. We are therefore to ſhew that the length of the 
rhumb-line AB will be to the length of the circular arch AQ as the radius of 
a circle is to the co- ſine of an angle in the ſaid circle equal to the rhumb-angle 


LAB, or QAB. 


DEMONSTRATION. 


* 


Let the line QB repreſent the arch of a circle of which the pole P is the 


center, and either of the lines PQ and PB is the radius, or the arch of a 
| parallel 


1 
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parallel of latitude paſſing through the point B. And let this arch QB be 
ſuppoſed to be divided into a very great number of very ſmall and equa] parts, 
ſuch as Be, cg, gk, ku, &c; as, for example, into ten thouſand million of 
ſuch parts. And through each of the points of diviſion, c, 2, +. de, let 
the meridian circles Pc, Pg, Pk, Pn, &c, be ſuppoſed to be drawn, cutting 
the loxodromick, or rhumb, line BA in the points C, D, E, F, &c. 


Further, through the point C draw a parallel of latitude, or circle parallel to 
the Equator, cutting the meridian-line Pg in the point G, and the meridian 
line PL, or PQ, in the point R. And, in like manner, through the point 
D draw another parallel of latitude, or circle parallel to the Equator, cutting 
the meridian-line P& in K, and the meridian-line PQ in S; and through 
the point E draw another parallel of latitude, or circle parallel to the Equator, 
cutting the meridian-line PA in N, and the meridian-line PQ in J; and, in 
like manner, conceive other parallels of latitude, or circles parallel to the 
Equator, to be drawn through all the other points of diviſion in the loxodromick 
line A B, however great their number may be. 


Art. 5. Then it is evident that, ſince the circles BQ and CR are parallel to 
each other, they will intercept equal portions of the two meridian circles Pe 
and PQ; and conſequently the little arch R of the meridian circle PQ 
will be equal to the little arch Ce of the meridian circle Pc, And, for a like 
reaſon, the little arch SR of the meridian circle P Q will be equal to the little 
arch D G of the aeridian circle Pg; and the little arch TS of the meridian 
circle PQ will be equal to the little arch EK of the meridian circle P &; and 
the little arch O T of the meridian circle PQ will be equal to the little arch 
FN of the meridian circle PAH. And the like equality will take place between 
all the following little arches of the meridian circle PQ, lying between the 
points A and O, and the correſponding little arches of the ſeveral following 
meridian circles drawn through the following points of diviſion in the loxodro- 
mick line A B lying between the points A and F. Therefore the ſum of all 
the little arches K Q, SR, TS, OT, &c, of the meridian circle PQ, con- 
tinued to the point A, that is, the whole arch AQ, will be equal to the ſum 
of all the little arches Cc, DG, EK, FN, &c, of the ſeveral meridian circles 
Pc, Pg, Pk, Px, &c, lying between the points A and B. 


And the whole loxodromick arch AB is equal to the ſum of all its parts, or 
the {mall arches BC, CD, DE, EF, &c, continued to the point A. 


Therefore the whole loxodromick line AB will be to the whole circular arch 
AQ, or to the difference of the latitudes of the points A and B, in the ſame 
proportion as the ſum of all the little loxodromick arches BC, CD, DE, EF, 
&c, continued to the point A, is to the ſum of all the little circular arches Cc, 
DG, EK, FN, &c, of the different meridian circles Pc, Pg, Pk, Pn, &c, 
correſponding to them, We, muſt therefore endeavour to ſhew that this latter 
proportion, to wit, the proportion of the ſum of all the little loxodromick 
arches BC, CD, DE, EF, &c, continued to the point A, to the ſum of all 

the 
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the little circular arches Cc, DG, EK, FN, &c, correſponding to them, is 
equal to that of the radius of any circle to the co- ſine of an angle equal to the 
thumb-angle LAB, in the ſame circle. | 


Art. 6. Now, becauſe the cucular arches Be, cg, gk, &n, &c, continued to 
the point Q, are ſuppoſed to be all equal to each other, and extremely nume- 
rous, as, for example, not fewer than ten thouſand millions, it follows that the 
ſaid arches mult all be extreamly ſmall, and conſequently that the correſpond- 
ing loxodromick arches BC, CD, DE, EF, &c, continued to the point A, 
(into which the whole loxodromick arch AB is divided by the ſeveral meridian 
circles Pe, Pg, P#, Pn, &c, continued to the point Q,) will alſo be ex- | — 
treamly ſmall, and conſequently that they will be very nearly equal to their 
ſeveral chords reſpectively, or will exceed their ſeveral and reſpective chords 
in very {mall ratios of majority. And it follows likewiſe that the little circular 
arches Cc, DG, EK, FN, &c, of the feveral meridian circles Pc, Pg, PE, 
Pu, &c, and likewiſe the little circular arches CG, DK, EN, &c, of the 
ſeveral parallels of latitude CR, DS, ET, &c, will be all extreamly ſmall, 
and conſequently that they will be very nearly equal to their feveral chords 

- reſpectively, or will excecd their ſeveral and reſpective chords in very ſmall 
ratios of majority, Thercfore the ſum of all the chords of the ſeveral little 
loxodraraick arches BC, CD, DE, EF, &c, continued to the point A, may 
be conſidered as equal to the ſum of all thoſe arches themſelves, or to the 
whole loxodromick arch AB; and the ſum of all the chords of the ſeveral 
little circular arches Ce, DG, E K, FN, &c, correſponding to the loxodro- 
mick arches BC, CD, DE, EF, &c, may be conſidered as equal to the 
ſum of all the ſaid arches themſelves, and conſequently as being equal to the 
circular arch AQ of the meridian circle PAL, or to the difference of the la- 
titudes of the points A and B. We muſt therefore now endeavour to ſhew 
that the ſum of all the chords of the little loxodromick arches BC, CD, DE, 
E. F, &c, continued to the point A, is to the ſum of all the chords of the cor- 
reſponding liule circular arches Cc, DG, EK, FN, &c, in the proportion 
of the radius of any circle to the co- ſine of an angle equal to the rhumb-angle 
L AB, in the ſame circle. 


Art. 7. We muſt now conſider the ſeveral little triangles BCc, CDG, 
DEK, FEN, &c, (continued to the point A,) formed by the chords of 
the ſeveral little loxodromick arches BC, CD, DE, EF, &c, and the chords 
of the ſeveral correſponding little circular arches Cc, DG, EK, FN, &c, of 
the meridian circles Pc, Pg, PR, P, &c, and the chords of the ſeveral other 
correſponding little circular arches Be, CG, DK, EN, &c, of the parallels 
of latitude BQ, CR, DS, ET, &c; which triangles will all be right-lned 
-trianglcs, becauſe they will be formed by the chords of the ſaid ſeveral little 
Joxodromick arches and circular arches, and not by the ſaid loxodromick and 
circular arches themſelves. | . 


Now, becauſe the little circular arch Cc is extreamly ſmall, the angle con- 
tained 
/ 


Dd 
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tained between its chord and a tangent to it in the point C will be extreamly 
{mall ; and conſ-quently the ſaid chord may be conſidered as co-inciding with 
the ſaid tangent : and, in like manner, becauſe the little loxodromick arch B C 
is extreamly ſmall, the angle contained between Its chord and A tangent to it in 
the point C will be extreamly ſmall ; and contequently the ſaid chord may be 
conſidered as co- inciding with the ſaid tangent. Therefore the angle contained 
between the chogd of the circular arch Cc and the chord of che loxodromick 
arch BC, will be equal to the angle contained between the tangent of the c1r- 
cular arch Cc in the point C and the tangent of the loxodromick arch BC 
in the ſame point C, that is, to the angle made by the loxodromick curve 
CB with the meridian circle Pc, or to the angle of the rhumb. Therefore. 
in the little right-lined triangle B C c, formed by the chords ot the loxodromick 
arch BC and the two circular arches Ce and Be, the angle BC will be 
equal to the angle of the rhumb. Further, the angle Bc C, in the fame right- 
lined triangle, which is formed by the two littie circular arches Be and Ce, 
will be a right angle; as may be ſhewn in the manner following. The plane 
of every parallel of latitude, or circle parallel to the Equator, 1s at right angles 
to the plane of every meridian circle that it croſſes. Therefore, if a tangent 
be drawn to the parallel of latitude Bc, or BO, in the point c, in which it 
cuts the meridian circle P Cc, the faid tangent will be at right angles to a 
tangent drawn to the ſaid meridian circle PCc in the ſame point of interſec- 
tion c. But the angle made by the chord of the arch Bc with the tangent to 
the ſaid arch in the point c is extreamly ſmall, on account of the extream ſmall- 
neſs of the ſaid arch; and therefore the ſaid chord may be conſidered as co- 
inciding with the ſaid tangent, And, for a like reaſon, the chord of the arch 
Cc may be conſidered as co-inciding with the tangent to the meridian circle 
P Ce in the ſame point c. Therefore the angle contained between the chord of 
the arch Bc, and the chord of the arch Cc, will be equal to the angle made 
by the two tangents of the ſaid arches Be and Cc in the ſame point c. But 
the angle made by the ſaid two tangents is a right angle. Therefore the angle 
made by the ſaid two chords will allo be a right angle; that is, the angle Bc C 
in the right-lined triangle Bc C, formed by the chords of the three little arches 
BC, Cc, and Be, will be a right angle. Therefore, if the chord B C (which 
ſubtends the right angle Bc C,) be made the radius of a circle, the chord Bc 
will be the fine of the oppoſite angle B Cc, that is, of the angle of che rhumb, 
in the ſame circle; and Ce will be the fine of the angle C Be, or of the com- 
plement of the angle BCc, or the rhumb-angle, to a right angle, or will be 
the co- ſine of the ſaid angle B Cc, or the rhumb-angle, in the ſame circle. 


And in the ſame manner it may be ſhewn that in the next little right-lined 
triangle CDG, formed by the chords of the little arches CD, DG, and 
GC, the angle DGC will be a right angle, and that the chord of the arch 
CD will be to the chord of the arch DG as the radius of a circle to the co- 
fine of the angle CD G, which is equal to B Ce, or the angle of the thumb; 
and that in the third little right-lined triangle DE K, formed by the chords 
of the arches DE, EK, K D, the angle EK D will be a right angle, and 

Vor. IV. C Lat 


10 AN APPENDIX TO DR, HALLEY'S DEMONSTRATION OF THE ANALOGY 


that the chord of the arch D E will be to the chord of the arch EK as the 
radius of a circle to the co-fine of the angle DE K, which is equal to B Ce, 
or the angle of the thumb ; and, in like manner, that in every following little 
right-lined triangle near the following points of diviſion of the loxodromick 
line AB, formed by the chord of the little loxodromick arch and the chords of 
the two correſponding little circular arches, the chord of the loxodromick arch 
will be to the chord of the correſponding little circular arch that is a portion of 
a meridian line, as the radius of a circle to the co fine of the angle of the rhumb. 
Therefore, by El. 5, 12, the ſum of all the chords of the ſaid little loxodro- 
mick arches, lying between the points A and B, will be to the ſum of all the 
chords of the correſponding little circular arches that are portions of the ſeveral 
meridian lines lying between the ſame points A and B, in the fame proportion 
of the radius of a circle to the co-line of the rhumb-angle in the ſame circle. 


But the ſum of all the chords of the ſaid little loxodromick arches BC, 
CD, DE, EF, &c, lying between the points A and B, is equal to the fum 
of all the faid loxodromick arches themſelves, or to the whole loxodromick 
arch AB; and the ſum of all the chords of the little circular arches, or por- 
tions of meridian lines, Cc, DG, EK, FN, &c, lying between the ſame 
points A and B, is equal to the ſum of all thofe arches themſelves, and con- 
fequently to the ſum of the correſponding arches QR, RS,ST, TO, &c, 
(continued to the point A,) of the meridian line PAL, (which are, reſpec- 
tively, equal to the arches Cc, DG, EK, FN, &c,) or to the whole arch 
AQ of the ſaid meridian line PAL, or to the difference of the latitudes of 
the two points A and B. Therefore the whole loxodromick arch, or rhumb 
ſine, AB will be to the whole circular arch AQ , or to the difference of the 
latitudes of the two points A and B, in the ſame proportion of the radius of a 
circle to the co- ſine of the angle of the rhumb, or of the ſhip's courſe, or the 
angle LAB, in the fame circle. N 


Art. 8. CoroLL. Therefore, when the arch AL, or the latitude of the firſt 
point A, is given; and the length of the loxodromick arch, or rhumb-line, 
AB, or the diſtance run by the ſhip in its paſſage from A to B, is alſo given; 
and likewiſe the rhumb- angle LAB, or the angle of. the ſhip's courſe ; the 
arch BM, or the latitude of the ſecond point B, may be found in the following 
manner. 


Find a fourth proportional to the radius of any circle, the co- ſine of the 
r umb- angle LAB, or angle of the ſhip's courſe, and the length of the 
thumb-line AB, or the diſtance run by the ſhip in her paſſage from A to B. 
And the ſaid fourth proportional will be equal to the arch AQ, or the dif- 
terence of the arches AL and B M, or of the latitudes of the places A and B. 
And, having found this fourth proportional, (which is equal to the arch AQ ,) 
ſubtra& it from the arch AL, or the latitude of the firſt point A. And the 
remainder will be the length of the arch B M, or the latitude of the ſecond 
point B. Q he 1. | | 


a 


Fig. 2. 
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Art. 9. Having ſhewn, in the foregoing Corollary, how, from the latitude 
AL of the firſt point A, and the rchumb- angle, or angle of the ſhip's courſe, 
L. AB, and the length of the loxodromick arch, or rhumb-line, AB, or the 
diſtance run by the ſhip in its paſſage from A to B, we may find the arch BM, 
or the latitude of the ſecond point B; we will now proceed to ſhew how, from 
the two arches AL and BM, or the latitudes of the two points A and B, 
the rhumb-angle LAB, and the rhumb line, or diſtance run, AB, we may 
find the arch LM in the circumference of the Equator, or the difference of the 
longitudes of the two points A and B. In order to this it will be necetlary, 

C 2 in 
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in the firſt place, to ſuppoſe the ſhip to continue her voyage in the ſame courſe, 
or in the ſame loxodromick curve, or rhumb-line, beyond the point B, till ſhe 
arrives at the Equator, and to find the difference of the longitudes of the firit 
point A, and the point in which the ſaid loxodromick curve, or line of the 
| ſhip's paſſage, ſo continued on, will meet HI, or the circumference of the 
Equator, This will be the ſubject of the following Problem. 


— er rr nt 


LEMMA II. A PROBLEM. 


—  _________—_— 

Art. 10. Let P (in Fig. 3,) repreſent one of the poles of the Earth; HI a 
part of the circumference of the Equator; A a point on the ſurface of the 
Earth between the Pole P and the Equator HI; and B another point on the 
ſurface of the Earth between the Pole P and the Equator HI, that is nearer 
to the Equator than the former point A, and is ſituated in a different meridian ; 
and let PAL bea meridian circle paſſing through the point A, and meeting 
HI, or the circumference of the Equator, in the point L; and let PB M be 
another meridian circle paſſing through the point B, and meeting HI, or the 
circumference of the Equator, in the point M : and let AB bea loxodromick 
curve, or rhumb-line, along which a ſhip fails from the point A to the point B, 
keeping always the ſame courſe, or cutting all the meridian lines, over which it 
paſſes, in the ſame angle LAB; and let BV be a continuation of the ſame 
loxodromick curve, or rhumb-line, A B, to the point V 1n the line HI, or the 
circumference of the Equator ; and let the ſhip be ſuppoſed, after it has arrived 
ac the point B, to continue its voyage further from B to the point V, or to the 
Equator, alöng the loxodromick arch BY, which cuts the ſeveral meridian lines, 
over which it patles, in the ſame angle LAB in which the loxodromick arch 
AB cut the ſeveral meridian lines over which it paſſed. And let the circular 
arch A L of the meridian line PAL, or the latitude of the firſt point A, be 
ſuppoſed to be known ; and likewiſe the courſe of the ſhip, or the rhumb-angle 
LAB; and the length of the whole loxodromick line AB V from the firſt 
point A to the Equator, or the whole diſtance run by the ſhip in paſſing from A 
to the Equator, It is required to find the length of the arch LV bf the cir- 
cumference of the Equator, or the difference of the longitudes of the points 


A and V. 


SOLUTION. 
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Art. 11. Let r be put for the radius of the Earth, or of any one of its great 
circles; and T for the tangent of the circular arch AL of the meridian circle | 
PAL, or of the latitude of the firſt point A, or, in general, for the tangent of 
the latitude of the ſhip's place, during its paſſage from A to V, in a great 
circle of the Earth; and y for the ſecant of the ſame arch, or of the latitude of 
the ſhip's place, in the ſame circle : and let ? be put for the tangent of the 
rhumb- angle LAB, or the angle of the ſhip's courſe, in the ſame circle. 


Then, ſince the angle LAB is ſuppoſed to be known, its tangent 7 in the 
circle-of which r is the radius, will be known allo. 


Frthe whole arch LV, (which is the difference of the longitudes of the 
points A and V, or the quantity whoſe magnitude we are to find,) be conceived 
to be divided into ſome very great number of ſinall and equal parts, as, for ex- 
ample, into ten thouſand millions of ſuch parts. And let the point of diviſion 
that is neareſt to the point M (in which the meridian line which paſſes through 
the point B cuts the equatorial arch HI,) of all the points of diviſion that lie 
between Land M, be the point ; ſo that mM ſhall be one of thoſe very 
ſmall parts of the arch LV. And through draw the meridian line P cutting 
the rhumb-line AV, or AB V, in the point C. And through the point B 
draw a circle parallel to the Equator H I, cutting the meridian circle PC in 
the point c. And let the chords of the loxodromick arch B C and of the three 
circular arches Ce, Be, and M be ſuppoſed to be drawn. 


Art. 12. Then it is evident, that, fince the arch M of the equatorial circle 
H I is extreamly ſmall, the three arches BC, Cc, and Be, (which are derived 
from it by drawing the meridian circle PC through the point , and the 
parallel of latitude Bc through the point B till it cuts the ſaid meridian 
circle PC in the point c,) will alſo be extreamly ſmall : and conſequently 
the chords of theſe four arches Mm, BC, Ce, and Be, will be very nearly 
equal to the ſaid arches themſelves reſpectively, and therefore may be ſubſti- 
tuted for them in our inveſtigation of the magnitude of the whole circular arch 
LV, which is the object of this Problem. 


Further, it is evident, that, while the ſhip is paſſing from the point A to the 
point V in the Equator, the loxodromick curve ABV will increaſe from » 
to ABV; and the circular arch LV of the Equator, or the difference of the 
longitudes of the points A and V, or, rather, of the points A and C (ſuppoſ- 
ing C to repreſent the ſeveral ſucceſſive places of the ſhip in its paſſage from 
A to V,) will at the fame time increaſe from o to LV; and the circular arch 
AL, or, rather, Cn, or the latitude of the ſhip, will decreaſe at the ſame 
ume from AL too. And the little circular arch #2 M will be the increment of 

the 
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the circular arch LN, or of the difference of the longitudes of the points A 
and C in a very ſmall portion of time; and the little loxodromick arch C 
will be the contemporary increment of the loxodromick arch AC; and the 
little circular arch Ce will be the contemporary decrement of the circular arch 
Cu, or of the latitude of the ſhip's place. 


Art. 13. Now it will be rather more convenient for our inveſtigation of the 
leng;h of the arch LV, that theſe three lines ſhould all increaſe together than 
that rwo of them thould increaſe, and the third ſhould decreaſe. And there- 
fore, in order to make them all increaſe together from e at the ſame time, 
we will ſuppoſe the ſhip to ſail back again from the point V 1n the circum- 
ference of the Equator to the firſt point A along the ſame loxodromick line 
VBA. Ant then the circular arch V zz, or the difference of the longitudès of 
the ſhip's ſucceſſive places, will increaſe gradually from o to VL; and the 
ciicular arch Cm, or the latitude of the ſhip's place, will at the ſame time in- 
creaſe gradually from o to LA, or AL; and the loxodromick arch VC will 
alſo increate gradually from o to VBCA : and the little arch M 2 will be the 
increment of the circular arch V m, or of the difference of the longitudes of the 
ſhip's places, in a very {mall portion of time; and the little arch Cc will be 
the increment of the circular arch Cn, or of the latitude of the ſhip's place, 
in the ſame time; and the little arch BC will be the contemporary increment 
of the loxodromick curve VC. Aud conſequently, if we ſubſtitute the chords 
of theſe little arches inſtead of the arches themſelves, the chord of the little 
arch Ni will be the increment of the circular arch Vn, or of the difference 
of the longitudes of the ſhip's places, in a very ſmall portion of time; and the 
chord of the little arch Cc will be the increment of the circular arch Cn, or 
of the latitude of the ſhip's place, in the ſame time ; and the chord of the little 
arch BC will be the contemporary increment of the loxodromick curve V C. 


Art. 14. Let the circular arch Cm, or m C, or the varying latitude of the 
ſhip's place in her paſſage from V to A along the loxodromick curve VB CA, 


be denoted by the letter J, and its little increment Ce be denoted by /, or the 
ſame letter with a point placed over it; and let Vm, or the varying difference 
of the longitudes of the ſhip's places, at her firſt departure from V, and in the 
following parts of her paſſage from V to A, be denoted by the Greek letter a, 


and its little increment, Mn, contemporary with the increment Cc, or /, be 


denoted by a, or the ſame Greek letter with a point placed over it; and let y 
denote the increment of y, or of the ſecant of the circular arch Cn, or of the 
latitude of the point C, or the ſhip's place, contemporary with the increment 


Cc, or /, of the ſaid arch Cm, or /, itſelf ; and let T denote the increment 
of T, or of the tangent of the circular arch Cn, or of the latitude of C, or 


the ſhip's place, contemporary with and V. 


Then will y, or the increment of y, the ſecant of the arch Cn, be to * or 
65 
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Cc, or the increment of the ſaid arch C itſelf, as the rectangle under the ſaid 


ſecant y and the tangent-T' of the tame arch Cm. to the ſquare of the radius 
of the circle to which the arch C belongs, that is, to the iquare of the radius 
r of a great circle of the Earth; as will be evident from my Elements ot Plane 
Trigonometry, Prop. 30, Coroll, 4, art. 165, pages 184, 185, Therefore we 


| > 25-08 
ſhall have Cc, or , = 73 


But T*, or the ſquare of the tangent T, is equal tozy — r, or the exceſs 
of the ſquare of the ſecant y above the ſquate of the radius . And conle- 
rr Xy 


. ES rp rrXy . ns . 
quently T will be = yy —rr. Therefore . will be . = 
1 . . > 0 . rr þ 4 y 
and conſequently Cc, or /, (which is equal to —- 2.) will be = == 
' JE „X re 


Further, the little right-lined triangle, formed by the chords of the three 
little arches BC, Cc, and Bc, will be a right-angled triangle having a right 
angle at the point c; as has been ſhewn above in art. 7. Therefore, if C be 
made the center, and the chord Ce be made the radius, of a circle, the line 
Be will be tangent of the angle BCc in the ſaid circle. But the angle B Ce 
is equal to the angle LAB, or the rhumb angle, of which (by art. 11,) 7 is 
the tangent in a great circle of the Earth, or in a circle of which 7, or the radius 
of the Earth, is the radius. Therefore the ſmall tangent Be will be to the ſmall 
radius Cc, or the chord of the little arch Cc, as the great tangent 7 of the 
ſame angle in a circle of which 7 is the radius, is to the radius r; and conſe- 


EX Te 


' quently Be will be = ——. 


r * 


But C c has been ſhewn to be = 


Xx Yer. 
; . 7 50 tirXy 
Therefore Be will be = — & —Z=2— = ——=— 
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Art. 15. Further, becauſe the little arch Be of the circle drawn parallel to 
the Equator through the point B, is contained between the ſame two meridian 
circles PCM and PBM as the little arch M of the circumference of the 
Equator, it follows that Be will be to the whole circumference of the circle to 
which it belongs in the ſame proportion as Mm is to the whglecircumference 
of the Equator. Therefore, permutando, Bc will be to M in the ſame pro- 
portion as the whole circumference of the former circle, or of the parallel of 
latitude paſſing through the point B, to the whole circumference of the Equa- 
tor, and conſequently as the radius of the former circle, or of the parallel of 
latitude paſſing through the point B, to the radius of the Equator, or to r. But 
the radius of the parallel of latitude that paſſes through the point B, is the fine 


of the arch PB in the meridian circle P BM] or (becauſe the points B and 


C are extreamly near to each other, and conſequently the arch P C in the me- 
ridian 


16 AN APPENDIX TO DR, HALLEY's DEMONSTRATION OF THE ANALOGY 


ridian circle PCM may be conſidered as equal to the arch PB in the meri- 
dian circle PB M,) it is the fine of the arch PC in the meridian circle P C », 
and conſequently is the co- ſine of the arch Cm in the ſame meridian circle, or 
the co- ſine of the latitude of the point C. Therefore the little arch Be will be 
to the little arch M as the co-line of the arch Cn, or of the latitude of the 


point C, is to the radius r. | 
But the co- ſine of the arch C is to the radius r as the radius 7 is to the ſe- 
cant of the ſame arch, or to y. 


Therefore the little arch Bc will be to the little arch M as r is toy. And 
conſequently the chord of the little arch Bc (which may be conſidered as 
equal to the ſaid little arch utfelf,) will alſo be to the little arch M as r is 


to y. Therefore the little arch M will be = — x the chord of the little 
arch Be. 


. ir X 
But the ſaid chord has been ſhewn to be equal to. 
Xx ſy re 
Therefore the little arch M will be = — J = XL, 
| | „Xx Mer . 
that is, a will be = „. 
| Ar Tr 
BE is m —f— =—x 
er rX V re To „err 
Therefore x will be = — x —Z—=, 
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7 
Art. 16. But, by my Elements of Plane Trigonometry, Prop. 30, Coroll. 5, 
age 185, the very ſmall increment of the tangent T of the arch Cn, or of 
the latitude of the ſhip's place, is to the contemporary increment of the ſecant 


v of the ſame arch as the ſecant y is to the tangent T, or Y- ] that is, 


T is to y as y is to T, or V —rr. Therefore y Xx will be = T x 
, and r x T will be = 
v/ JJ = T 


„ —7r, and conſequently T will be = 


0 2 8 - * » 7 - T 
2 , and — will be = 2 , and — x —— will be = — x 


a/ yy = rr — V — rr 
58 
rr 
. * * 9 * 2 ry 
But it has been ſhewn in the laſt article, that > is = — Xx L—, 
| / Oy. 
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Art. 17. But, by my Elements of Plane Trigonometry, art. 267, if a cir- 
cular arch and its tangent are ſuppoſed to increale from 9 at the lame tne, 
and its ſecant is ſuppoled to increale at the ſame time from its firit, or leaſt, 
magnitude, which it has when the arch is equal to 9 and begins to mncrealte, 
that is, from the radius, (tor the ſecant is equal to the radius, when the arch 
is equal to e,) and during the increaſe of tlieſe three quantities, to wit, the arc, 
tangent, and ſecant, a fourth quantity increaſes from e, and in the ſeveral very 
ſmall portions of time into which the time of its increaſe may be ſuppofed to 
de divided, receives increments which are to the contemporary {mall ingte— 
ments of the tangent in the proportion of the radius to the correſponding ſecant 
of the ſaid arch, the ſaid fourth quantity will be equal to the portion of the 
axis, or aſymptote, of a logarithmick curve of which the ſubtangent is equal 
to the radius of the ſaid circle, that is intercepted between two ordinates to 
the axis, or aſymptote, of the ſaid curve, of which the leſſer is equa] to the 
radius of the circle, or the ſubtangent of the ſaid logarithmick curve, and the 
greater is equal to the ſum of the ſecant and tangent of the faid arch; or, in 
other words, the ſaid fourth quantity will be equal to the logarithm of the ra- 
tio of the ſum of the ſaid ſecant and tangent of the ſaid arch to the radius of 
the ſaid circle, taken on the axis, or alymptote, of a logarithmick curve of 
which the ſubtangent is equal to the radius of the ſame circle. Therefore the 


1 


quantity generated by the little increment „ or the ſum of all the very 


o 


numerous little increments denoted by the ſucceſſive values of the fraction 


, will be equal to the logarithm of the ratio of the ſum of the ſecant y 


and tangent T of the arch Cm, or of the latitude of the point C, or of the 
ſhip's place, to the radius r, taken on the axis, or aſymptote, of a logarithmick 
curve of which 7, or the radius of the earth, is the ſubtangent. And conſe- 


. . . . f 
quently the quantity à, or the quantity generated by the little increment > 


* 


* . . . . FXxX7T:. . 
„ (which is to the little increment * the conſtant proportion of 


t, or the tangent of the rhumb-angle LAB in a circle of which r is the ra- 


dius, to r,) will be equal to — x the logarithm of the ſaid ratio of y + T 


tor, or of y + yy rr tor, in a logarithmick curve of which the ſub- 
tangent is equal to r; that is, the arch Vm of the circumference of the Equa- 
tor, or the difference of the longitudes of the points V and C, will be equal 


to the product of the multiplication of the fraction — into the logaruhm of 


the ratio of the ſum of the ſecant y and tangent T, or V — 77, of the arch 
Cm, or of the latitude of the point C, to the radius 7 of a great ciicle of the 
earth, in a logarithmick curve of which r, or the radius of the earth, is the 
{ubtangent, And conſequently, if we ſuppoſe the point C to coincide with the 

Vol. IV. D pat. 
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point A, or the ſhip to have paſſed over the whole loxodromick curve VBCA - 
from the point V in the Equator to the point A, (in which caſe the arch Cn 
will become equal to the arch AL, and the arch V #2 will become equal to 
the arch V L,) the arch V L, or the difference of the 1 of the points 
V and A, will be equal to the product of the multiplication of the fraction 


1 . . . ; 
— Into the logarithm of the ratio of the ſum of the ſecant and tangent of the 


arch A L, or the latitude of the point A, to the radius 1 of a great circle of 
the earth, taken on the axis, or aſymptote, of a logarithmick curve of which 
the ſubtangent is equal to 7, or the radius of a great circle of the earth. 

. B. I. 


Coroll. 1. The ratio of the ſum of the ſecant and tangent of a circular arch 
to the radius 1s equal to the ratio of the radius to the tangent of half the com- 
plement of the ſaid arch to the arch of a quadrant, or an arch of go degrees: 
as is ſhewu in my Elements of Plane Trigonometry, Prop. 23, page 64. 
Therefore the arch V L, or the difference of the longitudes of the points V 
and A (of which the former point V 1s in the Equator,) will be equal to the 


product of the multiplication of the fraction —— into the logarithm of the ra- 


tio of the radius 7 of a great circle of the earth to the tangent of half the com- 
plement of the arch A L, or the latitude of the point A, to the arch PL of 
the meridian circle PA L, (which is an arch of go degrees,) taken on the axis, 
or aſymptote, of a logarithmick curve, of which the ſubtangent is equal to , 


or the radius of the earth; or, if, for the ſake of brevity, we denote the loga- 


rithm of the ſaid ratio of the radius to the tangent of half the complement of 
the latitude, in the ſaid logarithmick curve, by the capital letter L, we ſhall 
have a, or the arch VL, or the difference of the longitudes of the points V 


= A, = — . 
Coroll. 2. The arch P A of the meridian circle P A L, is the complement 


of the arch AL, or of the latitude of the point A, to the arch PL, or the 
arch of a quadrant. And conſequently the arch VL, or the difference of the 


longitudes of the points V and A, will be = — x Log. — Y: in a lo- 
2 g tangent of 4 2 | 


garithmick curve of which the ſubtangent is equal to 7, or the radius of the 
Earth. 

Coroll. 3. If the angle LA B, or the rhumb-angle, or the angle of the ſhip's 
courſe, is an angle of 45 degrees, or half a right angle, its tangent 7 will be 


. . . . ? 1 
equal to the radius 7, and conſequently the quantity * , or = 


P 


log. i 2 2 g. 
8 as Bw ill be equal to = ; FR or =} log —, Or to Lis 
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Therefore, in this caſe, the arch VL, or the difference of 


tangent of * 


the longitudes of the points V and A, will be equal to L, or log. — - wg 


tangent of 751 


or che logarithm of the ratio of the radius 7 of a great circle of the earth to the 
tangent of half the arch P A, or of halt the complement of the latitude A L, 
taken on the axis, or aſymptote of a logarithmick curve, of which the ſubtan- 


gent 1s equal to the radius of the earth, 


Fig. 3 4 


2 7 


1 
=. LEMMA. 
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LEMMA Il. A PROBLEM. 


| —  — ____—_— 


Art. 18. Let the ſhip be ſuppoſed to ſail only from the point A (in Fig. 3,) 
to the point B, which is not in the Equator, but at ſome diſtance from it on 
the ſame ſide as the point A, and in a different meridian. And let both the 
arches AL and BM, or the latitudes of both the points A and B, be ſup- 
poſed to be known; and likewiſe the rhumb- angle LA B, or the angle of the 
ſhip's courſe, and the length of the rhumb-line AB, or the diſtance run by 
the ſhip in her paſſage from A to B along the loxodromick curve AB. It is 
required to determine the length of the arch LM in the circumference of the 
Equator, or the difference of the longitudes of the points A and B. 


„ UT 0. 


— — 


It appears from the foregoing Problem and its Corollaries, that if the ſhip - 
had continued her courſe along the line B V till ſhe had cut the Equator in 


the point V, the arch LV would have been equal to the quantity — X 


log. — ia a logarithmick curve of which the ſubtangent is equal to r, 
tangent of = 1 


or the radius of the earth. And, for the ſame reaſon, if ſhe had begun her voy- 
age from the Point B, and had gone to the point V in the Equator along the 
loxodromick curve BV, which cuts the ſeveral meridian lines, over which it 
pales, in the ſame angle as the loxodromick curve AB cut the meridian lines 
lying between the points A and B, or in an angle equal to the angle LAB, (of 
wich / is the tangent in a circle of which 7 1s the radius,) the arch MV would 


: .* ? . . . 
have been equal to the quantity — X log. - — In the ſame logarithmick 
tangent of _ 


curve. Therefore the arch LM, (which is the exceſs of the arch LV above 


* 


the arch NI V,) will be equal to the quantity — x log. ———— — 2 x 
| | g tangent Wu : 


88 * 


— — 
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arch LM, or the difference of the longitudes of the points A and B, will be 


equal to the product of the multiplication of the fraction — into the excels 


of the logarithm of the ratio of the radius 7 to the tangent of half the arch 
PA, or of half the complement of the latitude of the firſt point A to an 
arch of go degrees, above the logarithm of the ratio of the radius 7 to the tan- 
gent of half the arch PB, or ot half the complement of the lattude of the 
ſecond point B to an arch of go degrees, in a logarithmick curve, of which 
the ſubtangent is equal to r, or the radius of the Earth. 1. 


Coroll. 1. To ſhorten the foregoing expreſſion of the value of the arch 
LM, let 2 be put for the logarithm of the ratio of the radius 7 to the tan- 
gent of half the arch P A, and let 4 Ve put for the logarithm of the ratio 
of the radius 7 to the tangent of half the arch PB, in a logarithmick curve of 
which the ſibtangent is equal to-, or the radius of the Earth. And we ſhall 


1 8 . . 
then have LM =— x @ — , or the difference of the longitudes of the two 


points A and B will be equal to the product of the multiplication of the frac- 


Etion — into the excels of the logarithm à above the logarithm 5. 


Coroll. 2. If LAB, or the angle of the ſhip's courſe, be 45 degrees, or 
balt a right angle, the tangent 7 will be equal to the radius r, and conle- 


— — - 


quently — X 4 — 7 will be = — * e a — b. Therefore in this 


caſe the arch LM, or the difference of the longitudes of the two points A and 
B, will be equal to 4 — 5, or to the exceſs of the logarithm à above che loga- 
rithm 3. | 


Art. 19. By the help of theſe three Lemmas, we may now proceed to ſolve 
the Problem propoſed by Dr. HALLE Y, which is as follows. 


2 ——.. “,d —,᷑¶ꝝ? — TT TT Tam —— 
9 


THE PROBLEM PROPOSED BY DR. HALLEY. 


— TIT ILor—_— 


Let P, in Fig. 1, be one of the Poles of the Farth; HI a portion of the 
circumference ot the Equator ; A and B two points on the ſurface of the Earth, 
both on the ſame fide of the Equator H I, but at different diftances from it, 
and in different meridian circles PA L and PB, which cut the Equatorial 
arch HI in the points L. and M. And let the point A be more difant from 
the Equator than the point B. Further, let a ſhip be ſuppoſed to fail from the 

point 
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point A to the point B along the rhamb-line, or loxodromick curve, AB, 
which cuts all the meridians, over which it paſſes, in the ſame angle, to wit, 
in an angle equil to the angle LAB. And let the arch L M, or the differ- 
ence of the longitudes of the two points A and B, and likewiſe the length of 
the rhumb-line, or loxodromick curve, AB, or the number of miles run over 
by the (hip in her paſſage from A to B, and the arch AL, or the latitude of 
the firſt point A, from which the ſhip begins her voyage, be ſuppoſed to be 
known ; but not the arch B M, or the latitude of the ſecond point B, at which 
the ſhip arrives after paſſing over the line A B, nor the angle L A B, which 
the line of the ſhip's courſe makes with the ſeveral meridian- lines over which it 
paſſes. It is required to find the ſaĩd angle LAB. 


Lea. 


— Äv 


Art. 20. In the foregoing Problem, or Lemma zd, the two circular arches 
AL and B M, or the latitudes of the points A and B, were ſuppoſed to be 
known; as were likewiſe the rhumb angle LAB and the length of the rhumb- 
line AB: and the length of the Equatorial arch L M, or the difference of the 
longitudes of the two points A and B, was ſuppoſed to be unknown, and was 
derived from the former quantities in the Solution of that Problem, and was 


fhewn in Coroll. 1 of the ſaid Problem, to be equal to — „ 2 5, the let- 


ters a and & being put for the logarithms of the ratios of the radius 7 to the 
rangent of half the arch P A, or half the complement of the latitude of the 
firſt point A, to an arch of go degrees, and to the tangent of” half the arch 
B, or half the complement of the latitude of the ſecond point B, to an arch 
of go degrees, in a logarithmick curve of which the fubtangent is equal to , 
or the radius of the Earth. But in the preſent Problem the latter of theſe 
two ratios, (which depends on the arch BM, or the latitude of the ſecond 
point B,) and conſequently its logarithm &, is unknown, Nor can the arch. 
B M, or the latitude of the ſecond point B, be derived from the arch AL, 
or the latitude of the firſt point A, and the length of the rhumb-line AB, 
(which are both ſuppoſed to be known,) in the manner directed in the fir{t 
Lemma; becauſe in that Lemma the rhumb-angle LAB was ſuppoſed to 
be known, and conſequently its tangent 7 (in the circle of which r 15 the 
zadius,) was allo known, as well as the length of the rthumb-line AB, 
and the arch AL, or the latitude of the firſt point A; whereas in the preſent 
Problem the rnumb- angle LA B is ſuppoſed to be unknown, and is the very 


. . | . . 1 ee "as 
quantity we are required to find, Therefore in the equation L M = 7 * — 
(obtained 


EY 
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(obtained in the firſt Corollary of Lemma 3d,) there will be two unknown 
quantities, to wit, the tangent 7 of the unknown angle LAB, and the loga- 
rithm 3 of the ratio of 7 to the tangent of half the arch PB. We cannot 


therefore conſider the equation L M = -- Xx 42 —6b as a ſimple equation con- 
taining only one unknown quantity 2, (in which caſe we ſhould have r x LM 
=!x8@—db, and! = _—,) but mult inveſtigate the relation between 
the two unknown quantities ? and &, which are mutually dependant on each 


other, and muſt reduce them to one, before we can diſcover the value of 7, or 
the tangent of the unknown angle LAB. And this inveſtigation is a matter 


of great nicety and difficulty. 


Art. 2k. Let x be put for the co- ſine of the rhumb-angle LAB, of which 
tis the tangent, in the circle of which , or the radius of the Earth, is the 
radius. Then will the ſquare of, the fine of the ſaid angle be rr — xx, and the 


ſaid fine itſelf will be = Wrr — xx. But the coſine of any arc is to us fine 
. . . R . 
as the radius is to the tangent. Therefore * will be to Wrr—ax as 7 15 to 2; 


a * a/rr — xx 
and conſequently 7 will be = - —5 . But it has been ſhewn above, 


in Lemma 39, art. 18, that the arch LM of the circumference of the Equa- 


: . . . t 
tor, or the difference of the longitudes of the points A and B, is = 5 * 


log. . — Therefore the ſaid arch LM, or the 
tangent of — tangent of | 
2 2 3 
3 p b | r Xx Vr. — xx 
ſaid difference of longitudes, will be = —— X 
© X08 
„ 
log. 0 tv log. 4 — yr — * 
PA PB x 
tangent of _ tangent of —- 
os — 
r r : . 
log. E -- 0, — or (becauſe à is = log. - , 
tangent of * tangent ot 7 tangent of —— 
2 


— * rr 2 XX 3 


and & is = log. — — LM will be = ——— x a —8. 


tangent of —— 
2 


Let c be put for the arch LM, or the difference of the longitudes of the 
points A and B, which in the prefent Problem is ſuppoſed to be known. And 


/rr _ XX —_— . . - ; 
we ſhall then have c = +- . x a—6b; in which equation the quantity 3 


is unknown, as well as the quantity x, but is dependant on it and may be de- 
rived from it, though not without great difficulty, 


Art. 22, 
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Art. 22. Let 4 be put for the length of the loxodromick curve AB, or the 


_ diſtance run by the ſhip in her paſſage from A to B. 


Then, ſince, by Lemma 1, the length of the loxodromick curve AB is to 
AQ, or AL —BM, as 7 is to «, and / is = AL, we hall have 4 to 


I — BM as r is to x; and <onſequently dx will be = / = BMI x r, and 
/ — BM: will be = = Therefore (adding B M to both fides, we ſhall 


have / = = + BM, and (ſubtracting = from both ſides,) we ſhall have 
BM =1— =; that is, the circular arch BM, or che latitude of the ſecond 


. . d. 
point B, will be equal to / — —, 


Art. 23. Now let q be put for the length of the arch PBM, or the arch of 
a whole quadrant of the meridian circle which. paſſes through tae point B, and 
of which , or the radius of the circle, is the radius. Then will P B, or 


P BM — BM, be g — BM; or (becauſe, B M 3 — 25 PB will 


dx dx EZ | oo” 
BI=T—_——) =;-!+ oy and conſequently — will be equal to 
dx 
3 * I ax . 0 N 
— —_ 2 —— + >. Therefore 5, or the logarithm of the ratio of 


the radius 7 to the tangent of the arch _ will be equal to the logarithm of 


. , : [ d. 
the ratio of the radius v to the tangent of the arch ＋ 8 + — 
Art. 24. Further, becauſe in every circle the radius is a mean proportional 
between the tangent of any arch leſs than go degrees, or the arch of a qua- 


drant, and the co-tangent of the ſame arch, or the tangent of its complement 


to che arch of a quadrant, it follows that the ratio of the radius 7 to the tangent 


of the arch © — © + < will be equal to the 'ratio of the tangent of the 
2 2 2r . 


8 . V 4 LESS 
arch which is the complement of the arch - * _ to an arch of a qua- 


drant, or to 7 to the radius r. But the AER of the arch — — — + 
dx dx F4 dx 
to the arch 4 is (= the arch 9 2 Pos ==ig- - - = 
l d. : | 
= the arch - £5 =. Therefore the ratio of the tangent of the arch 


7 d. . : | 
— 228 — to the radius 1 will be equal to the ratio of the radius r to the 


tangent 
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of the arch — 4 + ; and conſequently the logarithm of the former 
8 2 271 
ratio will be equal to the logarithm of the latter ratio. But the logarithm of 
the latter ratio is equal to b. Therefore the logari hm of the tormer ratio will 
alſo be equal to 5 ; or g will be equal to the logarithm of the ratio of the tan- 
d * ; 
gent of the arch — + — — to the radius r. Therefore a — & will be = 


1 
tangent of 2 + 8 


a — log. of f, and conſequently L NI, or c, which is 
" — * 0 rr 2 X,Y 
equal to n, vl = ELEC 
* . * 
' 7 1 ax 
tangent of * + _ — 57 
a — log. of - — . -We muſt therefore now endeavour to 
find an expreſſion for the logarithm of the ratio of the tangent of the arch of 


ax . . 
__ + — — — to the radius 7, that ſhall conſiſt of a ſet of ſimple terms in- 


of | 
- 


volving either known quantities, or the powers cf the unknown quantity x 
combined with known quantities. his may be done in the manner following. 


Art. 25. The arch PB is Jeſs than the arch P M, or than the arch of a 
whole quadrant of a circle, And conſequently the arch — mult be leſs than 
an arch of 45 degrees, or half the arch of a quadrant, Therefore the comple- 


PB 
ment of the arch — to an arch of go degrees, mult he greater than an arch 
. 7 [ a. * 
of 45 degrees. But it has been ſhewn that the arch LT * — = is the 


. | 
complement of the arch — to an arch of go degrees. Thercfore the arch 


© — LA — = will be greater than an arch of 45 degrees. And this arch 


9 I dx . PB 
7 + 2 — =, (being the complement of the arch — to an arch of go 


degrees,) muſt be lefs than go degrees. Therefore it will be greater than 45 
degrees, but leſs than go degrees. But, when an arch is greater than 45 de- 
grees, but lets than go degrees, or the arch of a quadrant, Mr. James GRx- 
GIRY has given us a ſeries that will expreſs the logarithm of the ratio of its 
tangent to the radius of the circle, (which logarithm he calls is artificial, or 
tcgarttbmick, tangent,) in terms involving the powers of the exceſs of twice the 
ſaid arch above the arch of a quadrant and the powers of the radius of the 
circle; which ſeries is as follows. Ii the radius of a circle be called R, and 
an arch that is leſs than an arch of go degrees, but greater than an arch of 45; 
Vol. IV, D degrees 
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degrees, in the ſaid circle, be called A, and an arch of go degrees in the ſaid 

circle be called Q, and an arch that is equal to 2A — Q be called E, the 

logarithm of the ratio of the tangent of the arch A to the radius R in a loga- 

rithmick curve of which the ſubtangent is equal to the radius R, will be equal 
| 3 7 25 

7 + &c. Therefore, 


if, in the circle of which r, or the radius of the Earth, is the radius, and in 


E5 6187 222 


to the infinite ſeries E + - - 
. I d. . 
which g is the arch of a quadrant, the arch — Ho —_ _ (which has been 


ſhewn to be greater than an arch of 45 "SR? In 1 aid circle, but at the 
ſame time is leſs than the arch of a whole quadrant, being the complement of 


the arch — to 9, or the arch of a quadrant, ) be doubled, and from the double 
of it, which will be = q + / — 2 we ſubtra& the quadrantal arch , and 


ſubſtitute the remaining arch / — 5 inſtead of E, ander inſtead of R, in the 


ES 61E7 277 E 


x T 57563 * c040R® 72,576K8 


terms of the foregoing ſeries E . + &c, ad 


. . . . . . . dx 
i Hnitum, the complicated ſeries thence ariſing, to wit, the ferigs ! — 22 + 


5 . Ar . 
[oY 1—= 61 * — ©] * x1 £ 
r r * a 


241% TP 


+ &c ad infinitum, will 


err 5040 72, 5 76 


be equal to the logarithm of the ratio of the tangent of the arch L + = 
9 D 8 8 2 2 


— - to the radius 7, in a logarithmick curve of which the ſubtangent is 
equal to the radius 7; or the {aid ſeries will be equal to 5. And conſequently 
the equatorial arch LM, or c, (which is equal to ELLE x 24 — ,) will 


—— — 


be —— 


the exceſs of à above the ſaid complicated ſeries ! — - + 


; - 
— 22 4 7174 
2474 


or r ak 72, 5 76 


now be reduced into a proper form for a reſolution of it; which may be done 
in the manner following. 


4 &c. This equation muſt 


* 


* Mr. James Gregory has given us only theſe five terms of this ſeries ; and theſe are all that I 
ſhall make uſe of in the preſent ſolution. But the next two terns of the ſeries will be found to be 


$0,521 * 41,581 £33 
39,916,500 R 95,800,320 K 


——, as is ſhewn in the 3d volume of this Collection of Tracts, 


called Scriptores Logarithmici, page 453. 


Art. 26. 
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7 2 Ie 
he Re. : 
1 Art. 26. The ſecond term, ———, of the foregoing ſeries is 
. 32 = 22 + . * ax v3 * z”Pdx : g1r1a* 7 a3 43 
5 - rr 15 — 73 b 73 * en 
rr . — 
r3]3 — zrihidx _ . = 
3 + qrla*s — A 
brd x 
| Far ns 
"xs 122 ; 3 eds 10x 1o'd3;3 Th xr 
And the third term g is = g La — = 
* 2 NY 
7518 5rt*ds 10r3I[342 x7 2/2 851 
＋ 4 er + grld*,* abs xs 
— 4 = 75 — 3 
875 4/4 _ 1 
ee r + 10n3Pd*?x* — 104343 + grid — d5x5 
241? 2 
5 
; 61 x 1 -Y 
And the fourth term, 1 * 
Soor 
764. 
PE . 8 7 = 4 —.— — = + 3 5e 2112455 
504070 „ne tat : 
70 oa 177 
777 q 
61 _ — 1 
=o 5040r® X 2 i 7 17 + 779 
2 1 + Trl 5x5 rr 
77 77 TT 77 


617 — 42er + 128115Þ4* a* | 
K* — 21351*[843x3 
+ . mans 21351334444 — 12814555 


5040rt3 . 


| 277 x | — =] 
And the fifth term, L, i 277 


: is = —— 
_——— 7 727 * the compound quantity 


„ — N 2 4“ 12614. 
R- OS 


8 
1 


75 | 7 77 
er 36 7 1 * 
HY 84 FY 126r51544 x4 126r4/[445 x5 84246 5 1 o 
i ID BREE EE” 
= 2771 18 — 249384 + 997 2171142 x 2 23,2687 ⁹⁹ + 1 + A 


34% 0 
+ 23,208 ꝰ A — 9972r* dx? + 2493rld%s* — 277d 


7 727576 X the compound quantity _ — 


— 


? Ds ; 
. Therefore the ſaid complicated ſeries } — dx + my 5 * = 
* Orr * + 


6 E 2 241% 


* 
- 
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61 K 2. | Ax 
7 77 I-“ 
| 


—— = 


50407 
737 — 3 + 6 
5 5 a3 43 £ FL =. 5dr 
3 1 15 1051 ee + 6 
2479 n 


+ 6117/7 
—- 42% e r + 
. 12817854 
1 2 „ 213 5U⁰⁰ 3 
F ks # 427 rler — 61577 + 2135r3/3q44 4 
. £146 8 4 9972r7/7,/2 co | — 128 
2 
23, 268737346 66 Ws „„ + 
ef 4. 2 359 u. 
22 Og 


n 


CC ——— 
1 


+ & c = 
the 8 rl 72,5767 
ſeries > + . + 2? PM 
— the ſeries © 2] af 2479 —— 2771919 
= + 2 3 te 5r 4/4] 50407 
6 ee 42770 72,576 &c 
+ the | FR 2479 tang 2493878 
cries —— wo + 1073/32 42 5040rt3 937 "dv 
or eee _ 
— the ſeries ©? ＋ Lee 9040775 0 8 
8 213 72, 57017 &c 
+ the leries grld4,4 5040713 23. 2687 
: 2.419 + 2135r3/34%44 72,5767 &c 
75 2 5040773 34-902r5/544,4 i 
. 5040713 34-902r4%\4J5.y5 
* the ſeries SZ 40 — & 
5040713 23.268758 a 2 6 
— the ſeri —.— 727576 + &C 
2 — 
r 85 
72 „5 76717 0+ &c 
8885 the ſeries ——— 2774949 
g 772 Fe oy &c ; 
= the ſeries / 
 — the ſeri 7 $0407® 
— = + "as 8 612 ens &c 
+ the ſeries x 7 e oy 
1 oe 720717 Z 
es 2 7% ＋ Loy + G1154® x* 80647 9 * &c 
2 the 8 C . 
ies —— * 512.g3,43 688 201649 + &c 
1277 275159343 
+ the feries . 4. S. 1447? T + &c 
Sr + + Me * 
— th 45 s 144772 A + & 
e ſeries = + 61.445 57/672 c 
r 
8 570 &c 


7 201 9 & : 
$6474 C 
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6147 x7 27% & 
— the ſeries e N 


+ the ſeries s Ent] wad &c 


. 27 
— the ſeries e + & 


Art. 27. Now let the capital letter B be put = the infinite ſeries 4 + — 


27719 
4 — + en + 23 + &c; and let the capital letter C be put = the 


gd 61154 277Þd : Fa 
infinite ſeries 4 += 9 — pa + &c; and let D be = the 


Bala 6115d* A - : 
= — 5 —=a + &; and F be = the infinite 


infinite ſeries = + 


a3 S A 611443 2771 — 
ſeries — + 2 2 + 86775 + &c; and G be = the infinite ſeries 


6x? 
ld 6114 27715 d4 9c 1 ds 611245 
— — 3 — penn 1 — n 
yo ＋ Io 57675 + &c; and H be the infinite ſeries — + — 
227 


e + &c; and I be = the infinite ſeries © — 24 TIT. 
+ 22% + &c; and L be = the infinite 


2016. 


+ &c; and 


K be = = the infinite ſeries — _ 


ſeries 580 3 &c; and Ry be = the infinite ſeries 6 —— + &c. And the 


a: 1 — E . 


0 . hot dx 
m — —- 
foregoing complicated ſeries ! — — + —— — 2 


cx D.x* 


277 * I 1 1 
+ &c, ad hes, will be equal to the ſeries 3 — — _— 


: of 
- 


Art. 28. But, by art. 25, the complicated ſeries : — = + —=— + 


15 Gat xs 1x x Max? 
„ e * - ＋ — + &c, a 


— 


5 
1722 6 x 1= = 277 * = EP 
r r 
— — + &c, ad ROI is equal to 5, or 


the logarithm of the ratio of the e of the arch — + — — = to the 
r 


radius 7 in a logarichmick curve * oY the fd is ** to the radius . 


Therefore the ſeries 3 — E „ 
* - T rr 


. 
* 
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— 25 + &, ad infiritum, will alſo be equal to the ſaid logarithm, or to 4. 


l . « | 5 * 3 4 8 
will de = — the ſeries a + > == + En on nm 
r 72 73 44 75 


15 K x7 Las Mx9 3 : Cx 
* t , 5 + &c, ad infinitum, = the ſeries a — B + = — 
r 


D.? Fs g HS 1x* Kx7 Læ M* 4 K 


Art. 29. But, becauſe / is the exceſs of the arch 9 + , or twice the arch 


[ . | 
—— + , above 9, or the arch of a quadrant, it follows from art. 25, that 


hs ole [ + 7 61/7 277% fs. dt ill b 
the ſeries / + 5 + — 8 7. + © ad infinitum, will be equa 


to the logarithm of the ratio of the tangent of the arch — + — to the ra- 


dius 7 in a logarithmick curve of which the ſubtangent is equal to r. There- 


fore B, (which is equal to the ſaid ſeries / + _ + — + 55555 * . 


+ &c, ad infinitum,) will be equal to the logarithm of the ſaid ratio of the 


l 1 1 We 
| tangent of the arch — + to the radius v in the ſaid logarithmick curve. 


But the ratio of the tangent of the arch + + TY or , to the radius r 


5 3 ; 1 1 
is equal to the ratio of the radius to the tangent of the arch £ , Which is 


: [ 3 
the complement of the arch —.— to 9, or the arch of a quadrant ; and conſe- 


quently the logarithm of the former ratio in a logarithmick curve of which v 
is the ſubtangent is equal to the logarithm of the latter ratio in the ſame loga- 
rithmick curve. 


Therefore B (which has juſt now been ſhewn to be equal to the logarithm 
[ g +1 


- of the ratio of the tangent of the arch — + —» or , to the radius r in 


the logarithmick curve of which r is the ſubtangent,) will alſo be equal to the 
logarithm of the ratio of the radius r to the tangent of the arch — in the 


ſame logarithmick curve. 


PL - AL PA 


5 — 


Art. 30. But this arch 1= is equal to 


Therefore B will be equal to the logarithm of the ratio of the radius 1 to 
| | the 


1 
Fr 
*. 

x4 
SE 


3 2 
$ 
10 
8 

4 
1 
— 

r * 
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the tangent of the arch 5 in a logarithmick curve of which 7 is the ſub- 


tangent. | | 
But a is equal to this logarithm, as appears from Coroll. 1, to Lemma 3d. 


Therefore B will be equal to a. And conſcquently the ſeries '@ — B + 


8 9 
Cx Dx? Fx? G n 1* Ka? La Mx & . 
SKK rr Ke, m 
1 =. 73 * * 7 * 17 * + r? — of n 
will be equal to the ſame ſeries without the two firſt terms 4 — B, that is, to 
| SR Dx? F x3 G * Has 1:6 Ka? La M9 : 
te letigh—= , oe 1 „ — Ke, ad 
infinitum. 
. c DA F.. 3 Ga# Hs 1x6 K x7 —_—_ 
But the ſeries 8 — 21+ = = — r er =p _—_— — 


. Ma? = | 
+ 75 — &c, ad infinitum, has been ſhewn to be equal to @ — 5. 


. cx Da? FAZ Gat Bx5 1x6 K * Lax 
Therefore the ſeries -- + — — — 0 =— + 


_ — &c, ad infinitum, will alſo be equal to @ — 6. 


Art. 31. But c, or the equatorial arch LM, or the difference of the longi- 


tudes of the points A and B, is = Ln X a—b, Therefore c, or LM, 


. r- 0 c De ⁊ F.x3 Gx# Has 1.6 
will alſo be a ON Xx the ſeries = — — ene 5 
* r r p3 74 os ry 


„„ 3 . 
- „ Ka, ad inſinitum; and conſequently (multiplying both 


ſides of the equation by æ,) we ſhall have cr = Wrr — xx x the ſeries 


cy Dx? Fs G ** Ha? 1x® KA 7 LT Ma? . . 
Px __ECECTT — — — — — —ͤ—ũ——ꝛ— — — — — — — ä — — * 
. 7 — = A 7 5 &c, ad inſinitum; 


and (by extracting the ſquare- root of the reſidual quantity rr — xx, and ſub- 
ſtituting the infinite ſeries to which it is equal, to wit, the infinite ſeries x — 


es Ah ee lat oe! res ts ao ect V rr — xx in this laſt 
2r 8x3 1678 12877 2 509 l : g 
equation,) we ſhall have cx the product of the multiplication of the infinite 
Cc &c, into the infinite ſeries 
2r B8r3 1675 12877 2507 l 
2 3 4 5 6 7 8 9 
—— — 2 — „ -T Ke, and conſe- 


quently to the following complicated infinite ſeries, to wit, 


cy 


g 
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ſ Dx® , Fa3 G * Has r La? Mx? 
A + 2 7 + 1+ r5 by * 717 ＋ dc 
cx Dx? F.x5 G Ha 7 Las K* + &c 

i 275 3 2776 277 278 

Cx5 Dx® Fal Gx Ha? 
1 8 F 7 8 &c 

874 87 81 87 87 

cal px? Fx? 

16r 1677 1678 

| | PL 5 Cx? 
L 7 1287 + & 


and conſequently (by dividing all the terms of the laſt equation by x,) we ſhall 
have the complicated tcrics | 


7 ov Fax? Gx3 Hat lx xx Lxꝰ Mx? ? 
EET 7 5. 0. 7 * — &c 
en Dx3 F.x+ GaS n 1x7 Kx® 
ft nr Ir TIT tx ; 
C214 Das raꝰ G */ Hx 
n t= þ 
| . be? Fa® 
: re 
8 5 C TE &c | 
E 12878 I 


=<c; in which equation there is only one unknown quantity, to wit, x, or the 
co-ſine of the rhumb-angle L AB. Therefore by reſolving this equation we 
ſhall find the value of the ſaid co-ſine of the rhumb-angle LAB, and conſe- 
quently ſhall, by the help of a table of fines and tangents, diſcover the magni- 


tude of the ſaid angle LAB itſelf. Q. E. Is 


Art. 32. This equation will be true only when the ſeveral infinite ſerieſes 
denoted by the capital letters C, D, F, G, , I, K, L, M, &c, are con- 
verging ſerieſes. But this will happen only when J, or the latitude of the point 
A, or of the {irſt place of the ſhip, from which it begins its voyage, is leſs 
than v, or the radius of the Earth, and when 4, or the loxodromick curve A, 
or the diſtance run by the ſhip in going from A to B, is alſo leſs than , or 
the radius of the Earth; becauſe the quantities / and 4 occur in the numera- 
tors of the terms of the ſaid infinite ſerieſes, and the quantity r occurs in their 
denominators. Therefore the {aid equation will be true only when / and 4, 
or the ſaid latitude of the point A and the diſtance run by the ſhip in going 
from A to B, are lels than the radius of the Earth. 


Art. 33. In order to ſimplify the notation of the foregoing equation, let 1 


be tubſtituted inſtead of , or the radius of the Earth; or let the radius of the 
Earth 


2 Files CAE ES 


"4; bf FA er ROS 5 


3 5 F 
eren 


„ 
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Earth be called 1. And then we ſhall have * = 1, and r* = 1, and += 1, 
and every following power of r = 1 ; and conſequently the foregoing equation 
will become 


c pr + Fil -G + Ht —135 + Ka — Ls) + Mal — & 
Ca bes rx v n 1x7 K 
— — — — — * — {cy — ꝗ2?2Q2— . ß˖⏑%‚·-‚ + &c 
2 2 2 2 2 2 2 
4 c * bas ra Ga? na 
| * : — — — — — — @—— —— & Is 
a c Dx? Fx? 
| - 0+ TE 
4 gox? & 
| 2 ** 
| 128 * 
f = 
1 2 Fo 
f — — _ — 
; 
Au Example of the foregoing Sulution. 


; Art. 34. Let the point P, in Fig. 1, denote the North Pole of the Earth, 
and the point A, from which the ſhip begins its voyage, be in North latitude 
51%, 187, and in Welt longitude, reckoned from London, 22*, 6. Let the 


ſhip fail, in a direction partly tending to the South and partly to the Weſt, 


= along the loxodromick curve, or rhumb-line, A B, which cuts all the meridian- Py, 
: lines, over which it paſſes, in the fame angle LAB, which is ſuppoſed to be 
5 unknown, and of which x is the co- ſine in a circle of which 7, or 1, or the 
. radius of the Earth, is the radius. And let the length of the ſaid rhumb-line 
; AB, or the diſtance run by the ſhip when ſhe arrives at B, be 564 miles; 
: and the length of the equatorial arch LM, or the difference of the longitudes 
A of the points A and B, be 786 miles. It is required to find, from theſe 


three things ſo given, the angle LAB of the ſhip's courſe, by means of the 
foregoing ſolution, 


Art. 35. A degree of a great circle of the Earth is about 69 miles and a 
half. Therefore the arch AL, or the latitude of the point A, which is equal 


to 517, 187 (or 51* + . or 51* + 55 or 51 + o. 3,) or FY, will be 
; = 51.3 X 69.5 miles = 3565.35 miles. But the radius of the Earth is equal 
f 


to 4000 miles. Therefore AL will be = —.— of the radius of the Earth, 


or o. 891,337 of the radius of the Earth; or (becauſe the radius of the Earth 
8 is called 1,) A L will be = o. 891,337. But !“ is = the arch AL. There- 
; fore / will be = o. 89 1, 337. | 

; Vor. IV. | 


PPP 


F "ES 


8 
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In the next place the loxodromick arch A B, or the diſtance run by the ſhip 


in paſſing from A to B, is ſuppoſed to be 564 miles, which is = 1 — of the 


radius of the Earch, or 0.141 of the radius of the Earth; or (bec: auſe the ra- 
dius of the Earth is called 1,) the loxodromick arch AB will De = - 6:41. 
But 4 is = the loxodromick arch AB. Therefore 4 will be = 0.141. 


e 6 by art. 27, _ 232 letter C is equal to the infinite ſeries 4 + 


4 277 2 
3 2 = A. oy ane + &c, and therefore (as 7 is = 1) will be equal 


= aS 611*4 4 JEY 


to the infinite ſeries 4 + = + + = 7 18 


+ &c, = d x the infi- 


- nite ſeries 1 + = FE & 2 1/6 NET. + &Cc. But J is — o.891,33). 


Therefore /* will be 25 — 1,337) = o. 804, 481, and /* will be (= 
Þ x Þ = 0.804, 481 „ A ge = 0.647,188, and !“ will be (= 
FP = * x o. 804, 481) = o. 520, 650, and /* will be (= 
x Þ = 0.5206 50 Xx o. 804, 481) = ©.418,853; and conſequently the. 


: 6115 77¹ - 
feries 1 + — + 2— = + a + —— will be = 1.000,000 + 


24 720 8064 
2 5 3 61 X o. 520, 650 ennie 
— 4 3 + 9 * 8064 = 1,009,0c0 + 
3-235,940 31.750, 650 116.022,28 1 
o. 402, 240 + — + 2 ap 9 = 1. ooo, ooo + o. 402, 240 


+ o. 134,831 + n + .o 14, 387 = 1.593, 558. Therefore d x the 
infinite ſeries 14 = + 2 5 ED el þ 27” + &c will be =d x 1 598,558 


720 8064 
= 0.141 X 1.595, 558 = 2 224, 973. Therefore the capital letter C "_ in 
this caſe, be = 0.224,97 3» 


Fourtbly, the _ letter c, which is equal to the equatorial arch L M, will 
be 786 miles, or = of the radius of the Earth, or —_ * 1, or o. 1965 5 


I, or o. 1965. 


Therefore the equation ſet down above in art. 32, will, in this caſe, become 


0. 224,973 — Dx + Fa* — C ＋ Hat — 15 + kx — Ls? + M — &c 


"Bx® 1x7 K* 
„„ TILT ITSTRTFT—TT xc 
Fx* 8E 7 
1 


c Dx7 


TT 


N 3 "ES . * 
a, e 1 


DM W "Saf e . 


*4 


5 EH WHEL 


22 
e 


a 
7 
* 
7 
wy 
W, 
3. 
$1 
— 
* 
Ly 7 
228 
FY 
* 
* 
1 
4 
1 
N 
% 
f 
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* 
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Art. 36. We muſt next find the values of the following capital letters, D, F, 
G, H, I, K, L, and M; which may be done as follows. 


5/34 * 
1270 Y 240r? + 
I* 372 6715.4 
2 + 9 or (becauſe 7 1s = 1,) to the infinite ſeries — + — ＋4 — 
20107 12 2 


. . . R . i 
The capital letter D is equal to the infinite ſeries — + 


2 1 6115 277 
— IG &c, or to d' x the infinite ſeries — = þ 34 5 + - + 


Ng 277 

&c, or to d XI x the infinite ſeries — + — 2 _ + 27, + &c. But 
is = 0.891,337, and “ is = 0.804,481, 2 is = o. 647,188, and /* is 
= o. 520, 650. Therefore u x / x the infinite ſeries 15 + 1 + . — - 


240 
816 + &c, will be = d x 0.891, 337 x the infinite ſeries — + — ab 


I2 
61 x 0.647,188 277 X 0.520,650 £ 
+ — + — 2 + &, = d* x 4 * the infinite 


4.02 2,405 30.478, 468 144.220, 50 
e * * — + Kc, 4 x o. 891, 33) * 


the infinite ſeries o. 00, ooo + o. 335, 200 + o. 164, 493 + o. 071,837 + &c 
= d X o. 801, 337 X 1.071, 230, &c, = d' xo. 964, 827. But d is = . 141. 
Therefore 4. X o. 954, 827 will be = 0.141 Xx 0.141 * 0.954.827 = = 0.141 
X 0.134,630 = 0.018,983., Therefore the capital letter D 1s = 0,018,983, 
and conſequently px is = 0,018,983 X x. 


. 1 
ſeries — 
2 


; : 3 ; „ ＋ 5 2771643 
apital lett = wy — 
The capital letter F 1 the infinite ſeries £ r EY 7 86478 


P43 6 = [6 : 
_ =O 4-38 + &c, = d' x the 


+ &c, = the infinite ſeries © 7 * 


144 8 
. . . 4... 5 — e. 3 3 . . . I 
infinite ſeries - + > —. 96 + &c, = d' x the infinite ſeries 12 
5 x o. 804, 481 61 * 3 277 X o. 5 20, 650 1 . ; 
on * 4- _— + = 865 4 &c, = 4 Xx the infinite 
. 478, 468 , 
ſeries — + — + * + *” + &c, = 4* X the infinite ſe- 


ries 3 666 + o. 335, 200 + o. 276, 156 + o. 166,921 + &c, = 4 x 


o. 944,943, Kc, = = . 141} Xx 0.944,943 = 0.092,688, Therefore Fa* is = 
0.002,088 X x*. | 


514 614 277/5d% 


The capital lette 2 — 
p tier G 1 the infinite ſeries — TY 57 


＋ &c = 


611d 50 
the infinite ſeries = 7 ＋ 75 7 + &c = M X the infinite ſeries 77 
61/* 29714 : a a 5 61 x 0.804, 481 
— + — + 97 _ ag the infinite ſeries — - mr nn 
„ — ＋ 278 1 * th 27 * = 
F 2 4 
F 7 


6 
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7 * 6 7 8 . * . . 735 
+ 2 701 3 þ & = d4 X the infinite ſeries 1 3 — * 


170 Pet 70 + &c = X the infinite ſeries 0.208, 333 + o. 340, 789 + 
9,311,234 + & c = 4 Xx o. 860, 356 d' x o. 891, 337 X o. 860, 356 = 
a* X o. 656,867 = o. 141] x o. 666, 867 = W Therefore 6x* will be 


= . ooo, 263 X x-. 


. : . * . . as 617245 2 99/445 
a tl — — 
The capital letter H is on” to the infinite ſeries — 77675 


6114 2 4/5 


—— 


c&c S the infinite ſeri ies 2 3 + & C = d Xx the infinite ſeries 


24 240 576 
OB. _ _ 61 x 0,804,481 
bs pag — 0 —— — u— — 
= «3 = ms 22 + &c = 4* x the infinite ſeries — 7 * — + 
277 X ©, =, & > ES 179.271,076 
cc = 45 x the infinite ſeries - . 
570 F 0 78 240 + 576 


+ &c = 4* X the infinite ſeries 0.041,666 + 0.204,472 + 0.311,234 + &c 
= 4* X 0.515,711, &c = 0.141|* X 0.515,7i1, & = 0.000,029., There- 
fore H will be = o. ooo, 29 Xx a*. 

61/45 277/246 


The capital letter I is equal to the infinite ſeries . + J + & = 
the infinite ſeries = + 2 + & C = 4* x I x the infinite ſeries — + 


- Boa, | 
SI + & = * Xx the infinite n = — V2 2 IT 22 + &c = 4 X 


; - infinite ſeries 555 + EL + &c = del x the infinite ſeries 0.084,722 


+ 0.257,918 + &c = de x 0.342,640, &c d' Xx o. 891, 337 X o. 342, 640, 


&c = de x o. 305, 40), & = o. 141P X o. 305, 407, &c = o. ooo, ooa. 
Therefore Ix* will be = 0.000,002 Xx x. 


. 1 . . . 6 427 . 3a 
The capital letter K is equal to the infinite ſeries - + — + &c 
5040r® 2015 
al 2977 K 


NY : g A 1 - . 1 Gr 
= the infinite ſeries —_ + Der + & = 4 x the infinite ſeries 5040 
277 N 0. $04,481 


2016 _ 


c = ꝙ & the infinite ſeries — + + &c = 


2016 
d“ x the infinite feries 5550 + 222.841,237 + & = 4&4” X the infinite ſeries 


2016 
0.012,103 + 0.110, 536 + &c = 4 * o. 122, 639 N & Cc = 0. 14 ll Xx o. 122, 639, 
6 


&c = 0.00c,000,013. Therefore xx" will be = 


The capital letter L is equal to the infinite ſeries - = 5 + &c = the infi- 
4r 


nite ſeries 277 * &c d'] x the infinite ſeries 300, * &c = d' x the in- 
finite 


N <A Bd 


T 
— 


. ²— Wi. to We us, 


SEW —— i 


15 
Fe 
1 
7 
2 
; 
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finite ſeries 0.094.350 + & = d X 0.891,337 X 0-034,359, & d X 
0.030,017 = 0.14 P' * 0,030,617 = 0.000,009,c04. Therefore Lx“ will be 


= 0.000,000,004 Xx “. 


. . . 27749 
And the capital letter M is equal to the infinite ſeries _— + &c = the 


72,5765 
jnfigite ſeries 2 + &c = de X the infinite ſeries E + &c = de x 
12,570 72570 


— 
the infinite ſeries o.o03, 816 + &c = o. 141 X o. O03, 816 = 0.000,000,000, 
083, &c. Therefore Mx* will be = o. ooo, ooo, ooo, 83, &c X a". 


Therefore, if we carry the computation of theſe capital letters only to ſix 
places of decimal fractions, we may conſider the letters K, L, and M, as be- 
ing, each of them, equal to o, and may therefore omit the ſeveral terms in the 
above complica ed equation, ſet down in art. 35, that involve them. And 
then the ſaid equation will be as follows; to wit, 


0. 224,973 — Dx + Fa* — G ＋ nxt —I + oO + oO + O + &c 


2 3 4 Me 16 17 
re 
4 5 6 17 g 
| F T- 
6 7 8 
e 
( — + & 
= 0.1965. 


Art. 37. In this equation we muſt now reduce the ſeveral compound co-effi- 
cients of x*, &, *, x*, x*, *, *, to wit, the compound quantities + F — 


D „ C G D H F C 
— — G —— — — — — — — — — — — — — woo 
2 $4 * 2 1 I + 2 8 ? 2 8 16 
I 8 D H F 50 . = * 
+ my + FT +3 and — T—z— =p into ſingle co-efficients : which 


may be done as follows. 


Since c is = 0.224,973, and F is =, 0.002,688, we ſhall have — Mt 


— = . 112,486, and + 1 — (= + o. 002, 688 — . 112,486) 


And, ſince p is = o. o18, 983, and G 1s = 0,000,263, we ſhall have = 6 
+ —_ = — do. ooo, 263 + — (= — 0,000,263 + o. oo9, 491) = + 
0,009,228, 


And, 
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And, ſince n is = 0.000,029, we ſhall have + u — — * — 


[| 
4 


0,002,688 0.224, « : 
— 1 2 5 — (= + 0.000,029 — 0.001,344 — 0.028,1 22 


= + 0.000,029 — 0.029,466) = — . 029, 437. 


o. ooo, 29 — 


And, fince I is = 0,000,092, we ſhall have — I P T == 


o. ooo, 26 o. 018,08 
0.000,002 + - 2 + = : (= — 0,000,002 + 3A 60824379 
= — 0.000,002 + 1 ie + o. oo, 502. 
— . ein ve 0,002,683 ET. (= 
2 8 16 2 


— 0,000,014 — einer — 0,014,061) = . 014, 411. 
o. ooo, oo2 o. ooo, 263 * 3 
And + — + © E — 
＋ o. ooo, oo + 3 3 + 0.001,186) = o. 01, 220. 
0.000,029 o. 002, 688 5 * . 224,973 


11 F cc a 3 
And — 8 "pb will be = 8 16 128 


PE 1.124,865 
(= — 0.000,003 — o. ooo, 168 — ——— 


0.008,788) = 0.008,959. 
Therefore the foregoing complicated equation will now become as follows, to 
wit, 0.224,973 — 0.018,983 X x — 0.109,798 X * + 0,009,228 x & 
— 0.029,437 K* + 0,002,502 Xx * — 0,014,411 X a® 
+ 0.001,220 X x? — 0.008,959 x * &c = 0.1965, 


= — 0,000,003 — o. ooo, 168 — 


Art. 38. Now let all the terms on the left-hand fide of this equation that 
have the ſign — prefixed to them, or are ſubtracted from the other terms on 
the ſame fide, be added to both ſides of the equation. And we ſhall then have 


0.224,973 + 0.009,228 X x* + 0,002, 02 x * + 0.001,220 XK x! 
= 0.1965 + 0,018,983 X x + 0.109,798 x * + 0.029,437 X A* 
+ 0.014,411 X * + 0.008,959 x K*. Therefore, (ſubtract- 
ing 0.196; from both ſides,) we ſhall have 
0.028,473 + ©0.009:228 X 4 + o. oO, o x * + 0.001,220 * * = 
o. 018,983 Xx x + o. 109,798 & * + o. 029, 437 X * 
+ o. 014, 411 x * + 0.008,959 x *; and (ſubtracting | 
0.009,247 X * + 0.002,502 X X + 0.001,220 Xx x” from both ſides,) we 
ſhall bave 0.018,983 x x + 0.109,798 Xx | 
— 0.009,228 & * + 0 029,437 X a* 
— '0,002,502 Xx * + 0.014,411 X x 
— 0,001,220 Xx x! + 0.008,959 x * & = 0,028,473. 


> 


Art. 39. 


2 * * - * 2 
= wk 255-4 3 . . enn A * o * 
eee ee e 


PPP 
* 


N 


F 


9 ä : 


* 


Fa 
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Art. 39. In this equation it is rematkable that o. 109, 798, the co efficient 
of *, is greater than 0,018,983, the co-cthcient of x; and that c. 02,437, 
the co- efficient of a, is greater than o. 009.228, the co- efficient of a? ; aud 
that o. 914, 411, the co-efficient of x*, is greater than 0,002,502, the co cHt- 
cient of x*; and that 0.008,959, the co- efficient of à“ is greater than 0.001,2 20, 
the cot efficient of x7: but the co. efficients of x, *, x5, and x7, or the odd 
powers of x, (to wit, o. 18,983, and 0.009.228, and o. 002, 502, and 

- 0.001,220,) are every one leſs than the next before it, or decreatè when the 
powers of x increafe ; and likewiſe that the co-efficients of x*, *, *, and x, 
or the even powers of x, (to wit, 0.109,798, and o. 029 437, and 0.014,4t1l, 
and 0.008,959,) are every one leſs than the next before ut, or decrealte when 
the powers of x increaſe; as was the caſe with the co-ethicients of x, a*, a, 
and x7, or of the odd powers of x. 


Art. 40. We muſt now endeavour to reſolve this laſt equation obtained in 
art. 38, to wit, the equation 0.018,989 X x + 0 109,798 Xx * — 0.009,228 
X x* + 0.029,437 X * = 0.002,592 X * + 0.014,411 & * — 0.001,220, 
* x' + 0,008,959 X & = o. 028,473. Now this can only be done by 
approximation; and I take Mr. Raeasox's method of refolving equations by 
approximation to be the beſt method that can be employed tor this purpoſe. 
I will therefore now endeavour to find a firſt near value of x that (hall differ 
from its true value by only a tenth, or leſs than a tenth, part of the ſaid true 
value, in order to make the ſaid firſt near value of x the baſis of a further 


approach to its true value, according to the directions of Mr. Rayusox's 
method. 


Art. 41. Now, in order to find this firſt near value of x, I begin by ob- 
ſerving, that, ſince r, or 1, is the radius of a great circle of the Earth, and x 
is the fine of a certain angle in the ſaid circle, (to wit, the fine of the angle 
which is the complement of the rbumb-angle LAB to a right angle,) x muſt 
be leſs than 1; and conſequently that xx muſt be leſs than x, and & than xx, 
and x* than *, and every following power of x leſs than that which preceeds it. 
And hence we may conclude that the two firſt terms of the left-hand fide of 
the foregoing equation, to wit, the two terms 0.018,983 x x, and 0.109,798 
X xx, will be greater than the two next terms, or than any other two terms, 
of the ſame ſide of the equation, and (becauſe thoſe following terms are 
marked alternately with the figns + and —, and conſequently tend to coun— 
terbalance each other, or to diminiſh each other's magnitudes,) may be rea- 
ſonably ſuppoſed to be pretty nearly equal to the whole infinite ſeries that forms 
the left-hand fide of this equation. Let us therefore fuppolſe theſe two terms 
to be equal to the ſaid whole ſeries, and conſequently to the abſolute term 
0.028,473 of the ſaid equation. And then we ſhall have the following quadra- 


tick equation to reſolve, to wit, 0.018,983 X x + 0.109,798 X xx = o. o28, 473. 


This equation may be reſolved as follows. 


Let both ſides of it be divided by the co-efficient of xx, to wit, o. 109, 798. 
nd 
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o. 9.018, 9783 0. 028, 473 
And we ſhall have xx + pgs X- x e or 


* 


2 0.29, 321. 
Add now to both ſides of this equation che ſquare of half the co- efficient 
of x, or of half o. 172, 890, or the ſquare of o. 086, 445; which ſquare is 
0.00, 472. And we ſhall have xx + o. 172,890 X x + 0.007,472 (= 
0.259,321 + 0.007,472) = o. 266, 793. Therefore (extracting the ſquare- 
roots of both ges, we thall have x + o. 086,445 (= Vo. 0.266,793) = 
0.516,520, and contequently x (= 0.516,520 — 0.086,445) = 0.439,075. 
Therefore the firſt near value of x in the foregoing high equation will be 
0.430,075 ; of which we may en, ſuppoſe at leaſt the firſt figure, . 4, 


to be exact. 


Art. 42. We will thercfore now ſubſtitute 0.4, inſtead of x, in the com- 
pound quantity which forms the left-hand ſide of the equation ſet down in 


art. 38, to wit, the equation 
o. 018,983 X * + o. 109,798 Xx xx — 0.009,228 X * 
+ 0.029,437 X * — 0.002,502 X * + 0.014,411 X ** 


| — 0.001,220 K x" + 0.008,959 x * &c, = 0.028,473, in order to 
diſcover whether the 149 of the ſaid compound quantity reſulting from ſuch 
ſubſtitution will be greater, or leſs, than the abſolute term, o. 028, 473, of the 
ſaid equation, and whether its difference from the ſaid abſolute term will be 


great, or ſmall. 


Now, if we ſuppoſe x to be = 0.4, we ſhall have 
0.018,983 X x = 0.018,083 X 0.4 = 0.007,592, 

and 0.109,798 x xx = o. 109,798 Xx 0.16 = o. 01, 567, 
and 0.009,228 X x* = 0.009,228 X 0.004 = 0.000,590, 
and 0.029,437 Xx * = 0.029,437 Xx 0.0256 = 0.000,7 53, 
and 0.002,502 K * = o 002,502 X 0.01024 = 0.000,025, 
and 0.014,411 Xx * = 0.014,411 Xx 0.004,096 = 0.000,059, 
and 0.001,220 x * = 0.001,217 Xx 0.001,038,4 = 0.000,002, 
and 0.008,959 Xx x* = 0.008,959 X 0.000,655,36 = 0.000,005. 


Therefore the compound quantity 
0.018,983 & x + o. 109,798 X xy — nnen! X * 
4. o. 029, 437 X * — O. oo2, 30 „ + o. 014, 411 X a? 
— 0.001,220 x * + 0.008,959 x * will be = 
o. oo 7-595 + 0.017, 8 — SOR + n — do. ooo, O25 


= 0.025, 260; w 1 iS i 1 PRs 0. 25,475 or the eee wi of the equation 
) 0.0158, 


xx + 0.172,890 x - 
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0.018,083 x x» + 0.109,798 X xx — 0,009,228 X * 


+ 0.029,437 * * — 0.002,502 Xx x* + 0,014,411 x x 
— 0.001,220 X * + 0.008,959 K — &c = 0.028,473. Therefore 


£ by 
N 
L 
: 
| 


] 0.4 will be leſs than the true value of x in the ſaid equation. 
Art. 43. We will therefore, in the next place, ſuppoſe x to be equal to 0.43, 
5 or the two firſt figures of the number 0.430,07 5, which was obtained in art. 41, 


3 by che reſolution of the quadratick equation o. 018,983 X x + o. 109, 8 K 


= 0.028,473, and will ſubſtitute o. 43 inſtead of x in the compound quantit- 
which forms the left hand fide of the equation 


0.018,983 x x + 0.109,798 „ xx -— 0.009,228 x K* 
i + o. 029, 437 X * — o. oo, o XN + o. 014, 411 X K* 
5 a — o. oo, 220 X * + o. oo8, 959 x * = 0.028,473. 


; Now, if x is ſuppoſed to be = 0.43, we ſhall have 

? xx (= 0.43) = 0.1849, 

: and * (= 0.43Þ) = 0.079, 507, 

0 | and * (= 0.43) = 0.034,188, 

5 and x (= 0.4315) = 0.014,700, 

E and x* (= 0.431) = 0,006,321, | 


and x? (= 0.437) = 0.002,718, 
and „ (= 0.431') = 0.001,168; and conſequently we ſhall have | 
0.018,0983 x x (= 0.018,983 X 0.43) = 0.008,162, , | 


; and 0.109,798 x xx (= o. 109, 798 Xx 0.1849) = 0.020,302, 

; and 0.009,228 x x* (= 0.009,228 X 0.079,507) = 0.000,733, 
: and 0,029,437 K x* (= 0.029,437 X 0.034,188) = 0.001,006, 
; and 0,002,502 X * (= 0.002,502 X 0.014,700) = 0.900,036, 
; and o. 014, 411 Xx * (= 0.014,411 & 0.006,321) = 0.000,091, 
a and o. oo, 220 X x7 (= 0.001,220 X o. oo, 718) o. ooo, oog, 
5 and o. o08, 95 X * (= o. 08, 959 X o. o01, 168) = 0.000,010, 
5 Therefore the compound quantity 


o. 18,983 X # + o. 109,798 X xXx — 0,009,223 XK & 
+ o. 029, 437 X * — 0.002,502 X * + 0.014,411 Xx * 
— 0.001,220 Xx 47 ＋ 0.008,959 x * will be = 0.008,162 + 0.020,302 
— 0,000,733 + 0.001,006 0,000,036 + 0.000,091 — o. ooo, oog 


+ o. ooo, io = 0.029,571 — 0.000,772 = 0.028,799; which is a little 
greater than 0.028,473, or the abſolute term of the equation 


0.019,993 X * + 0.109,798 X xx = 0,0c9,228 x * 


+ 0.029,437 X * — o. oo, o X * + o. 014, 411 Xx * 
Vor. IV. G 
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— 0.001,220 X a) ＋ 0.008,959 x ** — &c = 0.028,473. Therefore 
0.43 will be a little greater than the true value of x in that equation, 


But it has been ſhewn above that 0.4 is leſs chan the true. value of x in that 
equation. | 


Therefore the true value of x in that equation will be of an intermediate 
magnitude between 0.4 and 0.43, and but little leſs than 6.43, becauſe the 
abtolute term o. 023, 473 is but little leſs than 0.028,799. 


Art. 44. In order to obtain the value of x in the foregoing cquation 


0.018,983 X x + 0. 109,798 X xx — 0,009,223 X x? 
+ 0.029,437, X * — 0.002,502 X a + 0,014,411 x a® 
— o. o, 220 x ** + 0,008,959 Xx * — &c = 0.028,473 to a greater 


degree of exactneſs, Jet us ſuppoſe x to be equal to 0.43 — , and ſubſtitute 
the powers of this reſidual quantity 0.43 — 2 inſtead of the powers of - in 
the ſaid equation, omitting all the terms of thoſe powers that involve any 
higher power of z than its ſimple power, or 2 itſelf, This may be donc in 


the manner following. 


Since x is = 0.43 — 2, we ſhall have 
xx (= 0.43 — 2 = 6:4" —2 X 0443.X 2 + &e) = 0.1849 — 086 
* 1 XC, 
and x? (= 0.43 — 21 = 0.43) — 3 X o. 4A X 2 + &c = 0.450% — 3. * 
o. 1849 X 2 + &c = 0.43) — 0.5547 Xx 2 + &c) = 0.079,507 
— 0.65547 X 2 + Sts | 
was" (= 0.43 —2Þ = 0.4514 — 4 X 0.4.31* X 2. + &c = 0.4;}* — 4 X 
0.079,507 X 2 + &c = _ — 0.318, 028 X 2 + &c) = 
o. 034,188 — 0.318,028 & 2 ＋ &c, 
and * (= 0.43 — A' = gz — 5 X 0.43* „ö 2 + &c 643 — 
5 X o. o 34, 188 & 2 + &c = o. 43 — 0. 170, 940 x 2 + 
&c) = o. o 14,700 — o. 170, 940 X 2 + &c, 
42 0.43 — e = 0.43* — 6 X G. 4a x2 + &c = o. 43 — 6 x 
o. 014, 700 X Xx &c = o. 43k — o. o88, 200 X 2: + & c) = 
o. o06, 321 — o. 088, 2000 X 2 + &c, | 
and * (= 0.43 — A = 5.43 — 7X043*X2 + & = o. 43K — 7 x 
o. o06, 321 x 2 + &c = 0.43 — 0.044, 247 Yu 4+ RC) 2 
0.002,718 — 0.044,247 X 2 + &c, 
and * (=0.43 = = 0.43" — 8 * 0.43" x 2 + &c = 0.43 — 8 * 
o. oo2, 718 X 2 + &c = 0.43) — 0.021,744 X 2 + &c) = 
o. 0 1,168 — 0,021,744 x 2 + &c. 


Therefore 
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Therefore the compound quantity 
o. 0 18,983 X x + 0.109,798 X wx — 0,009,228 X 
+ 0.029,437 X * — o. oo, o X * + 0.014,411 X * 
— 0,001,220 X * + 0.008,959 X * will be = 
0.013,983 x 0.43 = 2 + o. 109, 798 X 0.1849 — 0.86 x X + &c 
0.079,507 — 0.5547 X 2 + &C 
0.034,188 — 0.318,028 & X + & 


0.009,229 


— X 

+ 0.929,437 * ＋ 8 
— 0,002,502 X o. o 14,700 — o. 170, 940 X 2 + &C 
* * 

— * 


o. 0 14, 411 X O. oo, 321 — 0,088,200 X Z + &C 


o. oo 1, 220 X o. 02,718 — o. o44, 247 X 2 + &c 


+ 0.008,959 X 0.001,168 — 0,021,744 Xx 2 + & 


— & c 
o. 08, 162 — o. 018,983 X 2 
+ 0.020,302 — 0,094,426 x 2 + &c 
— do. ooo, 733 ＋ o. oog, 118 x 2 — & 
EF + 0.001,006 — 0:009,361 Xx 2 + & 
* — do. ooo, 36 + c. ooo, 427 X 2 — & c 
+ o. oco, 91 — o. o, 271 x 2 + & 
— o. ooo, oo3 + o. ooo, 54 X X — & c 
+ o. ooo, 10 — o. ooo, 194 X Z + &c 


0.029,71 — 0. 124, 235 X 2 + & c 
— 0,000,772 + 0.005,599 X 2 — &C 


0.028,799 — 0.118,036 x 2 + &c. 


But the ſaid compound quantity is equal to the abſolute term 0.023,473. 
Therefore 0.028,799 — 0.118,636 X 2 will alſo be equal to 0.028,473 ; 


and conſequently 0.028,799 will be = 0.028,473 + 0.118,636 X x, and 


o. 118,636 X 2 will be (= 0,028,799 — 0.028,473) = 0.000,326, and 2 
o. ooo. 326 


will be = 
n O. 118,530 


= 0.002,747. Therefore 0.43 — 2, or x, will be (= 
©.439,000 — © 002,747) = 0.427,253, or (neglecting the two laſt figures,) 
0.4272; or the more accurate value of x in the equation 
0.018,993 X x + 0.109,798 X xy — 0.001,223 x * 
+ 0.029,437 X * — 0.002,502 X x* + 0.014,411 Xx * 
— 0.001,220 X * + 0.008,959 x * — &c = 0.028,473 will be = 
O 4272. Qs E. 1. 


Art. 45. We will now ſubſtitute this laſt value of x, to wit, o. 4272, inſtead 
of x, in the compound quantity 


G 2 0.018, 
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0.918,0983 X x + o. 109,798 X er — 0.009,228 Xx a? 
+ 0.029,437 X * — o. oo, o x * + 0.014,411 x ** 1 
— o. oo, 220 K * + 0,008,959 Xx *, (which forms the firſt, or left- 


hand fide of the foregoing equation,) in order to diſcover how near the value 
of the ſaid compound quantity reſulting from the faid ſubſtitution will ap- | 
proach to the true value of the ſaid compound quantity, or to the value of its 
equal, the abſolute term, 0.028,473, of the ſaid equation; and conſequently 

to find how near the ſaid number 0.4272 will approach to the true value of x 

in the ſaid equation. This may be done in the manner following. 


If we ſuppoſe x to be equal to 0.4272, we ſhall have 
ar (= ©. 42721) = 0.182,499, 
and »? (= 0.42725 — 0.4272 X 0.4272 
= 0.182,499 & o. 4272) = 0.077,963, 
and x* (= o. 077, 903 X 0:4272) = 0.033,305, 
and a* (= 0.033,305 Xx 0.4272) = 0.014,228, 
and * (= 0.014,228 Xx 0.4272) = 0.006,078, 
and & (= 0.006,073 x 0.4272) = 0.002,590, 
and x* (= 0.002,596 x 0.4272) = 0.001,109, 
and conſequently 0,018,983 Xx * (= o. 018,983 Xx 0.4272) = 0.008,10g, 


and 0.109,798 Xx xx (= 0.109,798 x 0.182,499) = o. o20, o38, 
and 0.009,228 Xx * (= 0,009,228 Xx o. 077, 963) = 0.009,719, 
and o. 029, 437 X * (= 0.029,437 X 0.033,305) = o. ooo, 980, 
and 0,002,502 X * (= o. oo, 502 Xx o. 014, 228) = 0,000,035, 
and o. 014, 411 x * (= o. 014, 411 X o. oo, 78) = o. ooo, og), 
and o. o0 1, 220 X * (= o. 00 1, 220 X o. 002, 96) = co. ooo, oog, 
and 0.008,959 * * (= 0.008,959 X 0.001,109) = o. ooo, oio. 


Therefore the whole compound quantity 


o. 018,983 x x ＋ o. 109,798 X * — 0,009,228 * * 
+ 0.029,437 X x* — 0,002,502 * ol + 0.014,411 X * 
— 0,001,220 K * + 0.008,959 x x* — &c will be (= 


0,008,109 


+ 0.020,0z33} — 0.000,719 

+ o. ooo, 980 — 0.000,035 _ 
+ o. ooo, 87 — do. ooo, oog 

＋ do. ooo, 10 — & c 


+ 0.029,224 — o. oo, 757) = 0.028,467 ; which is very nearly equal to 
0.028,473, or the abſolute term of the equation 


bd. 018,983 & x + 0.109,798 Xx xx — 0.009,228 x x 

+ 0.029,437 X X — 0.002,502 * A + 0.014,411 X ** 

— 0.001,220 X * + 0.008,959 x x! — & c. And conſequently 0.4272 
will be very nearly equal to the true value of x in the ſaid equation. 


Q ©. . 
Art. 46. 


+ 
q 
_ 
jo] 
5 
£ 
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Art. 46. Now it appears from the Tables of Sines and Tangents, that 
0.427,357,9 (which differs but little from 0.4272, or æ, ) is the {ine of an arch 
of 23% 18“, or the co-ſine of an arch of 64*, 427, in a circle of which the ra- 
dius is called 1. Therefore the arch of which x, or 0.4272, is the ſine in the 
circle of which 1, or the radius of the Earth, is the radius, is an arch of 257, 
187“ very nearly, and the arch of which it is the co-ſine is very nearly 64, 42”, 
Therefore the angle LAB, or the rhumb-angle, or the angle of the courſe, 
will be, very nearly, an angle of 64", 42. a 8- hi 


564 


Yr £4 
And, becauſe — 1s = 7508 = 2141, we ſhall have — (= 0.141 X * = 


0.141 X 0.4272) = 0.060,235,2, and conſequently / — =(= I— 0.060,235 


= 0.891,337 — 0.060,235) = 0.831,102 ; that is, the length of the arch 
B M of the meridian line PB M, or the latitude of the ſecond point B, will 
be = 0.831,102 ; which may be converted into degrees and minutes in the 
tollowing manner. 


Since 0.891,337 is the length of the arch AL, or the latitude of the firſt 
point A, expreſſed in decimal parts of 1, or the radius of the Earth, and 


0.831,102 is the length of the arch B M, or the latitude of the ſecond point B, 


expreſſed in decimal parts of the ſame radius, and (51*, 18”, or 51? + , 


or 51 + 3, or 51? + 0.3,) or 51.35, is the length of the former arch ex- 
preſſed in degrees and decimal parts of a degree, it follows that the length 


of the latter arch, B M, expreſſed likewiſe in degrees and decimal parts of a 
degree, will be a fourth proportional to the three numbers o. 89 1, 337, o. 83 1, 102, 


51.3 X o. 831,12 42:0351532:6 ) 2 


and 51.3, and conſequently will be (= 


"A 6 0.891,33 6.897337 
47.8539 = 47 + 155 = 47* + = = 47*, 49'. Therefore the arch BM, 
or the latitude of the ſecond point B, will be 47 degrees and 49 minutes. 


t. 


— — —.f—..—.ñ—.. —ñ— a dn 


A Proof of the Truth of the Concluſions obtained in the preceedins Articles, by the 
Application F the foregoing Solution of Dr. HALLEY's Problem, ts the Exawple 
given of it in Art, 34. 


Art. 47. Having thus found the angle LAB of the ſhip's courſe to be an 
angle of 64*, 42“, and the arch BM, or the latitude of the ſecond point B, 
to be an arch of 47*, 4g', we will now try the truth of theſe concluſions by 
ſuppoſing theſe values to be ſuch as we have here found them, and — 

rom 
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from them the value of the _—_— arch LM, or the difference of the lon- 
gitudes of the points A and B, (which before was ſuppoſed to ” * and 


to be equal to 786 miles, or 786 of the radius of the Earth, or —= of the 
4009 => 

radius of the Earth, or = 0.1965, if the radius of the Earth be called 1, by 

means of the equation LM = — * 4 — , obtained above in Lemma zd, 


Coroll. 1. For, if the value we ſhall thereby obtain for the equatorial arch 
LM ſhall appear to be, nearly, equal to 786 miles, or 0.1965 of the radius of 
the Eaith, we may jultly conclude that the foregoing values of the rhumb- 
angle L AB and the arch B M, or latitude of the ſecond point B, have been 
rightly aſſigned. Now this inveſtigation of the value of the arch L NMI may be 


made in the following manner. : 


If the rhumb- angle LAB be ſuppoſed to be 64*, 42, its tangent 7 in the 
circle of which 1, or the 9 25 of the Earth, is the aus. will be 2.115, 516,5 


3 — 5 


and conſequently the fraction 5 will be = „ Or 2.115,516,5. 


Further, if the arch B M, or the latitude of the ſecond point B, is ſuppoſed 
to be 47, 49”, the arch P B (which is its complement to PM, or go degrees,) 


will be 42, 11', and conſequently - will be (= — = 41 „ 30 „ the 


tangent of which in the circle of hich 1, or the radius of the Earth, is the 
radius, will be o. 38 5, 667,3. 


Laſtly, fince the arch A L, or the latitude of the firſt point A, is 51, 187, 
the arch P A (which is its complement to P L, or go degrees,) will be 38*, 


42', and conſequently = will = 
in the circle of which 1, or the 3 of the Earth, is the radius, will be 
o. 351,175, 0. 

Now #@ is the logarithm of the ratio of the radius 1 to the tangent of — , 


- . . . = 
and h is the ſogarithm of the ratio of the radius 1 to the tangent of , in a 


logarithmick curve of which the radius 1, or the radius of the Earth is the 
ſubtangent. Therefore a will be the logarithm of the ratio of 1 to 0.351,17 5,0, 
and þ will be the logarithm of the ratio of 1 to 0.385, 567, 3, in a logarithmick 
curve, of which 7, or 1, or the radius of the Earth, is the ſubrangent. 


Now, if the ſubtangent of this logarithmick curve was calle] 0.434,294, 
431,903,251,827,051,128, &c, and the logarithm of the ratio of 10 to I in it 
was called 1, that is, if the abſciſſes of the axis, or aſymptote, of this curve, 
were denominated according to BaiGcs's ſyſtem of logarithms, the logarithm 


of the ratio of 1 to 0.351,175,0, (which is equal to the ratio ol 2 $47,573,1 
to 


— = = 19, 215 the tangent of which 


Rs 
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to 1,) would be 0.454,38, 4, and the logarithm of the ratio of 1 to 0.385,567,3 
/which is equal to the ratio of 2.592,908,4 to 1,) would be ©0.413,802,5. 
Therefore, when the ſubtangent of this curve is called 1, and conlequently the 
logarithm of the ratio of 10 to 1, taken on the axis or aſymptote of the ſaid 
curve, is called 2.302,585,092,994,045,084,017,991, &c, the logarthm of 
the ratio of 1 to 0.351,175,0 will be = 2.302,585, &c X 0.454,387,4 = 
1.046,265,6, and the logarithm of the ratio of 1 to 0.385,067,3 will be = 
2.302,585, &c X 0.413,802,5 = o. 952, 8 15,4. Therefore a will be = 
1.046,265,6, and & will be = 0.952,815,4, and conſequently 4 — & will be 
= 1.046, 265,6 — 0.952,015,4 = 0.093,4 50,2. 


7 7 
But we before found that , or —, was = 2.115,516,5. 


Therefore — X @—6b will be = 2.115, 516,5 X 0.093, 450, = o. 197,695, 4, 


or ( neglecting the three laſt figures,) 0.1976 ; that is, the equatorial arch L. M, 


or the difference of the longitudes of the points A and B, will be, nearly, = 
0.1976, or 0.1976 of 1, or 297 of 1, or of the radius of the Earth, or — 
of the radius of the Earth, or 790.4 miles. Now this number of miles, 790 4, 
is very nearly equal to 786 miles, which was the given length of the ſaid equa- 
torial arch LM in the foregoing Problem of Dr. HaLLEY. And therefore 
we may conclude that the values found above for the rhumb-angle L AB and 
the circular arch B M, or the latitude of the ſecond point B, in the toregoing 
Solution of Dr. HaLLEY's Problem, are nearly equal to the true values of 
the ſaid angle and arch, or that the faid angle LAB is nearly equal to 64“, 


42', and that the ſaid arch B M 1s nearly equal to 47, 49. O E. b. 


Art. 48. As there are 32 points in the compaſs, and conſequently the direc- 
a ; 609 , 00 
tion of every point makes an angle of (=> or) 11, 15', with the direction 


of the point immediately preceeding it, the direction in which the ſhip begins 
to move at its firſt ſetting out from the point A will be (64, 42“, or) 509, 
15, + 8%, 27“ to the Welt of the line AL, or of a direction due South, or 
will be de, 27” to the Welt of a direction South-Weſt by Welt, or will be 
S. W. by W. with 8 degrees and 27 minutes, or about three quarters of a 
point, more to the Weſtward, or will be within a quarter of a point of Welt 


South-Weſt, 


Art. 49. The truth of the foregoing determination of the rhumb-angle 
IL AB. in the example that has been here given of the foregoing Solution of 
Dr. HALLEY's Problem, has been confirmed to me by a determination of the 
ſame angle (obtained by a different proceſs from that of the foregoing Solu- 
tion,) which has been {ent me by the learned Mr. ANDREW MackarY, MI. A. 
of Aberdeen in Scotland, and which agrees with the foregoing determination of 
it to about half a degree, Mr. Mack Ax makes the angle LAB amount to 


65*, 13% = inſtead of 64*, 42“; and he makes the arch BM, or the latitude 
of 


* 
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of the ſecond point B, amount to 47, 21 =, inſtead of 47*, 49. The dif- 
ferences of theſe values of LAB and B M, from thoſe obtained above, are only 
31' + — and 27 + 755 which muſt be conſidered as but trifling, if we re- 


fle& that the former values were derived from the reſolution of an equation, 
in which not only the number of terms involving the unknown quantity x was 
infinite, but each of the co- eſficients of the powers of x in the ſaid equation was 
the reſult of the addition or ſubtraction of ſeveral infinite ſerieſes denoted by 
the capital letters C, D, F, G, H, I, K, L, M, &c, and which therefore 


could not be reſolved with perfect accuracy. 


Art. 50. We have hitherto conſidered only one caſe of Dr. HALLE 's Pro- 
blem, namely, that in which the point A, from which the ſhip ſets out, and 
the point B, at which it arrives, are both on the ſame ſide of the Equator, and 
the firſt latitude AL (which is ſuppoſed to be known, ) is greater than the 
ſecond latitude BM. We will therefore now proceed to conſider another caſe 
of this Problem, in which the ſhip ſhall be ſuppoſed to fail back again from 
B to A along the ſame loxodromick curve, or rbumb-line, B A, which it had 
before deſcribed in failing from A to B, and the firſt latitude (which is ſuppoſed 
to be known,) will be that of the point B. This caſe of Dr. HaLLev's 
Problem may be ſtated and reſolved in the following manner. 


— . ——— ͤ —— u 
PROPOSITION V; A PROBLEM; 
BEING 


ANOTHER CASE OF DOCTOR HALLEY's PROBLEM. 


— — — 


Art. 51. Let P (in Fig. 1, ) be one of the Poles of the Earth; HI a por- 
tion of the circumference of the Equator; A and B two points on the ſurface 
of the Earth, both on the ſame fide of the Equator H I, but at different diſ- 
tances from it, and in different meridian circles PAL and PB M, which cut 
the equatorial arch H I in the points Land M. And let the point A be more 
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diſtant from the Equator than the point B. Further, let a ſhip be ſuppoſed 
to fail from the point B to the point A along the rhumb-line, or loxodromick 
curve, B A, which cuts all the meridian-lines, over which it paſſes, in the ſame 
angle, to wit, in an angle equal to the angle LAB. And let the arch LM, 
or the difference of the longitudes of the two points B and A, and likewife 
the length of the rhumb-line, or loxodromick curve, BA, or the number of 
miles run over by the ſhip in her paſſage from B to A, and the arch BM, or 
the latitude of the firſt point B, from which the ſhip begins her voyage, be ſup— 


poted to be known; but not the arch A L, or the latitude of the ſecond point A, 
at 
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or THE LOGARITHMICK TANGENTS TO THE MERIDIAN LINE, XC, 49 


at which the ſhip arrives after paſſing over the line B A, ror the angle LAB, 
which the line of the ſhip's courſe makes with the ſeveral meridian lines over 
which it patſes, Ic is required to find the ſaid angle LAB. 


© 


THE SU U F-1 0M: 


— — 


Art. 32. In Lemma zd the two circular arches AL and BM, or the lati- 
tudes of the points A and B, were ſuppoſed to be known ; as were likewiſe the 
rhumb-angle LAB and the length of the rhumb-line AB: and the length of 
the equatorial arch L M, or the difference of the longitudes of the two points 
A and B, was ſuppoſed to be unknown, and was derived from the former 
quantities in the ſolution of that Lemma, and was ſhewn, in Coroll. 1 of the 


ſaid Lemma, to be equal to — * a — 6, the letter r being put for the radius 


of the Earth, and ? for the tangent of the angle LAB in a circle of which r 
is the radius, and à for the logarithm of the ratio of the radius r to the tan- 
gent of half the arch P A, or half the complement of the Jatitude of the 
point A to the arch PL, or an arch of go degrees, and “ for the logarithm 
of the ratio of the radius V to the tangent of half the arch PB, or half the 
complement of the latitude of the point B to the arch P M, or an arch of 90 
degrees, in a logarithmick curve of which the ſubtangent is equal to r, or the 
radius of the Earth. But in the preſent Problem the former of theſe two ra- 
tios, (which depends on the arch A L, or the latitude of the point A,) and 
conſequently its logarithm à, is unknown. Nor can the arch A L, or the la- 
titude of the point A, be derived from the arch B M, or the latitude of the 
other point B, and the length of the rhumb line BA, (which are both ſuppoſed 
to be known,) in the manner directed in the firſt Lemma; becauſe in that 
Lemma the rhumb- angle L A B was ſuppoſed to be known, and conſequently 
its tangent ? (in the circle of which r is the radius,) was allo known, as well as 
the length of the rhumb-line B A, and the arch B M, or the latitude of the 
point B; whereas in the preſent Problem the rbumb-angle LAB is ſuppoſed 
to be unknown, and is the very quantity we are required to find. Therefore 


in the equation LM = - *g — 6 (obtained in the firſt Corollary of Lemma 


3d,) there will be two unknown quantities, to wit, the tangent F of the un- 
known angle LAB, and the logarithm à of the ratio of 7 to the tangent of 


half the arch A. We cannot therefore conſider the equation LM = 5 


Xx 4 — as a ſimple equation containing only one unknown quantity 7 (in 
Vor. IV, which 
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which caſe we ſhould have r x LM = X a—6, and = —— 50 but muſt 


inveſtigate the relation between the two unknown quantities # and @, (which 
are mutually dependant on each other,) and muſt reduce them to one, before 
we can diſcover the value of 7, or the tangent of the unknown angle LAB, 
And this inveſtigation is a matter of great nicety and difficulty, as we have 
ſeen in the foregoing ſolution of the firſt caſe of Dr. HALLE x's Problem. 


Art. 53. Let » be put (as before,) for the co- ſine of the rhumb-angle LAB, 
of which F is the tangent, in the circle of which r, or the radius of the Earth, 
is the radius. Then will the ſquare of the fine of the ſaid angle be rr — xx, 


and the ſaid fine itſelf will be = V/ rr xx. But the co-ſine of any arc is to 


is to ?; and conſequently # will be = - But it has been ſhewn 


above in Lemma 31, Coroll. 1, that the arch LM of the circumference of the 
Equator, or the difference. of the longitudes of the points A and B, is = 


— Xa — b Therefore the ſaid arch LM will be = © CEE Xx a—b 
ö * Nr 


25. 


* 


Now let c be put, as before, for the arch LM, or the difference of the lon- 
gitudes of the points A and B, which in the preſent Problem is ſuppoſed to be 


known. And we ſhall then have c = —— X @— 56; in which equation 


the quantity à is unknown, as well as the quantity x, but is dependant on it, 
and may be derived from it, though not without great difficulty. 


Art. 54. Let d be put (as before,) for the length of the loxodromick curve 
BA, or the diſtance run by the ſhip in her paſſage from B to A; and let m 
be put for the arch B M, or the latitude of the point B, which in this caſe is 


ſuppoſed to be known. 

Then, ſince, by Lemma 1, the length of the loxodromick curve BA is to 
AQ, or AL — BM, as 71s to x, and BM is = m, we ſhall have 4 to 
AL —m as r is to x; and conſequently dx will be = * AL—m, and 


AL — mn will be = = Therefore AL, or the latitude of the point A, 


dx dx 
will be equal to — + n, or m + —. 


- 


Art. 55. Now let q be put for the length of the arch PAL, or the arch 
of a whole quadrant of the meridian circle which paſſes through the point A, 


and of which 7, or the radius of the Earth, is the radius. Then will PA, or 
P A . — A L, 
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PAL AL, be =q—AL; or (becauſe AL is = m + =) PA will be 


(= q = [m + =) = 5 — 8 — = and conſequently — will be (= 


de 
q — m —— a 0 . 
: 2 = = . — — 25 Therefore a, or the logarithm of the ratio of 


the radius to the tangent of the arch , will be equal to the logarithm of the 


ratio of the radius r to the tangent of the arch = — — — 2 

Art. 56. Further, becauſe in every circle the radius is a mean proportional 
between the tangent of any arch lels than go degrees, or the arch of a quadrant, 
and the co-tangent of the fame arch, or the tangent of its complement to the 
arch of a quadrant, it follows that the ratio of the radius 7 to the tangent of 


d. . . 
the arch — — — — = will be equal to the ratio of the tangent of the arch 


3 | d. 
which is the complement of the arch — — — = to the arch of a quadrant, 


or to 2, to the radius 7, But the complement of the arch — — = — — 


to the arch 4 1s (ig el ie — = q——+ = +=)=-L 


2 2 27 2 


+ — + =, Therefore the ratio of the tangent of the arch _ "nk Wy 


to the radius 2 will be equal to the ratio of the radius 7 to the tangent of 


the arch — — — — 2. and conſequently the logarithm of the former ra- 


tio will be equal to the logarithm of the latter ratio. But the logarithm of 
the latter ratio is equal to a. Therefore the logarithm of the former ratio will 
alſo be equal to a; or à will be equal to the logarithm of the ratio of the tan- 


gent of the arch — + — + = to the radius r. Therefore 4a — þ will be 


q m dx 
tangent of 172 4 7 + _ 
= log. of — — 6; and conſequently LM, or e, (which. 
is equal to LEE X a—6,) will be = 22— X 
| tangent of - + — + — Oy 
f 6 
log. of — —6, We muſt therefore now endeavour to 


find an expreſſion for the logarithm of the ratio of the tangent of the arch 
H 2 2 


— — 


2 
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— + — + = to the radius 7, that ſhall conſiſt of a ſet of ſimple terms in- 


volving either known quantities, or the powers of the unknown quantity x 
combined with known quantities. This may be done in the manner following. 


Art. 57. The arch PA is leſs than the arch PL, or than the arch of a 
whole quadrant of the circle, And conſequently the arch — muſt be leſs than 


an arch of 45 degrees, or half the arch of a quadrant. Therefore the comple- 


A 
ment of the arch — to an arch of 90 degrees, muſt be greater than an arch 


| . . 9 ”m 
of 45 degrees. But it has been ſhewn (in art. 56,) that the arch ts fe 


" m ds PA 
+ — is the complement of the arch = —=, or , to an arch of 
2r 2 2 27 2 


go degrees. Therefore the arch — 15 2 + 27 will be greater than an arch 


of 45 degrees. And, as it is the complement of the arch — to an arch of 


go degrees, it muſt be leſs than an arch of go degrees. Therefore it will be 
both greater than an arch of 45 degrees, and leſs than an arch of go de- 


grees. 


But, when an arch is greater than 45 degrees, but leſs than 90 degrees, 
or the arch of a quadrant, Mr. James GRrEGoRY has given us a ſeries that 
will expreſs the logarithm of the ratio of its tangent to the radius of the circle, 
(which logarithm he calls its artificial, or logarithmick, tangent,) in terms in- 
volving the powers of the exceſs of twice the ſaid arch above the arch of a 
quadrant, and the powers of the radius of the circle ; which ſeries 1s as fol- 
lows, If the radius of a circle be called R, and an arch that is leſs than an 
arch of go degrees, but greater than an arch of 45 degrees, be called A, 
and an arch of go degrees in the faid circle be called Q, and an arch that 
is equal to 2A — Q be called E, the logarithm of the ratio of the tangent 


of the arch A to the radius R, in a logarithmick curve of which the ſub- 


tangent is equal to the radius R, will be equal to the infinite ſeries E + 
* =p ES G1E7 277 8 2 

— 4 FIT, + 5040 5 + 72,5705 = &c. Therefore, if, In the circle of 
which 7, or the radius of the Earth, is the radius, and in which 9 is the arch 


of ea quadrant, the arch — _ — = = (which has been ſhewn to be 


greater than an arch of 45 degrees in the ſaid circle, but at the ſame time 
is leſs than the arch of a whole quadrant, being the complement of the arch 


5 to 9, or the arch of a quadrant,) be doubled, and from the double of it, 
which 
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which will be = q + #2 + =, we ſubtract the quadrantal arch 3, and ſub- 


= dx . 8 R g 
ſtitute the remaining arch + 7 inſtead of E, ander inſtead of R, in the 


61e? 277 


5040R® * 72, 570K 


.- 


terms of the foregoing ſeries E + — + + &c, ad 


— 
infaitum, the complicated ſeries thence ariſing, to wit, the feries m ＋ = = 4 


— \ 
war” -* 3 = def. : 
mb — * 61 x 2 1 1 * m+ © 


6rr + 241+ A 


+. &c, ad infinitum, will 


504or? 7245707 
be equal to the logarithm of the ratio of the tangent of the arch — 12 —— 
+ 2 to the radius 7, in a logarithmick curve of which the ſubtangent is 


cl to the radius 2, or the ſaid ſeries will be equal to a. And conſequently 


the equatorial arch LM, or , (which is equal to = rx 


2 — 3, ) will 


x the exceſs of the 56 complicated ſeries 4 = 4- 


x 3 
; 2 e PAP 
2 2 m+ 2 ee 3 277 * — 


6rr 8 50407? 72,5 76 . 
logarithm 5. This equation muſt now be reduced into a proper form for a reſo- 
ſution of it; which may be done in the manner following. 


Arr —XX 


+ &c above the known 


=} 
1 ＋ — 
Art. 58. The ſecond term, — u, of the foregoing ſeries is = 
m4 z3m*dx 3 ama? xs #! 2 ny 4 3 4 —_—_ + Ar 
r rr r WF r 7 9 

Orr ws brr I, 
r3m3 + 3r2m*dx + arma*x* + . 

6r5 


das | md 10om3d*x* + roma + md d5x5 


* P 2 m5 + 72 73 71 75 


And the third term, — L is = 
247 


247 

15 5grtn*dx 10r3m3,4? x* IOr?mm*d3 x3 g rmdaæx⸗ ds x5 
— * * 1 r 
r * 75 75 75 75 


247. 


24 
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[ 7 
61 x m + * D. 65 
i c =| = x the 


18s = — — — 
7 * 1 „ 


And the fourth term, 


5040 50407 r 
ox 211m5d*x? 3 gm+43x3 ma dx 2 1m¹Va 
217 OO — 1 — We ee 
compound „„ 
uantit nde dt 
9 * [ 9 oþ 2 
r 17 
„ the compound quantit 
— pound quantity 
rim! 1nr*m®*dx 21r5*m5Sd* y% 357*m+43 x3 36 
= J OOTY Tn og + 
2117S Ir mass LEN 
17 2 17 + 17 


Gn + 427r*n%ds + 128 rd + 21351r4m#d*%* T 2135r3m3d*x* + 12811 m*d5.x5 
+ 42 %½rmadeas + GA“ 


ET! 5040773 , 
27% 5 FOE, 5 
And the fifth term, 2 7 7 i = 77 x the compound quantity 
2 2 T” — __ 777755 the compound quantity — —5 3 Cn —— 
5 4 ee ry 5 5 —— 4 eg + 2. | + A 


277 + 2493r*m®*ds + qr + 23,268r*m*d3x3 + 3% zer. Þ+ 
Px? __ 234,902r*m#®d5x5 ＋ 23, 2681 5m + 9972 m*dix? + 2493rmd*x* + — 


1 7576 


. 


Therefore the ſaid complicated ſeries m + 2 = + —— — + 


dæ 7 4¹ 
61 x n+ =| 277 * m+ — x ; * 
= + Kc, will be equal to the ſeries m + — + 


5040r® 72,576r® 
#303 + 3 m* dx + zd: + x3 rens THA + 10rIm3d*ﬀRK* + 10r*m?*d3x3 + grmd*x* ＋ d5x35 
ors + 2419 
+ 61r'm? + 427r*n*dx + 128115m5d*x* + 2135r*m*d3%3 + 2135rm3d%x+% + 1281r*md5x5 
+ 427rmd%x* + G 
cogort3 
+ 277r®m? + 2493r*n*ds + 997 2rimd*x* + 23, 26878 x3 + 1 + 34,9021*m#d5 x 
+ 23,268r3m3d*%x5 + g972r*m*dix? + 2493rmd*a* + 2914949 
72,5 70 


2 vn m rms 6177m7 222 
+ &c = the ſeries = + + 7 ＋ . + &c ad inſinitum, 


4 


+ the 


28 
r "4 
LN GS +" 


C 


8 * 
3 - 5%." 
A EE ET Ed 22 1 
2 e K e 


IF Ye 


* 7 4 


n 


3-6 et . 
n 


4 WA + x. A ASH by þ 9 2 2 . Ct 
2 L Wt ©. dd ee T7 _ OO. WA ne MD > Ga Ds 
2. r 3 2 5 0 5 8 . 7 1 ä 
e OE * N 4 N 


FEET ee e 


e 
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— 


2 de rx 27 240 m4; 1 
+ the ſeries 3 — — — 2 &cadinſiuitum, 


2479 50 0“ 72,57 

+ the ſeries © gre + 2 o e ＋&cadixſiuilum, 
＋ the ſeries 757 2 ——— e Wb + &c ad nfinteum', 
+ the nies r = + e + — —— + &c dd infinitum, 
+ ſeries 4 = 128 _ CS + &c ad infinitum, 
+ the ſeries r. + &c ad infinitum 

504013 72,57 617 x 
＋ the ſeries = =_ Deren ＋ &c od inſinilum, 
＋ the ſeries eee + &c ad infinitum, 
＋ the ſeries e + &c ad infinitum, + &C 


61m7 277m? 


$ 
= the ſeri — 2 — C font t ts; 
es m + = + 4 —— = a + &c ad infinitum, 


m* dx ger 6m 27714. (lx 


+ the ſeries © — + — + x + — "babe 4- &c ad inſinilum, 
＋ the ſeries = + | ante + — ee + &c ad infinitum, 
e + — — 12 — I &c ad infinitum, 
+ the ſeries 2EE = . — + &c ad inſiuitum, 
_ + e + &c ad infinitum, 
* the ſeries wo 4b — + &c ad infinitum, 


6147 x7 "m*d1x7 . . 
+ the ſeries — Pp” 4 ee. + &c ad infinitum, 


. 277m . . 
+ the ſeries 5 — + &c ad infinitum, 


2 
+ the ſeries - 77 ce + &C ad. inſinitum, 


+ &c ad 8 


Art. 59. Now let the capital letter B be put = the infinite ſeries # + = 


＋ ms 617 277m? g 4 1 ; 
277 T5 r 7277.9 + &c; and let the capital letter C be put = the 


gm*d 61m%d 277m*d 
247 7201 8064 1* 


infinite ſeries 4 + — — „ + &c; and let D be = the 


infinite 


— — —— eng 


| 
| 
| 
| 
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6 % 6184 1. 1 
infinite ſeries = + = + == + Z + &c; and F be = the infinite 


1274 240r 20167r® 
| ſeries 2 + _ _ 52 5 + &c; and G be = the infinite feries 
= _ — — + &c; and H be = the infinite ſeries © _— x = 
e + &c; and I be = the infinite ſeries == —_— 14 — + &c; and 


6147 *d7 3 
—_ T = = 1 and L be = the infinite 


K be = the infinite ſeries 


ſeries 8 = 0m &c; and M be = the infinite ſeries ZI + &c. e 


. ; HEE dx 
foregoing complicated ſeries n + P * 
9 
c 
+ &c, ad 3 will be equal to the ſeries B + = £4 2 — 21 


72, 576 
r 3 145 . . a 
_ 2 TA TA . &c, ad infivitum. 


Ar: 60. But, by art. 57, the complicated ſeries m + 2 x —— + 


m+ . 61 Xx m+ — 71; 277 x Im+ =" | 
+ &c, ad infinitum, is equal to a, or 


5040r* 72,5 7067 
the 1 ithm of the ratio of the tangent of the arch — . = + = to the 


radius 7 1n a logarithmick curve 5 1 * drogen! 1s 8 to hs radius r. 
1x Ka? Lx 


Therefore the ſeries 3 + = - + = _—_ = + > - += ＋ ＋ ＋ + . hs ba 


+ _ + &c, ad infinitum, vill uſo be i to _ 4 Je or to 4, 


Therefore a — & will be equal to the Nay of the ſeries 3 + = + 2 + 
x3 3.44 Has 15 cal a x 
. 5 en + wo HY 5 + &c, ad infinitum 1 or 


r 
will be equal to the ſeries 3 — 5 + = = + = ＋ 4 = + 2 + 2 4 


Rx IL 9 : a 
_ > + 5 + &c, d iifinitum. 
Art. 61. But, becauſe m is the exceſs of the arch 4 + m, or twice the arch 


— + — above 3, or the arch of a quadrant, it follows from art. 57, that 
| m + 


DET "EIN 


0 . n „ TT" PEE — F 6 7 
1 „ 1 E : 2 5 = . 3 n N „ - 5 3 
; n —U— N Se oa 2 3 1 . Ns 888 FFA ů· 3 s . 
* — POE ͤ IE TDI. To Ie ord eo ne ts Wn TT =, F = „ „ —_— 
bY EEE n 4 n C „ 1 1 a f r 
„ N 4 8 = * 2 . K 724 1 p _ 2 8 
1 2 G "Hi - Þ * a - _ On XR 
” = * g 1 - 
a 7 Y Bw fe. 45 $4 ö 

— « 7 4 « we NS £5 5 FS To 2 . 


F 
3 


N 


or THE LOGARITHMICK TANGENTS TO THE MERIDIAN LINE, K. 57 


m3 ms 61 277 2 3 : 
m + -- + 24 pon + — + Ke, ad infinitum, will be equal to 


the logarithm of the ratio of the tangent of the arch — 3+ — to the ra- 


dius 7 in a logarithmick curve of which the ſubtangent is equal to 7, There- 


. . . . 3 5 7 7518 
fore B, (which is equal to the ſaid ſeries m + — 1 1 


2.414 5040 72,5 70 
+ &c, ad iiſinitum,) will be equal to the logarithm of the ſaid ratio of the 


tangent of the arch _ + — to the radius in the ſaid logarithmick curve. 


But the ratio of the tangent of the arch {> + — , or —, to the radius 7 


is equal to the ratio of the radius 7 to the tangent of the arch? —, which is 


- | 
the complement of the arch 74” to , or the arch of a quadrant ; and conſe- 


quently the logarithm of the former ratio in a loguithmick curve of which 7 


is the ſubtangent is equal to the logarithm of the latter ratio in the ſame loga- 
rithmick curve. | 


Therefore B (which has juſt now been ſhewn to be equal to the logarithm 


of the ratio of the tangent of the arch _ 4 — or = to the radius 1 in 


the logarithmick curve of which 7 is the ſubtangent, ) will alſo be equal to the 
logarithm of the ratio of the radius 7 to the tangent of the arch —— in the 


ſame logarithmick curve. 


1 
3 Ol — 
2 


Art. 62. But this arch 


. PM — 
is equal to — 
Therefore B will be equal to the logarithm of the ratio of the radius r to 


oo . . . . 
the tangent of the arch — in a logarithmick curve of which er is the ſub- 
tangent. : | 


But 4 is equal to this logarithm, as appears from Coroll. 1 to Lemma zd. 
Therefore B will be equal to 5. And conſequently the ſeries 3 — & + 


cx Dx? r 6K as 1 Ka? Lx* Mx? 

S 36%” Gat | nab 1% -— wat 2M 
-.+ = / +3 + - + <a es 
will be equal to the ſame ſeries without the two firſt terms x and — 3, 
(which counterbalance and deſtroy each other,) or will be equal to the 


; Cx Dax? F.x3 Gax® H x5 1x Ka? La Ma 
ſeries * F T + ro &c, ad 
inſinitum. 


Vol. IV. 1 But 


D K . —˙ on. 
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Dax? 5 «6 - x7 : a? 
But the ſeries B — b + — — „ +I+S>+L + 
7 7 


+ 2 + &c, has been ſhewn to be _ to 4a — b, 


Has 1.46 K* t. a9 
There r ＋ ＋ 


_ + &c, ad Ys will alſo be ITY to a — 3. 


Art. 63. But c, or the equatorial arch LMI, or the difference of the long1- 


tudes of the points A and B, is = .— „ 4 — 3. Therefore c, or LM, 


will alſo be * .— x the ſeries = + > + + = +5 4 


77 
ſides of the equation by x,) we ſhall have x = Wrr — xx x the ſeries 


Cx Dax? rax3 o nas '1x® Kal Lax* 
+ =>+ > +%>+>+ 


Ka? La? M 
1 + Ke, ad iiſinitum; and conſequently (multiplying both 


rc; and (by ex- 


tracting the ſquare- root of the reſidual quantity rr — xx, and ſubſtitut- 
ing the infinite ſeries to which it is equal, to wit, the infinite ſeries 71 — 
Xx 2⁰ * oe” 9x50 | 

— —— — — —. — — —' — ad of — 

27 873 10678 12877 2 509 &c, inſte Mir vx in this laſt 
W we ſhall mes ox = the * of the multiplication of the infinite 


70 


KEEP — 1287 IT e into the infinite ſeries 
3 Has l 27 Mx? 
=+ = +5 + . += -+ = + &c, and conſe- 


3 to the fol 3 complicated infinite LA to wit, 


Dx? ra Ga Hx5 1x® Ka? Las Ma9 
T Tt 7 +5 +6 
cx A rd GK ua 148 K * & 
c Dx*® F.x7 Gx? Hx & 
% r — _ Ke 


cx? px? Fx9 & 
1678 1677 1675 


BA 5xꝰ 
12878 &c 


— &C; 


— 


and conſequently (by dividing all the terms of this laſt equation by x,) we ſhall 
have the complicated ſeries 


C + 


OF THE LOGARITHMICK TANGENTS TO THE MERIDIAN LINE, &. 59 


F px Fx Gx3 | 
r TT TI CY + — + &c 
c px3 rx“! Gas Hx® 1x7 K* xc 
2712 273 21+ 275 2179 277 279 
Ca Das Fa® Gx7 tx 8 
ö 81+ 875 87s 877 8 
ö cx® D 7 pas & 
1670 1677 1673 
3 
5 C 
ö \ 125r 
— 


= c: in which equation there is ouly one unknown quantity, to wit, x, or the 
co- ſine of the rhumb- angle LAB. Therefore by reſolving this equation we 
ſhall find the value of the ſaid co- ſine of the rhumb- angle LA B, and conſe- 
quently ſhall, by the help of a Table of Sines and Tangents, diſcover the mag- 


nitude of the ſaid angle LAB itſelf. K. 1. 


Art. 64. This equation will be true only when the ſeveral infinite ſerieſes 
denoted by the capital letters C, D, F, C, H, 1, K, L, M, &c, are con- 
verging ſerieſes. But this will happen only when m, or the latitude of the point 
B, or of the firſt place of the ſhip, from which it begins its voyage, is leſs 
than 7, or the radius of the Earth, and when 4, or the loxodromick arch BA, 
or the diſtance run by the ſhip in going from B to A, is alſo leſs than , or the 
radius of the Earth; becauſe the quantities m and d occur in the numerators 
of the terms of the (aid infinite ſerieſes, and the quantity r occurs in their de- 
nominators. Therefore the ſaid equation will be true only when and d, or 
the faid latitude of the point B and the diſtance run by the ſhip in going from 
B to A, are leſs than the radius of the Earth. | 


Art. 65. In order to ſimplify the notation of the foregoing equation, let r 
be ſubſtituted in its terms inſtead of r, or the radius of the Earth; or let the 
radius of the Earth be called 1. And then we ſhall have r* = 1, and rf = 1, 
and 7+ = 1, and every following power of r = 1; and conſequently the fore- 
going equation will become 


: ec + Dx + Fx* + G + Ha“ + 135 + K* + LX“ + MA + &c 


— (. 
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An Example of the foregoing Solution, 


— Cf  _u._. 


Art. 66. Let the point P, in Fig. 1, denote (as before,) the North Pole of 
the Earth, and let the point B, from which the ſhip begins its voyage, be in 
North latitude 40*, 457, and in Welt longitude, reckoned from London, 13“. 
Let the (hip ſail, in a direction partly tending to the North and partly to the Ealt, 
along the Joxodromick curve, or rhumb-line, B A, which cuts all the meridian- 

lines, over which it paſles, in the ſame angle, to wit, in the angle LAB, which 

is ſuppoſed to be unknown, and of which x is the co-ſine in a circle of which , 
= or 1, or the radius of the Earth, is the radius. And let the length of the ſaid 
= rhumb-line BA, or the diſtance run by the ſhip when ſhe arrives at A, be 
60 leagues, or 180 miles. And let the length of the equatorial arch LM, or the 
difference of the longitudes of the points B and A, be 25, 157. It is required 
to find, from theſe three things ſo given, the angle LAB, of the ſhip's courle, 


by means of the foregoing ſolution. 


Art. 67. A degree of a great circle of the Earth is about 69 miles and a 
half in length. Therefore the arch BM, or the latitude of the point B, which 


— — > 


is equal to 407, 45”, (or 40* + 18 or 40? + 75.) or 40.75, will be = 


40.75 X 69.5 miles = 2832,125 miles. But the radius of the Earth is equal to 
4000 miles, and conſequently a mile will be one 400oth part of the ſaid radius. 
2832.125 


4000 
of the radius of the Earth, or o. 708, oz i of the radius 


„of the radius of 


Therefore BM will be = 2832.125 X — or 
708,031 


the Earth, or : 


of the Earth; or (becauſe the radius of the Earth is called 1,) the arch BM 
will be = 0.508,031 X 1, or 0.708,031. But n is = the arch BM. There- 
fore m will be = 0.708,031, 


In the next place the loxodromick arch B A, or the diſtance run by the ſhip 


in paſſing from B to A, is ſuppoſed to be 180 miles, which is = 180 X — 


or _ of the radius of the Earth, or 0.045 of the radius of the Earth; or 


(becauſe the radius of the Earth is called 1,) = 0.045 X 1, or 0.045; ſo 
that the loxodromick arch BA will be = 0.045. But 4 is = the loxodromick 
arch BA. Therefore 4 will be = 0.045. | 


Thirdly, by art. 59, the capital letter C is equal to the infinite ſeries d + 
wal . + = + Dy 4 &c, and therefore (as 7 is = 1) it will be equal 


213 8064 r* 
to 
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61m%d 255m*d 


14. 
to the infinite ſeries 4 + — EY — + "5 ＋ 86064 


+ &c, Ad x the infi- 


5 4 61 ; 2 k 
nite ſeries 1 + — * . 20 * e + &c. But m is = 0.708,031-. 


Therefore m* will be (= 0.708,931}') = 0.591,307, and m* will be (= 
m XxX n —= 0. 501, 307 * 0.501,307) = o. 251, 308, and m will be (= 
m* x 1 = 0.251,308 x 0.501,307) = 0.125,982, and m will be (= 
wx 0" Ix TOO 982 X 0.501,307) = ©c.063,155 ; and conſequently the 


. zm 61 985 1 | 
ſeries 1 + + 7 + — + — = will be = 1.000,000 +. 


0.501,307 , 5 * O.251,308 61 x SY 277 x 0.063,155 __ 
1:250,549 , 7: 68 4,902 174932935 — 22 
0.250, 653 + = + — + 8067 = 1. ooo, ooo + o. 250, 653 


+ o. 052, 356 + o. 010, 673 + o. oo, 169) = 1.315,851. Therefore d x the 
61m® 2775 
720 ＋ hob $064 
= 0:045-X I. 3 = o. 059, 213. Therefore the capital letter C will, in 
this caſe, be = o. 039, 213. | 


infinite ſeries 1 + = + 5 + + &c will be = d x 1.313,851 


Fourtbly, the ſmall letter c, which is equal to the equatorial arch LM, or 
to 2 degrees and 15 minutes, or 2 degrees and a quarter of a degree, will be 


Fw 24 X 65+ miles = 2.25 X 65.5 miles) = 147.375 miles = 147.375 X 


Pd. 3 oo } þ 
7500 Part of the radius of the Earth, (= * = o. 036, 843 of the radius 
of the Earth z or (becauſe the radius of the Earth is = 1,) the ſaid equatorial 


arch LM, or c, will be = o. 36, 843 X 1, or o. og, 843. 


Therefore the equation ſet down above in art. 65, will, in this caſe, become 
0.059, 213 + Dx + r + C + x! + 135 ＋ K* + 1s) + M + &c 


Cx2 Da? tx! Gas u 1x7 Ka 
2 2 2 2 2 2 2 
c. Des rxS Ga? n.x3 xc 
8 8 5 5 8 


= 0.036,843. 


Art. 68. We muſt next find the values of the capital letters, D, F, G, H, I, | 
K, L, and M; which may be done as follows. 


5A 61 ＋ 
1277 2401 


277% 


The capital letter D is equal to the inſinite ſeries = = 


201678 
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2777: 


* &c, or (becauſe 7 is equal tO 1 „J and conſequently , "0,1 , and 7, 


= 


are, each of them, equal to 1,) it is equa] to the infinite ſeries — — 2 


5 42 7 * * * * 
Ree ts © + &c; and conſequently it will be = d x the infinite ſe- 
249 . 2016 | 
8 = 61m 277¹⁸ "4 4a 3 5 
0 t & c, = dm x the infinite ſeries = + 
5X0. 3 61 X o. 251, 308 277_X o. 12 6,982 N : , 
= FR ron . 8 4 m X the infinite 


. 2.5c6, 15.329,88 897,01 
ſeries — + —_— oy 0 + — — 4 &c, = din Xx the infinite 


ſeries o. oo, oo + o. 208,878 + o. 063,874 + o. 017,310 + &c = dim x 


o. 790, 62 d x o. 708, oz 1 x o. 790, ob⁊ = d* x o. 559, 388 = 0.045" x 


0. 559,388 = 0.045 X 0. 025,172 = Re . . 


1 . 243 6144 518 
The capital letter F is = the infinite ſeries r + =— 2 — Dp 
121+ 1447 8647 


Im 4 5 * — — + &c, = di x the 


+ &c, = the infinite ſeries = + 


6 12 144 
. . . I em? 617 277m* Mila + 73 
infinite ſeries — + — + + 4 + 5 + &c, = 4* x the infinite ſeries + 
5 X ©. 3 61 x o. 251,308 277 X 0. 125,982 3 . 
+ 1 + oy + = TA + &c, = 4* Xx the infinite 
. . . , 8 8 5 
ſeries 5 + © — 35 þ . —.— ＋ BE + &c, = 4* X the infinite ſe. 


ries o. 166,666 + 0.2038,878 + 0.106,456 + 0.040, 390 + &c, = d3 x 
0.522,390 = 0.045 X 0.522,390 = 0.045] Xx 0.923,507 = 0,045 X 
0.001,057 = 0.000,047. . E. I. 

6m ds GI 277m 


—— 


2470 144 5761 +&c =. 


The capital letter G 1s = the infinite ſeries 


6191344 = = 215 4 
the infinite ſeries S — 3 222 + * — + &c = d%% X the infinite ſeries Dy 
76 
5 


6191? 277. : 3 
— + — 4 &c = d*n x the infinite ſeries — 
TRE T "cs | 8 4 7 144 


oo $77.X-0-251,308, Kc = 4. za St 39-5794727 
c = di X the infinite ſeries — . 
+ 570 P „ + 


—— + &c = an x the infinite ſeries o. 208,333 + 0.212, 359 + 
0.120,854 + &c = d'm X 0.541,546, &c = d! x 0.708,031 X 0.541,546 
= A x 0.383,431 = 0.045]* x 0.383,431 = 0.045} x 0.017,254 = 0.045 
X 0.0C0,776 = 0.045 X o. ooo, o35 = 0.000,001. Q. E. I, 

ds 6197*45 277i 


The capital letter H is equal to the infinite ſeries 3 57575 


61 x 0.501,307 


&c 
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: a EE 6111245 277 1 . R : 
&c = the infinite ſeries 7 + 1 + — — + & C = ds x the infinite ſeries 
— = / 
8 6198 277%" 14 & 5 61 x o. 501, 307 
Ore 2 X the infinite ſeries — - 

2 ” 240 T T6 570 12 24 5 240 P 
7 2 2 8 * . . I 579.7 6 612,316 
2] 2229999 + &c = A x the infinite ſeries = + , 
570 24 240 . 570 


+ K u the infinite ſeries o.04 1,666 -+ ©. 127,411 + 0.120,854 + & c 
= & x 0.289,931 = o. ogg, x 0.289,931 = 0.0451 x 0.013,017 = 0.048 
X 0.020,595 = 0.04 5|* X O. ooo, 026 = 0.045 X o. oo, o, 170 == 0.000, 
ooo, o52. . 


61m4® 227 740 


The capital letter I is equal to the infinite ſeries— + & = 
720r® "$0475 


F ; „ 61m 277 ˙³3½6 i a Gt 
the infinite ſeries — + — + &c = d x the infinite ſeries 22 7 

i 72 

1 61 277 X 3 ; 
+= + &c = 4*%n X the infinite ſeries - 2 7 —_ 3% + &c = den X 


138.96; I 


the infinite ſeries = — + — 7 = d X the infinite ſeries 0.084,72 


＋ 0.160,720 + og = = X 0.245008; Sc => 'X 0. 198,031 * 0.245,442 
= de x 0.173,780 = 0.045 X 0. 173,780 = 0.045 * o. oo, 820 = 
o. 45 x o. ooo, 3 52 = 0.04; X 0.000 „015,840 So. 045* X o. ooo, 00, 712 


= 0.045 X o. ooo, ooo, 32 = o. ooo, ooo, oo 1. Q, 1. 
| The od letter K 1s equal to the infinite ſeries 5 + UE + &ec 
| 5040r® 20 161 5 


277 m al 


a7 . * . Gr 
— 7 1 
* -þ- + &c = d' x the infinite feries — 


2010 
277 m* 3 . . . 61 277 X 0.501,307 7 
+ R$ &c. = 4" x the infinite ſeries — + _ + &c = 
a . : 7 8.862, 0 ; ; a 
d' x the infinite ſeries = * 76 — 22 + & = di x the infinite ſeries 
5 


0.012,103 ＋ 0.c63,880 + &c = 4“ Xx o. 080,983 = o. og x o. 080,983 
0.045" X 0.003,044 = 0.045" X o. 000,164 = = 0.04; x 0.000,007,380 = 


5 


0.045)" X o. ooo, ooo, 332 = 0.045* X o. ooo, ooo, oi 5 = 0.045 X o. ooc, ooo, 


- 000,675, o. ooo, ooo, ooo, o3o. Q. E. I. 
The capital letter L is equal to the infinite ſeries - =. = + &c = the infi- 
nite ſeries 6 + &c = di x the infinite ſeries 805 92 &c = d Xx the in- 


finite ſeries 0.034,350 + &c = d X 0.708.031 * ERS =—_= 4 x 


0.024, 321 = — X 0.024.221 = 045) X 0,001,094 = 0.04 5| X 
0,000,049 = o. 0458 X 0,000,002,205 = 0.045 X o. o,o ee _ 0.045! 
X 
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0 


x o. ooo, ooo, oo4, 455 = 0.04 5\* Xx 0.000,000,000,200 = 0.045 X o. NO 
000,009,000 = = 0.000,000,000,000,405. r. 


And the capital letter M is equal to the infinite ſeries e ＋ &c S the 


infinite ſeries 50 + & c = a x the infinite ſerics 2 — e 


576 7275 
the infinite ſeries o. O03, 8 16 + &c = O. og X 0.093 _ ee = 0.045 x 
0.000,171,720 = 0.045\' X 000,007,727,400 = X 0.000,000,347,7 33 
= o. ogg x 0.000,000,015,6438 = 0.04514 X o. . o. 45 


X o. ooo, ooo, ooo, o3 1, 680 = o. o45] X o. ooo, ooo, ooo, oo 1,425 = 0.045 X 
o. ooo, ooo, ooo, ooo, 64 o. ooo, ooo, ooo, ooo, ooa. . 


Therefore, if we carry the computation of the infinite ſerieſes denoted by 
the ſaid capital letters C, D, F, G, H, I, K, L, and M, only to fix places 
of decimal fractions, we may conſider the letters H, I, K, L, and M, as be- 
ing, each of them, equal to o, and may therefore omit the ſev eral terms in the 
above complicated equation, ſet down in art. 67, that involve them. And 
then the ſaid equation will be as follows; to wit, 


rr pero TO +0 + 0 + © + &c 


PP o — o — oO — &c 
2 2 2 2 
cx xs F.x* G 
— . 
cx*® p.v7 Fx N 
i Ac 
gcas 
* 


= o. 036, 843. 


Art. * In this ex we muſt now reduce the ſeveral compound co. effi- 


cients of x*, x*, x*, x5, *, , and a, to wit, the compound quantities + F — 
C D F C G D F C 8 D 
. l 2 he 2 "hy 8 16? 8 16? 
F de 


6 A2 into ſimple terms: which may be done as follows. 


0.059,21 
= 2 —) — 


Since c is = 0.059,213, we ſhall have — = 0.029,606, 


and _ (= ——) 0.007,402, and —— = (= es) = = 0.003,701, and 
5 X ©, 222 0. 296, 65 
25 8 ( 128 128 ) = 0,002,313. | 
And, ſince p is = 0.001,132, we ſhall have —— 42 — = 0.000, 566, 
D O. O . , 


And, 
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. F O. O0 
And, fince F is o. ooo, o47, we ſhall have — (= —2Z = 0.000,023, 


2 
n F 0.000,047\, __ 


a ES | G 0,000,001 - 
And, ſince 6 is = 0.000,001, we ſhall have — (= ) so ooo, ooo, 
and — = 0.000,000. 


Therefore + F — — will be (= + o. ooo, 4) — 0.029,606) = 
— 0,029,559; and + — —— will be (= + 0,000,001 — o. ooo, 566) = 


— 0,007,425; and — — — will be (= — o. ooo, ooo — o. oo, 141) = 


FM o. ooo, 505, and — — — — will be (= — 0,000,023 — o. oo, 402) = 


F 0 a 3 


do. oog, 707; and — 5 — 16 will be (= do. ooo, ooo — 0,000,070) = 


— 0,000,070 ; and — — — 285 will be (= — 0,000,003 — o. oo, 313) = 


— do. oo, 316. 


Therefore the foregoing complicated equation, ſet down in the preceeding 
article, will now become as follows, to wit, 
o. og 9, 213 ++ o. o0 1, 132 X # — 0. 029,35 X * — 0.000,565 * 
— o. oo, 425 X * — 0,000,141 X ** — o. oog, 70% x * 
— . ooo, oo X * — o. oo, 316 x * — &c = 0.036, 843. 


Art. 70. Now let all the terms on the left-hand ſide of this equation that 
have the ſign — prefixed to them, or are ſubtracted from the other terms on 
the ſame ſide, be added to both ſides of the equation. And we ſhall then have 

o.0 59, 213 + o. o01, 132 X K = 0.036,843 + . 029, 5850 X * 
+ o. ooo, 565 x * + o. oo), 425 K* + 0.000,141 X * 
+ o. oog, 07 X * + o. ooo, o X * + o. oo, 316 x * ＋ &c, 
Therefore, (ſubtracting o.o36, 843 from both ſides,) we ſhall have 
o. 022,370 + o. oo, 132 X x = 0.029,559 Xx x* + o. ooo, 565 * * 
+ o. oo, 425 x * + o. ooo, 141 Xx x* + 0.003,707 x * 
f + o. ooo, oo X x” + o. oo, 316 x * + &c, and (ſubtract- 
ing o. 001, 132 X x from both ſides,) we ſhall have 
— 0,001,132 X x + o. 029, 55 K* + o. ooo, 565 X ** 
+ 0.007,425 X * + o. ooo, 141 x * + 0.003,707 Xx * 
+ 0.000,070 X x! + I x" + &c = 0,022,370: 


Vol, IV. Art. 71 A 


| 
| 
4] 
| 


ir, 
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Art. 71. In this equation it is remarkable that 0.029,559, the co- efficient 
of **, is greater than 0.001,132, the co-efficient of x; and that 0,007,425, 
the co-efficient of x*, is greater than o. oo, 665, the co- efficient of x? ; and. 
that 0.003,707, the co- efficient of , is greater than o. ooo, 141, the co-efh + 
cient of x*; and that 0.002,316, the co- efficient of x*, is greater than-0.000,070, 
the co-efficient of “. But the co-efficients *of x, x*, x5, and x', or the odd 
powers of x, (to wit, 0.001,132, and 0.000,565, and o. ooo, 141, and: 
0.000,070,) are every one leſs than the next before it, or decreaſe when the 
powers of x increaſe ; and the co-efficients of x*,. *, &, and &, or the even 
powers of x, (to wit, 0.029,559, and 0.007,425, and 0.003,707, and 
0.002,316,) are allo every one leſs than the next before it, or decreaſe when. 
the powers of x increaſe; as well as the co- efficients of x, x*, , and x”, or 


the odd powers of x. 


Art. 72. We muſt now endeavour to reſolve this laſt equation obtained in 
art. 70, to wit, the equation — o. oO, 132 & # + 0:029,559 X K* 
+ o. ooo, 565 K * + o. oo, 425 x * + o. ooo, 141 Xx 4 
+ 0,003,707 Xx * + o. ooo, o Xx x7 + 0,002,316 X * + & c 
= o. o22, 370. Now this can only be done by approximation; and I take 


Mr. Rayason's method of reſolving equations by approximation to be the, 
beſt method that can be employed for this purpoſe. I will therefore now” 
endeavour to find a firſt near value of x that ſhall differ from its true value 
by only a tenth, or leſs than a tenth, part of the ſaid true value, in order to 
make tlie ſaid firſt near value of x the baſis of a further approach to its true 


value, according to the directions of Mr. Raynsox's method. 


Art. 73. Now, in order to find this firſt near value of x, we may begin 
by obſerving, that x, (being the co-ſine of a certain angle in a circle of which 
7, or 1, or the radius of the Earth, is the radius,) muſt be leſs than the ra- 
dius 7, or 1; and conſequently that x» muſt be leſs than x, and & than xx,. 
and x* than x*, and every following power of x muſt be leſs than that which 
preceeds it. And hence. we may conclude that the two firſt terms o. oo 1, 132 
X x, and o. 029,5 59 X. xx, will be greater than the two next terms, or than 
any other two terms on the ſame ſide of the equation. We will therefore neglect 
all the terms on the left-hand ſide of the equation, except the ſaid two firſt 
terms — o. oO r, 132 X # + . 29, 550 X xx, and will ſuppoſe thoſe two terms 
alone to be equal to the whole left-hand fide of the equation, and conſequently: 
to the abſolute term 0.022,370, and will reſolve the quadratick. equation, re- 
ſulting from this ſuppoſition, to wit, the quadratick equation — 0.001,132 X x: 
+ 0.029,559 X xx = 0.022,370, or 0.029,559 X xx —.0.001,132.X. » = 
. o22, 370. This may be done in the manner following. 


Divide all the terms by o. 029, 559, or the co- efficient of xx, And we ſhall. 


o. o01, 132 o. o22, 370 12 | i 
have xx — x = that is, X## = 0,038,290 x x = 


0. 756, 79 r. 
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0.756,791. Divide the co-efficient 0.038,296 by 2 ; and the quotient will be 
0.019,148, the ſquare of which is 0.000,366,645,904. Let this ſquare be 
added to both ſides of the equation. And we ſhall have xx = 0,038,296 X x 
+ ©6.019,148)* = 0.756,791 + 0.000,366,645,904 = 0.757,157,645,904- 
Therefore (extracting the ſquare-roots of both fides,) we ſhall have x — 
0.019,148 = 0.870, &c, and conſequently x will be = 0.870 + 0.019, &c 
= 0.889, &c, Therefore the firſt near value of x in the foregoing high 
equation, (et down in art. 20, will be 0.889 ; of which it ſeems reaſonable to 


ſuppoſe that the firſt two figures, 0.88, may be exact. 


Art. 74. We will therefore now ſubſtitute 0.88, inſtead of x, in the com- 
pound quantity which forms the left-hand fide of the equation ſet down in 


art, 70, to wit, the equation 
— 0.001,132 X x + 0.029,559 X xx + o. ooo, 565 X * 


+ 0.007,425 x * + 0,000,141 x & + 0.003,707 X * 


+ 0.000,070 Xx x7 + 0.002,316 x x* + &c, = 0.022,370, in order 
to diſcover whether the value of the ſaid compound quantity reſulting from ſuch 
ſubſtitution will be greater, or leſs, than the abſolute term, 0.022,370, of the 
ſaid equation, and whether its difference from the ſaid abſolute term will 


great, or ſmall, | | 
Now, if we ſuppoſe æ to be = 0.88, we ſhall have 
xx (= 0.88 X 0.88) = 0.7744, 


and * (= 0.7744 X 0.88) = 0.681,472, | 3 
and *“ (= 0.681,472 & 0.88) = 0.599,095, | 
and x* (= 0.599,695 X 0.88) = 0.527,731, 


and * (= 0.527,731 X 0.88) = 0.464403, 
and x7 (= 0.464,403 X 0.88) = 0.408,674, 
and x* (= 0.408,674 & 0.88) = 0.359,633, and conſequently 


0.001,132 X x (= o. o, 132 X 0.88) = 0.000,996, 
and 0,029,559 X ax (= 0.029,559 & 0.7744) = 0.022,890, 
and 0.000,565 X * (= a.000,565 X 0.681,472) = o. ooo, 385, 
and o. oo), 425 X * (= o. oo), 425 X o. 599, 695) = o. oo, 452, 
and o. ooo, 141 X * (= o. ooo, 141 X 0. 527,731) = o. ooo, 74, 


and 0.003,707 x * (= o. oog, 70% X o. 464, 403) = o. 001, 721, 
and c. ooo, oo x W (= 0,000,070 x o. 408, 674) = o. ooo, oz8, 
and o. oo, 316 K * (= o. oog, 316 X o. 359, 633) = o. ooo, 833. 


Therefore the compound quantity 
— O0.001,132 X Xx + o. 029, 550 X xx + o. ooo, 565 X * 


4 o. 007, 425 K * + 0,000,141 x * + 0.003,707 X * 
K 2 4 


"a 


68 AN APPENDIX TO DR« HALLEY'S DEMONSTRATION OF THE ANALOGY: 


＋ 0,000,070 X * + o. o02, 316 x x* will be (= 

— 0.000,996 + o. o22, 8990 + o. ooo, 385 + 0.004,452' + 0:600,074 
+ 0.001, 21 ＋ 0.500,028 + o. oo, 833 = — o. ooo, 996 + 0.030, 383) = 
+ 6.029,387 ; which is greater than o. 022, 370, or the abſolute term of the 
equation a 
— o. oo, 132 x x + o. 029, 55 X xx + o. ooo, 565 X * 

+ 0.007,425 X * + o. ooo, 141 x & + o. oog, 0% x * 

+ 0.000,070 x & + o. oo, 316 x x* = o. 022, 370. Therefore 0.33 wil! 
be greater than the true value of x in the ſaid equation. 


Art..75. We will therefore, in the next place, ſuppoſe æ to be equal to 0.88. 
— 2, and ſubſtitute 0.88 — ꝝ inſtead of x in the terms of the foregoing equa- 
tion, but with an omiſſion of all the terms that involve any higher powers of 2 
than its ſimple power, or 2 itſelf, agreeably to the rules of Mr. Raynsox's. - 
method of approximation, This may be done in the manner following. 


Since x is = 0.88 — 2, we ſhall have 
xx (= 0.88 — 2|* = 0.88! —- 2 X 0.88 x x + &c) = 0.7744 — 1.76 
X2 + &c,. | | 
and x* (= 0.88 _— 2} = 0.8807 — 3 X 0.88 X 2 + &c = 0.888 — 3 „ 
| 0.7744 X 2 + &c) = 0.681,472 — 2.3232 X 2 + &c, 
and * (= 0.88 —2* = 0.88 — 4 x 0.88. x 2 + & = 0.884 — 4 * 
0.681,472 * 2 + & c) = o. 599,695 — 2.72 5,888 X 2 + &c, 
and * (= 0.88 — A“ = 0.88% — 5 N 0.8814 X 2 + & = 0.885 
5 X 0.599,695 X 2 + &c) = 0.527,731. — 2.998,475 X 2 
+ &c, | | 
and x* (S 0.88 — 2Þ* = 0.88" — 6 x 0.88 x 2 + & =0.88%—6 x 
5 0.527,731 X 2 x &c) . 464, 403 = 3.166, 386 x.2 + &c, 
and * (= 0.88 — f = 0.88" — 7 x088% x2 + & = . 88h 7 x 
| 0.464,403 * 3 + &c) = 0.408,674 — 3.250, 821 x 2 + &c,. 
and x* (="0.88 — 2} = 0.880 — 8 x 0.88? x 2 +4 &c = 5:88 — 8x 
0. 408, 674 X 2 + &c) = 0.359,633 — 3.269,392 & 2 + &c. 


Therefore 0,001,132 X & will be (=0.001,132 * 0.88 — 2 = o. ool, 132 
X 0.88 — 0,001,132 X 2) = o. ooo, 996 — 0,001,1 32 X 2, 


and o. 029,559 X xx will be (= o. oz9, 55 X 0.7744 — 1.76 x 20 

| 0.029,559 X 0.7744 = 0,029,559 & 1.76 X 2) = 0.022,890 = 
0,052,023 X 2, | 

and 
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and 0.000,565 X W will be (= 0.000,565 x 0.081,472 — 2.32.32 NA = 
o. Oo, 565 x 0.681,472 — 0.000,505 X 2.3232 X 2) = 0.000,385 
— 0.001,312 X 2, 


and o. 00%, 425 X * will be (= 0.007,425 X 0.599,095 — 2.725,888 x 2 = 
0.007,425 X o. 599,695 — 0:007,425 X 2. n X 2) = 0.004, 
452 — 0.020,239 X 2, 


and 0.0c0,141 X 45 will be (= 0.000,141 X 0.527,731 — 2. 993,475 X 2 
= o. ooo, 141 X 0. 527,731 — o. o, 141 X 2.998, 475 X 2) = 
o. 000, 74 — o ooo, 422 X 2, | 


and 0.003,707 Xx * will be (= 0.003,707 Xx 0.404,403 — 3.160, 380 X 2 
= o. oog, 07 X 0.464,403 — 0.003,707 X 3.166,386 K 2) = 
0.001,721 — O 011,738 X 2, 


and o. oco ,070 X x? will be (= 0.0c0,070 x 0.4-8,674 — 3.250,821 x 2 
= 0.000,070. X 0.408,674 — 0.002,070 Xx 3.250,821 X 2) = 
0.000,028 — o. ooo, 227 X Z, 


and 0.002 316 X x* will be (= o. oo, 316 * o. 359,33 — 3-209,392 * 2 
= o. oo2, 316 X 0.359, 633 — o. o, 316 X 3.269,392 & 2) = 
o. 000, 833 — 0.007,562 X 2; 
and conſequently the compound quantity 
— 0.001, 132 X * + 0.029,559 X xx + 0,000,565 x a* 
| + 0.c07,425 Xx * + 0.000,141 X * + 0.003,707 x * 
+ o. ooo, oo x * + 0.002,316 x * will be. 


— 0,000,996 + 0,001,132 
+ 0.022,890 — 0,052,023 
+ 0.000,385 — 0.001,312 
_ ; + 0,004,452 — 0.020,239 
+ o 000,074 — o. ooo, 422 
+ o. o, 721 — 0. 011,738 
+ o. ooo, 28 — o. ooo, 227 
+ o. ooo, 833 — 0.007,502 


| — 0.000,996 + 0,001,132 X 2 } 
+ 0,030,383 — 0,093,523 X 2 
= ＋ 9. 029,387 — 0,092,391 & 2- 


5 © © + & o* - 
N N N e e N N NN 


But the compound quantity 

— o. oo, 132 X * + 029,559 X xx + o. oco, 56 Xx ** 

+ o. oo), 425 X * ＋ 000,141 Xx x* + o. oog, 0% X * 

+ 0.000,070 Xx X + o. oo , 316 X x* + &c is = o. 022, 370. 


Therefore 0.029,387 — 0.092,91 X 2 is allo = 0,022,370. And con- 
lequently 
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ſequently (adding \0.092,391 X 2 to both ſides,) we ſhall have 0.029,387 = 
0.022,370 + 0. 092,391 X 2, and (ſubtracting 0.022,370 from both ſides,) 
: 2 > RR 
0.092,391 X 2 = 0.007,017, and 2 = en,, 

Therefore x, or 0.88 — , will be (= o. 8800 — 0.0759) = 0.8041 ; or 
the ſecond near value of x in the equation 

— 0.001,132 X # + 0.029,559 X xv + o. ooo, 565 x * 

+ 0.007,425 X * + o. ooo, 41 Xx * + o. oog, o/ X * 

+ o. ooo, o X * + o. oo, 316 n + &c = 0.022,370 will be = 


0.8041. . . 


Art. 76. We will now ſubſtitute this laſt value of , to wit, 0.3041, inſtead 
of x, in the compound quantity | 
— 0.C01,132 X x + 0.029,559 X xx + 0.0c0,565 x * 
+ o. oo, 425 x * + 0.000,141 x A + 0:003,907 Xx * 
+ o. ooo, o x * + 0.002,316 K , (which forms the firſt, or leſt- 


hand, ſide of the foregoing equation, ) in order to diſcover how near the value 
of the ſaid compound quantity reſulting from the ſaid ſubſtitution will ap- 
proach to the true value of the ſaid compound quantity, or to the value of its 
equal, the abſolute term, 0.022,370, of the ſaid equation; and conſequently 
to find how near the ſaid number 0.8041 will approach to the true value of y 
in the faid.equation, This may be done in the manner following. 


If we ſuppoſe x to be = 0.8041, we ſhall have 
xx = 0.8041]* = 0.646,576,81, 

and * (= 0.646,577 X 0.8041) = 0.519,912; 
and x* (= 0.519,912 Xx 0.8041) = 0.418,061, 
and a* (= 0.418,061 x 0.8041) = 0.336,162, 
and * (= o. 336, 162 Xx 0.8041) = 0.270,307, 
and & (=.0.270,307 x 0.8041) = 0.217,353, 
and x* (= 0.217,353 Xx 0.8041) = . 174,773, 


and conſequently 0,001,132 x x (= 0.001,132 & 08041) = O oo, 10, 
and 0.029,559 X xx (= 0.029,559 x 0.646,577) 0.019,112, 


and -0.000,505 x W (= d. oo, 565 X 0. 319,942) = 0.000,293, 
and o. o07, 425 X x* (= 0.007,425 X o. 418, 061) = 0,003,104, 
and o. ooO, 141 X * (= 0,000,141 X 0.336, 162) = o. ooo, o47, 
and o 003,707 X * (= 0,003,707 X o. 270, 307) = o. oo r, ooa, 
and 0.000,070 X & (= o. ooo, 7 Xx o. 217,353) = o. ooo, o1 5, 
and o. oo, 316 x * (= 0.002,316 X 0. 174,773) = o. ooo, 0a, 
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and — o. 001, 132 & # + 0.029,559 X xx + 0.000,565 * * 

+ 0.007,425 X * + 0,000,141 X * Þ+ 0.003,707 Xx * 

+ o. ooo, oo x & + 0.002,316 Xx x* = — 0.000,910 + . 019,112 
＋ do. ooo, 293 + 0.003,104 + 0.000,047 -+ 0.001,002 + C.000,015 + 
0.000,404 = — 0.000,910 + 0.023,977 = 0.023,067 ; which is greater 
than 0.022,370, or the abſolute term of the equation | 


— 0.c01,132 X # + 0.029,559 X xx + 0.000,565 x x? 
+ 0.007,425 * * + 0.000,141 X X + 0:003,707 x * 


+ 0.000,070 X x! + 0.002,316 x * + &c = 0.022,370. Therefore 


0.8041 is greater than the true value of x in that equation: but the difference 
between them is not great. 


Art. 77. We will therefore, in the next place, ſuppoſe the value of x in the 
foregoing equation to be equal to 0.8, and ſubſtitute 0.8 inſtead of x in the 
compound quantity 

— 0.001,132 X # + 0.029,559 X xx + 0.000,565 Xx x* 

+ 0.007,425 K * + 0.000,141 X * + 0:009,707 X * 

+ o. ooo, o x K* + 0,002,316 X *, (which forms the firſt, or left-hand, 
fide of that equation,) in order to diſcover how nearly the value of the faid 
compound quantity reſulting from that ſubſtitution will approach to the true 
value of the ſaid compound quantity, or of its equal, the abſolute term, 
0.022,370, of the ſaid equation, This may be done in the manner following. 


If we ſuppoſe x to be = 0.8, we ſhall have xx (= o.) = 0.64, 
and x* (= 0.64 X' 0:8) = 0.512, 

and x* (= 0.512 X 0.8) = o. 4096, 

and * (= 0.4096 x 0.8) = 0.327,68,, 

and * (= 0.327,68 X 0.8) = o. 262, 144, 

and x* (= 0.262,T44 X 0.8) = o. 209, 715, 2, 

and x' (= 0.209,715,2 & 0.8) = 0.167,772,16.. 


Therefore 0.001,192' * x will be (= 0.001,132: X 0:8) = 0.000,905' 
and 0.029,559 Xx xx will be (= 0.029,559 x 0.64) = 0.018,917; 
and o. ooo, 565 X * will be (= o. ooo, 565 X 0.512) = 0.000,289 z 
and 0.007,425 Xx * will be (= o. 00%, 425 X 0.4096) = o. oog, 41; 
and 04000,141 X x* will be (= o. ooo, 141 Xx o. 327,68) = o. ooo, 46; 
and o. oog, 70% X * will be (S o. oog, 70% Xx o. 262, 144) o. ooo, 9713 
and o. ooo, o Xx & will be (= o. ooo, o x o. 209, 715) = o. ooo, 14; 
and O. oo, 316 x x* will be (= 0,002,316 x o. 167,72) = o. ooo, 388; 
and conſequently che whole compound quantity 
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— 0,001,132 X x + 0.029, 559 X xx + o. ooo, 565 X 4 

+ o. oo), 425 X * + o. ooo, 141 X x* + o. oog, 0% X * 
© + 0.000,070 X #7 + o. oo, 316 K * will be = — o. ooo, 905 + 0.018, 
917 + o. ooo, 289 ++ o. oog, 41 ＋ͤ o. oo, 46 + 0.000,971 + 0.000,014 + 
o. oo, 388 = —-0.000,905 ＋ o. o23, 666 =-0.022,761 ; which is a little 
greater than o. o22, 370, or the abſolute term of the equation 
— do. o01, 132 X * F o. 029, 559 X xx + o. ooo, 565 x * 
+ o. oo), 425 X * + o. ooo, 141 X * + 0.003,707 Xx ** 5 


+ 0.000,070 X * + o. oo, 316 x * + & c = 0.022,370. Therefore 
'©.8 will be nearly equal to, but a little greater than, the true value of x in 
the ſaid equation. . E. 1. | 


Art. 78. In order therefore to find a ftill nearer value of the root of the 
ſaid equation | | | 

— 0.001,132'X x + 0.029,559 & xx + 0.000,565 X * 

＋ 0,007,425 K* + 0.000,141 X X + 0.003,707 X * | 
+ 0.000.070 X x7 + 0.002,316 X x* = 0.022,370, by Mr. Raynsox's 
method of approximation, let us ſuppoſe x to be equal to 0.8 — 2, and let us 
ſubſtitute 0.8 — 2 inſtead of x in the terms of the ſaid equation, omitting all 
the terms in the values of the ſeveral powers of 0.8 — z which involve any 
higher powers of 2 than the ſimple power, or 2 itſelf. This may be done in 
the manner following. | 


Since x is = 0.8 — z, we ſhall have | 
xx (= 0.8—2* S O. 8 —2X0.8 & z ＋ &c) =-0.64 — 1.6 X 2 
: + Ke, | 
and * (= 0.8 — 2 = 0.8Þ — 3 x o. Sh x 2 + &c = 0.8] — 3 X 0.64 
XZ + &c) = 0.512 — 1.92 & 2 + &c, 
and x* (= o.8 — 2 . 8, — 4 x 0.8 b * ＋ Kc = 0.8} — 4 X 0.512 
* z + &c) = o. 4096 — 2.048 Xx 2 + .&c, 


and & (= o. 8-2 S o. 8 . — 5 No. S E x 2 + & =0.8F —5 x 0.4096 
Xx 2 + &c) = 0.327,68 — 2.0480 X 2 + &c, 


and à (= 0.8—2} = 0.8] — 6 & O. S X 2 + & = o.8} — 6 * 0.327,68 
Xx 2 + &c) =. . 262,144 — 1.966,08 & 2 + &c, 

and & (= 0.08 27 = 0.8) — * Oe X 2 + &c = 0.8 — 7 X 0.262, 
144 X 8 -+ &c) = 0.209,715,2 — 1.835,008 x 2 + &c, 

and * (= OA =0.8F —=8Xo08V „ 2 +&c =0.8"—8 x 0.209, 
725,2X2 + &c) = 0.167,772,16 — 1.677,721,6 X 2 + &c, 


and conſequently 0.001,132 X x (= 0.001,132 6 a z| = 0.001,152 X 
- 0.8 — 0.001,132 X 2) = o. ooo, 905, 6 — 0,001,132 X 2, 


and 
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and o. 029, 55 * xx (= o. 029,5 5% X 0.04 — l.v X 2 + & = 0.029,559 
X 0.64 — 0.029,559 X 1.6 X 2 + &c) = 0.018,917,76 — 
0.047,294,4 X Z + &c, . 


and 0,000,565 x * (= o. ooo, 565 X 0.5, 2 — 1.92 K X + &c = 0.000, 56 5 
X 0.512 — o. ooo, 365 X 1.92 X 2 + &c) = 0.000,289 — 0.001, 
084 Xx 2 + &c, 


and 0.007,425 X * (= 0.007,425 X 0.4096 — 2.048 X 2 + &c = 0.007, 
OE 425 Xx 0.4099 — 0.00J,425 X*2.048 x 2 + &c) = 0.003,041 
= — o. o, o Xx 2 + &C, 
and 0,000,141 X * (= 0.000,141 X 0.327,08 — 2.0480 X Z + Nc = 
0.000,141 X o. 327,68 — 0.000,141 x 2.0480 X 2 + &c) = 
o. oO, 40 — 0.000,288 X 2 + &c, 


and 0,003,707 X * (= 0.003,707 X 0.262,144 — 1.966,08 X ＋ N = 
0.003,707 X o. 262,144 — 0.003,707 Xx 1.966,08 x z + &c) = 
0.009,971 — 0.007,288 K 2 + &c, 


and 0.000,070 x a? (= 0.000,070 X 0.209,715 — 1.835,008 5 2 + &c 
= 0.000,070 X 0.209,715 — o. ooo, o X 1.835,008 x z— &c) 
= 0.000,014 — 0.000,128 X 2 + &c, 
and 0,002,316 X x* (= 0.002,316 X 0.167,772 — 1.677,721 X X + &c 


= 0.002,316 X 0.167,772 — 0.002,316 X 1.677,721 X 2 + &c) 
= o. ooo, 388 — 0.003,975 X 2 + &c. 


Therefore the compound quantity 
— O.001,132 X x + 0.029,559 X xx + 0,000,565 Xx * 
+ 0.007,425 K * + 0.000,141 X ** + 0.003,707 XA 
+ 0.000,070 X x! + 0.002,316 x * + &c, will be = 


— 0,000,005 + O©.001,132 


* x 
+ o. 018,917 — 0.047,294 x 2 + &c 
+ 0.000,289 — 0.001,084 x 2 + & 
+ 0.003,041 — 0.015,206 x 2 + &c 
+ 0.000,046 — 0.000,288 Xx 2 + &c 
+ 0.009,971 — 0.007,288 X 2 + & 
+ 0.000,014 — 0.000,128 Xx Z ＋ & 
+ 0.000,388 — 0.003,875 X X + & 
is { — 0.000,905 + 0.001,132 X 2 } 
2 + 0.023,666 — 0.075,163 X 2 + &c 


= 0.022,761 — 0074,031 X 2 + &Cc. 


But the ſaid compound quantity is equal to the abſolute term 0.022,370, 
of the equation 
— 0.001,132 X x + o. 029, 559 & xx + 0,000,565 X ** 
+ 0. 00%, 425 K* + 0.000,141 K * + 0,003,707 X ** 
+ O. oo, / X x! + o. oO, 316 X x* + & c = 0.022, 370. 
Vol. IV. L Wen: Therefore 
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Therefore 0.022,761 — 0.074,031 x 2 + &c, will alſo be equal to the 
ſaid abſolute term 0.022, 370. And conſequently 0.022,761 will be = 
0.022,370 + 0.074,031 X 2, and 0.074,031 X z will be (= 0.022,761 — 


2 . — 0,000,391 _ 5 : 
0.022,370) = 0.000,391, and x will be = =" 0 0.005,281. There 


fore X, Or 0.8 — Z, will be (= 0.800,000 — 0.005,281) = 0.794,719; 
that is, the more accurate value of the root of the ſaid equation will be 
0.794719. . . 1. 


Art. 80. Having thus obtained the number o. 794, 719, or (dropping the 
two laſt figures, 19, as probably not exact, ) the number o. 7947 for the 
value of x in the equation | 

—- 0,001,132 X # + 0.029,559 X xx ＋ 0.000,565 X * 

+ 0.007,425 K* + 0.000,141 x * + 0.003,707 Xx * 

+ 0.000,070 X * + 0.002,316 X * + &c = 0,022,570, we will now 
proceed to ſubſtitute the ſaid number in the compound quantity which forms 
the left-hand fide of this equation, in order to ſee how nearly the value of the 
ſaid compound quantity reſulting. from this ſubſtitution will approach to the 
true value of the ſaid compound quantity, or to its equal, the ' abſolute term 
0.022,370, and conſequently to determine how nearly the ſaid number 0.7947 
will approach to the true value of x in the ſaid equation. This ſubſtitution 
may be made in the following manner. | 


If we ſuppoſe x to be equal to 0.7947, we ſhall have 

xx = 0.631,548, and x* = 0.501,891, and &“ = 0.398,852, 
and x* = . 316, 967, and x* = 0.251,893, and x? = 0.200,179, 
and & = ©.159,082, and conſequently 

0.001,132 X x (= 0.001,132 X 0.7947) = 0,000,899, 
and 0.029,559 X xx {= 0.029,559 X 0.631,548) = 0.018,668, 
and 0.000,565 * * (= o. ooo, 565 X 0.501,891) = o. ooo, 282, 
and 0,007,425 X * (= 0,007,425 X o. 3908, 832) = o. o02, 961, 
and o. oo, 141 X * (= o. oo0, 141 X o. 3 16,967) = 0.000,044, 
and 0.003,707 X x* (= 0.003,707 X o. 251,893) o. ooo. 933, 
and o. ooo, o/ X * (= o. ooo, 7 X o. 200, 179) = 0.000,014, 
and o oo, 316 * (= 0,002,316 X o. 159, 82) = o. ooo, 308. 


Therefore the compound quantity 
— 0.001,132 X x + o. o29, 55 X xx + o. ooo, 565 X x 
+ 0.007,425 XA + 0.co0,141 XA + 0.003,707 X * 
+ 0.000,070 X x7 + 0.002,316 K * will be = — 0.000,899 + 
© 018,668 + 0.000,282 + 0,002,961 + 0.000,044 + 0.000,933 + 
0.000,014 + 0.000,398 = — o. ooo, 899 + 0.023,270 = + 0.u22,3715 
which is greater than the abſolute term, 0.022,370, of the equation 
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— QO.c01,132 X x + 0.029,559 X xx + o. ooo, 565 x * 

+ 0,007,425 K * + 0.000,141 x * + 0.003,707 X * 

+ 0,000,070 X & + 0,002,316 X x* + &c = 0.022,370 by only 
an unit in the hxth place of decimal fractions. We may therefore conclude 
that the number 0.7947 is very nearly equal to the true value of x in the faid 


equation, 1. 1. 


Art. 81. Now it appears from SukERwix's Table of Sines and Tangents, 
that, if the radius of a circle be called 1, the number 0.7947 will be the fine of 
an angle of 52 degrees and 38 minutes, and the co-line of an angle of 37 de- 
grees and 22 minutes. Therefore the rhumb-angle LA B, or the angle of the 
thip's courſe, of which x, or 0.7947, is the co-tine, will be an angle ot 37 de- 
grces and 22 minutes, UG $6 


Art. 82. If the ſhip failed in a direction due North-Eaſt, the rhumb angle 
LAB would be an angle of 45 degrees. But the angle LAB is only 37*, 
22/, which is lels than 4.5* by 7, 38%. Therefore the direction in which the 


| ſhip ſails will be to the North of a direction due North-Eaſt, and will make an 


angle of 7“, 38“, with that direction. This angle of 7“, 38“ is leſs than a 
whole point of the compats, (or a 32d part of the four right angles ſubtended 


. 6 60 g9 
by the whole circumference of a circle, or than * or 11˙＋4 — or 11* + 


—, or 11 + =) or 11 15, by an angle of 3*, 37. Therefore the direc- 


tion in which the ſhip fails will be North-Eaſt by North, with 36, 37 to the 
Eaſt, or North-Eaft by North, with ſomething leſs than a third part of (11, 
15 or) a point of the compaſs towards the Ealt, d. E. 1. 


— ——_________ 


A Determination of the Length of the Arch AL, or the Latitude of the Second Point A. 
— 


Art. 83. We may now determine the latitude of the ſecond point A, at 
which the ſhip arrives after paſſing along the loxodromick arch B A. This may 
be done in the manner following. 


Since 1 is = 1, and d is = 0-045, and x is = 0.7947, we ſhall have = 


a 
=— = dx = d X 0.7947 = 0.045 X 0.7947) = 0.035,761,5, or (ne- 


1 
glecting the laſt figure 5) = o. o35, 761. Therefore m + = will be (= m + 
0.035,701 2 o. 708, o31 — o. 03 5, 761) = 0.743,792- But the arch A Lo or 
the latitude of the point A, is = m + =, Therefore the ſaid arch will be 


= 0.743,792, or 743,792 millionth parts of 1, or of the radius of the Earth; 
which may be expreſſed in degrees and minutes by proceeding as follows. 
L 2 The 
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The arch BM, or the latitude of the firſt point B, expreſſed in millionth 

arts of 1, or the radius of the Earth, will be to the arch AL, or the lati- 
tude of the ſecond point A, expreſſed in the like parts of the radius of the 
Earth, in the ſame proportion as the ſaid firſt arch BM, expreſſed in degrees 
and decimal parts of a degree, is to the ſaid ſecond arch A L, expreſſed allo 
in degrees and decimal parts of a degree. - But the arch B M 1s = 0.708,03t, 
or 708,031 millionth parts of the radius of the Earth, and contains 40˙ 45), 


or 40? . or 407 + i) or 40. 75 . Therefore, if we take a fourth pro- 


portional to the three numbers 0.708,031, 0.743,792, and 40.7 5P, the ſaid 
fourth proportional will be the value of the arch A L expreſſed in degrees 


and decimal parts of a degree. But the ſaid fourth proportional will be (= 
8.761,03 * 40.7 5% = 1.050, 50% X 40.75P) = 42.8080, or 42* + 1508. 
Therefore the length of the arch A L, expreſſed in degrees and decimal parts, 


i „„ xr 8,480 
of a degree, will be = 42 + — (= 42˙ + —— = 42* + — 
1 W , 0 © - / 28,800 / 
r Haba 

”- 60 * 800“ 


0 , 8 / . Pl | 
42* ＋ 48 + 28” ＋ — = 42 +48' +28” + — = 42* + 48 
+ 28” + 85 = 42 + 48“ + 28” + 48”, or, very nearly, -42% + 


1000 
48" + 297; that is, the latitude of the ſecond point A, (at which the ſhip- 
arrives after paſſing over the loxodromick arch BA,) when expreſſed in de- 


grees and minutes, will be, very nearly, 42*, 48“, 29”. N E. I. 


A Prcef of the Truth of the Concluſſens that have been obtained in the preceeding 
Articles, by the Application of the foregoing Solution of the Second Caſe of Dr, 
HaLLEvY's Problem, to the Example given of it in Art, 66. 


— TLDs aaa: 


Art. 84. Having thus obtained the magnitude of the rhumb-angle LAB 
and the length of the arch A L, or the latitude of the ſecond point A, (at 
which the ſhip arrives after paſſing over the loxodromick arch B A,) and hav- 
ing had the length of the arch B M, or the latitude of the firſt point B (from 
which the ſhip begins her voyage,) given us at firſt, we may now determine, 
by the help of Lemma zd, Coroll. 1, the length of the equatorial arch LM, 
or c, or the difference of the longitudes of the two points A and B, (which 
was before ſuppoſed to be given and to be = 2, 15, or 147.375 miles, or 
147 miles and ſomething more than a third part of a mile. And, if the value 


we ſhall obtain for the ſaid arch LM, or the difference of the longitudes of the 
points 


„ 
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points A and B, by ſuch determination, ſhall be found. to be nearly equal to 
the magnitude of it that was given in the foregoing example, to wit, 25, 15%, 
or 147-375 miles, the ſaid retult will be a confirmation both of the jultnets of 
the realonings adopted in the foregoing ſolution, and of the exactnels witl 
which the ſeveral arithmetical operations, contained in the application of that 
ſolution to the preceeding example, have been pertormed. This determination 
of the length of the ſaid equatorial arch LM may be performed in the manner 
following. 


It is ſhewn in Lemma zd, Coroll. 1, that, if r be put for the radius of the 
Earth, and ? be put for the tangent of the rhumb- angle LAB in the circle of 
which 7, or the radius of the Earth, is the radius, and @ be put for the loga- 


: x ; , PA 
rithm of the ratio of the radius r to the tangent of the arch —» taken on the 


axis, or aſymptote, of a logarithmick curve, of which r, or the radius of the 
Earth, is the fubtangent ; and “ be put for the logarithm of the ratio of the 


. PB . 
radius 7 to the tangent of the arch ,, taken on the, axis, or aſymptote, of the 


ſame logarithmick curve; and c be put for the equatorial arch LM, or the dit- 


ference of the longitudes of the points A and B; we ſhall have e, or LM, 


4 — 7 . . z 
= — X 2 — b, We mult therefore now compute this quantity EN 4 þ 


upon a ſuppoſition that the rhumb-angle LAB is = 37*, 22', and that the 
arch BM is = 40?, 457, and that the arch AL is = 42?, 48, 29". 


* 


Now, ſince the angle LAB is = 37, 22, its tangent 7, in a circle of 
which r, or the radius of the Earth, is the radius, will be = 0.763,636,2 X 7» 
or (becauſe r is ſuppoled to be = 1,) will be = (0.763, 636,2 X 1, ot) 


0.763,636,2. And conſequently the quantity — Xe a Z will be * — _ 


Xa —6b,) = o. 763,636, 2 X 4 — . 


We muſt next find the values of the logarithms a and ; which may be done 
as follows. 


The arch AL, or the latitude of the point A, is = 42?, 48”, 297%. There- 
fore the arch P A, or the complement of the arch AL to the arch PL, or 


the arch of a quadrani, will be (= go* — (425, 48”, 29”) = 47 11, 31”; 


and conſequently the arch -- will be = 23*, 35, 45 30”; the tangent of 
which, in a circle of which the radius is called 1, is = o. 436, 801. 


The arch B M, or the latitude of the point B, is = 40?, 45%. Therefore 
the arch PB, or the complement of the arch BM to the arch PM, or the 


arch of a quadrant, will be = 49®, 15”; and conſequently the arch — will be 


= 2, 37, 30“; the tangent of which in a circle of which the radius is 
called 1, will be 0.458,363. 
Therefore. 


» 


«© 1 
22 — 


— 


* 
2 = * - 
a 
2 — — - — — 
— —ñ4ũ6m— ́ — * — — —— bo eg 5 "EF" E © 4 244 
— cow ee Ant et_—s —_ — * * — — * * N 
£ O = e . . — e 8 s — = — 
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Therefore the ratio of the radius to the tangent of the arch _ will be 


equal to the ratio of 1 to o 436,801 ; and the ratio of the radius r to the tan- 
gent of the arch = will be equal to the ratio of 1 to 0.458,363. Therefore a 


will be the logarithm of the ratio of 1 to 0.436,801, in a logarithmick curve of 
which 1, or the radius of the Earth, is the ſubtangent; and 2 will be the lo— 


earithm of the ratio of 1 to 0.458,363, in the ſame logarithmick curve. 


Further, the ratio of 1 to 0.436,801 is equal to the ratio of 2.289,372 to 1 ; 


and the ratio of 1 to o. 458, 363 is equal to the ratio of 2.181,670 to 1. There- 


fore @ will be the logarithm of the ratio of 2.289,372 to 1 in a logarithmick 
curve, of which 1, or the radius of the Earth, is the ſubtangent ; and & will 
be the logarithm of the ratio of 2.181,676 to 1 in the ſame logarithmick 


curve. 
Now, if the radius of the Earth, or the ſubtangent of the {aid logarithmick 
curve, were called 0.434,294,481,903,251,827, &c, and conlequenily the lo— 
garithm of the ratio of 10 to 1 in the ſame curve were called 1, (as it is in 
Brr6os's ſyſtem of logarithms,) the logarithm of the ratio of 2.289,372 to 1 
would be = 0.359,708,9, and the logarithm of the ratio of 2.181,676 to 1 
would be = 0.338,788,4 ; as will appear from a table of Br1c6s's, or the 


common, logarithms. Therefore, when the radius of the Earth, or the ſub- 


tangent of the ſaid logarithmick curve, is called 1, and conſequently the ſoga- 


rithm of the ratio of 10 to 1, is called 2.302,585,092,994,045,684, &c, the 


logarithm of the ratio of 2.289,372 to 1 will be (= 2.302,58 5, & X 
0.359,708,9) = 0.828,260, and the logarithm of the ratio of 2.181,676 to 1 
will be (= 2.302,585, &c X 0.338,788,4) = o. 780, 89. Therefore à will 
be = 0.828,260, and & will be = 0.780,089 ; and conſequently @ — will 
be (= 0.828,260 — 0.780,089) = 0.048,171. 


Therefore — * a—b, or o. 763, 636, 2 X a— , will be (= o. 763, 636, 2 


X o. o48, 171) = 0.036,785 ; that is, c, or the equatorial arch LM, or the 
difference of the longitudes of the points A and B, will be = o. 036, 785, or 
36,785 millionth parts of 1, or the radius of the Earth, or 36,785 millionth 


: 36,785 . 147, 140, 00 | 
| (= —— les = —=—=— — 
parts of 4000 miles, or ( —.— X 4000 miles = —— miles 


- 147.14) = 147 miles + 1 — of a mile, or 147 miles and about a ſeventh part 


of a mile. . 


Art. 85. This quantity, 147.14 miles, differs very little from 147.375 miles, 
or 25, 15“, which was the length of the equatorial arch LM that was given 
in the foregoing example. And therefore we may reaſonably conclude, both 
that the reaſonings uled in the foregoing Solution of this ſecond caſe of 
Dr. HaLLevY's Problem are juſt, and that the numerous arithmetical operations, 
contained in the application of the ſaid ſolution to the foregoing example, have 
been rightly performed. 


— — — — 
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Preparations for the Solution of a Third Caſe of Dr. HALLEY's Problem. 


— 


Art. 86. We have hitherto ſuppoſed the two points A and B, (from one of 
which the ſhip begins its voyage, and at the other of which it arrives at the 
end of its voyage, ) to be both ſituated on the ſame fide of the Equator. But 
it may happen that theſe points may be on different ſides of the Equator, or 
that the ſhip may croſs the line in its paſſage from one point to the other. This 
caſe therefore remains to be conſidered, in order to a compleat folution of 
Dr. HaLLevy's Problem in all its varieties. Now, in order to obtain the fo- 
lution of this laſt caſe of the Problem, it will be neceſſary that we ſhould pre- 
viouſly give a ſolution of the following Lemma, or preliminary Problem. 


—— — — — 


PROPOSITION VL. 
LEMMA IV. A PROBLEM. 


— f. — 


Art. 87. Let the ſhip be ſuppoſed to fail from the point A (in Fig. 4,) which 
is fituated on one fide of the Equator II, to the point D, which is fituated 
on the other fide of it, and in a different meridian from the point A. And 
let L be the point in which the meridian line P A, which paſſes through the 
point A, cuts the equatorial line HI; and N be the point in which the me- 
ridian line PD, which paſſes through the point D, cuts the fame line HI: So 
that the arch AL of the meridian circle PAL ſhall be the latitude of the 
point A, and the arch DN of the meridian circle PND ſhall be the lati- 
tude of the point D. And let both the arches A L and DN, or the latitudes 
of both the points A and D, be ſuppoſed to be known; and likewiſe the 
rhumb- angle L AD, or the angle of the ſhip's courſe; and the length of the 


rhumb-line A D, or the diſtance run by the ſhip in her paſſage from A to D 


along the loxodromick curve A D, which we will ſuppoſe to cut the line HI, 
or the circumference of the Equator, in the point V. It is required to Ce- 
termine the length of the arch LN in the circumference of the Equator, or the 
difference of the longitudes of the points A and D. 


= — 


S. 0 Li A A; 


lt appears from Lemma Il, and its Corollaries, that, if the ſhip had con- 
tinued her courſe from the point A along the line AV only till ſhe had cut the 
circumference of the Equator in the point V, the arch LV of the circumference 


of 
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* 


of the Equator would have been equal to the quantity = x log. ” 
tangent of 8 


in a logarithmick curve of which the ſubtangent is equal to r, or the radius 
of the Earth. And, if we ſuppoſe the oppoſite pole of the Earth to be denoted 
by the ſmall letter p, it will follow from the ſame Lerama and its Corollaries, 
that the arch VN of the circumference of the Equator will be equal to the quan- 


in the ſame logarithmick curve. Therefore the 


tity = X log. 


tangent of _ | 
equatorial arch LN, which is the ſum of the two arches LV and VN, will 


3 r t | 5 
be equal to the quantity — x log. = + X og. 75 or 
| tangent of Boy tangent of _ 

pop r r . 
to the quantity — X log. = + log. — ; that is, the arch 
tangent of _ tangent of 2 * 


LN, or the difference of the longitudes of the points A and D, will be equal 
to the product of the multiplication of the fraction — into the ſum of the lo- 


garithm of the ratio of the radius r to the tangent of half the arch P A, or of 
balf the complement of the latitude of the firſt point A, to the arch of a qua- 
drant, and the logarithm of the ratio of the radius 7 to the tangent of halt the 
arch p D, or of half the complement of the latitude of the ſecond point D to 
the arch of a quadrant, in a logarithmick curve of which the ſubtangent is 


equal to 7, or the radius of the Earth. . 1. 


Coroll. 1. To ſhorten the foregoing expreſſion of the value of the arch LN, 
let @ be put for the logarithm of the ratio of the radius 7 to the tangent of 
half the arch PA, and let the ſmall Greek letter & be put for the logarithm 
of the ratio of the radius 7 to the tangent of half the arch p D, in a logarith- 
mick curve, of which the ſubtangent is equal to 7, or the radius of the Earth. 


And we ſhall then have LN = - Xx a + &; or the difference of the longi- 
tudes of the two points A and D will be equal to the product of the multi- 


plication of the fraction 1 into the ſum of the two logarithms @ and E, 


Coroll. 2. If LA D, or the angle of the ſhip's courſe, be 45 degrees, or 
half a right angle, the tangent ? will be equal to the radius 7, and conſequently 


- Xx a e will be (= - Xa+86) Sars. Therefore in this caſe the 


arch LN, or the difference of the longitudes of the two points A and D, will 
be equal to a ＋ e, or to the ſum of the two logarithms à and é. 


Fig. 4. 
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Vor. IV. M Art. 88. 
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Art. 88, By the help of this ath Lemma we may now proceed to ſolve the 
third and laſt caſe of Dr. HALLE T's Problem, which 1s as follows, 


——— — Cc 


PROPOSITION VII; A PROBLEM; 


BEING 


A THIRD CASE OF-DOCTOR HALLEY's PROBLEM. 


— —— A. 


Let P (in Fig. 4,) be one of the poles of the Earth; and let the other 
pole, (which is not ſet down in the figure,) be ſuppoſed to be denoted by the 
{mall letter p; let HI be a portion of the circumference of the Equator; A 
and D two points on the ſurface of the Earth, on different fides of the Equator 
HI, to wit, A on the fide of the pole P, and D on the ſide of the oppoſite 
pole p, and at either equal or unequal diſtances from the Equator, but in dif- 
ferent meridian circles PAL and PN D, which cut the equatorial arch HI 
in the points L and N. Further, let a ſhip be ſuppoſed to ſail from the point 
A to the point D along the rhumb-line, or loxodromick curve, AV D, which 
cuts all the meridian-lines, over which it paſſes, in the fame angle, to wit, in an 
angle equal to LA D, or LAV, and which cuts the equatorial arch HI in 
the point V. And let the equatorial arch LN, or the difference of the lon- 
gitudes of the two points A and D, and likewiſe the length of the rhumb-line, 
or loxodromick curve, AD, or AVD, (or the number of miles run over 
by the ſhip in her paſſage from A to D,) and the arch A L, or the latitude of 


the firſt point A, (from which the ſhip begins her voyage,) be ſuppoſed to be 
known; but not the arch DN, or the latitude of the ſecond point D, (at 
which the ſhip arrives after paſſing over the loxodromick arch A D,) nor the 


angle LAD, or LAV, which the line of the ſhip's courſe makes with the 
ſeveral meridian-lines over which it paſſes. It is required to find the (aid angle 


LAD, or LAV. 


% S'OLUT 10 N. 


— — 


Art. 89. In the foregoing Problem, or Lemma 4th, the two circular arches 
AL and DN, or the latitudes of the points A and D, were ſuppoſed to be 
known; as were likewiſe the rhumb-angle LA D, or LAV, and the length of 

the 


3 


n . 5 25 


r — r 
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the rhumb-line AD: and the length of the equatorial arch LN, or the dif- 
ference of the longitudes of the two points A and D, was ſuppoſed to be un- 
known, and was derived from the ſaid former quantities in the ſolution of that 


Problem, and was ſhewn, in Coroll. 1 of the {aid Problem, to be = _ X 


a + d the letters 4 and s being put for the logarithms of the ratios of the 
ralius 7 to the tangent of half the arch P A, or half the complement of the 
Ja:itude of the firſt point A to the arch of a quadrant, or to an arch of go de- 
grees, and to the tangent of half the arch pD, or half the complement of the 
laiicade of the ſecond point D to the arch of a quadrant, or to an arch of go 
degrees, in a logarithmick curve of which the ſubtangent is equal to 7, or the 
radius of the Earth. But in the preſent Problem the latter of theſe two ra- 
tios, (which depends on the arch DN, or the latitude of the ſecond point D,) 
and conſequently its logarithm e, is unknown. Nor can the arch DN, or the 
latitude of the ſecond point D, be derived from the arch A L, or the latitude 
of the ſirſt point A, and the length of the rhumb line A D, (which are both ſup- 
poſed to be known,) in the manner directed by the firſt Lemma; becauſe in 
that Lemma the rhumb-angle LAB was ſuppoled to be known, and conſe- 
quently its tangent ? (in the circle of which e 1s the radius,) was alſo known, as 
well as the length of the rhumb-line AB, and the arch AL, or the latitude of 
the firſt point A; whereas in the preſent Problem the rhumb-angle LAD is 
ſuppoſed to be unknown, and is the very quantity which we are required to 


find. Therefore in the equation LM = — X a ＋r (obtained in the firſt 


Corollary of Lemma 4th,) there will be two unknown quantities, to wit, the 
tangent of the unknown angle LA D, and the logarithm & of the ratio of 7 
to the tangent of half the arch pD. We cannot therefore conſider the equa- 


tion LM = X a +& as a ſimple equation containing only one unknown 
quantity ? (in which caſe we ſhould have r x LM =#X @ ＋ e, and conſe- 


quently 7 = rc but muſt inveſtigate the relation between the two un- 


known quantities f and e, (which are mutually dependant on each other,) and 
muſt reduce them to one unknown quantity, before we can diſcover the value 
of t, or the tangent. of the unknown angle LA D. And this inveſtigation is 
a matter of great nicety and difficulty, as we have found in the ſolutions of the 
two former caſes of Dr. HaLLEY's Problem. 


Art. go. Let x be put for the co-fine of the rhumb- angle L AD, of 
which r is the tangent, in the circle of which r, or the radius of the Earth, 
is the radius. Then will the ſquare of the ſaid co- ſine be xx, and conſequently 
the ſquare of the fine of the fame angle L AD will be rr — xx, and the 


ſaid fine itſelf will be = V/ rr xx. But the co-fine of any arc is to its 


fine as the radius is to the tangent. Therefore x will be to rr = xx as r 
M 2 is 


— 
ö 
A 
1 
t 
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is to ?; and confequently 7? will be = . == Therefore — will be ( 


, and x Fr will be = X @a + & 
XX * r 


But it has been ſhewn above in att. 87, Lemma IV, Coroll. 1, that the equa- 


torial arch LN is = — X aFT Therefore the ſaid arch LN, or the 


arr — ax 


arr — xx 


difference of the longitudes of the points A and D, will be equal to 


” — ———_——_—_—_ 


X a + & 
Let c be put for the arch LN, or the difference of the longitudes of the 


points A and D; which in the preſent Problem is ſuppoſed to be known. 


a/ rr — xx 
— ů— 


And we ſhall then have c = X a +8; in which equation the quan— 


tity & is unknown, as well as the quantity x, but is dependant on it, and may 
be derived from it, though not without great difficulty. 


Art. 91. Let d be put for the length of the loxodromick arch AVD, or 
the diſtance run by the ſhip in her paſſage from A to D; and / tor the length 
of the arch A L, or the latitude of the firlt point A. 


It is ſhewn above in Lemma 1, art. 7, page 10, that the loxodromick arch 
AB, (in fig. 2,) is to the circular arch AQ, (or to the difference of the 
arches A L and B M, or of the latitudes of the points A and B,) as the radius 
of a circle is to the co-ſine of the rhumb-angle LAB, Therefore, when the 
arch B M 1s equal to o, or the point B co-incides with the point M, or is 
fituated in the Equator, and the arch AQ becomes equal to the whole arch 
AL, or to the whole latitude of the point A, the loxodromick arch AB wil 
be to the whole arch AL, or to the whole latitude of the point A, as the ra- 
dius of a circle is to the co-ſine of the rhumb- angle LAB, Therefore, in 
fig. 4, the loxodromick arch AV will be to the whole arch AL, or to the 
whole latitude of the point A, as the radius of a circle is to the co ſine of the 
rhumb- angle LAV, or as 7 1s to x; and, in like manner, the loxodromick 
arch DV will be to the whole arch DN, or to the whole Jatitude of the point 
D, in the proportion of the radius of a circle to the co- ſine of the rhumb-angle 
DV made by the loxodromick arch, or rhumb-line, VD, with the meridian 
line PV continued beyond the point V (where it cuts the equatorial arch HI,) 


to the point x, or, (becauſe the ſaid rhumb-angle D V r is equal to the 1thumb- 


angle L AV, the direction of the ſhip's courſe being ſuppoſed to cut all the me- 
ridian lines, over which it paſſes, in the fame angle, ) in the proportion of the 
radivis of a circle to the co-fine of the rhumb-angle LAV, or in the proportion 
of 7 to x. We (hall therefore have the loxodromick arch VD to the circular 
arch DN in the ſame proportion as the loxodromick arch A V to the circular 
arch AL. Therefore (by Evcriiv's Elements, book 5, prop. 12,) the ſum 
of the two loxodromick arches AV and VD will be to the tum of the two 

| circular 


% 
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circular arches AL and DN in the ſame proportion as the loxodromick arch 
AV is to the circular arch A L, or as 7 1s to *; that is, the whole loxodromick 
arch, or rhumb line, AV D will be to AL + DN (the ſum of the latitudes 
of the two points A and D,) as v is to x; or, (becauſe d is equal to the loxo- 
dromick arch AV D, and / is equal to the arch AL,) 4 will be to { + DN 


as ris to x. Therefore dx will be = I + DN) X x, and / DN will be = 


dx 


AL, and DN will be = . 
r r 


Art. 92. Now let q be put for the length of the arch ↄ DN, or the arch 
of a whole quadrant of the meridian- circle which paſtes through the point D, 
and of which 7, or the radius of the Earth, is the radius. Then will p D, or 


2DN — DN, be = 9 — DN; or (becauſe DN is = = —4,) p will be 


A Ks dx : 
© =) 1 + 7, and conſequently 2 will be (= 


. — ow = + — Therefore E, or the logarithm of the ratio of 


the radius r to the tangent of the arch , will be equal to the logarithm of the 


n a d. l 
ratio of the radius 7 to the tangent of the arch — — 77 + = 


Art. 93. Further, becauſe in every circle the radius is a mean proportional 
between the tangent of any arch leſs than go degrees, or the arch of a quadrant, 
and the co-tangent of the fame arch, or the tangent of its complement to the 
arch of a quadrant, it follows that the ratio of the radius 7 to the tangent of 


the arch = — 2 + — will be equal to the ratio of the tangent of the arch 


. 5 d 1 
which is the complement of the arch — — = + — tothe arch of a quadrant, 


: 4 
or to 3, to the radius T. But the complement of the arch — — = + 2 
2 271 2 


a . 
do the arch i. (S r ee 


„ Therefore the ratio of the tangent of the arch _ 4- = 332 
2 


to the radius 7 will be equal to the ratio of the radius r to the tangent of 
the arch LE + — and conſequently the logarithm of the former ra- 
tio will be equal to the logarithm of the latter ratio. But the logarithm of 
the latter ratio is equal to s. Therefore the logarithm of the former ratio will 
alſo be equal to &; or é will be equal to the logarithm of the ratio of the tan- 

gent 


— ASCEND Thee - * —— — 5 —_ — on 
: S 4 . 


= a + log. of tangent of 
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gent of the arch — + _ — to the radius r. Therefore a + & will be 


q Ax 1 | 
p 4 2r 2 
We muſt therefore now endeavour 


to find an expreſſion for the logarithm of the ratio of the tangent of the arch 


© = -— tothe radios 7, that ſhall conſiſt of a ſet of ſimple terms in- 


2 271 2 
volving either known quantities, or the powers of the unknown quantity x 
combined with known quantities. This may be done 1n the manner following. 


Art. 94. The arch pD is leſs than the arch N, or than the arch of a 
whole quadrant of a circle, And conſequently the arch _ muſt be leſs than 
an arch of 45 degrees, or half the arch of a quadrant, Thercfore the comple- 


v 
ment of the arch 7— to an arch of go degrees, muſt be greater than an arch 


of 45 degrees. But it has been ſhewn (in art. 92,) that the arch = is equal 


[ . 
to — — = * the complement of which to the arch 3, or an arch of 


1 . 
90 degrees, is — + . Therefore - + —— — is alſo the com- 


plement of the arch _ to an arch of go degrees, Therefore the arch — + 


. _ muſt be greater than an arch of 45 degrees. 


2r 

But, when an arch is greater than 45 degrees, but leſs than 90 degrees, 
or the arch of a quadrant, Mr. JaMts GREGORY has given us a ſeries that 
will expreſs the logarithm of the ratio of its tangent to the radius of the circle, 
(which logarithm he calls its artificial, or legarithmick, tangent,) in terms in- 
volving the powers of the exceſs of twice the ſaid arch above the arch of a 
quadrant, and the powers of the radius of the circle ; which ſeries 1s as follows, 
If the radius of the circle be called R, and an arch of the circle that is leſs than 
an arch of go degrees, but greater than an arch of 45 degrees, be called A, 
and an arch of 90 degrees in the ſaid circle be called Q, and an arch that 
is equal to 2A — Q be called E, the logarithm of the ratio of the tangent 
of the arch A to the radius R, in a logarithmick curve of which the ſub— 
tangent is equal to the radius R, will be equal to the infinite ſeries E + 

1 9 . . » 

5 — + = +. —== + r + &c. Therefore, if, in- the circle of 
which 7, or the radius of the Earth, is the radius, and in which g is put for the 


arch of a quadrant, the arch — + = — — (which has been ſhewn to be 
greater 
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— =, - — > 8 22 
1 PP, DID 1 


bk 

3 
2 
2 
3 
A 

\ 
% 
7 


SN „ 


Eo 3 
— 


fi K 
5 e ISS} * — 


dts” Wa” i — 
= 9 


80 
2 


or THE LOGARITHMICK TANGENTS TO THE MERIDIAN LINE, &, 87 


greater than an arch of 45 degrees in the ſaid circle, but at the ſame time 
is leſs than the arch of a whole quadrant, being the complement of the arch 


- to 9, or the arch of a quadrant,) be doubled, and from the double of it, 
which will be 7 + 2 — 1, we ſubtract the quadrantal arch , and ſub- 


ſtitute the remaining arch = — 7 inſtead of E, and » inſtead of R, in the 


I YE £3 E5 E/ 27759 
terms of the foregoing ſeries E + 2 * wg + Ty + ———= + &c, ad 


8 5 : : | WS 
infiiitum, the complicated ſeries thence ariſing, to wit, the ſeries _ — + 


# 5 9 
I 0s; 8 61 x — - i - x[= = 1) 
r r r 


+ &c, ad infinitum, will 


7 S5 72457601" 
N 
be equal to the logarithm of the ratio of the tangent of the arch - + 27 


7 0 . 1 4 . 4 
— — to the radius , in a logarithmick curve of which the ſubtangent is 
equal to the radius 7, 


But it has been ſhewn in the preceeding art. 93, that the logarithm of this 
ratio is equal to . 
7 S 3 


— ＋ Kc. And conſequently the 
r. = xx — Xx 


Therefore & wil] be equal to the ſaid infinite ſeries © = — | + 


7 
— b ö 277 X = UP 
Ir r 


=— 


+ 


equatorial arch LN, or c, (which is equal to x @ + E,) will 


— 


x the ſum of the known logarithm à and the ſaid complicated 


3 
lent: Sens 61 El. 277 an E 


50407? 7275 70 
+ &c. This equation Rove now bs — into a proper for a reſo- 
lution of it; which may be done in the manner following. 


be Arr —Xxx 
2 


3 el 
infinite ſeries _— 


| ds 


po 
brr 


Art. 95. The ſecond term, , of the foregoing ſeries is 


| 
| 
ö 
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a*x3 34* 221 + 24x/* 7 dias ard*x?l 4 zr dx1* 751 
8 EIT” r 8 13 2 1 e 
6rr 28 | rr ME 
Ax3 zrideꝛ + 3 PPde — eee | 
675 
{ D 3 4 14 33/3 2 
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” 245% 8 241+ 8 
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And the fifth term, Jer in = er the compound quantity 
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$ 8 2 77 
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e ns 7255767 


2 E= 
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Therefore the ſaid complicated ſeries = 3 +———+— 


dx 7 | Ar 9 
61 22 . | 
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dx 7 dix — grain + 3 Pds — 1 
> 8 * Os SL 
＋ x5 grid + torahE H - 10773 4 + gro[ de — 15.8 
2419 
+ 61d7x7 — 427 mrld*x% + 1281748, — 2135r3/304 4+ 1 213 — res kv + 
429r®/*/x — Gtr 

co gor 

+ 27749 — 2403 rl + g9972r?Pd\x7 — 23, 2687 P 34,902r4.4d5.15 — 34,902r5/54+c4 
+ - 23» 268+©1543 x3 — 9972 21777 8 2 = 2493r 18 — 27791. 1 
7255 76 


n 


+ Kc, ad infinitum, = | 
3]3 785 617727 2777. /9 


. r 
— the ſeries # + N + _ = 1 + &c ed infinitum, 


— zr ]dx er dx 427 r 240 3 
+ the ſeries = + ==; 2410 504077 7275 70 
zy 1 10 ER 128 175 997 2r1/74* x2 


6r5 + 2479 c0407rt3 => 72,570 


1orHA 2135 r4[44343 23,268-01543.x3 13 
8 | + &c ad infinitum, 


+ & c adinſuitum, 


— the ſeries 


+ &c ad infiritum, 


-. ou 
+ the ſeries 675 + "Tas: + 5040753 72, 570 


grld*x+ 21 3513/3444. 34.0027 5 _— 

* — + — -- &c ad infinitum, 
do s 128 112[245.x5 4 34,902r4/445.x5 
2.41? 50407r'3 72,76 


27 Idas 23, 268750446 So 
50 _ on. * &c ad infinitum, 


61 2 jj 
+ the ſeries —— _ » + 225 5 Sa + &c ad infinitum, 


— the ſeries — 


+ the ſeries —; 


+ &c ad infinitum, 


— the ſeries 2 


24937 
— the ſeries _— + &c ad infinitum, 


27749 x9 
mw 


— the ſeries 3 65 ＋ 


+ the ſeries 1 &c ad infinitum, — &c = 


6117 + 222 
3 5540 f 5257 
33 _ = 61/5dx 277Pdx — 
+ the ſeries = + — + + —_— + 95605 ＋ &c ad infinitum, 
272 „ 61Þ4® x* 2970 g* x* 
+ => e + 
274 "1270 2407 2016 ¹⁰ 
1c a3 x3 5 EAN < 61144343 277% 
"bro 1277 1441? 864 
= 5ld*x* Gd 277Bd4*x4 38 
the ſeries on © Toe © Toa Þ+ &c ad infiritum, 
ds x5 611*45 x5 27 Hd 


+ the ſeries —- = + — + — 
GI 277d 3 
7 4- — + &c ad infinitum, 
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+ &c ad infinitum, 


—- the ſeries 


+ &c ad infinitum, 
+ &c ad infinitum, 


+ &c ad infinitum, 


— the ſeries — 
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90 
G EA We 
+ the ſeries = on 4 e + &c ad infinitum, 
la" x8 8 
— the ſeries 505 4 + &c ad inſinitum, 


+ the ſeries —==7 DE — + &c ad” tnfinitum, 


. . 33 
infinite ſeries = A 


- 


— &c ad 3 
Fx. 


Art. 96. Now let the capital letter B be put = the infinite ſeries / + 
4 tree: and let the capital letter C be put = the 


—ů—5 


2470 PE... 72, 57 
1d 611% Fd 
= + ==> + 2 + &c; and let D be = the 


infinite ſeries 4 += 5 — T2070 T g 


ÞP. 6154? Ida e inn! 
5 40. 00Y — 585 + &c; and F be = the infinite 


15 5 2⁵⁴ 614 2 2770643 
ſcries G77 + _—I —— 744 64 + &c; and G be = the infinite ſeries | 
as 61/245 


5144 6113+ 227. . : . 
ns + 7 1 + &c; and H be = the infinite ſeries — 2 — 
61125 =} Cl 


2771448 infinite ſeri 
+ &c; and I be = the infinite ſeries 72075 + Jour 


$7 577 
a . 5 6rd? 27 on 
K be = the infinite (cries : — mY 87655 + &c; and L be = the infinite 


ſeries 9 92 * + &C; and M be = the infinite ſeries — 5 — - + &c. 


+ &c; and 


And the foregoing complicated * = — * —— + 8 4 


Ar 5 4 Þ 
1 Ing 8 
will be equ 
50407 + 72787675 + &c ad infinitum qual to the ſeries | 
cx Dx F.x3 Gat Has 1x5 x æꝰ L* vr. xꝰ 
infinitum. | 


= 


But, by art. 94, the complicated ſeries = — i + —— 


Art. 97. 
2 61 x <1 mx ö = wor 
—_— . —5 gr + &c ad infinitum is 8 to &, or 
the logarithm of the ratio of the tangent of the arch 5 + 2 — — — to the 


radius r 1n a logarithmick curve of which the fubrangent 18 Were to the radius r. 
Therefore 


er e 


0 
ß ny pn 3 
.. ES re SS 


FRAY S TE-ST: 


6 


77 N SEES 
ES e 3 


; * 5 ye F 
8 . 
BIS I LET 
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. c * rad Ga® nx 1x* Ka? La 
Therefore the ſeries = 2 += ==> + t - += — — IS 


+ _ — &c ad infinitum will alſo be equal to the ſaid logarithm, or to s. 


. . cx vx 
Therefore a ＋ will be equal to the ſum of à and the ſaid ſeries = B þ = — 
rx Gab #.x5 14s Ka? La Ma? __— 
WES 5. cx Dat r Gat xs 1x5 xv 
rr . = 
' 9 A 
= + 75 — &c ad irfinitum. 
r o 


Art. 98. But, becauſe / is the exceſs of the arch 4 + , or twice the arch 


24 = above 2, or the arch of a quadrant, it follows from art. 94, that 
2 . 


5 [5 61/7 2950 a. * 
I + >= + rt ny + + &c ed inſinitum will be equal to 


| R : / 
the logarithm of the ratio of the tangent of the arch — + — to the ra- 


dius r in a logarithmick curve of which the ſubtangent is equal to r. There- 
6117 


c 
5040 


fore the quantity B, (which is equal to the ſaid ſeries 1 + = + 55 4 
277 


+ ＋ + &c ad infinitum,) will be equal to the logarithm of the fail 


72,570 

; 1 lh. ; 
ratio of the tangent of the arch — + — to the radius r in the faid logarith- 
mick curve. 


; l 
But the ratio of the tangent of the arch — + — or —, to the radius r 


. : . . — 2 0 . 
is equal to the ratio of the radius A to the tangent of the arch —, which is 


[ 
the complement of the arch CR to 9, or the arch of a quadrant ; and conſe- 


quently the logarithm of the former ratio in a logarithmick curve of which r 


is the ſubtangent is equal to the logarithm of the latter ratio in the ſame loga- 
rithmick curve. 


Therefore B (which has juſt now been ſhewn to be equal to the logarithm 
of the ratio of the tangent of the arch — + — or 4, to the radius r in 


the logarithmick curve of which r is the ſubtangent,) will alſo be equal to the 


logarithm of the ratio of the radius r to the tangent of the arch —— in the 


ſame logarithmick curve. 
N 2 : But 
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. PL - AL PA 
is equal to ——, or * 


b — 17 
But this arch £ g 


Therefore B will be equal to the logarithm of the ratio of the radius r to 


the tangent of the arch — in a logarithmick curve of which 7 is the ſub- 
tangent. | 
But & is equal to this logarithm, as appears from Coroll. 1 to Lemma 3d. 


Therefore B will be equal to 2. And conſequently the ſeries 4a — B + 
Cx Dx? ræ⸗ G * nas 1x5 K 2 Mx? 


=—_—+ ———+—---; + -—>- + —- — & ad infinitun 


r ps 73 - 1 75 ad 17 rs r9 


will be equal to the ſame ſeries without the two firſt terms 4 and — x, 
(which counterbalance and deſtroy each other,) or will be equal to the 


. Dx? ra G * Has 1* x7 La? Ma? Fr 
. tz — of 
infinitum. | | 

f cx p.x* ra? axt Hx5 1xS Ky? La? 

wc 1 

9 p . 
+ — — &c ad infinittm has been ſhewn to be equal to a + s. 
r 
NS D F.x3 o * Has 145 K La? 
Therefore the ſeries nn nn r 


9 : ki » 
2 — &c ad infnitum will allo be equal to a + E. 


x? 


Art. 99. But c, or the equatorial arch LN, or the difference of the longi- 
tudes of the points A and D, 1s = . — X 2 + E. Therefore c, or LN, will 


/ — 0 Dx*® res G ns 15 

A — — — wc — —ͤ— — 
alſo be equal to & the ſeries = = —- + -- ior ge ee gt 
K 7 4 8 M 9 0 . 1 . 
—_— = oo — — &c ad inſinitum; and conſequently (multiplying both 
ſides of the equation by x,) we ſhall have cv = Vrr — x» x the ſeries 
cx Da? F.x3 Gat H.45 1x5 K La Ma? 3 


and (by extracting the ſquare- root of the reſidual quantity yr — xx, and ſub- 


ſtituting the infinite ſeries to which it is equal, to wit, the infinite ſeries T — 
xx * * gas 7*˙⁰ 


2» 857 © 1615 12877 25058 
this laſt equation, ) we ſhall have cx = the product of the multiplication of the 


— &c ad infinitum, inſtead of Vir — xx, in 


x4 *⁵ 6x8 74 v0 


* . . xXx . . . . 
infinite ſeries 7 — 2 — 5. — 167 — 7387 2857 &c into the infinite ſeries 
cx Dx? r* a Ha u Lx* M.x9 


quently to the following complicated infinite ſeries, to, wit, 
| cx 


a * v _—_— +4 
oo x 


. ͤ A 4.47, 
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| Dx? F.a3 G Hx5 149 Ka? Lat — 8 
TO” * my 1 * 17 , i 
Cx3 Dal ra Ga® na? 1.x? K 8 
TN 
Cx5 px*® tra Gx Hx N 
y 84 1 87 dre 877 d ＋ Kc 
Cal pc? F I 
1678 1677 1678 ＋ XC 
| dead 
{ 12670 + &c 
— &c; 


and conſequently (by dividing all the terms of this laſt equation by x,) we ſhall 
have the complicated ſeries 


E Dy Fx? G Hal 1x5 Kk Lx7 Max? 
r * 13 * 15 * 17 r 
Cx? Dx F.xt Gax5 n 1x7 k * 
272 273 21% 275 219 277 27 
c bas aꝰ Ga? Hx 
k 81+ T 875 87 877 drs 47 
6 7 8 
C DY Fa ge 
— — — — — 
1079 T 1677 16r? ” 
ess 
: 1257? * &C 
| — . 


= Cc: in which equation there is only one unknown quantity, to wit, x, or the 
co-ſine of the rhumb-angle L AD. Therefore by reſolving this equation we 
ſhall find the value of the ſaid co-fine of the rhumb- angle LAD, and confe- 
quently ſhall, by the help of a Table of Sines and Tangents, diſcover the mag- 
nitude of the ſaid angle L AD iiſelf. Q. E. 1. 


Art. 100. This equation will be true only when the ſeveral infinite ſerieſes 
denoted by the capital letters C, D, F, G, H, I, K, L., M, &c, are con— 
verging ſerieſes. But this will happen only when J, or the latitude of che point 
A, or of the firſt place of the ſhip, from which it begins its voyage, is leſs 
than r, or the radius of the Earth, and when 4, or the loxodromick arch AD, 
or the diitance run by the ſhip in going from A to D, is alto leſs than , or the 
radius of the Earth ; becauſe the quantities / and 4 occur in the numerators 
of the terms of the (aid infinite ſerieſes, and the quantity r occurs in their de- 
nominators. Therefore the ſaid equation will be true only when /and d, or 
the faid latitude of the firſt point A and the diſtance run by the (hip in going. 
from A to D, are, each of them, leſs than 7, or the radius of the Earth. 


Art. 101. In order to ſimplify the notation of the foregoing equation, let 1 
be ſubſtituted in its terms initead of , or the radius of the Earth; or let the 
radius 
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radius of the Earth be called 1. And then we {hall have “ = 1, and? = 1, 
and 7+ = 1, and every followivg power of v in like manner = 1; and con- 
ſequently the foregoing equation will become as follows, to wit, 


C px + Fi -G + Hat —135 + KK — LX“ + Ma = &c 


Cx? Dx? ræ⸗ q na* 1.47 K* & 
—— 4 — — bo — — 4x4 —— — 0 
2 2 2 T” 2 2 + 2 2 + 
4 811 D.r5 Fa® Gx? Hs &c N 
p F 8 8 
N cx® Da? Fx 
v2 +6 
16 16 16 * 8 
| goa? + &c 
| 128 | 
: — &c 


Art. 102. It remains that we make an application of the foregoing ſolution 
to ſome particular example, as we did of the two ſolutions of the two foregoing 
caſes of this Problem in the former part of this Ditcourſe. The firlt of theſe 
examples (which is given above in pages 33, 34» 35, 36, &C, - - - - 45) 

was taken from Mr. RoBerTsoNn's Treatite on Navigation, page 560 ; and the 

other example (which is given above in pages 60, 61, 62, 63, &c, - - - 75,) 

was taken from Monſieur Boveuzr's French Treatiſe on Navigation, page 353. 

But neirher of thoſe eminent authors has given us an example of this third caſe 

of Dr. HaLLtEy's Problem. And therefore 1 have been obliged to frame one 

| mylelf. And, in endeavouting to do this, I have found that there is no ſmall 
: danger of aſſigning to the loxodramick arch AV D, .or the diſtance run by the 
ſhip in her paſſage from A to D (which is denoted in the foregoing general : 

ſolution by the ſmall letter 4,) and to the equatorial arch LN (which is de- 1 

noted in the foregoing general ſolution by the ſmall letter c,) magnitudes which X 

way afterwards prove to be incompatible with each other, and confequently | 


WE 


make the ſolution of the Problem impoflible. This misfortune I at firſt fell q 
into in my endeavours to form an example to the foregoing ſolution. But I ; 
have ſince taken proper meaſures to avoid it, and have framed an example in 1 
which the magnitudes aſſigned to the loxodromick arch AVD and the equa- 5 
torial arch LN, or to the quantities 4 and c, (which are both ſuppoſed to be 5 
given in this Problem,) are compatible with each otber, and the ſolution of the : 
Problem is conſequently poſſible, This example is as follows. p 
* 

7 

. = 

- 


An | 


1 


FRI 


LOB as = WEE PEAR. 


E 8 N 
r e 7 SS * 


4 þ ; | 
| a 8 „FFF = 46g TCC 
e 2 . EIA. OTIS e 


Sa ae. ia 2£ 
RT 


OF THE LOGARITHMICK TANGENTS TO THE MERIDIAN LINE, &c. 95 


An Example of the foregoing Solution of the Third Cafe of 
Dr. HaLiLty's Problem, 


— LOTT Das an — — 


Art. 103. Let the point P, in Fig. 4, denote the North Pole of he Earth, 
and H 1 denote a part of the circumference of the Equator, And let the potat 
A, (which lies between the North Pole P and the Fquator HI,) be only five 
degrees to the North of the Equator ; or let the arch AL, (which tis the lati- 
tude of the point A,) be an arch of five degrees. Let the ſhip ſail, in a direc- 
tion partly tending to the South and partly to the Welt, along the loxodromick 
curve, or rhumb-line, A D, which cuts all the meridian-lines, over which it 
paſſes, in the ſame angle L AD, which is ſuppoſed to be unknown, and of 
which x is the co-fine in a circle of which r, or r, or the radius of the Earth, 
is the radius. And let the ſaid rhumb-line A D be ſuppoſed to croſs the 
equatorial arch HI, and to cut it in the point V, and to be continued to the 
point D, which lies on the South fide of the Equator, or between the South 
Pole, (which J ſuppoſe to be denoted by the ſmall letter p, though, from 
want of room, it is not ſet down in the figure,) and the Equator. And let 
the length of the ſaid rhumb-line, AV D, or the diſtance run by the ſhip in 
paſſing from A to D, be 564 miles. And, laſtly, let the length of the equa- 
torial areh LN, or the difference of the longitudes of the points A and D, 
be 324.994 miles. It is required to find, from theſe three quantities fo given, 
(to wit, the firſt latitude A L, or five degrees, the rhumb line AV D, or 564 
miles, and the equatorial arch LN, or 324.904 miles,) the angle LA D, of 


the ſhip's courſe, by means of the foregoing ſolution. 


Art. 104. A degree of a great circle of the Earth is equal to about 69 miles 
and a half, or 69.5 miles. Therefore the arch AL, or the latitude cf the 
firſt point A, (being equal to 5 degrees,) will be equal to (5 X 69.5 miles, 
or) 347.5 miles. But the radius of the Earth is = 4000 miles. Therefore A L. 
will be = 347.5 X the 4oooth part of the radius of the Earth, or will be 
(= 347-5 'X —- =) = 0.086,875 of the radius of the Earth; or (be- 


cauſe the radius of the Earth is ſuppoſed to be called 1,) AL will be = 


0.086,875 X 1, or 0.086,875, But / is = AL. Therefore / will be = 
0.086,875. 


In the next place the loxodromick arch A D, or the diſtance run by the ſhip 
in paſſing from A to D, is ſuppoſed to be 564 miles, which is = — of the 


radius of the Earth, or 0.141 of the radius of the Earth; or (becauſe the ra- 
dius 
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dius of the Earth is called 1,) the loxodromick arch A D will be = 0.141 X 1, 
or o. 141. But is = the loxodromick arch AD. Therefore 4 will be = 


0.141. 
"Thirdly, the ſmall letter c, which is equal to the W arch LN) will 


be = 324.904 miles, or — 955 of the radius of the Earth; or 0.081,201 of 


the radius of the Earth, or (becauſe the radius of the Earth is called 115 will 
be = 0.081,201 X 1, or 0,051,201. 


Therefore the general equation ſet down above in art. 101, to wit, the 
equation | 
C— Dx + ti? — K + Ha! — Ix + K — Ly) + Mx! — &c, 


Cx? Dx? F.x+ g Has 1x7 K* 
j v4 es 2 12h or em Wb tan, 

cx. Dx5s raꝰ Gx7 xs 
. 

c Dx7 F. xd 
. 

5 ca 


= c, will, in this caſe, become 
C— Dx + Fi — G + Hit — 185 TKA — Lx“ + * — &c, 


C 
| Cx px3 Fx* G nas 1x7 x 

F r 
N cat Dx ræꝰ Gx7 nas 

] . Mes ms, 
cd Dx7 Fx? 

rr. 
f cx? 


= 0.081,201, 


Art. 105. We muſt next find the value of the capital letter C; which may 
be done as follows. 


The capital letter C is equal .to the 8 ſeries 4 + = 24 = + _ 


1 
1 _ + &c, and therefore (as 71s = 1, and 1 „ „% „ 


&c, are allo, each of — . will be equal to the infinite ee 4 + 


Pd * 61A 71 
— + = + 720 + = + xc, = 4 x the infinite ſeries 1 + — — + 5 


+ 775 + 5 + &c. But / 8 = .es Therefore /* will be - 


0.036,875 


* 
5 
* + * 
” 

4 
40 
, 

y 
5 
-1 
. 
* 
vol 
* 
3 
8 
2 
yo 
1 
my 
{ 
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0.036,875 X 0.086,375) = o. 09, 547. and /* will be (= 0.007.547 X 
0.007,547) = o. ooo, o56,9, and will be (= Xx 1 = o 0250,056,9 x 
0.007,547) = 0.000,000,429, and “ will be (= K, = 0.050,000,429 


f 1 

X o. oo, 47) = o. ooo, ooo, oo3; and conſequently the ſcries 1 + XY 4- 
54 611 2227 wi _ 0.007, JA, 5 X o. odo. o 86,9 
24 720 8004 + Ke n = 2 + 2 9 24 + 
61 X 0.000,000,429 277 X 0.000,000,003 2 oY 0.000,284,5 

W + &c = 1 + 0.003,773 — 

0.009,026,16 0.000,002,831 2 
520 ? + — +& = 1 + O. 003,773 + o. oo, o, 8 + 


o. ooo, ooo, 36 + o. ooo, ooo, ooo, & + &c, or (if we neglect the figures that 
are below the ſixth place of decimal fractions,) will be = 1 + 0.C03,773 + 
0.000,011 + o. ooo, ooo, &c ＋ o. ooo, ooo, &c + &c = 1.003,784. There- 


; D . * 5 611s 2774 p 
fore d x the infinite ſeries 1 + _— _ + 5 + Toby + &c will be = 


d Xx 1.003, 784, &c = 0.141 X 1.003, 784, &c = 0.141,533, &c. There- 
tore the capital letter C will be = 0.141,533, &c. 


Art. 106. Therefore the equation ſet down above in art. 104, will become 
as follows; to wit, 


0,141,533 — Dx + Fi — “ ＋ x — 1X ＋ K* — Lx“ + Mx? — &c 


Cx? bs Fx# Gas uxꝰ 1x7 Kx 
— — — . — —— — — 
3 5 T 1 
c * xs xꝰ Gx7 Hx 


= 0.081,201, 


Now let all the terms of this equation that are marked with the ſign — be 
added to both ſides of the equation. And we ſhall have 
0.141,533 + Fr* ＋ H= + kx? + Mx" + &c 
D.x3 


G15 17 
13 
. +> 
D/ 
9 
+ &c 
VoL, IV, 0 o.o8 1,201 


f 
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0.081,201 4+ Dx + cx? + 1x5 + 1x7 + &c 


2 4 18 x? 

+ = ++ += + & 

cx* ra a1 

* &c 
18 9 

5 + = + => + & 
8 

4+ = + &c 

+ &c; 


and conſequently (ſubtracting 0.08 1,201 from both ſides,) we ſhall have 
{ 0.060, 332 + Fx + Hat ＋ kaif ＋ Mat + &c 


Dx3I Gx5 


++ SST e 


4 Das G. — 
| | r 1 _ 
Dx / 
| a 
; F &c 
Dy + & + 115 + 147 + &c 
+E+E+E=+E + & 
cx F.x* ax? 
f + eq 4x +-=c 
6 8 
* N N ＋ &c 
0 es & c: 
1 + 5 


and laſtly, (ſubtracting all the terms on the left hand fide of the equation, 
except the firſt term 0.060,332, from both ſides of the equation,) we thall 
have the equation | 


f Dy — Fx* þ Ox? — Hx4 ＋ 1 — K* + LX“ — Mr' & 


6 + &c J 


= 0,000,332, ; 
Art. 107, 


: 1 
1 
21 
< 
43 
* 
Jo 
4 
8 
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Art. 107. We will now proceed to find the values of the capital letters, ID, 
F, G, H, I, K, L, and M; which are equal to the ſeveral infinite ſerieſes ſet 


forth above in art. 96, which conſiſt of terms that involve the powers of the 
known quantities and d, together with certain numeral coefficients. This may 


be done in the manner following. 


The * letter D is equal to the inſinite ſeri ies ＋ + — 
—7¹ ld nd 
> oe + &c, or (becauſe r is = 1,) to the infinite ſeries — + > 4 
20 1078 2 12 
7 18 
[x MFR. + Ke, or to x the infinite ſeries —; —— + — = 4 
240 2010 240 
27710 


+ &c. But / is = o. 086, 875, and /* is = 0.007,547, and * is = 


0.000,057, and /* is = 0.000,000, &c. Therefore the infinite ſeries — + 


—_— 


1 + ot + 2771 + & will be (= the infinite ſeries — + > 88] + 


12 240 2016 12 
1 &c, = the infinite ſeries — + 22 
240 2016 2 12 

0,023,477 „ . | 
r &c := the infinite ſeries o. oo, ooo + o. oog, 145 
+ 0,000,014 -+ 5 + &c) = o. 503, 159; and conſequently 4*/ x 


the infinite ſeries — + * 5 3 25 
„ 6.086.875 * 1 &c = d* XR 0.043,712 RE > 
0.04.3,712 = 0.141 X 0.006,163 o. oo, 869. Therefore the capital letter D 
will be = o. ooo, 869. Qs Ee 1. 


+ &c will be = 4] x o. 503,159 


5 61 2771 


a3 
The capital letter F is = the infinite ſeries — IT” 


67 127% 144 
5, 611493 2275 


+ &c, = the infinite ſeries © T 3 — + — —_— + &c, = 4* * the 
Z ; "FER. 9 . 619 277 "Rs ; - : 
infinite ſeries J + — * nn TA + &c, = 4“ x the infinite ſeries + 
5 X_0.007,547 61 x 0.000,057 277 Xx o. ooo, ooo — . . 
+ _ + _> 1424 TP + &c, = 4 Xx the infinite 
ſeries = + — — — + 0:000,000 + &c, = d x the infinite ſe- 


ries 0.166,666 + 0.003,145 + 0.000,024 + o. ooo, ooo + &c, = 43 x 


0.169,835, & = o. 141% Xx 0.169,835, &c = 0.141] x 0,923,946 = 0.141 
X 0.003,376 = 0.000,476. Qu Ke 1. 


5 61 22 da "Bee 
The capital letter G is = the infinite feries — r 2 


O 2 the 
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344 
the infinite ſeries —— 85 _ + — — 4 &c = d X the infinite ſeries f 
612 . — 4 * . 3p 61 x 0.9007,547 
+4 ih 4 = 7 the infinite feries . 
+ _ 1 Sk &c * 24 T 144 
. . * 6 5 6 
1 e + &c = 44 X the infinite ſeries — + . + 
570 2+ * 
0.015.780 4 
KX the infinite ſerics 0.228,333 + 0.003,196 + 


570 
0 000,027 + &c = 4? x the infinite ſeries 0.211,556 + &c = d x o. 086, 875 


X 0.211,556 d x 0.018,379 = 0.1 41 x o. 018,379 = O. 1410 x 0.002, 
591 = 0.141] X c. ooo, 365 = 0.141 X 0.000,051 = 0.000,007. Q. E. 1. 


6145 2771495 
240 570 


: . . . br 
The capital letter H is equal to the infinite cries = 


| 2 . . as ; 61/*45 25 475 
= the infinite ſeries — + —— 

& c ＋ — = + = 

I 61/1* 277 N 
2 3 the infinite ſeries — ©. 
24 T 240 T 775 570 - + X * 
277 © 22991297 4. c = ds x the infinite ſeries — + * + 0.015,799 _ 
570 24 240 576 


+ &c = 4 x the infinite ſeries 0.041,666 + 0.001,918 + 0.000,027 + &c 
= # X:0.043,011 = 0.141] X e = © 141“ x 0.006 149 = 0.1418 

X o. ooo, 867 = 0.141] X 0,000,122 = . 141 * 0.000,017, = 0,000,002, 
Q, ©. Io 


| | ie 
The capital letter I is equal to the infinite ſeries —; = = 5 + &c = 


Jo 
. ; _ [34s a 
the infinite ſeries © + I. + & = d x the infinite ſeries —5 + 


8 + & c = Sy X the infinite ſerics _ . _ + &c = d. X 


61 
the infinite ſerics — 4 — r= + & = dx the infinite ſeries 0.084,722 


+ & c = 4* x the WER ſeries 


61 * 0,007,547 


1 


+ 0.002,419 + &c = d x o. 087, 141 = d * _ 0,086,875 X o. o87, 141 
= de X 0.007,571 = 0.141} X 0,007,571 = = 0.1447 X 0.001,067 = 


o. . 14K X 0.000,150 = o. 1411 c 0,000,021 = 0.141* X o. ooo, oog = o. 141 
X o. ooo, oo = 0.000,009 ; that 1s, the capital letter I will be equal to a 


qu. antity which is leſs than o. oo, oi, and which therefore need not be taken 


into conſideration in a calculation which is intended to be carried to only kx 
places of decimal fractions. d. B. 1. 
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The capital letter K is equal to the infinite ſeries : + &c 
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277 * ay” 5 f . Gr 277 X o. oo, 547 3 

+ —— 4 &c = dt x the infinite ſeries _ + wont + & = 
: N , 6 090,51 i 5 8 

47 x the infinite ſeries —_ + — — + &c = d' x the infinite ſeries 


0.012,103 ＋ 0.901,037 + &c = 4' x 0.013,140 &c = 0.141] X 0.013,140 
= 0.141 X o. oo 1,852 = 0.1411 X do. ooo, 261 = 0.14: Xx 0.000,036 =. 


—— — — — 


o. 141% X 0.000,005 = 0.141'* X 0.000,000 = o. ooo, ooo; that is, the capi- 
tal letter K will be equal to a quantity which is leſs than o 000,001, and which 
therefore need not be taken into conſideration in a calculation which is intended 


to be carried to only ſix places of decimal fractions. „ 
. X . . s : 
The capital letter L is equal to the infinite ſeries — + &c = the infi- 
2971d* 


. 0 . . . 277 . 


finite ſeries 0.034,350 + &c = d X 0.086,875 Xx 0.034,350, = d' x 
0.003,004 = o. 141“ * 0,003,004 = 0.141] X 0.000,423 = 0.141] x 
0.000,059 = 0.141] X 0.000,008 = 0.141 X o. oo, oi = 0.141} X 
o. ooo, ooo = o. ooo, ooo; that is, the capital letter L will be equal to a quan- 
tity that is leſs than o. ooo, oon, and which therefore need not be taken into 


conſideration in a calculation which is intended tobe carried to only fix places 
of decimal fractions. Q,. io be 


| 3 l d 
And the capital letter M is equal to the infinite ſeries —.— + tie 


infinite ſeries 2 + &c = d x the infinite ſeries 2 - + & = d x 
12,576 | 72,570 

the infinite ſeries 0.003,816 + & c = c. 141% X 0.003,816 = o. igt“ x 
0.900,538 = 0.141)" X 0.000,075 = 0.141) X 0,000,010. = 0.141 x 
0.000,001 = 0.14114 X 0.000,c00 = o. ooo, ooo; that is, the capital letter M 
will be equal to a quantity that is leſs than 0.000,001, and which therefore need 
not be taken into conſideration in a calculation which is intended to be carried 
to only ſix places of decimal frafions. Qs be 1 


2774 


Art. 108. We muſt now reduce the ſeveral compound coefficients of à“, 


; . * » C 
x*, *, x*, a“, x7, and *, to wit, the compound quantities — F + —_—_— 


1 F c G D | 1 F 0 ; 
, + TS 


2 5 
[ G D K u F 1 
1 , and — A FTT 7 + 3 ine ſimple quanti- 


ties: which may be done as follows. 


Since C is = 0. 141,533, and r is = 0,000,476, we ſhall have — x 


* 
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+ — (= — o. odo, 476 . — = — 0,000,476 + 0,070,766) = + 
0.070, 290. 
And, ſince p is = o. oo, 869, and 6 is = o. ooo, oo), we ſhall have + 6 


ooo, 86 


o. O00, 427. 


And, ſince c is o. 141, 533, and r is = 0.000,476, and H is = o. ooo, ooa, 
ooo, 476 141, 
we ſhall have — nu + — + _ (= — 0.000,002 + — — 7 EL $33 


= — 0.000,002 -+ 0,000,233 + 0.017,091 = — 0.000,002 +-0.017,929) 


— 


= ++ . 017, 927. 


And, fince v is o. ooo, 869, and 6 is = o. ooo, oo), and I is = o. ooo, ooo, 
; G o. ooo, oo ooo, 8 
we ſhall have + I — _ _— = ＋ 0,000,000 — —— „ 69 


= + do. ooo, ooo — o. ooo, oo3 — o. ooo, 108) = — o. ooo, 111. 
And, ſince c is o. 141, 533, and F is = o. ooo, 476, and H is = 0.000,002, 
and k is = o. ooo, ooo, we ſhall have = K + — + — + 16 (= = 0.000, 


o. ooo, oo: o. 000, 476 0.141 | 


©0.000,059 + 0.008,845) = + 0.008,905. 


And, ſince p is = 0.000,869, and 6 is = o. ooo, oo), and 1 is = o. ooo, ooo, 
and 1 is alſo = 0.000,000, we ſhall have + I — — — — — 35 (= + 


0,000,000 0.000,00 0,000,8 


0,000,000 — Z 75 
do. ooo, ooo — o. ooo, 54) = — o. ooo, o54. 


And, laſtly, ſince c is = o. 141, 533, and F is = o. ooo, 476, and H is = 
o. ooo, oa, and k is o. ooo, ooo, and is allo = o. ooo, ooo, we ſhall have 


K 2 oh 2 8 o. ooo, ooo o. ooo, oo 
rern. õοο,ůõ + —— + 8 


0,000,476 X o. 141, 
ho —_ + 2 — EE == o. ooo, oo + o. ooo, oo + o. ooo, ooo + 


o. ooo, 29 + — 2 — = + o. ooo, 29 + 0.005,528) = + o. oog, 557. 


Therefore the equation, ſet down above in art. 106, to wit, the equation 
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6 7 $ 
Dy — Fx? + G — H + 1x5 — KK + Li” — M + &c, 


3 Fx+ 5 6 7 K 
+E ESE EL + Ws 
F- - + be 
6 7 $ 
5 +15 = te 
3 
4 + = — &c, 


= 0,060,332, will become as follows, to wit, 
0.000,869 X x + 0.070,290 X * — 0,000,427 Xx * 
+ 0.017,927 ** — 0,000,111 x * + 0.008,005 x * 
— 0,000,054 X x7 + 0,005,557 Xx x* = 0.060,332 ; which equation 


we mult therefore now endeavour to reſolve, in order to diſcover the magni- 


nitude of the rhumb- angle LA D, of which x, or the root of the ſaid equa- 
tion, denotes the co-line. 


Art. 109. In this equation 


o. ooo, 869 x x + 0,070,290 x x* — 0,000,427 X * 
+ 0017,927 X * — 0,000,111 x * + 0.008,905 x * 


— o. ooo, os X x? + 0.005,557 x * = 0.060,332, it is remarkable 
that 0.070,290, the co-efficient of x, is greater than 0.000,869, the cos effi 
cient of x; and that 0.017,927, the co- efficient of a*, is greater than 0.000,42 7, 


the co- efficient of * and that 0.008,905, the co- efficient of *, is greater 


than o. ooo, 111, the co- efficient of x*; and that 0.005,557, the co- efficient of 


x*, is greater than o. ooo, o, the co- efficient of x7. But the co- efficients of x, 
*, #5, and *, (to wit, o. oo0, 869, and o. ooo, 427, and o. ooo, 111, and 
0.000,054,) are every one leſs than the next before it, or decreaſe when the 
powers of x increaſe ; and, in like manner, the co-efficients of *, “, x*, and 
*, or of the even powers of x, (to wit, o. 070, 290, and 0.017,927, and 
o. oo8, 905, and 0.005,557,) are every one lefs than the next before it, or 
decreaſe when the powers of x increaſe; as was the caſe with the co-efficients 
of x, *, *, and x7, or of the odd powers of x. 


Art. 110. We muſt now endeavour to reſolve the final equation obtained in 
art, 108, to wit, the equation 0.000,869 X x + 0.079,290 X 


— o. ooo, 427 Xx * + 0.017,927 K — 0.000,111 x * 
+ 0.008,905 X * — o. ooo, os X X + 0.005,557 X * — & 


= 0.060,332 ; which may be moſt eafily done by Mr. Rayasox's method of 
approximation. I ſhall therefore now endeavour to find a firſt near value of x, 
that ſhall differ from its true value by only a ſmall part of the faid true value, 
in order to make the ſaid firſt near value of x the baſis of a further approxima- 
tion to its true value, according co the directions of Mr, Rarucox's method. 


111. 
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Art. 111. Now, in order to obtain this firſt near value of x, I begin hy 
obſ{crving that, ſince , or 1, is the radius of a great circle of the Earth, und x 
is the ſine of a certain angle in the faid circle, (to wit, the fins of the angle 
which is the complement of the rhumb angle L AD to a right angle.) x mult 
be leſs than 1; and, conſequently, that xx mult be leſs than x, and 4? than n, 
and a* than *, and every tollowing power of x than that which immediately 
preceeds it. And hence we may conclude that the two firſt terms on the left. 
band fide of the foregoing equation, to wit, the terms 0.000,859 x , and 
0.070,290 X xx, will be gre-ter than the two next terms, or than any other 
two terras on the ſame ſide of the equation, and (becaule thoſe following terms 
are marked alternately with the figns + and —, and conſequently tend to 
counterbalance each other, or to diminiſh each other's magnitudes,) may be 
reaſonably ſuppoſed to be pretty nearly equal to the whole infinite ſeries that 
forms the left-hand fide of the ſaid equation. We will therefore fuppole theſe 
two terms, taken together, to be equal to the whole of the ſaid infinite ſeries, 
and conſequently to its equal, the abſolute term, o. o60, 332, of the ſaid equa- 
tion. And then we ſhall have the following quadratick equation to reſolve, 
to wit, 0.000,869 X x + o. o/o, 290 X xv = 0.060,332. This equation may 
be reſolved as tollows. : 


In the firft place, let both fides of it be divided by the co-efficient of xx, 


o. ooo, 869 — 0.060, 332 


to wit, o. 070, 290. And we ſhall have xx 4 2 = — 
to wit, 0.070,290 | + a” x 2. Gn OrAY 


++ 0,012,363 X * = o. 88, 329. 


Secondly, add to both the ſides of this equation the ſquare of half the co- 
efficient of x, or of half 0,012,363, or the ſquare of o. o06, 181; which ſquare 


is 0.000,038,204,761., And we ſhall have xx + 0. 012,363 X x + 0.006, 181) 
= 0.858,329 + 0.000,038,.&c = 0.858,367. Therefore (extracting the 
{quare-roots of both ſides,) we ſhall have xy + o. 006, 181 = 0.926, &c, 
and conſequently x (= 0.926 — 0.006) = 0.92. Therefore the firſt near 
value of x in the foregoing high equation, will be 0.92 ; of which number 
it ſeems reaſonable to ſuppoſe the firſt figure . g to be exact 


Art. 112. We will therefore now ſubſtitute 0.9, inſtead of x, in the com- 
pound quantity which forms the left-hand fide of the foregoing infinite equa- 
tion o. ooo, 889 X x + 0.070,290 Xx xx — 0.000,427 X * 

+ 0.017,927 X * — 0,000,111 X * + 0.008,905 X * 

— 0,000,054 X * + 0.005,557 x x* — &c, = 0.060,332, in order 
ro diſcover, whether the value of the faid compound quantity reſulting from 
ſuch ſubſtitution, will be greater, or leſs, than the abſolute term, 0.060,332, 
of the ſaid equation, and whether its difference from the ſaid abſolute term 
will be great or ſmall, 


Now, if we ſuppoſe x to be = 0.9, we ſhall have 
| | xy 


K : of | 


ee 
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xx (= 0.9) = o. 81, 
aud x* (= 0.61 X 0.9) = 0.9, 
and x* (= 0.729 X 0.9) = 0.656,1, 
and x* (= 0.656,1 X 0.9) = 0.590,49, 
and x' (= 0.590,49 X 0.9) = 0.531,441, 
and x” (= 0.531,441 X 0.9) = 0.478,296,9 
and x* (= 0.478,296,9 & 0.9) = 0.430,467,21, and conſequently 


o. oo, 8669 X x (= 0.000,869 x 0.9) = 0.000,782, 
and 0.070,290 Xx xx (= 0.070,290 X 0.81) = 0.056,935, - 
and 0.000,427 X * (= 0.000,427 X 0.729) = o. ooo, 311, 
and 0.017,927 X * (= 0.017,927 X 0.656,1) = 0.011,762, 
and 0.000,111 X * (= 0.000,111 X 0.590,49) = o. ooo, o6 5, 
and o. oo, 9o5 x * (= 0.008,905 X o. 531, 441) = o. 004, 732, 
and o. ooo, 54 X x7 (= o. ooo, o54 X o. 478, 296,9) = o. ooo, o26, 
and o. oo 5, 557 X * (= o. oog, 557 X o. 430, 467, 21) = o. oo2, 392. 
Therefore the whole compound quantity 
o. oo0, 869 X * + 0,070,290 X xx — o. ooo, 427 X * 
4 o. 017,92 X * — 0.000,111 Xx * + 0.008,905 x * 
— o. ooo, o X X + 0.005,557 X * will be = 


E 0.000,782 
+ .056,925 — 0.000,311 
; + .o11,762 — o. ooo, o6 5 
+ 4,004,732 — o. ooo, o26 
L + 002,492 — &C 
= 0.076,0029 — 0,000,402 


= 0.076,201 ; which is greater than 0,060,332, or the abſolute term of the 


equation 


o. oo, 869 Xx x + 0.070, 290 X xx — o. ooo, 427 X * 
+ 0.017,927 K — 0,000,111 x #* + 0.008,505 x * 
— 0.000,054 X & ＋ 0.005,557 * — &c = 0.060,332. Therefore 0.9 
muſt be greater than the true value of x in the ſame equation. d F. 1. 


Art. 113. Since it appears that x is leſs than 0.9, let us, in the next place, 
ſuppoſe it to be equal to 0.8, and ſubſtitute 0.8, inſtead of it, in the terms 
of the compound quantity 

o. ooo, 869 X x + 0.070,290 X xx — 0.000,427 x * 
+ 0.017,927 K — 0,000,111 Xx * + 0,008,905. x x* 


— o. ooo, o X xX + 0.005,557 X *, in order to diſcover, whether the 
Vor. IV. F value 
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value of the ſaid compound quantity reſulting from ſuch ſubſtitution will 
be greater, or leſs, than 0.060,332, or the abſolute term of the equation which 
we are endeavouring to reſolve, and conſequently whether 0.8 1s greater, © 


leſs, than the true value of x in that equation. | 

Now, if x be ſuppoſed to be = 0.8, we ſhall have 
xx = 0.64, and & = 0.512, and x* = 0.4096, and x* = 0.327,68, and * = 
0.262,144, and x“ = 0.209,715,2, and x* = 0,167,772,16, and conſequently 


0.000,869 x x (= 0.000,869 Xx 0.8) = 0.000,095, 
and o. 070, 290 X xx (= 0.070,290 X 0.64) = o. o44, 985, 
and o. ooo, 427 X W (= o. ooo, 427 X 0.512) = o. ooo, 218, 
and o. 017,927 K * (= 0.017,927 Xx o. 409, 6) = o. oo, 343, 
and o. oo, 111 X * (= 0.000,1I1 Xx o. 327,68) = o. ooo, o36, 
and 0.008,905 x * (= 0.008,905 X o. 262, 144) = o. oo, 334. 
and o. ooo, 54 X & (= 0.000,054 X o. 209,15, ) = o. ooo, oi 1, 
and o. o0 5, 55% x * (= 0.005,557 X o. 167, 772, 16) = o. ooo, 932. 


Therefore the whole compound quantity 
o. ooo, 869 X x + o. oo, 290 X Xx — 0,000,427 X * 
+ 0.017,927 X * — 0.000,111 X * + 0,008,905 x * | 


co. ooo, o X * + 0.005,557 X * will be = 
| E 0.000,695 

+ o. 044,985 — 0.000,218 

+ o. oo), 343 — do. ooo, o36 

| + o. 002,334 — o. ooo, o11 

+ o. ooo, 9322 — & c 

= 0.056,289g — o. oo0, 265 = 0.056,024 ; which is leſs than o. 060, 332, or 


A 


— 


te abſolute term of the equation 
o. oo, 869 X x + o. oo, 290 x ** — o. ooo, 427 x K 
+ . 017, 927 X * — 0.000,111 x * + o. oog, 9oſ x ** 
co. ooo, o X x” + 0.005,557 Xx * — &c = 0.060, 332. Therefore 
o. 8 muſt be leſs than the true value of x in that equation. "ly i 5 


Art. 114. We have now found that the true value of is lefs than 0.9, but 
greater than 0.8, or is of an intermediate magnitude between 0.8 and 0.9. And, 
as the quantity 0,056,024, which reſults from the ſuppoſition that æ is = 0.8, 
differs much leſs from 0.060,332, or the abſolute term of the equation 

0.000,869 X x + 0.070,290 x ** — 0,000,427 X * 
+ 0.017,987 K — 0.000,111 x * + 0.008,905 x * 
— 0.000,054. X #” + 0.005,557 * — & = 0.860,332, than 
0.07 6,201, which reſults from the ſuppoſition that x is = 0.9, (the "rapes 2" 
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of 0:056,024 and 0.060,332, being only 0.004,308, whereas the difference 
between 0.076,201 and o. 060, 332 is o. 016,869, which is more than triple of 
o. oog, 308, ) it ſeems reaſonable to conciude that the difference between 0.8 and 
the true value of x in the ſaid equation, will be leſs than the difference be- 
tweed 0.9 and the ſaid true value. It therefore will be more convenient to 
ſuppoſe x to be = 0.8 + z, and to ſubſtitute 0.8 + 2, inſtead of x, in the 
terms of the foregoing equation, in order to diſcover a near value of the dif- 
ference 2, by which the quantity 0.8 falls ſhort of the true value of x, than to 
ſuppoſe x to be = 0.9 — 2, and to ſubſtitute 0.9 — z, inſtead of x, in the 
terms of the ſaid equation, in order to diſcaver a near value of the difference 2 
by which the quantity 0.9 exceeds the ſaid true value. We will therefore now 
ſuppoſe x to be = 0.8 + E, and will proceed to ſubſtitute 0.8 + 2 inſtead of x 
in the terms of the foregoing equation 
0.000,869 X x + 0.070,290 X xv — 0.000,427 X * 

+ 0.017,927 K* — 0.000,111 X x* + 0.008,905 X * 

— 0,000,054 X x* + 0,005,557 X x* — &c = 0.060,332, but with an 
omiſſion of all the terms that involve any higher power of ⁊ than its ſimple 
power, or Z itſelf, in order to obtain a near value of the difference z b 


which x exceeds 0.8, and conſequently a more exact near value of x than o.8, 
or that which we had before. This may be done in the manner following. 


If we ſuppoſe x to be = 0.8 + 2, we ſhall have 
*r ( o. ＋ A =0.8* + 2X08Xx2 + &) = 0.64 + 1.6 x 2 
+ &c, | 
and x* (= 0.8 + * =o +3 X08Xz+& S o. + 3 x 0.64 
Xx + &c) = 0.512 + 1.92 Xx 2 + &c, | 
and *“ (= 0.8 + 21 = o 814 + 4 X 0.81 X 2 + &c = 0.814 + 4 X 0.512 
X 2 + &c) = 0.4096 + 2.048 X 2 + &c, | 
and x* (= 0.8 + 2. = o. 8b + 3 X o. S x 2 + & = 0.85 + 5 X 
0.4096 X 2 + &c) = 0.327,68 + 2.0480 & z + &c, 
and & (= 0.8 + N = 08] + 6xo8'x2+ & = o8® +6 x 
o. 327,8 X z + &c) = 0.262,144 + 1.966,08 x z + &c, 
and x (= 0.8 + 2 =o 8" + 7 x Gf x 2 + & = o8] + 7 x 
0. 262,144 K 2 + &c) = 0.209,715,2 + 1.835,008 x 3 + 
&c, 
and * (=0.8 + 2} = 0.8} + 8x08 x2 + &c = 0.8] + 8 x 
0.209,715,2 X 2 + &c) = 0.167,772,16 + 1,077,721,6 X 2 
+ &, | 


P 2 and! 
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And conſequently 


o. ooo, 869 X x (= o. ooo, 869 X 0.8 + 2 = o. ooo, 869 X 0.8 + 
o. ooo, 869 X 2) = o. ooo, 695 + o. ooo, 869 X 2, 


and o. 070, 290 X xx (= o. oo, 290 X 0.64 + 1.6 x 2 + &c = 0. oo, 290 
X 0.64 + 0.070,290 X 1.6 X z + &c) = o. o44, 985 + 0.112, 
404 Xx 2 + &c, 


and 0.000, 427 X * (= 0.000,427 X 0.512 + 1.92 x Z + Kc = 0.000, 
427 X 0.512 + 0.000,427 X 1.92 X 2 ＋ &c) = o. ooo, 218 + 
o. ooo, 819 K 2 + &c, 


and o. 017,927 K * (= o. 17, 927 X 0.4096 + 2.048 x 2 + &e = 0.017, 
927 X 0.4096 + 0.017,927 X 2.048 X 2 + &c) = 0,007,343 + 
0.036,714 X 2 + &c, 


and 0.000,111 X x* (= 0.000,111 X 0.327,08 + 2.0480 x 2 + &c = 
0,000,111 X 0.327,08 + o. ooo, 111 X 2.0480 X 2 + &c) = 
0,000,036 + 0.900,227 & 2 + &c, 


and 0.008,905 x * (= 0.008,905 x 0-202,144 + 1.960, 0 X z + &c 
S 0,008,905 X 0.262,144 + 0.008,905 X 1.966,08 X z + &c) 
= 0.002, 334 + 0.017,507 X 2 + &c, 


and 0.000,054 x * (= 0.000,054 Xx 0.209,715,2 + 1.835,008 x z + &c 
= 0.000,054 X 0.209,715,2 + 0.000,054 X 1.835,008 X z þ 
&c) = 0,000,011 + 0.000,099 Xx Z + &c, 


and 0.005,557 X * (= 0.005,557 & 0.167,772,16 + 1.677,721,6 Xx z + 
| & = 0.005,557 X 0.167,772,16 + 0.005,557 X 1.677,721,6 
* 2 ++ &c) = 0.000,932 + 0.009,323 X 2 + &c, 


Therefore the compound quantity 
0.000,869 x x + 0.070,290 * * — 0.000,427 X ** 
+ 0.017,927 X x* — o. ooo, 111 X X + 0.008,905 x * 
— 0.000,054 X & + 0.005,557 x * will be 
ſ 0.000,695 + 0.000,869 X 2 


+ 0.044,985 + 0.112,464 x 2 + &c 
— o. ooo, 218 — 0.000,8619 X Z— &c 
| + 0.007,343 + 90.036,714 x 2 + &c 
| — 0.000,036 — 0,000,227 X 2 — &c 

+ 0.002,334 + 0.017,507 Xx 2 + &c 
| — do. ooo, 11 — 0.000,099 X 2 — &C 
. + co. ooo, 932 + 0.009,323 X 2 + &c 


0.056,289 + 0.176,877 X 2 + &c | 
— 0,000,265 — 0,001,145 X 2 — &c 


= 0.056,024 + 0.175,732 & X + &c, 
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But the ſaid compound quantity is equal to the abſolute term 0,060,332. 


Therefore the quantity 0.056,024 + 0.175,732 X 2 + &c, will alſo be 
equal to 0.060,332. And confequently 0.175,732 & 2 + &c, will be (= 


0.060,332 — 0.056,024) = 0.004,308, and z + &c will be (= 90041308 


©0.175,732 
= 0.024, and 2 will be = 0.024 — &c, or will be ſomewhat leſs than o 024. 


: Therefore x, or 0.8 + Z, will be = 0.8 . 0.024 — &c = 0.824 — & c 
" that is, the next near value of x in the equation 
0.000,869 Xx x + 0.070,290 X xx — 0.000,427 XK * 
＋ 0.017,927 K* — 0.000,111 x X + 0.008,905 Xx ** 
— 0.000,054 Xx x7 + 0.005,557 x — &c = 0.060,332, will be = 


0.824 — &c. or ſomewhat lefs than 0.824, and may therefore be ſuppoſed to 
be, very nearly, = 0.82. Q. E. 1. 
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Art. 115. We will now try the degree of exactneſs of the number 0.82, 
juſt now found for the laſt near value of x, or the root of the equation 


0,000,869 * + 0.070,290 X xx — 0.000,427 X x? 

+ 0.017,927 X x* = O. ooo, III Xx * + 0.008,905 Xx * 

— o. ooo, o X x? + 0.005,557 X x* — &c = o. 060, z 32, by ſubſtitut- 
ing the ſaid number inſtead of x in the terms of the compound quantity which 
forms the left-hand fide of the ſaid equation ; by which means we ſhall diſcover 
how nearly the reſult of the faid ſubſtitution will approach to the abſolute- 
term, 0.060,332, of the ſaid equation, or to the true value of the ſaid com- 


pound quantity in the ſaid equation, and conſequently ſhall be able to form 
a judgement of the degree of exactneſs with which the ſaid number 0.82 will 


approach to the true value of x in the ſaid equation. This ſubſtitution may 
be made as follows. | 


If we ſuppoſe x to be = 0.82, we fhall have 
*#x = 0.672,4, and & = 0.551,368, and x* = 0.452,121, 
and x* = 0.370,739, and & = 0.304,006, and à = 0,249,285, 
and & = 0. 204, 414, and conſequently 
o. ooo, 869 X x (= 0.000,869 X 0.82) = 0.000,712, 
and 0.070,290 X xx (= 0.070,290 X 0.6724) = 0.047,263, 
and 0.000,427 X & (= 0.000,427 X 0.551,368) = 0.000,235, 
and 0.017,927 X * (= 0.017,927 & 0.452,121) = 0.008, 105, 
and 0.000,111 X X (= 0.000,111 * 0.370,739) = 0.000,041, 
and 0.008,905 X x* (= 0.008,905 X 0.304,006) = 0.002,707, 
and 0.000,054 X & (= 0.000,054 X o. 249, 285) = 0.000,013, 
and 0,005,557 X * (= 0,005,557 X o. 204, 414) = 0,001,136, 
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Therefore the compound quantity 
o. oo, 8699 X x + o. oo, 290 X xx — 0.000,427 X x! 
+ 0.017,927 X — o. oo, III X * + 0.008,905 X * 
— o. ooo, o X * + o. oog, 55 X x* will be = 
o. 00, 712 
+ 047,263 — . ooo, 235 
＋ 008,105 — o. ooo, o41 
+ 4,002,707 — do. ooo, o13 
+ 001, 136 


= 0.039, 923 — o. o, 289 = o. 059, 634; which is very nearly equal to, 


but ſomewhat leſs than, the abſolute term, o. 060, 332, the difference being 
only o. ooo, 698, or about the 86th part of the ſaid abſolute term 0.066, 332. 
Therefore 0.82 will be very nearly equal to, but ſomewhat leſs than, the true 
value of x in the ſaid equation | 


o. ooo, 869 * x + 0.070,290 X «x — 0.000,427 X x? 
+ 0.017,927 & — O. ooo, iI x * + 0.008,905 Xx & 
— 0.000,054 X * + 0,005,557 X x' — &c = 0,060,332. 
Q. E. 1. 


Art. 116. Having thus found the value of x, or the root of the foregoing 
equation, to be pretty nearly = 0.82, we will now proceed to apply this 
number 'to the determination of the magnitude of the rhumb-angle L A D. 
Now it appears from the Tables of Sines and Tangents, that, if the radius 
of a circle be called 1, the co ſine of an arch of 34*, 54 will be = o. 820, 151, 9, 
and the co-ſine of an arch of 34%, LIK will be = 0.819,985,4. Therefore 
the angle L AD, of which we have found the co-fine x to be = 0.82, will be 


very nearly equal to 347, 55“. So that the ſaid rhumb-angle, or angle of 


the ſhip's courſe, which we have been ſo long in ſearch of, may now be con- 
cluded to be very nearly equal to 34 degrees and 55 minutes. . B. 1, 


. 6 d. 
And, becauſe TA zz 22 = o. 141, we ſhall have _ (= 0.141 X * 


2 8.141 No. 82) = 0.11 5,62, and conſequently = — I (= 0.115,62 — / 


= 0.115,620 — o. 086,875) = 0.028,745 ; that is, the length of the arch 


DN of the meridian circle PN Dp, or the latitude of the ſecond point D, 
will be = 0.028,745 ; which may be converted into degrees and minutes in 
the following manner. 


Since 0.086,875 is the length of the arch AL, or the latitude of the firſt 
point A, expreſſed in decimal parts of 1, or the radius of the Earth, and 
0.028,745 is the length of the arch DN, or the latitude of the ſecond point P, 
expreſſed in decimal parts of the ſame radius, and 5?, is the length of the 
former arch expreſſed in degrees, it follows that the length of the latter arch 
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DN, expreſſed likewiſe in degrees and in decimal parts of a degree, will be 
a fourth proportional to the three numbers 0.086,875, 0.028,745, and 3%, 


and conſequently will be = OX 0009745 = SURPL = 1.654, 3889, or 1 de- 


0.086, 875 o. 086, 875 
gree and 550.550 of a degree. But COS of a degree are equal to 
60 x 654,388 . 38.263, 280 : 8 | | 
—— of a minute, or to 2 of a minute, or 38 minutes and 
: 2 6,328 b "op 

_263,250 of a minute, or 38 minutes and — 5 of a minute, or 38 minutes 
1,000,000 ; 100,000 

6,328 ; Kas 
and ä of a ſecond, or 38 minutes and DIES of a ſecond, or 38 


100,000 
75 68 Fa 
minutes and = of a ſecond, or 38 minutes and 15 ſeconds, and = 
10, 000 10 


of a ſecond, or 38 minutes and 15 ſeconds, and more than * of a ſecond, 
or 38 minutes and nearly 16 ſeconds. Therefore the arch DN, or the lati- 


tude of the ſecond point D, will be equal to 1 degree, 38 minutes, and nearly. 
16 ſeconds. 1. 


N —T—T̃—̃—̃—̃—̃—̃—̃—ͤUUu—u— —— 
A Proof of the Truth of the Concluſions that have been obtained in the preceeding 


Articles, by the Application of the foregoing Solution of the Third Caſe of Dr, 
HALLTIE V' Problem, to the Example given of it in Art, 103. 


DP 


Art. 117. Having thus obtained the magnitude of the rhumb-angle LA D, 
and the length of the arch DN, or the latitude of the ſecond point D, (at 
which the ſhip arrives after paſſing over the loxodromick arch AVD,) and 
having had the length of the arch A L, or the latitude of the firſt point 
A (from which the ſhip begins her voyage,) given us at firſt, we may now, 
from theſe three things aſſumed as known, determine, by the help of 
Lemma 4th, Coroll. 1, the length of the equatorial arch LN, or the dit- 
ference of the longitudes of the two. points A and D, which was before 
ſuppoſed to be given and to be = 324.904 miles, or, very nearly, 325 
miles. And, if the value we ſhall obtain for the ſaid arch LN, or the dif- 
ference of the longitudes of the points A and D, by ſuch determination, 
ſhall be found to be nearly equal to the magnitude of it that was given in the. 
foregoing example, to wit, 324.904 miles, or 325 miles, the ſaid refult will 
be a confirmation both of the juſtneſs of the reaſonings adopted in the fore- 
going ſolution, and of the exactneſs with which the ſeveral arithmetical opera- 


tions, contained in the application of that ſolution to the preceeding example, 
| have 
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have been performed. This determination of the length of the ſaid equatorial 
arch LN may be performed in the manner following. 


It is ſhewn in Lemma 4th, Coroll. 1, that, if v be put for the radius of the 
Earth, and 7 be put for the tangent of the rhumb- angle L A D in the circle of 
which v, or the radius of the Earth, is the radius, and @ be put for the loga- 


rithm of the ratio of the radius 7 to the tangent of the arch =, taken on the 


axis, or aſymptote, of a logarithmick curve, of which r, or the radius of the 
Earth, is the ſubtangent ; and & be put for the logarithm of the ratio of the 


radius 7 to the tangent of the arch —, taken on the axis, or aſymptote, of the 


ſame logarithmick curve; and c be put for the equatorial arch LN, or the dif- 
ference of the longitudes of the points A and D; we ſhall have c, or LN, 


— — Xx 2 ＋ 6. We muſt therefore now compute this quantity — X a+6 


upon a ſuppoſition that the rhumb angle LA D is = 347, 55, and that the 
arch AL is = degrees, and that the arch DN is = 15, 38, 16”, 


Now, fince the angle LA D is = 34, 55, its tangent 7, in a circle of 
which , or the radius of the Earth, is the radius, will be = o. 698, 42, 2 X r, 
or (becauſe r is ſuppoſed to be = 1,) will be = o. 698, 042, 2 X 1, or 


0.698,042,2. And conſequently the quantity — X a +8 will be (= ä 


X a ＋ E,) or o. 698,042, 2 X 4 + . 
We muſt next find the values of the logarithms a and e; which may be done 
as follows. | 


The arch AL, or the latitude of the point A, is 5 degrees. Therefore the 
arch P A, or the complement of the arch A L to the arch PL, or to the arch 


of a quadrant, or an arch of go degrees, will be (S go* — 5) = 83; and 
conſequently the arch _ will be (= — = 42 3o ; the tangent of which, 


in a circle of which the radius is called 1, is = 0.916,331,2. Therefore à is 
the logarithm of the ratio of 1 to 0.916,331,2. 


The arch D N, or the latitude of the ſecond point D, „ 
Therefore the arch p D, or the complement of the arch DN to the arch p N, 
or to the arch of a quadrant, or to an arch of go degrees, will be (= go? — 


1, 38', 16”) = 88, 21", 44“; and confequently the arch — will be = 


44, 10', 52”, or, nearly, 44, 11'; the tangent of which, in a circle of 
which the radius is called 1, is 0.971,891,7., Therefore & is the logarithm of 


the ratio of 1 to 0.971,891,7. TH 
| 77 urther, 
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Further, the ratio of 1 to 0.916,331,2 is equal to the ratio of 1.091, 308, 5 
to 1; and the ratio of 1 to 0.971, 891,7 is equal to the ratio of 1.028,921,2 
to 1, Therefore à will be equal to the logarithm of the ratio of 1.091,308,5 
to 1, andes will be equal to the logarithm of the ratio of 1.028,921,2 to 1, 
taken on the axis, or aſymptote, of a logarithmick curve, of which 7, or 1, or 
the radius of the Earth, is the ſubtangent. 


Now, if the radius of the Earth, or the ſubtangent of the ſaid logarithmick 
curve, were called o. 434, 294, 48 1,903, 251, 827, &c, and conſequently the lo- 
garithm of the ratio of 10 to 1 in the ſame curve were called 1, (as it is in 
Br1ccs's, or the common, ſyſtem of logarithms, of which there are tables 
publiſhed,) the logarithm of the ratio of 1.091,308,5 to 1 would be = 
0.037,947,5, and the logarithm of the ratio of 1.028,921,2 to 1 would be 
= o. 012, 382,1; as will appear from a table of Baldss's, or the common, 
logarithms. Therefore, when the radius of the Earth, or the ſubtangent of 
the ſaid logarithmick curve, is called 1, and conſequently the logarithm of the 
ratio of 10 to 1, is called 2.302,585,092,994,045,684, &c, the logarithm of 
the ratio of 1.091,308,5 to 1 will be (= 2.302,585, &c Xx 0.037,947,5) 
= 0.087,377, and the logarithm of the ratio of 1.028,921,2 to 1 will be (= 
2.302,585, &c Xx 0.012,382,1) = 0.028,510. Therefore the logarithm @ 
will be = 0.087,377, and the logarithm & will be = 0.028,510; and con- 
ſequently à + & will be (= o. 087, 377 + 0.028,510) = o. 115,887. 


Therefore — Xa +&, or o. 698, 42, 2 X 4 + E, will be (= o. 689, 042, 2 
* o. 11 5,887) = 0.080,894 ; that is, c, or the equatorial arch LN, or the 
difference of the longitudes of the points A and D, will be = 0,080,894, or 


80,894 millionth parts of 1, or the radius of the Earth, or = 2 x 


. „576, 8 1 . 
4000 miles = — miles = 5 miles 323.576, or 323 miles + 
7565 of a mile, or 323 miles and ſomething more than half a mile. 
=o 


Art. 118. This quantity, 323.576 miles, differs but little from 324.994. 
miles, which was the length of the equatorial arch LN that was given in the 
foregoing example. And therefore we may reaſonably conclude, both that 
the realonings uſed in the foregoing ſolution of this third caſe of Dr. 
HaLLey's Problem are juſt, and that the numerous arithmetical operations, 
contained in the application of the ſaid ſolution to the foregoing example, have 
been rightly performed. | 


Art, 119. The ſolutions which have been given above of the foregoing three 
Vol. IV. | Q caſes 
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caſes of Dr. HALL Ex's Problem *, with the illuſtration of each ſolution by a 
ſuitable example, ſeem to contain a full and ſatisfactory anſwer to the inquiries 
of that learned writer. And therefore I ſhall here take my leave of this ſub- 


Je, and conclude the preſent Diſcourſe. 


JuLY 4, 1795. 


I have called this Problem Dr. Halley's Prol lem, becauſe I believed it to have been firſt pro- 
Poſed to the learned world by Dr. Halley ; which he himſelf alſo, from the manner in which he men- 
tions it, ſeems to have thought to have been the caſe. But the learned Dr. Andrew Mackay, of 
Aberdeen, L. L. D. (who has lately been honoured with a degree of Doctor of Laws by the Univer- 
ſity of Aberdeen,) has informed me by a letter dated from Aberdeen, May 13th, 1795, that Dr. 
Halley was not the firſt propoſer of this Problem, but that it had been propoſed before in the year 
1639, in page 181 of a book publiſhed in duodecimo on the ſubje& of Navigation, and intitled, 
A learned Trentiſe on Globes, &c, written firſt in Latin by Mr. Robert Hues, and by him 125 publiſhed ; 
afterwards illuſtrated with Netes by Johannes Iſaacus Pontanus ; and now _ made into Engliſh for the 
benefit of the unlearned, by John Chilmead, M. A. of Chrifl-Church in ;% 24 London, 1639. And 
the words in which it is propoſed in this book, are (as Dr. Mackay informs me,) theſe that follow, 
to wit, The difference of Longitude and the diflance being given, how to find the Rumb and the dif- 
« ference of Latitude.” After which the Propoſer adds theſe words: There it not any thing in all this 
art more difficult and hard to be found than the Rumbe out of the diſtance and difference of Longitude given, 
Neither can it bee done upon the Globe without long and tedious pracliſe, and many repetitions and meu- 
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Edita primò Lugduni Batayorum, ex Officina Elzeviriani, Anno Domini 1624; nunc 
verd demùm impreſſa in Officina Joxæ Davis, Londini, Anno Domini 1795. 
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AD ILLUSTRISSIMOS POTENTISSIMOSQUE 
HOLLANDIA ET WESTFRISIZ 


oO RD INE S. 


ILLUSTRISSIMI ORDINES, 


YRUS illa, quæ olim partu clara, urbibus genitis, Lepti, Utica, & illa 

Romani imperii zmula, terrarum orbis avida, Carthagine; etiam Gadi- 
bus extra orbem conditis ; ut ait Plinius: Tyrus, inquam, illa, quæ mercaturis 
& mercium exagogis faciundis omnia mediterranei maris littora complevit, et 
navigandi ſtudio reliquas Phœniciæ maritimas urbes longè antecelluit: quæque 
ſola, ſuperatis terrarum anguſtiis, per mare Erythræum elapſa, Aſiæ et Africæ 
littora luſtrare, et externa maria tentare, natura propemodùm reluctante et in- 
vita, auſa eſt : cui uni Rex Solomon, Iſthmi illius dominus, claſſem ſuam auro, 
argento, aromatis, lapidibus pretioſis et gemmis reportandis, committendam 
cenſuit: Ea, inquam, Tyrus, univerſam Phœniciam novarum rerum, et 
artium inveſtigandarum ſtudio inflammavit. Huic enim Grammatica, in lite- 
rarum inventione; Arithmetica, ob numerorum uſum; Aſtronomia, in navi- 
giorum curſu regundo; Geographia, in terre mariſque delineatione; originem 
ſuam debent ; ut reliquarum rerum plurimas, et humane vitæ opportunas, in- 
ventiones nunc miſſas faciam. Tyrii enim, ob mercimonia et commercia, 
que cum omnibus gentibus exercebant, ingeniis utilitate et emolumento ad 
abdita perſcrutandum excitatis, quam plurima in lucem protraxerunt. Quotieſ- 
cunque igitur iſtud cum animo meo reputo, perthulta in hic noſtrà patria iſtis 


haud diſſimilia adverto ; quod tanto evidentius erit, ſi ſuperiorum ſeculorum 
tenebras 
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renebras cum hàc luce conferamus. Cum enim jam pridem Arabicarum et In- 
dicarum mercium monopolion Alexandrini in Africa et Afia poſſiderent, Ve- 
neti in Europa; et (ut omnium rerum ſuæ ſunt periodi, ſuus ortus et interitus) 
cum tandem aliquando Columbus in Americam expeditione ſuſcepta penetra- 
_viſſa: Luſitani quoque, vitatis longo circuitu terrarum excurrentium promon- 
toriis, in Indiam Orientalem, et inſulas aromatiferas navigationem inſtituerunt. 
Inde paulatim acciſa Alexandrinorum portoria ; et Venetorum uberrimus ille 
vectigalium proventus non parùm eſt imminutus. Omnemque hunc adeò cen- 
ſum Luſitaniæ reges in ſuum fiſcum redegerunt. Atque iſto ſucceſſu et occa- 
ſione totam propemodiim Europam- multos annos vectigalem habuit Hiſpania : 
donec tandem ipſe Novus Orbis (poſtquam jugi adeò diri depuduiſſet) fatis ita 
volventibus in veſtris penetralibus Amſtelodami, atque alibi, horrea aromataria 
et piperataria propemodùm ignaris vobis exſtruxiſſet. Qua opportunitate exci- 
tati, navigandi ſtudio claſſibus veſtris maria omnia compleviſtis. Inde adeò 
factum, ut homines noſtri, quibus antea nihil eſſet inerti otio antiquius, jam 
omnia maria ſollicitare, et deficiente terri in ipſo Oceano errare gaudeant, 
terras ignotas quærentes. Atque hinc quoque tantus veſtris urbibus ſplendor 
acceſſit, atque illarum artium cultura ſingularis et eximia emicuit, quarum 
præconio Phœnices tantopere celebrantur. VOS enim, quamvis maximo et 
difficillimo bello, ab hoſte potentiſſimo, terra marique diſtineremini, Academiam 
tamen Lugduni in Batavis erexiſtis, viris celeberrimis et doctrinà excellenti 
undique evocatis, quorum opera liberalia ingenia excolerentur; et profectò 
ſpem veſtram eventus non eſt fruſtratus. Habetis enim ingenia ad omnem 
doctrinam percipiendam excitata: homines, inquam, non minũs gnavos, quam 
ingenioſos, qui omnia ſua ſtudia, omnem operam ad Patriæ ſalutem et celebri- 
tatem conferre ſumma contentione nituntur : quibus omnibus, ut in doctrinà et 
ingenio priores partes non invitus tribuam; ita affectu, et animo in patriam 
propenſo me cuiquam conceſſurum negabo; et, fi non aſſequor quantum qui- 
dem optem, at ſaltem, quantum ſedulitate et induſtria conſequi potero, id 


omne Deo et Patriæ ſacrum lubens offeram. Utque hujus affectũs aliquod 
pignus extaret; non quidem illud veſtrà Amplitudine dignum, niſi ipſi non in- 
dignum eſſe voluiſſetis; cum rei maritimæ curam adeò anxiè et ſollicitè gera- 
tis, ut etiàm ul:ro premiis propoſitis omnes ad eam juvandam promovendamque 
invitetis. Veſtrà igitur autoritate, Ordines Jluſtriſſimi, permotus, exiſtimavi, me 
operam non inutilem aut infructuoſam collocaturum, fi navigandi leges accuratà 
et non fallaci demonſtratione inſtruerem; quod ipſum quoque videbam viros in 


hoc docto pulvere verſatiſſimos ſemper omni ſtudio eſſe conatos. Poſtquam enim 
humanum 
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humanum genus Deo docente navigare didiciſſet, et cum ipſe pontus littoribus 
careret; Noachus cum univerſi mundi depoſito ſolis fluctibus vehebatur. Poſtea 
hominum induſtria etiam vela excogitata ſunt, quæ ventos procellaſque reci- 
perent, quorum impetu navis impulſa curreret. Sed eadem frenum ei quoque 
injecit, et clavo gubernatorem admovit. Ut adeò vaſta moles exiguo guber- 
naculo regeretur, et pro vectoris arbitrio motus ſuos componeret ; atque curſus 
ſuos ita inflecteret, ut etiam contra ventorum flatus obniteretur, et hoc pacto 
terrarum orbem ultro citrõque portaret. Eam adeò ob cauſam jam olim omnes 
tam ſollicitè huic uni rei incubuerunt, ut curſuum ratio ipſis certa conſtaret, et 
eos regundi ſcientia quædam extaret, cujus præceptis et ductu navem ſalvam 
in portu collocaient. Multò autem maximè proavorum noſtrorum memoria, 
poſtquam immani et audaciſſimo auſu longinquæ illæ navigationes trans mare 
Oceanum tentari occœptæ. Tunc enim homines docti, et qui ſupra cæteros 
ſaperent, id unicè operam dederunt, ut certa aliqua ratione et via navigandi 
artem conſtituerent, quæ in eo tota maximè eſt ſita, ut longitudinem et lati- 
tudinem cujuſque loci habeant exploratam. Quarum altera ex obſervationibus 
cœleſtibus haud admodùm difficulter quotidiè eruitur. Ad longitudinis autem 
inveſtigationem nihil uſquam extabat auxilii, aut præſidii. Tandem Magnes 
repertus, et ex ipſis terræ viſceribus eſt erutus; ſaxum impolitum id quidem, 
nullo ſplendore, opacum, aſperum, ſcabrum, colore ferrugineo; fed cuivis 
gemmæ contra comparandum. Hic eſt ille magnes, qui noltri miſertus, tan- 
quam officiofiſſimus E νοννe, miſeros mortales, etiam vitæ ſuæ prodigos, per 
totum terrarum orbem ſalvos et ſoſpites deduceret; et in ipſis tenebris, erroni- 
bus illis facem alluceret; ac noctò, interdin, tanquam nomenclator aliquis, om- 
nium curſuum plagas referret, et fidi monitoris officium faceret. Atque illinc 
hominibus ſagacibus cogitatio injecta, horum curſuum affectiones accuratiùs 
ſcrutandi. Unde illud continuò notatum, longitudinis et latitudinis inveſti- 
gandæ rationem perbellam hinc poſſe derivari; et ex curſũs plagà, atque æſti- 
mata ejus quantitate, iſtas quotidiè ad abacum venire, In ſcrutandis igitur legi- 
bus ejus lineæ, que magnetice acus ductu a navibus defcribitur, 1ifque accu- 
ratias explicandis, certatim a doctis pariter et indoctis integrum jam ſæculum 
laboratur. Cum longitudinis inveniendæ via in medio mart nulla extet alia, 
præter eam unam, quæ acũs magneticæ indicio eruitur. Et profedò omnes oræ 
maritime hanc incudem jam dit: tuditarunt ; neque id privatim ſolùm, ſed 
etiam publicè. Senſit ea res et Veſtram, Llaſtriſſimi Ordines, quoque curam. 


Quoties enim liberalitatem veſtram ſenſerunt ii, qui loxodromiarum uſum faci- 
liorem 
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liorem felicioremque proferre ſunt conati? five id in tabulis planis, ſeu in gibbis 
ſphærarum ſegmentis explicarent: ut nullus quidquam hac in parte rem ma- 
ritimam juviſſe exiſtimatus fit, qui non reapſe fit expertus, VOS id omni ſolli- 
citudine et cura eniti, ut ea quoque pars tam abſoluta fir, quam per naturam 
ei liceat. Quod adeò non indignum veſtra Majeſtate exiſtimatis; ut etiam 
ultro omnium ſtudia provocetis. Nec immeritò: cum tot hominum fortunæ 
rudentibus quotidiè committantur, et in vaſto illo Oceano natent. Ut enim 
navigandi induſtrià nulli gentium concedimus, ita navigiorum multitudine et 
agilitate reliquis facile pares ſumus. Cumque multi, laudando de patria bene me- 
rendi ſtudio, aures veſtras crebro fatigent, et longitudinis rationes in mari ex- 
plicatas vobis exhibere geſtiant : non exiſtimavi, me quoque, aut patriæ, aut 
harum rerum cupidis deeſſe debere. Quamobrem iſta omnia ab ipſo funda- 
mento ſolidis rationibus arceſſere inſtitui, ut inde quantum res ipſa in mari fe- 
rat, aut quam prope ad verum accedat, definite conſtaret. Dedi itaque ope- 
ram, ut, ſumma cum diligentia annotatis difficultatibus, quas vitari aut interpo- 
lare neceſſe fit, præcepta certa, brevia, factione expedita et parabilia, in medium 
proferrem, et omnia demonſtrationibus firmata, uſu obſervata, ordine et via 
conſtituerem. Quæ ut omnibus bonis et veritatis ſtudioſis grata fore mihi eſt 
perſuaſiſſimum; ita hunc meum laborem vobis quoque, Ordines Iluſtriſſimi, 


probari unicè optem, | 
Veſtre Amplitudini 
Addictiſſimus, 


WILLEBRORDUS SNELLIUS, 
a Royen, R. F. 


BENEVOLO 
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BENEVOLO LECTORI. 


UM ſupremi numinis providentia primam illam rerum omnium maſſam, 
ſub qua totius nature moles latebat indigeſta, ſuis locis diſparaviſſet; et 
bæc inferiora, ſive vi magneticà divinitùs infita, ſeu ratione Iforropica libratis 
circa id mundi punctum elementis, diffoctaviſſet : Aer quidem ile ſpirabilis 
fupra nos, et inde purius elementum, ſuas ſibi ſedes delegerunt. Ne autem il- 
tius molis nucleus, et reliquis gravior terre globus aqueo humore proximè am- 
bitus et circundatus, terrenis animantibus eſſet inhabitabilis ; ided Divina illa 
mens, mundi architectatrix, Terram hanc diffregit ; et montes quidem attolli, ac 
valles juſſit ſubſidere: ut in his cavitatibus, tanquam ſinubus, circumfluum et 
innataturum alioquin, humorem exciperet ; aut in terræ viſceribus concretum 
egeſtũ nque, in ampliſſimum æquor evolveret. Atque, ita poſitis diverſorum 
elementorum limitibus, terra eminente, et aqua depreſſà, in eadem perfecti or- 
bis ſpecie, humanum genus alios alio diſparavit. Inde neceſſitas, an libido, 
tet ras elemento adeò diſſociabili diſſeptas luſtrandi, mortales inceſſit animos. 
A quorum cupiditate et ingenio, ut neque aer, nec ipſius terræ intima penetra- 
lia tuta eſſe potuerunt: ita quoque non marini æquoris vehementia, non inſani 
fluctus, nec infida vada, neque ventorum frementium impetus eorum conatus 
inhibere potuerunt ; quo minus regiones adeò immenſo æquore disjunctas, mer- 
cibus ex alto Orbe, et ad luxuriam petitis, adirent; vel cœlum ipſum petituri, 
fi lucri odor ullus iſtine adſpiraret. Primis quidem ſæculis, et ſub ipſis mundi 
iucunabulis, quamdia mortales in locis mediterraneis ætatem agebant, ubi avitis 
laribus et fundis vitam parce ac duritèr tolerabant, 


Non turbida ponti 

£Aquora lædebant naves ad ſaxa viroſque, 

Sed temerè incaſſum mare, fluctibu' ſæpe coortis, 
Sevibut, leviterque minas ponebat inaneis. 


De ori gine 
artis Naviga - 
toriz, 


Nec poterat quenquam rapid * pellacia ponti * Forte le- 
Subdola pellicere in fraudem ridentibus undis. OO 
fracidh. 


IMeroBA navig! ratio tum cœca jacebat. 


Phœnices primùm mercaturis et mercibus ſuis avaritiam, et magnificentiam, et 
iuexplebiles cupiditates omnium rerum importaverunt in Græciam, inquit Cicero: 
aeg go glia Ayu v TE Na Abc; u. Et fane ibla gens Phœnicum in magna. 
g!ori2 literarum inventionis et fiderum, navaliùmque et bellicarum artium, Pl:nio 

Vor. IV. R fuit, 
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fuit. Et Herodoto quoque in ſuarum hiſtoriarum limine, Phoenices, inquir, 

qui à mart quod rubrum vocatur proſecti, poſitis ſedibus in ei regione, quam 
nunc quoque incolunt, longinquis continuo navigationibus incubuerunt : faci— 
endiſque Agyptiarum et Aſſyriarum mercium vecturis, cum in alias plagas, 
tum etiam Argos pervenerunt. Argos enim ez tempeſtate omnibus Græciæ 
civitatibus antecellebat. Huc porro appulſos Phœnicas meicimonia expoſuiſſe 
Perſe memorant : et quinto ſextove quam appuliſſent die, cunctis ferè diven— 
ditis, fœminas ad mare veniſſe, cum alias multas, tum regis quoque filiam, cui 
nomen eſſet idem quod Græci tradunt, Io, filiam Inachi. Diimque he navi 
aſſiſtentes mercarentur quæ maxime expeterent, in eas unanimi conſenſu Phœ- 
nices impetum feciſſe; et, pleriſque earum fuga clapſis, Io cum aliis aliquot cor- 
repta, in Ægyptum retro vela convertiſſe. Scilicet tu adhuc 


Ultimus immenſo reſtabas, Nile, labori. 


Verum navigandi artis gloriam, et fabricæ rationem antiquiſſimus Prometheus 
apud Æſchylum ſibi vendicat, 


 ©ahargomayure I Ae 4d dr d 
Auwonleg' wpe vad oxrpare. 


Et profectò qui naves ad oras aliquas ignotas appuliſſent, et præter illorum 
littora vel remis, vel expaſſis velis novo et ante eum diem ipſis inviſo vehiculo 
per maria diſcurrerent, Barbarorum animos non mints percelluerunt, quam 
Argo paſtoris illius animum apud Attium, qui, cùm navem nunquam ante vidiſſet, 
ut procul divinum, et novum Argonautarum vehiculum ſtupens et perterritus 
conſpexit. Ea quidem res adeò grata illis temporibus accidit, ut quicunque 
commodiorem velocioremque aliquam navigii ſpeciem excogitaviſſet, vel expe- 
ditionem in oras nulli priorum aditas inſtituiſſet, eorum induſtriam ad errorem 
fabulæ traduxerint; ut divinitùs naves hominibus datas, et Deorum auſpiciis 
ſtructas et fabricatas aſſeverare non dubitaverint, 


ipſamque ſecandis 


* Fort? le- Argois navibus “ jactent ſudaſſe Minervam. 
gendum fotet, ; : wa a ; a 
trabibus, vel Fuga Phryxi et Helles Arieti vectori xguropsary imputatur, qui ob hoc benefi- 
ratibus, cium princeps inter Zodiaci ſigna refulget, et nobis ver aperit. Hàc omnes 


poëtarum fabulz perſonant, omnis ſcena fervet, et ab eo caſu etiam anguſtiſſimo 

inter Aſiam et Europam freto nomen eſt impoſitum. Atqui dum Phryxus cum 

Helle ſorore novercales inſidias fugeret, irvxnoe mA % 76 w νE˖ xps d, navem 

nactus eſt, cujus inſigne, et inde quoque nomen, Aries erat. Ille enim in prorà 

vel pictus vel fictus ſtabat. Verùm quia non tantùm à Grammaticis, ſed etiam 

a Philologis doctiſſimis de hoc navis inſigni ſeu Tepzowy multa prodita exſtant, 

quæ nimis jocularia et perquam abſurda ſunt, operæ pretium erit hæc enucleate 

De Iuſigni, explicantem Joſephum Scaligerum audire. Tlapzonuw (inquit) erat in prori : et 
2 ibi ſtatuebatur Deus, Heros, beſtia, aut aliud quid, unde nomen habebat na- 
poſito. vis. In xxv11 cap. Actorum Apoſtolicorum; & wWoly mapactuy Aouggos, ni- 
| mirum v0 TAHPRATNDOY TE TAvis i TH rpg 2 A Tovs Avooxzpss, Gloſſa juvenalis : Pe- 
GASUS. Trierarchi filius, ex cujus Liburnæ paraſia nomen accepit. Videtur 

accipere 
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- accipefe paraſiam pro paraſemo, fi locus mendo non vacat, et Liburna ea ha- 


buit Tepzonzo Pegaſum. At Tutela ſtatuebatur in puppe, quæ differebat 3 De Tutela 
paraſemo dupliciter; tum quod illius locus ſemper erat in prora, hujus autem avis, in pup» 
in puppe; tum quod tutela ſemper erat Deus, aut Dea: mapzonuer erat Deus, Pe Po ta, 


aut Heros, aut animal, aut aliud quid. Denique navis à paraſemo, non a tu- 
reli nomen habebat. Ovidius : 


Eft mihi, sitque precor, flave tutela Minervæ 
Navis, & a pictà Caſſide nomen habet. 


Nimirùm Caſſis erat 79 Tapzonuoy, et ab ea Navis vocabatur Caſſis. Minerva 
autem, cujus erat tutela, deſtituta erat in puppi, aut in apluſtri. In primo 
Iliados: fruras yag mv amroxotev dap vpe. Scholion : zva int Tov du 
10% ayarpals v toves Tw Ora, Heſychius: Tdraing, Otol, points B 540% Natz 
rag mpyavas Tw vian, Perſius: 


Ingentes de puppe Det 
Glofla vetus : Navium tutelam dicit, quam in puppibus habent, vel pingunt. 
Plutarchus: mwSavoprvo; TEr: vaunanps j. xi Ts KuGternrs, Aal rng vews 70 TXPLONLY, 
Nam ard rs Tagaoums nomen habebat, ut illa, in qua Paulus Apoſtolus naviga- 
bat, vocabatur Caltores. Scio equidem de Tuteli navium multos ſcripſiſle. 
Sed tùm eos video non bene hæc diſtinguere, tum etiam Grammaticos 7g 
Txpao1uey cum Tutcla confundere, Græci wapzonucy exprimunt. Tutelam au- 


tem non habent, quo exprimant. 
Furrit ergo Phryxæus Aries, non Aries, ſed Navigii genus. De Tauro fabula 


haud eſt abſimilis: 


Sic et Europæ niveum doloſo 

Credidit Tauro latus, et ſcatentem 

Belluis Pontum, mediaſque fraudes 
Palluit audax. 


Contra Lycophron in obſcuro ſuo poëmate cecinit, Europam a Piratis in manus 
traditam Aſtero Cretæ regi. 
aN νeν 1uTEEITUY v 

E's rau, D y ES rum 

Exon dnl tis vH 

Azpagle Keires A'rigy ggAhDrn. 
id eſt, vertente Scaligero : 

——— extulere captivam bovem 

Paroniz intra taurifrontis alveum 

Ad ſanta templa conjugem Saraptiam 

Di&#4a Cretes Stellioni principi. 
Rapta igitur Europa Agenoris Phœniciæ Regis filia a Cretenſibus navi, cujus 
7264omy inſigne Taurus erat; idque, quemadmodùm ex Perfarum hiſtoriis 


Herodotus interpretatur, tanquam aii, hoſtimentum injuriarum à Phœni- 
| | R 2 cibus 
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cibus prius illatarum. Ita naves vel à figura, vel a vaęagjug in fabulas et mi. 
racula vertuntur. Triptolemi beneficium in humanum genus fingulare fuit, 
qui, glandibus repudiatis, frugibus veici docuit, et juſſu Cereris agriculturam 


inſtruxit. 


Geminos dea fertilis Angues 

Curribus admovit, fræniſque coërcuit ora: 

Et medium cœli, terræ que per aëta vecta eſt, 
Atque levem currum Tritonida miſit in arcem 
Triptolemo, partimque rudi data femina juſſit 
Spargere humo, partim poſt tempora longa recultæ. 
Jam ſuper Europen ſublimis ct Aſida terram 

Vectus erat juvenis, Scythicaique advectitur oras. 


Ft que ſequuntur. Atqui Philochorus autor eſt, TemloAquer p20% re W29ToA- 
AovTaz Ye TOA Tv Cirov Siadzvai. oi go ff TTERWTGY O@Ww £140) THY Viv, Exe d ri x TH 
e, Triptol mum, longs navi ad civilates maritimas appuljum, frumentam diſtri— 
buifſe ; nadem autem viſam eſſe anguem alatum, quia hanc ſpectem utcunq ue ſud figurd 
referret. Credo, roſtra navium animalium quorundam roſtra ſimilitudine qua- 
dam expreſſiſſe, ut inde etiam roſtra difta ſint; atque ita veteres rei geſtæ 
De fabula veritatem fabulæ coloribus involviſſe, et poſteris per manus tradidiſſe. Haud 
Pidali et Ica. àlio argumento Dædali et Icari fabula conflata eſt: 


9 8 Dædalus (ut fama eſt) fugiens Minota regna 
Præpetibus pennis auſus ſe credere cœlo, 

Inſuetum per iter gelidas enavit ad Arctos, 
Chalcidicique levis tandem ſuper aſtitit arce. 


/ 


Sed iſte quoque arorliva; ανfEφuei ou Vxdew rh va ar, Tho NeopmerCy xx Trapuyey 
Toy Mivwa, dia To oveupiioy tui S To aal, fabulosèꝰ avalaviſſe narratur cum filto 
Icaro, quod, navem nadtus, Minoem effugerit, cum perſequentes eum non inveni- 
rent, Ego exiſtimem illum non magna nave fugam ſollicitaäſſe, ne vel le- 
viſſimam fugæ ſuſpicionem Tyranno daret ; ſed ſingulos minoribus cymbulis 
corio undique contectis ſe commiſiſſe: quemadmodum barbari etiamnum hodie 
prope Fretum Davis in America his illigati ad umbilicum uſque, et coriaceo 
rerdurn parte corporis eminente tecti, poor emo une, duabus palmulis in- 
ſtructo, navigant. | 


Non hi carinas quippe è pinu texere 
Fecere morem, non abiete (ut uſus eſt) 
Curvant faſelos: Sed rei ad miraculum 
Navigia junctis ſemper aptant pellibus, 
Coriõque vaſtum ſæpe percurrunt ſalum. 


225 550 rum vero longiùs provectum undarum impetu ſubverſum periifle. Et Pegaſus 
rophonte. quoque et Bellerophon huc accedat: iſto nempe equo ligneo per vias cæruleas 


vectus; ita enim Conon narratione ſua quadragefima apud Photium prodidit : 
n rico aßauocn iropia, T6 Tips A'Vpoprdas igoger triows N ws 6 EMivar piggy? Duos fra- 
tres 


Et Dædalum quidem ita inſularum aut continentis littora propiùs legiſſe: Ica- 


LD . 


tres fuiſſe Cephea et Phinea : ac Cephei quidem regnum, Phœniciæ poſteꝭ no- Ne Perfeo et 
men induifle, cum ad eum diem Joppe à maritim civitate appellatum funiler : Andromedi, 


habuiſſẽtque imperii terminos a mari noſtro, ad eam uſque Arabiam, que ad 
Erythræum mare pertinet. Fuiſſe item Cepheo infign! pulchritudine filiam 
quam proci ambirent, Phœnix quidam, et ipſe Cephei frater Fhineus. At 
Cepheum, poſtquam varia de utroque ſecum ipſe conßd erde, Yhæœnici tandem 
deſpondere filiam ſtatuiſſe, ac per filie raptum conſentiemem ſuam voluntatem 
obtegere. Abreptam igitùr fuiſſe ex deferta quadam 1nfuli Andromedam, in 
quam ſoleret Veneri facrificia oblatura ſecedere. Ita cum Phœnicis bhujus ra- 
pientis navi (quæ Cetus dicta eſt, five a piſeis illius ſimilitudine, five caſu aliquo) 
Andromeda tanquam inſciente patre aveheretur, miſerè eam ejulätſe, opemque 
cum lachrymis invocifle. Ad ea Perſeum, Danaes filium, forte fortuna præter— 
navigantem, curſum inhibuiſſe: primoque mox puellæ adſpectu, pietate fimal 
et amore captum: tum navigium illud Ceti nomine expugnaſle, et vectores, 
tantùm non in lapidem præ metu verſos, occidiſſe. Atque hunc illum eſſe 
Græcæ fabulæ Cetum, hos homines, Gorgonis viſo capite in ſaxa mutatos, 
Er Palæphatus libro primo mirabilium hiſtoriarum, (qui folus è quinque hodic 
ſupereſt,) eandem fabulam ad hiſtoriæ veritatem paulo aliter revocat. BeArpopgyrn; 
($19) 7 evyos ares To yeO> Koh, Kar 9 ds, 05, Wolov nelacuei ages hangor, 
niero rd WapaJaracoia Xue. Gb, wv ri Mi, Iiααοο, de xa} vv dN TWY v 
dreh I,. Bellerophon, inquit, erat Phryx, domo, ſeu genere, Corintbius, wir 
formoſus et ſtrenuus, qui, fabricatd lengd navi, > lecis maritimis prædas agel at; 
navi nomen erat Pegaſo; quemadmodum etiam nunc dierum ſingulæ naves nomen 
aliquod ſortiuntur. Ita quoque Troicis temporibus Tyrrheni piraticam exer- 
cebant, myoparonibus et triremibus ſuis mare infeſtantes, quarum triremium 
una nomine Scylla, ut reliquas vincebat celeritate, ita ſuprà omnes mercatoriis 
navigiis inſidiabatur: eam triremem, ut ait Palæphatus, Ulyſſes et celeritate 
navis ſuæ et ſecundo vento uſus, felicitèr effugit: Aa vavs repre Taxary T6 7: 
* Ul ef e / * \ / / . / — 
Sο ο EAVANG GUT 1 TEINS T% AGITA TWY TNOKWY οοπν TONNGKY IS tig v0 Bow. 
Huc Pcetarum princeps ſpeCtafle videtur, cum lib. 3. Cloantho, qui Scylla ve- 
hebatur, victoriam tribuit ; 


illa Noto citiùs volucrique ſagittà 
Ad terram fugit, et portu ſe condidit alto. 


In his quidem hactenùs fabularum figmentis omnia fuerunt involuta. At ille, De nau Ar- 


qui primus omnium longi nave maria tentavit, quanta nominis celebritate in — Argo 
nautarum ex- 


hominum ſermonibus verſatur? quanto ambitu cclebratur? ut vere poetis fa- 
bularum Oceanum recluſiſſe videatur : 


Utinam ne in nemore Pelio ſecuribus 
Cæſa cecidifſet abiegna ad terram trabes: 
Neve inde nav is inchoandæ exordium 
Cœpiſſet, quæ nunc nominatur nomine 
Argo, qua vecti Argivi delecti viri 
Petebant illam pellem inauratam arietis 


Colchis, imperio regis Peliz per dolum. 
Longz 
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Longa enim nave Iaſonem primum navigaſſe, Philoſtephanus autor eſt. Ait Pli- 
nius libri ſeptimi capite ſexto et quinquageſimo: 


Benè diſſepti fœdera mundi 
Traxit in unum Theſſala pinus, 
Juſsitque pati verbera pontum. 


Fuit hæc veuνrννjnje 6» prima, in eam cum Jaſone quatuor et quinquaginta Ar- 
onautæ ſunt ingreſſi. Hæc nempe erat illa delecta heroum manus, O. 
1 » . . S._ <4 

newwy da. In hanc unam flos totius Græciæ co-ivit : Hercules, Caſtor, Pol. 

lux, Dits geniti; ahique et reges et regum filii: Vates Mopſus, et Idmon: Nau— 

pegus Argus : | 


ſors tibi, nequi 
Parte trahat tacitum puppis mare, fixaque fluctu 
Vel pice vel molli concludere vulnera cera. 


Celeuſtes ipſe Orpheus, 


qui carmine tonſas 
Ire docet, ſummo paſsim ne gurgite pugnent. 


Navis magiſter et gubernator Tiphys, 


ui maris inſidias, claræ qui ſidera noctis 
Nörit, et & clauſis quem deſtinet Æolus antris. 
Non metuat cui regna ratis, cui tradere cœlum. 


Denique navem ipſam fatidicam et humana voce locutam, fama eſt: habuit 
enim Teo be re Awdwms dpuos, carinam è Dodonide quercu; aiunt enim Junonem, 
alii Minervam | 

Cæſo, monitu Jovis, augure luco, 

Arbore præſagà tabulas animaſſe loquaces. 


Unde et Ciceroni divinum Argonautarum vehiculum dicitur. Itineris quoque 
ſtadiaſmi, et curſus ita accurate a poetis proditt ſunt, tanquam ſingulos ex 
ipſorum diaris expreſſiſſent; per quæ maria, quibus ventis cucurrerint, que lit- 
tora prætervecti ſint, quos portus intrarint, que freta tranſierint, quæ promon- 
toria et quorumnam fluviorum oſtia præternavigaverint, ad quas gentes et na- 
tiones acceſſerint, quemadmodum in ultimum Euxini Ponti angulum penetra- 


verint, 


ic Þaow, YO vavci α⁴πνν e dνι.. 
Denique quomodo ad Eridani oſtia in Peuce inſulà in reditu hyemaverint ; reli- 
qua lubens mitto. Et iſta quidem hactenùs Tpm>zy Euxini Ponti nobis universim 
ob oculos ponunt, et heroum duros Jabores quos in hac expeditione pertule- 
runt ; quæ autem finis adeò difficilis expeditions fuerit, ex Plinio facile intel- 
liges; is enim libri tertii et trigeſimi capite tertio eas oras aur feraces prodidit. 
Jam, inquit, regnaverat in Colchis Salauces et Eſibopes, qui Terram virginem 


nactus, plurimum argenti aurique eruiſſe dicitur in Suanorum gente, et alioquin 
| velleribus 
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velleribus aureis inclyto regno. Sed et illius aureæ cameræ, et argenter tra- 
bes narrantur, et columnæ atque paraſtate, Hinc adeo iſtis Heroibus ſacra 
illa fames, et cupiditas, et ardor, et pericula, et lues, et diſſidia, et cædes, et 
moræ atque ambitus itinerum. Hoc nempe illud erat ad cujus famam univerſa 
Grecia aures arrigeret; hæc illa præda, quam jam animo atque oculis deftina- 
verant, quæque iſtos patriis ſedibus excitos ad terram inhoſpitam mitteret. 
Sed fabularum fails eſt; omnia enim perſequi infinitum fit. Quamobrem ma— 
nifeſto hine liquet, ſingulas gentes mediterranei maris accolas navium inventio- 
nem ſibi vendicare conatas eſſe, aut ſingularia ſua beneficia et pericula fabularum 
involucris poſteritati commendare ſtuduiſſe. Et quo firmius ca hominum ani- 
mis infigerent, non puduit eos ſideribus et cœlo ſua nomina inlcribere. Illic 
enim nobis Aries, Taurus, Pegaſus, Cete, Argo, navium nomina, totidem 
harum expeditionum teſtes refulgent, quorum æternis ignibus ct fulgore Phœ-— 
nices, Cretenſes, Corinthii, Theffali induſtriam ſuam poſteris teſtatam fecerunt. 
Et ſane, quam certum eſt, ab his ſingulis navium alias atque alias formas ad 
expeditiorem curſum, aut onerum ſubvectiones, aut mercium exagogas, eſſe ex- 


cogitatas, quemadmodum 


—— etiàm quædam nunc artes expoliuntur, 
Nunc etiam augeſcunt: nunc addita navigiis ſunt 
Multa: 


tim indubitatum quoque nobis eſt, primam navis fabricam à Noacho, Dei ipfius De arci No- 
juſſu, dus podiſmum et ſpatia metante fuiſſe inſtitutam. Cum enim humanum achi. 


genus a majorum ſuorum inſtitutis diſceſſiſſet, et, deſerto divini numinis vero et 
legitimo cultu, ultimam improbitatis et ſcelerum omnium lineam trankliiffer, ne- 
que concionantem monentemque Noachum audiret : fed divini ſenis monitis in- 
{uper habitis, etiam in dies in pejus ruerent, et ab omni virtute pedem retro re- 
ferrent: tunc demùm, tanquam malo in veterato, et rebus deſperatis, Deus ipſe, 
ut hanc improbitatem æternis tenebris damnaret, Noachum ad vaurnyiay inſtruxit, 
et quemadmodum unumquodque fieri, et mundi depoſitum cultodiri, vellet, 
oſtendit: que animantia in ſemen reſervari: quõtque ſingulorum generum in 
arcam admitti: ubi, et quemadmodum ſtabulari oporteret, edocult, Scculum 
integrum duravit ea navigii molitio, quam a forma ,wo, Arcam, dicimus. 
Corporaturam et arcæ modum Deus quoque ipſe præſcripſit. Trecentorum, 
inquit, cubitorum eſto arcæ longitudo, quinquaginta latitudo, et triginta alti- 
tudo ejus; ampliſſimo ſane et maximo ſpatio; ut podiſmus ejus & longitudine 
et latitudine major ſeſquijugero Romano deprehendatur. At forsàn hominibus 
quibuſdam nimium curioſis, quoſque divina opera ad humani cerebri normam 
exigere nihil pudet, iſta minus fidei habere videantur, fi hanc molem ad noſtri 
ævi navigia conferamus ; et partium ſymmettia inſuper haud ſatis ad 1itam 
conſuetudinem apta. Atqui ludibria regum in mari laſcivientium, qui trire- 
mes luſorias et cubiculatas exſtruxerunt, ſatis ſuperque fidem facient. Hi 
enim, iſto exemplo haud dubio incitati, eam fabricam ſunt emulati : nam et 
hæc arca quoque a profanis ſcriptoribus literarum monuments fuit celebrata ; fi 
quid Joſepho credimus, qui Beroſi Chaldzi, Hieronymi Agy ptii, Muaſcz, 


Nicolai Damaſceni, altorumque complurium autoritatem appellat. Atque hinc 
tactun: 
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De magni 
navi Ptolomæi 


Philopatoris, 
regis Ægyp- 
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factum arbitror, quod Ptolomæus Philadelphus (qui ſtudioſiſſimè munificentiſ- 
ſimam bibliothecam, libris undique maxima impenſa conquiſitis, inſtruxit) ad 
æmulationem divini operis maxima navigia conſtruxerit. Memoriæ enim pro- 
ditum eſt, eum omnes, qui ante fe fuerant reges, navium copia et magnifi- 
centia ſuperavifle ; inter quas cæteris præſtabant Tpwzxovrrpas de, chigonpis hela, 
nam aliarum numerus erat infinitus. Sed et Ptolomæus Philopator, hujus ne— 
pos, navigii magnitudine eum longè ſuperavit. Unius autem menſuram e 
Callixeno Athenæus ita expreſſit: 1 rt οννονννπι,Mpn va KATETNEURTEY 0 Oi)onatur, 
T0 pn H Hianooioy c doε, mYNWv, or Ot x ręid noi amo maps tus rag, 
viG” de tws ' @poroMis TECTaparorle o, m1yor. Plolomens Philopator navem qua- 
draginta ordinum conflruxit, longam ducentcs et offoginta cubitos, latam intra fo- 


ros offo et triginta, altam ad acroſtolion nſqu2 ofto et quadraginta, à puppi au- 


De magna 
naviHicroms, 
- Syracuſarum 


regis. 


tem ſummd ad mare uſque cubitos tres et quinguagiuta; cum in mari curſum 
expediret, recipicbat remiges quater mille et amplius, miniſtros quadringentos, 
milites claſſiarios ferè ter mille, præter aliam hominum turbam ſub tranſtris, et 
preterea commeatum maximum; materies ad hanc unam comportata ſatis fuiſ- 
ſet faciundis triremibus quinquaginta, Idem Philopator aliam quoque locavit 
faciundam, quæ in Nilo navigaret, $axprys cubiculatam, longitudine dimidii 
ſtadii, qui ſunt pedes trecenti, latitudine cubitorum triginta, altitudine fere 
quadraginta ; reliquum porrò ornatum, partium ſingularum difpoſitionem et 
commenſum ibidem videto. Verùm has omnes facilè ſuperaverit Hieronis Sy- 
racuſarum tyranni navis illa, 35s Aννν˖,jñ 6 yewwtirens I ironing, Cul faciundæ 
Archimedes erat præfectus; ejus molis amplitudinem et fabricam Moſchion 


integro libro huic rei dicato explicavit ; trecentis enim operis fabricam, præter 


adminiſtros, tractantibus, ad eam faciundam ſexaginta triremium materia fuit 
congeſta; et navis corporatura ita intùs diſtincta, et in ſuas ſedes tributa, ut re- 
migibus, nautis, militibus, vectoribũſque reliquis recipiundis cuique ſua loca, 
et {va receptacula eſſent aſſignata. In hic eadem navi erant prætereà varia cœ- 
nacula, cubicula, ambulationes, horti, piſcium vivarium, equilia, Scholaſteria, 
Veneris templum, balnea, clibani, culinæ, molæ, et alia compluria : et hæc 
intùs quidem. Inſuper navis ipſa ferreo vallo circumdata; et turribus octo, 
duabus in puppi, totidem in proraà, reliquis autem in lateribus diſpoſitis munita; 
ſuper navi foris murus erat cum propugnaculis; et in muro, turribus, ac car- 
chefiis per totam navem multæ machinz bellicæ erant diſpoſitæ: et inter reli- 
quas una, que faxum trecentarum librarum, atque ſagittam duodecim cubito- 
rum ad ſexcentorum pedum intervallum vibraret; et ne omnia nimis ſcrupuloſè 
perſequi videar, lectorem ad Athenæum remittam, unde plura ad ſatietatem et 
ſtuporem uſque de hac eadem navi ſigillatim tibi petere ſicebit; et quidem ita, 
ut nobis non navis pictura, ſed caſtelli, aut urbis, vel inſulæ alicujus deſcriptio 
ante oculos poni videatur: | 


pelago credas innare revulſas 
Cycladas, aut montes concurrere montibus altos : 
Tania mole viri turritis puppibus inſtant. 


Hanc tamen Syracuſiam #:gon Romani etiàm ſuperaviſſe videntur fabricatis 
navibus ad obeliſcos ab Alexandria ad Oſtiam uſque tranſvehendos. Super omnia 
(inquit 


#4 
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* 
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Plinius lib. 36, cap. ,) acceſſit diflicultas mari Romam devehendi, ſpeRatis 
admodim navibus. Divus Auguſtus priorem advexerat, miraculique gratia 
Puteolis navalibus perpetuis dicaverat ; fed incendio conſumta eſt. Divus Clau- 
dius aliquot per annos affervatam, qui Cajus Cæſar importaverat, omnibus qua 
in mari viſe ſunt mirabiliorem, turribus Puteolano ex pulvere exædificatis, pro- 
ductam Oſtiam, portiis- gratia merſit. Rem navalem de navium generibus, 
partibus, ornatu, armamentis fatis ſpiſſo volumine proſecutus eſt Lazarus Bay- 
fius, vir dodiſſimus; ſed, ut ipſe ſibimet haud uſquequaque ſatisfeciſfe videtur, 
ita non pauca ad accuratiorem judicii limam ſtudioſus, credo, lector exigi poſ- 
tulabit. Maxime in biremium et triremium deſcriptione, et illis quæ triginta, 
quadraginta, aut quinquaginta ordinum altitudine conſurzunt. Sed cum et 
hanc controverſiam feliciſſima et erudita manu explicaverit vir ſummus, et vere 
unicus noſtri ſeculi Phoenix, Joſephus Scaliger, totum locum, atque adeo 1l- 
luſtrem illam eclogam huc tranſcribere, in tuam gratiam, non pigebit ; dignus 
enim eſt, qui non uno tantum in loco legatur. | 


Igitur prima triremis, five remens, (inquit) Corinthi fabricata eſt. Anteà enim Excerptun 
longis navibus tantùm utebantur. Prima longa navis fuit ea, quæ Argonautas ex Joſephi 
Scaligeri Li- 
bro de Navi- 
bus Veterum. 


vexit, ut Plinius, et alii fere omnes veteres ſcribunt. Nos hodiè id genus Ga- 
leas vocamus, et primum illud nomen obtinuit adhuc vigente imperio Conſtan- 
tinopolitano. In Tacticis enim legimus, Tanaizs porinas, Noſtræ enim Galeæ, 
et veterum naves erant popes, hoc eſt, uno verſu remorum agitabantur. Quem- 
admodum enim TVvgyG” pomens, diene, Tewens, à numero tabulatorum dicitur, 
qui aliter rio povogtyos, giceyos, reit: yoc, ita et va; povnpnss dinens, TEmpns dicta, 
quæ totidem, ut ita loquar, tabulatis conſtabat, ac proinde totidem utrinque 
ordinibus remorum. Quum igitur differentiam navium longarum conſtituat 
numerus ordinum, prime in uſu fuerunt, quæ unum tantùm remorum verſum 
habebant. Duplex verò earum conſtituitur differentia, à numero remorum, et 


à numero ordinum. Quæ à numero remorum dicuntur, earum nomen termi- 


natur in g, ein gos, reino, TET|apaxovroess reiſſnnor roęos. Quæ vero à nu- 


mero verſuum, in nens, Ane, dineng, rpiiers, reręnens, rern. Vetus auttor - 
\ 


Tauſau ad calcem Eliani : if Teiantroges * vErTugarovr0e3s, Hy MUTINGUT O&LS ALYET GS 
ue TO Ne r KATO, & fine, 26 dens, 2 ROEEnS, xl 1005 gx ug reg 1X19 TO d 
er dονονẽ%e. Sed ſcito, citrà e959 non poſſe componi nomen: hoc ett: non 
dicebatur quot remorum, fed quot ſcalmorum eſſet, ſiquidem minus haberet, 
quam vicenos remos. eu ννẽQsanaꝰ eg, ddt, e, Ut GnlerxTHZRLYS v 
Straboni. Eſt enim oxo>pes, paxillus, ad quem alligatur remus. Quare alia 
mente, ut multa, Æſchylus Perſus ee Tpioxarpe pro triremibus dixit: quum 
reicnah ſabe vac tantum dici poſſit que trinis remis agitatur. Erat et alia differen- 
tia, ut naves citrà magnitudinem alicujus, eæ dicerentur 7494, ut QUE inter 
magnitudinem re Hopu, ea dicebatur juno relax Gv[085%5 major quidem quam 
#2479905, minor verò quàm xi, reges. SIC que Citra magnitudinem vgs, Ca 
dicebatur Tens m. Nam 75 544ay continet aſſem cum ſemiſſe. Ideo g- 
ena erat magnitudine Tx; drigovs, et prætereà aliquanto amplior. Neque vero 
neceſſe erat exactè dimidium accedere, non magis quam in ſemitonio muſico. 
Tonus enim bifariam non dividitur. Quatre ut dicitur #igugs rie, fic eadem 
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conſtructione yuicaiz rewns, ſed non eãdem ratione. Nam potiùs dici debuerat 
drnpns ieh, utpote que magnitudine de, eſſet, aut aliquanto major. Sed 
uſus obtinuit, ut potiùs vocaretur ab ef, A cujus magnitudine proximè abeflet, 
quam ab illa quam non ſolùm æquabat, ſed etiàm aliqua parte ſuperabat. He 
igitur naves tc, vo, mwrmwrops, ſolæ Græcis in uſu primum fuerunt, 
ad illud uſque tempus, quod hie ab Euſebio determinatum, earamque #2. 
Hujus generis inventum Sidoniorum eſt, Græci ante expeditionem Jaſonis 
Colchicam id genus non tentarunt, Unde ejuſcemodi naves Ziguna Graecis di- 


cebantur. Euripides in Flelena : 


7 * \ — — , 
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Fas diximus eſſe, quas Græci paxpa; vv, nos Galeas vocamus : qualis Jaſonia, 
quæ mTew7r1m%Tpo; fuit, ut ex numero Argonautarum conſtat. Nam ipſi Heroes 
fuerunt evra, ut omnes ſciunt. Unde Sereno Poëtæ Hercules dictus Semire- 
mex Hercules: quod remex quidem inter Argonautas eſſet, fed imperitus, et 
ei muneri ineptus. Alii plures Argonautas numerant. Ideò jpiigova mernoilces 
Tow Ae fuiſſe neceflarium eſt. Quarè Theocritus in Hyla Teaualzguyoy A 
dixit : hoc eſt, #moropo, utrinque tricenis remigibus impulſam. Earum na- 
vium, que pluribus remorum verſibus agebantur, videtur Trieres prima fuiſſe 
quæ dicta, ut monuimus, à numero tabulatorum, x«l# rov5 5iyzs Tos nara T0 Us 
im , ut ait ille vetus Scriptor Taxlxav: ſecundum versùs alium alii juxti 
altitudinem incumbentes. Itaque imus ordo erat propior aquæ, ſupremus 
propior foris navis, medius inter imum et ſupremum. Remiges imi versus 
Sadr dicebantur, medii Guyiras, ſupremi Seavirai, Eadem etiam navigia di- 
cuntur A,, desu, Tempils, Biremis, five dps, vel dixpers formam ex vete- 
ribus marmoribus exhibet Bayfius, et fatetur, eam eſſe veram Biremem veterum, 


hae materia. in qua ſuperior ordo ternis, inferior binis inſtructus eſt. Deinde alias duas Bi- 


remis formas profert, quarum uterque ordo quaternis remis conſtat. Eam, ut 
diximus, veram Biremem credit eſſe. Sed (vide deſultoriam ſententiam) pro- 
poſita etiam forma vere Triremis, ex veteribus Rome monimentis, eam negat 
eſſe Triremem. Certe ſi altera, ut ipſe fatetur, eſt Biremis, que duplici remo- 
rum verſu inſtruQa eſt ; hæc ab eadem cauſa Triremis fuerit, que triplici re- 
morum verſu predita eſt. Er contra, fi hæc non eſt Triremis, fallo altera Bire- 
mis ab eo credita eſt. Quis putaret tanto viro tam abſurdam ſententiam exct- 
difle > Cauſam jocularem prætendit. Quia, inquit, fi Spaviras, Cuyira:i, Sa) apira:, 
a triplici verſu remorum dicti ſunt, quomodo in d. erunt, quæ duos tantùm 
verſus habet, aut in eie, Erpel, li, que plures? Huic object ioni et puer oc- 
currerit, Nam in dg, infimi et ſuperiores ſunt tantùm, null autem medii. 
Neque enim neceſſarium eſt ut Gyirzs adfint ; fed cum ſunt plures ordines duo- 
bus, ſemper medii ſunt Gyirz, infimus et ſupremus ordo ſunt ſemper Szazpirc 
et Sexvirzw. Si major pars Romanorum, prænomen, nomen, et agnomen ha- 
bebant, non ideo {equitur, ut omnes habeant agnomen. Quid ergo adfert novi 
ad illam objectionem ? Rem ridiculam ac tanto viro indignam. Dividit navem 
in tres partes: a prora, ad malum : a malo, ad initium a#poroaiw : inde ad 
ſummum apluſtre. A prora ad malum Seavras vocat; hinc ad initium 

EXpIFO 
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Ares ch gras: inde, ad ſummum apluftire, aαννε. Si exemplum Areta- 
logorum, qui pro commentariis Tomorum decurias edunt, ſequi veilem, neque 
tempotis, neque chartæ fatis eter tam puerili commento confutando. Sed 
omiſſis ineptiis, auctor Taxl wv dixit, KATH gix a T2; x41 79 ac r aAxmNG 3 non 
dixit, x74 przor, Quid melius cus commentum elutertt ? π , aliud cit 
quam »inaiy Et #274 76 ee, quam xa zd Ahe. Vegetius de quinquetemibus: 
Quins ſortiuntun remigum gradus. Si gradus, ergo in alum, non in Jongum. 
Virgilius: 
—  — triplici pubes quam Dardana verſu 
Impellit, triplici confurgunt ordine remi. 


Sane conſurgentes remorum ordines dici non potlunt de longitudine; longitudo 
acet, allitudo conſurgit. Idem dixit Lucanus de Quadriremi, lib. iii: 


Quoſque quater ſurgens extructi remigis ordo 
Commovet, et terno conſurgunt ordine remi. 


Extructos remigum ordines non poſſumus accipere in porrectum. Hoc enim 
non eſt extruere. IIluſtris locus ille eſt in excerptis Memnonis apud Photium: 
aa c r¹&%⁴ν 11 NIR νννum, 1 wtyiles vexc M KEANE; ⁰α,,,Zu ti; Jana. W radry 
yas p pau 2vIpss UN, Y tr, Ws W ih Dateps prizes Yu, it xaripuy If pus Ka 
!Zzxo0iz5s. Octeres dicta ab octo utrinque remigum verſibus, centenis remigibus in 
unoquoque verſu : ut eſſent in univerſum bis oftingenti remiges, hoc eſt, mille et 
ſex centum. Quid diceret hic Bayfius ? Octingentos homines in porrectum efle ? 


Aut quid fi non hoc? Sed illarum navium prodigioſa moles. Ad Triremes, or- De Triremi- 
dinarium et uſitatiſſimum navigium, revertor. Thranitarum, id eſt, ſupremi ordi- bus. 


nis, remos longiores efle, quam Zygitarum, et horum, quam Thalamitarum, ra- 
tio convincit. Thalamitæ enim erant propiores aquæ, inde eorum remi #9x06 
erant et non longi. Lucanus in deſcriptione Tc Het: Summits longe petit equora 
remis. Intelligit Opavilnz; a e, quas omnium longiſſimas fuiſſe neceſſe eſt. Ita- 
que o Seavirzs majus ſtipendium percipiebant, quam Thalamitæ. Scholia 
Barga 0 d Farupaxis ryov inaweavy Ob, did T0 x0Noeais X , M 
rape rag d, (Tei) THEE TwY Sptrpay, ö r νννν e igt T5 Udar . Jean d Tei; 
THEE TWY ker xa N ply Adr FaaH⁰,α, n & hf Cuyirau, n & d Joavita 
Hactenùs bene. Reliqua, quæ ſequuntur, ſunt illis optimis Scholiis infarcta 
ex fæce ſequioris ſeculi. Oparirus ov 6 wpos rm meyer, Cuyirns ò ure, Farkawmirn; 5 
wels Tewpay, Ad hoc præclarum oraculum Bayfius pellibus incubuit ſtratis, 
ſomnõſque petivit, unde illud ſomnium ſuum protulit de nave in porrectum tri- 
fariam dividenda, Illa quoque vox {res) incluſa virgulis delenda. Hzmzc tunt 
quæ de triremibus, et aliis veterum navibus in tabulata confurgentibus, brevi- 
ter ac pro loco et temporis anguſtiis dicere potuimus. Duo ſunt quæ ſatis mi- 
rart non poſſum; primum, quomodo ſinguli homines tam longos remos moliri 
poſſent, quum in noſtris Galeis alter fieri videamus. Nam in illa immani 
octere, cujus Memnon mentionem facit, ſinguli homines tantùm remis adhibe- 
bantur. Et tamen quo plures erant verſus, eo longiores ſupremi ordinis remos 
futtie neceſſe eſt. Alterum, cujus non mediocris nobis inceſſit admiratio, eſt 
moles Hexerum, Decerum, et, ut Plinius ſeribit, etiam illarum quæ ad 15, 20, 
£ 82 20 

305 
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30, 40 et 50 ordines remorum conſtructæ ſunt. Quomodo, inquam, eas in 
bello moliri poſſent ? Unde tam longe arbores, quæ Thranitarum remis ſutfice- 
rent? Virgilius quoque, quas in pugna Actiacà egit Antonius, Cycladibus 
comparat. Idem etiam ſcribit Dio. Si verum erat, quod Bayſius ſomniavit, 
remos in porrectum expanſos, non in altitudinem extructos fuiſſe, quo major 
remorum numerus foret, eo expeditior fuiſſet Triremis Bireme, Tetreres Triere, 
Penteres Tetrere ; atqui contrarium apparet ex Floro, libro 4. de illis Cycladi- 
bus Antoni et Auguſti in claſſe Actiacà: Nobis quadringente non amplius 
naves, ducentæ, non minus, hoſtium; ſed numerum magnitudo penſabat 
Quippe a ſenis in novenos remorum ordinibus, ad hoc turribus, atque tabu— 
latis allevatæ, caſtellorum et urbium ſpecie non ſine gemitu maris et labore ven— 
torum ferebantur ; quæ quidem ipſis moles exitio fuit. Cæſaris naves a trire- 
mibus in ſenos, non amplius, ordines creverant. Itaque habiles in omnia, que 
Finis excerpti uſus poſcebat, ad impetus, et recurſus, flexuſque capiendos, illas graves et 
ex Joſephi ad omnia prepeditas, ſingulas plures adortæ miſſilibus ſimùl cum roſtris, adhoc 
3 ll. ignibus jactis, ad arbitrium diſſipavère. 


Biremium duarum et unius triremis quarum hie fit mentio, et quæ omninòè 
veræ ſunt effigies, huc ex Bayfio tranſtuli, ut inde facilivs navium pluribus or- 
dinibus ſurgentium molem et altitudinem animo complecti, et cogitatione aſſe- 
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qui poſſis. Unum illud quod Scaliger miratur, quomodo ſinguli homines tam 
longos remos moliri poſſint, ex Athenæo diſces. in deſcriptione navigii a Phi- 
lopatore Ptolemæo conſtructi ordinum quadraginta. Kimzs 9: Ofparſlas dr 
re N TC peyieas, * d T9 ug * & Tos ry yerpedinng Xa Y. Mia 
Bow aptias N Tiv Guywow, wn; vrnoy ov m Ths Ne. Remos autem in ſupremo 
thranitorum verſu habevat lon giſſimes oo et triginta cubitorum, traitatu et re- 
migio in uſu fac les, quia ob plumitm manubriis additum introraùm graves ent; 
quare pondus hoc, tanquam in libiih, cujus hypomochlium in ſcalmo fit, 
expeditum przititit remorum uſum. Neque tamen 1inficias 1verim, haud ab- 
ſurdum mibi videri, binos remiges longiſſimis his remis admotos. Singulos 
quidem certè remum ſuum duxitle in longa navi, ex Argonautarum hiltor!a 
diſcere ell. 


Dant remo ſua quiſque viri, dant nomina tranſtris. 
Hinc lævum Telamon pelagus tenet, altior inde 
Occupat Alcides aliud mare, cetera pubes 
Dividitur. 
Verum in tantà mole et tot ordinibus exſtructà illud non ſatis aſſequor, quomodo conjecturæ 
non altiùs multo aſſurrexerit ordo quadrageſimus: ut thranitæ ſummi remo de remigum 
octo et triginta cubitorum, cujus pars non exigua intra navem verſaretur, mare n direrüis or- 


EC f K . dinibus poſi- 
potuerint ſuis palmulis ferire. Quod ut clarius fit, poſito abaco calculum ex trum dittan- 


ſententia ſubducam; hominis ſedentis altitudo ab oſſe ſacro ad ſummum capitis tiis 4 ſe invi- 
verticem, {i modicè ſumas, tribus pedibus Romanis non eſt minor: atqui ut cem. 
aſſurgas, et totis viribus remum adducas, id fieri nequit, ſi in ſolo cruribus 
rrectis ſedeas, ſed aliqua altitudine ſedilis opus eſt: hinc igitur pes unus ac- 
cedat poſitæ alutudini, fiunt pedes quatuor ; tantoque, ut minimum, intervallo 
tranſtrorum altitudo disjungi debuit. Certe fi quatuor pedes quadragies ſumas, 
conflantur pedes centum ſexaginta, quo intervallo thalamitæ remiges infimi a 
thranitis, qui in ſummo remigabant, inter fe eſſent disjuncti; et proptereà al- 
titudo, quæ a foris, et ſummis lateribus navis ad mare pertingeret, longè adhuc 
major. Atqui conſtat, hanc navem a ſumma puppe ad mare ufque, tantùm 
fuiſſe altitudine cubitorum trium et quinquaginta, in lateribus autem multò 
minore. Ipſe Athenæus ab acroſtolio octo et quadraginta prodidit; qui ſunt 
pedes tantum duo et ſeptuaginta; ut neut:quam dimidiam habuerit eam altitu- 
dinem, quam nos ſupra conflaveramus. Thalamitæ quidem certe aquæ pro- 
piores brevioribus utebantur remis, et ideò pars remi interior a ſcalmo ad 
manubrium minor; et ipſi in tranſtris, navis lateribus admodum vicini, quan- 
toque unuſquiſque ordo altins aſſurgeret, tanto longioribus remis opus erat, 
et ad eos moliendos longiore radio, et a ſcalmis diſtantia; ut hoc ordinum 
receſſu aliquid loci acceflerit inferioribus, ct inferioris remigis vertex abſque 
impedimento alticudine pectus proximè ſuperioris ordinis æquare potuerit; 
maxime vero cum alternis ordinibus ita remi ſint ordinati, ne omnes ad lineam 
per ſua columbaria, tanquam ad perpendiculum exerti ſibi mutuò eſſent impe- 
dimento : ſed alternis, ut in poſſeſſionem hoc pacto, quaſi in vacua maris 
parte mitterentur : idque ita in plurium ordinum navibus accurate obſervatum, 
vero videtur non abſimile; quouſque remus ſuperior et longior, inferiori et bre- 
viori, 
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wiori, Poſt tertium aut quartum ordinem ampliùs impedimento eſſe non poſſet. 
F.t navis quidem ipſa hoc pacto tanto remigio, et tot navalibus pedibus conci- 
tata, per mare curreret. Illud vero etiam ad hujus nodi ſolutionem palmariun 
mihi videtur: quantumnam ejuſdem ordinis remigum, ipſorum inter ipſos in- 
ter vallum fuerit: ca enim res percepta omnem caliginem amolietur. Ego qui- 
dem illud obſervaviſſe mihi videor, tranſtra non in omnibus navigiis eodem 
intervallo diſſita; fed alibi longiùs, alibi propiùs, a ſe mutuò abfuiſſe. I'dque 
duarum argumento oſtendam. Philopatoris quadragintaremis A remigibus qua- 
ter mille incitabatur ; qui numerus per quadraginta diviſus dabit centum remi- 
ges; et ided in ſingulis lateribus quinquaginta in porrectum. Atqui hoc navi. 
gium erat 280 cubitos longum, qui ſunt pedes 420: hinc ob carinæ, et tro- 
pidis curvaturam in prora et puppe deducantur 60, reliqui 360 pef numerum 
remigum 40 diviſi, dabunt ſingulis ſpatium moliendo remi manubrio pedum 
novem: cum corporis et brachiorum agitatio in adducendis remis quatuor, 
aut quinque pedum interſcalmio duntaxàt opus habeat; ut intermedium hoc 
ſpatium ordini proxime inferiori lucro accedat. Atque ita in ſequentibus porrò, 
alternis vicibus intervalla paria aptando, ut ſuprà in expreſla hac triremi. At- 
qui quod omnem fidem excedat, neque ſatls iple demirari poſſum; certum eſt, 
thalamitas à thranitis, imos, inquam, remiges a ſupremis, in hac teſſeraconteri 
minis quadraginta pedum altitudine fuiſſe disjunctos. I'dque ex polita remo- 
rum longitudine ita diſces. Concipiamus enim triangulum rectangulum æqui— 
crurum, cujus hypotenuſa, ſeu latus recto angulo ſubtenſum, fit ipſa remi ex- 
erti longitudo; altitudo verò ſit diſtantia à ſcalmo ad mare. Conſtat enim, 
minore ad navis latus angulo remi molitionem fore nimis moleſtam, et mints 
tractabilem. In hoc igitùr triangulo quadratum a crure uno, eſt dimidium 
quadrati ab hypotenusa ; remi autem longitudo quidem univerſa datur cubito- 
rum duo de quadraginta, qui ſunt pedes ſeptem et quinquaginta : atqui pars 
remi a ſcalmo ad manubrium, ut commode agitari poſſit, al1qua longitudine 
eſſe debuit, et ad reliquam partem exertam rationem habere tolerabilem. Eſto 
itaque ea pars pedum tantum ſeptem, ut quam parciſſimè ſumamus; reiiquum 
igitur a ſcalmo ad mare fuerit pedum quinquaginta ; cujus quadratum fit 2500, 
dimidium 12 50g latus hujus dimidii eſt minus ſex et triginta pedibus. Tra fin- 
guli ordines, cum ipsa tranſtri craſſitie, vix unius pedis intervallo fuerint dif. 
juncti: ut nefas fit credere, hec tranſtra a remigibus occupari potuifſe, niſi 
forsan eos, tanquam haleces et ſalſamenta, ſtipatos intelligas. Jam reliquum 
porrò ſpatium ſupra thranitas ad navis fores, in triclinia, cubicula, et alios uſus 
tributa, ac diſtincta, non exit dubium ei, qui Athenæi verba paulo diligentiqs 
examinare animum induxerit, Neque adeò ex his difficultatibus et anguſtiis, 
in quas remorum menſura nos præcipitavit, ulla ratione extricare poſſumus, 
niſi illud concedamus, ordines imos rarioribus remis incitatos, ſummos pluri— 
bus; et præterea aliquam partem receſſui ſuperiorum concedamus, qui longio— 
ribus manubriis ſuos remos molirentur. Et bac via illud eftict video; has quippe 
moles duntaxat ad oftentationem, nulli uſui fuiſſe inſtitutas; quod utique ve- 
riſimum eſt. At in Memnonis apud Photium excerptis, octeris Ptolemei Ce— 
rauni faciliorem habet explicationem, ubi numerus remigum ctiam longe major 
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eſt, centum nempe in verſum: fuitque hie remigum numerus, illius duplus. 
ſeſquialter; et ided tranſtrorum in altitudine diſtantia paulo fuerit major: nam- 
que hic ob multitudinem remigum, inferiores ſuperioribus omninò ſubjici po- 
tuerunt. Si in hac octeri diſtantia tranſtrorum in ſingulis ordinibus, et eodem 
verſu tanta fuiſſet quanta in illa teſſaraconteri, longitudo hujus octeris facile 
goo pedes exæquaſſet, et plus quam dupla fuitlet illius; quod nemini ſano in 
mentem venire poſſe crediderim. Quamobrem ut hujus longitudo minor quidem 
fuerit, quam illius quadraginta ordinum, ita diſtantia inter thalamitas imos et 
thranitas ſupremes, non fuerit multò minor quadraginta pedibus, ut inter ſin- 
gulos ordines quinque pedum diſtantia intercedat. Sin autem minus aſſumas in 
ſingulis, et huic ſummæ ideò aliquid quoque decedet. At illa teffaraconteris 
tantùm oſtentationis gratia facta videtur, cum vix loco ſuo moveretur, fed tan- 
quam ædiſicium ſuis ſedibus affixum hæreret. Magis mihi placet Archimedis 
induſtria, qui tantùm vigintiremem in majore navigio conſtruxcrit, que adeò 
vaſta mole etiam concinniùs expeditiüſque per mare curreret: nam Syracuſis 
Alexandriam uſque, onuſta frumento, Ptolomæo regi dono miſſa eſt. Veram, 
ut diximus, iſta ludibria tamtùm fuerunt regum in mari laſcivientium. Atque pe modo n. 
hæc quidem de inventoribus, magnitud ine, et forma navium nunc utcunque vyigandi, ſeu 
dixiſſe ſufficiat. Supereſt ut doccamus quemadmodum curſum in medio mar! curſum navis. 
regere inſtituerint, dirigendi, a- 
pud Veteres.. 
Zoe Nnętiac Waxes 
rie, gn g- 


ubi nulla pedum apparent veſtigia, que ſecuti optatum iter tenerent, et ad 
portus deſtinatos pervenirent. Certè ſatis conſtat, iſtos, qui primi maria ten- 
tare auſi fuerunt, et fe timide commiſiſſe; et tantùm littora legere, neque è ter- 
rarum conſpectu longiùs uſquam diſcedere ſolitos: ut nocte ingruente in portum 
ic reciperent, vel in ipſo adeò littore quieſcerent. 


Sol ruit interea, et montes umbrantur opaci, 
Sternimur optatæ gremio telluris ad undam 
Sortiti remos, paſsimque in littore ſicco 
Corpora curamus : feſſos ſopor occupat artus. 


Quem morem etiamnum hodiè maris mediterranei accolæ uſurpant, ut ingruente 
tempeſtate ſeſe versùòs littora recipiant: cum longe fatitis fit tune navem alto 
mart commitere, ubi nulla fluctuum agitatio reciproca, quibus naves quaſtan- 
tur et diſſolvuntur. Poſtquam vero etiam animis ad omne periculum obfirma- 
tis, in alto mari, in navis foris et tranſtris pernoctari cœptum: tunc etiam tem- 
pora navigationi opportuna notata, et legibus ſunt deſinita; ut qua anni tem- 
peſtate naves ſubduci, et qui in mare deduci expediat, omnibus definitè con- 
ſtaret. Ita in actis Apoſtolicis cap, 27, vides navigationis tempus periculotum 
et intutum cenſeri: 5 d rog von TI 200.85 12 1 Ne, di TO K Thy Vigtizy non Wa- 
eamudoua; cum, inquit, jam eſſe? navigatio periculi plena, quod tempus jquuii 
(Jucaici intellige, decimo die menſis ſeptimi, quo hircus expiationis offereba- 
tur) jam præteriiſſet. Eandem anni tempeſtatem in animo habebat poeta, apud 
quem Dido ZEneam fugam molientem increpitat: | 
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Quin etiam hyberno moliris ſidere claſſem, 

Et mediis properas aquilonibus ire per altum, 
Crudelis. Quid ? fi non arva aliena domõſque 
Ignotas peteres ? et Troja antiqua maneret ? 
Troja per undoſum peteretur claſſibus æquor? 


Nam ex die tertio Iduum Novembris, uſque in diem ſextum Iduum Martia- 
rum, [id eſt, a die duodecimo Novembris ad diem nonum Martii,] maria 
claudebantur. Et Plinio quoque, Ver navigantibus aperit maria, cujus in 
principio Favonii molliunt cœlum. Atque tunc, ab eo primùm tempore, 
mundus in ſuas plagas accuratiùòs quoque tributus. Ut enim decempeda- 
tores in terra, agris ad ferri rigorem degrumandis, meridianum et cardinem 
ſuum deſignant: ita miſeri iſti aaxmrayde, undarum fluctibus jactati, figna quæ- 
rere inſtituerunt, unde certi eſſent quas in oras, quo ventorum flatu ferrentur, 
ut ita regionum maritimarum ſitum feliciùs explicarent. Et ad hanc rem 
quoque cœlum ipſum in partes vocatum, ut ad ſiderum conſpectum curſus re- 


gerent. 


— felix ſtellis qui ſegnibus uſum, 
Et dedit æquoreos cœlo duce tendere curſus. 


Phcenices in Phœnicum ea fuit potiſſimùm gloria, qui, ut reliquos mediterranei maris accolas 
mercaturæ et mercium exportandarum ſtudio ſuperaverunt, ita fideralis ſcien- 
tie gloria illis quoque præcelluerunt. Et Solem quidem interdiù ſecuti meri— 
diei et ſeptentrionis plagas haud difficulter diſpunxerunt : noctu autem a Cy- 
noſura toti pendebant, quod ea a polo proxime abeſſet. At Græci latiore ſpecie 
contenti Helicen ſpectabant; id enim paſsim a veteribus inculcatur, | 


hic arte præ- 
cellebant. 


Eſſe duas Arctos, quarum Cynoſura petatur 
Sidoniis, Helicen Graja carina notet. 


Hujus fiducia freti Tyrii Sidoniique non ſolùm omnia maris mediterranei 
littora frequentare, et ultimas ejus oras adire; ſed etiam coloniam extra cjus 
ambitum in mari Oceano Gades deducere auſi ſunt. Horum opera hominum 
ſapientiſſimus, rex Solomon, quoque uſus, aurum longe ex Ophiro per mare 
Athiopicum petere inftituit, et ſuam claſſem cum claſſe Hirami Tyriorum regis 
conjunxit ; atque id quidem tanto tempore ante, quam Taprobane inſula in 
illis partibus vel fando Occidentalibus eilet inaudita, quihus polt tot ſecula in 


admiratione fir, Annii Plocami libertus tempeſtate in cam delatus. 


Hæc igitur 


oblervatio multa ſœcula duravit, ut, religiose vitata tempeſtatum ſævitia, tantùm 
commodis iſtis menſibus navigarent. At pirate primum coegere mortis periculo 
in mortem ruere, et hiberna experiri maria. Nunc idem avaritia cogit. Neque 
id ſolùm in mari mediterraneo, cujus ſpatia breviſſimo tempore percurri poſſunt, 
(In tantum, ut Galerius a freto Siciliæ Alexandriam ſeptimà die pervenerit, 
Bibulus ſextd, ambo præfecti; æſtate vero proxima Valerius Marianus ex Præ— 
toriis ſenatoribus, a Puteolis nono die leniſſimo flatu, ait Plinius; Itẽmque Ga- 
dibus extra Herculis columnas Oſtiam ſeptimo die, a citeriore Hiſpanià quarta, 
z Provincia Narbonenſi tertio, ab Africa altero perveniri, idem prodit:) Sed in 


ipſo 
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ipſo vaſtiſſimo Oceani maris æquore; ubi {zpe aliquot mentium ſpatio nulle 
uſquam 


Apparent terræ; cœlum undique, et undique pontus : 


ubi illæ veterum de cœlo obſervationes non ſint unius aſſis; cum ventis farvi- 
entibus mare ex imo fundo vertitur, coactõque in nubem acre, uuns dem 
ipſum involventibus : et maximè quoque, cum 


——— jam occidente ſole inhorreſcit mare, 
Tenebre conduplicantur, noctiſque et n:mbum occœcat nigro!, 


Com, inquam, cœci in undis oberrant, neque in illo vaſto gurgite vie amphus 
meminiſſe poſſunt; fed modò huc, modo illuc e deſtinato curtu undarum im- 

petu excutiuntur, Hie igitur non cali, non ſiderum conſpectus miteros iilos 

vel hilum juvat; longè alio fwzysyy utique opus eſt, quique femper et quo- 

ties libet, non è cœlo illis petendus fit, ſed ante oculos et in manibus verfetur ; 

unde, fi nihil aliud, faltem iſtud cognoſcant, quam in plagam navis curtum 

moliatur : et quamvis vel undarum vi, vel ventorum ſurentium fragore et im- 

petu, è recto curſu diverſi ferantur, ut nihilominus ipſis e veſtigio conlter, n 

quam plagam puppis ſe verterit, et quanto impetu concitata feratur. Neque 

vero iſta operoſiùs erant inveſtiganda, aut extra hunc globum longitis petenda; h. H 1 
quin ipſa Terra parens nobis duntaxit erat adeunda, illi vota Bein quæ — 1 
ubique nobiliſſimo magnete fœta, ſponte eum è viſceribus ſuis in lucem pro- natur, et qui 
fert, ut ejus ope, tanquam pretorio edicto, humanum genus in ipſius Maris ferrum ad fe 
poſſeſſionem quoque mittatur. Magnetem enim lapidem ferrum trahere, et ma _—_y 
cam vim attrabendi in ipſum ferrum transfundere, jam olim pro miraculo a 
veteribus fuit jactatum. Plato in dialogo cui Io nomen fecit, Gow w 7h 20g, 

1» Evgrridns wiv Maryvariy dE“, of d TOA}, Heatkiay, xz) yp alrn 1 MNIGP 2 pov 

duràg robg daR dye Tos cid Hαε, GANG 6 Guvapriy iv rig nei roc d e d ẽYn 

rar Tro ele rte 1 e, G pt G Jaxlunizs, Wye Wore 09pnIs; [42:295 TA 

Cidngloy x,qοqaαᷣ,ẽ˖ i GNNINGY YETHT HL. AT d TWTIG If bes. The N i 0 ua pris ̈,ẽHx-,l. 

Sicuti, inquit, contingit in illo lapide, quem Euripides cognominavit Magne- 

tem, P/erigue Herculeum. I enim /apis non medd annulos ferreos altravit, 

fed et iꝑſis annulis vim communicat idem faciendi ac ipſe laftis, ſeilicet, attra- 

hendi alios annulos, ita ut longifſima quidem ferreorum annulorum ſeries con— 

tinuo quodam textu aptetur: ad quos omnes ex illo lapide vis ea omund perti- 

vet, Hoc quidem noviſſe haud magni noſtra intererat : at &jus cauſam in— 

tellexifle, id demum erat naturæ fontes recluſiſſe; unde rei maritima ct ma- 

jeſtas et uſus in ſolidum dependet. Et, cum illa magnetis efficientia naturalis .. 
attrahendi ferri, tot jam ſæculis ab hominibus induſtriis notata et obfervata fit e 
nemini tamen omnium, 27: x#7 op, in mentem venit, aliam longe nobiliorem annis in Cans 
hujus efficientiz cauſam ſubeſſe. Haud multa ſæcula fluxerunt ab eo tempore, bauid com- 
cum in Campania, vel caſu, vel ſtudio, notatum fit, Magnetem lapidem fſuos Hu * 
habere polos, quos ad mundi polos convertat; ut ct axem ſuum contra mundi „ 
axem parallelo ſitu dirigat : neque ita tantùm ferrum aut chaly bem ſua conta- viticatam ſeſe 
gione inficere, ut id ſolum affectet, ut illa ad fe trahat : fed multo maxime, ſemper verſus 
ut vim illam per terrena omnia diffuſam illi indat, qua affecta ipſa acus ſemper en 


7 
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ſuam lineam meridianam ſpectet. Sagaciſſimum nature myſtem eum fuiſſe 
oportet, cujus opera et induſtria illud primum è ſecretioribus nature adytis 
erutum et inveſtigatum ſit. Attamen tanti inventi gloria nullo titulo ſingulari 
circumſertur; cum minimarum et viliſſimarum rerum inventores ſuos habeant 
titulos, ſua nomina, hac autem in re adeò illuſtri, vel ſolo gentis titulo contenti 
fimus oporter. Et quemadmodùm olim Phcoenices audiebant multarum rerum 
in ventores, coli, ſiderum, navigationis, multarumque aliarum artium : ubi 
tamen non homini, fed gent ea gloria adſcribitur: idem hie uſu venit, ut non 
quis, {ed qua è gente, auctor et inventor adeò divinæ ret exſtiterit, nobis dun- 
taxàt conſtet. Vix anni quadringenti ſunt, ex quo adeò memorabile et mariti- 
mis itineribus opportunum inventum erutum, et in lucem prolatum fir. Acus 
enim pyxidula coercita, ſuo ſeſe imperio et ductu in eandem plagam con- 
ttanter vertit: ut vix ullis aut ſolis, aut ſiderum, obſervationibus fit opus; 
3 adeò ita mundi plagæ multo accuratiùs inveſtigantur, dum ſolam pyxi- 

dulam quæ ante pedes clt, identidem inſpectant, ealque ductum accurate ob- 


lervant. 


Nec te ſpectare Booten, 
Aut Helicen jubeo, ſtrictümque Orionis enſem. 
Hac duce carpe viam.—— — 


Hujus enim fiducia Itali primum, inde etiam Hiſpani, externa maria tentare, 

atque inſulas Canarias in Oceano, haud longè ab Africano littore diſſitas, fre- 

quentiùs adire inſtituerunt: cum ipſis perpetuo in manibus, et ante oculos 

verſaretur norma, ſecundùm quam cursùs plagas regere poſſent; neque id 

ſolim ad tetrantes, ſed octantes quoque, et alias minores peripheriæ partes. 

Quod ab eo tempore faitari cœptum, quouſque proceſſerit, haud facile dixe- 

2 bus rim. Iſtud quidem memoriæ proditum eſt, Navarchum illum (cujus tamen 
quidam(cujus nomen non magls ſcitur, quam illius, qui omnium primus in acum nauticam 
nomen igno- magnetis vim verſoriam transfundere docuit) qui primus mortalium ultra Ma- 
ratur) annis deram, in oppoſitum Americæ littus, five ſtudio, five caſu fatis ita ducenti- 
—— bus, penetraverit, ejiice rei adumbratam quandam cognitionem habuiſſe. Hic 
E prima uſque adoleſcentia diverſis, et, proùt tune tempora ferebant, 
littus ſecundo longinquis, navigationibus exercitus, in Americam ſecundo vento delatus; inde 
dente eſt de- converſo curſu in Maderam navi appulsa, pluſculis e ſuorum numero defide- 
* ratis: ipſe quidem redux, fed adeò longo itinere fatigatus, et labore fractus, 
apud Chriſtophorum Columbum, natione Ligurem, qui tum illic chartis hy- 
drographicis delineandis vitam tolerabat, expiravit z lineamentis 1tineris ex 

pyxide, ct parallelo loci pf indicato. Ha&c incitamento poſteà Columbo 

fuere, ut tanto ſtudio, manibus pedibulque obnixè eam expeditionem urgeret; 

ut nihil non moverit; et apud Ligures ſuos Genuenſes; et apud Henricum 

leptimum Angle; Alphonlum quintum Luſitaniæ; Ferdinandum et Iſabel- 

lam Ca ſtiliæ reges; donec tandem, propoſiti tenaciſimus, apud Caſtiliæ reges 

voti compos factus, Terras iſtas, tanto tempore noſtro orb ig notas, primus de- 

rexit, et opes immenſas, miſerts et pacatiſſimis illis mortalibus ereptas, in Hiſpa- 

niam intulit. Sed pari plane cum fociis ſuis fato ulus, quo Argonautæ, è Col- 

chide opima ſpolia referentes, defuncti ſunt. 


Quiſquis 
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Quiſquis audacis tetigit carinæ 
Nobiles ramos, nemoritque ſacri 
Pelion denta ſpoliavit umbra : 
Quiſquis intravit {copulos vagantes, 
Er tot emenſus pelagi labores, 
Barbara tuncm relig wit ora, 

aptor extern rediturus auri; 
Exitu diro temerata Ponti 

Jura piavit. 


Sed ad generoſum Andaluſium illum Navarchum revertamur. Ommainè ext 
controverſiam ſtatuendum eſt, eum pyxidis nautice adminiculo, anguli inch 
nationis z{timatione, et confecti itineris conjecturis uſum; locorum ſitum, ter- 
rarümque, ad quas appulerat, diſtantiam utcunque expreſſiſſe. Quod acus mag- 
neticæ directionem adhibuerit, id quidem ex nupero tum invento attumptum : 
itineris autem confecli quantitas ex cursùs velocitate aut tarditate jam olim qu o- 
que in mari æſtimari ſolita. Diſertè id monet Herodotus in Melpomene, . 
Euxini ponti cum longitudinem tum latitudinem nobis hac ratione detin.t : 
Tzro pv, Qnol, nes etc goldiol inarey 24% WIA ⁰ Y pt. T9 de £9805, Th eupuralles aro; 
zb, gude dimen x TE Xin CUjUS longitudo eſt undecim millium ac Centun 
fladiorum : latitudo (qud mare latifſimum eft) trium millium et ducentorum. Inde 
menſuræ rationem explicat : Meutrenras d racra ddt mils Sri anigt xn Kallayves 
% Hangn nien Ggyuitas i la,, ee &, AEN Hg. dn Wy is pi Oda ano Toy 
codes (rio tyap ig rod Ir, HaαE Hale) ef- ku 02055 kg xa wilav OTH. aH 
rden paugprades 3 Hr op,, ννο. tx dd THY ogyvitu Turi, £00108 DraTHY ν ,t 
22) Alpi tic: is d Oe Thv £71 Oeαν oli mlapy be Ti5 Ivdinns (nat rare Ye . 
Tz Her eoguralov) Tov T6 nip R dio wxrw MAGS. aο lat d, reis xa re, 
prupiades ogyuiiuy y, gddio &, Temaoio x reoxine Hec autem (inquit) 1 
dimenſa ſunt, Navis, diebus longtoribus, ut ſummum quotidie conficit ſeptuaginta 
millia orgyiarum (orgyia autem ſex pedibus definitur ) nou verd ſexaginta mil iu. 
Ttaque & faucibus Ponti ad Phaſin (hoc enim eſt Penti lungiſſimum ) novem dier um 9 
navigatio, et odo neftium, que fiunt mille centum ac decem millia orgyiarum, hoc eſt, 
ſtadiorum undecim millia ac centum. E Scyticd autem uſque ad Themi/cyram, que eff 
fupra flumen Thermodontem (hic namque ponti latiſſimum eſt) trium dieram dun un- 
que nottium eff navigatio, que fiunt orgytarum trecenta ac ria millia, Hoc eft, adiarum 
ria millia ac trecenta. Hunc igitar in modum Pontus, ac Boſporus, et Helleſpontus a 
me dimenſa ſunt, En, fuam fidem interponit ſcriptor accuratiflimus et fide dig- 
niſſimus, non appellat alienam. Vides, eum interdiù acrem laxare, noctu con- 
trahere: quod facile intelliges, fi cogitabis, parallelum quadrageſimum quin- 
tum per medium Ponti exporrigi, longiſſime autem dici ſpatium cue horarum 
quindecim cum ſemiſſe: noctiſque breviſſimæ, octo cum lemitle ; et quamvis 
pro ventorum vario impetu naves modo vehementius, modo tardius impellan— 
tur, Herodotum tamen hic mediocritatem quandam videmus in horum inter- 
vallorum æſtimatione ſecutum. Haud abfimili ratione diſtantiam inter Rhodum 
et Alexandriam quinque ſtadiorum millibus, inter Carthaginem et Lilybeum 
(quz Straboni quidem ſtadiorum mille quingenta tunt, Poly bio autem mille 

2 tautum,) 
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tantum,) æſlimatam fuiſſe hand eſt dubium ; atque alia hujus generis apud Hiſ- 
toricos et Geographos infinita, quæ tamen omnia nimiùm lubrica et præter verita- 
tem ab ĩis ita definita eſſe experientia convincit. Certè, quamdin pyxidis nauticæ 
directio illis iꝑnota fuit, tamdiù quoque illos omnes ratio bene divinandi fugit; 
hoc enim vere erat Ariadnes filum, quo ſolo et curſus, et curſuum menſuræ 


reguntur. 


—— Nullis iterata priorum 
Janua difficilis, filo eſt inventa relicto. 


Si Brule, menſores itineris Alexandri magni, Diognetus et Beton, eam ra- 

tionem eſſent fecuti ; et poſteà Romani decempedatores, Zenodoxus, Theodo- 

tus, Polyclitus, Julii Cæſaris autoritate miſſi ad menſurandum orbem univerſum 

Romano imperio ſubjectum, magna veteris Geographiæ lux hoc labore acceſ- 

ſiſſet; ſed iſta tantùm optantium vota ſunt. Nunc autèm porro videamus 
quemadmodum ex harum duarum collatione paulatim precepta et regulæ re- 

gendis navium curſibus ſint expreſſæ. Initio quidem certe minis commode, 

De chartiz quamdin tabulas hydrographicas ita in plano deſignabant, ut omnes parallelos 
Hydrogra- @quales inter ſe conſtituerent. Tunc enim minorum parallelorum partes, ſimili- 
phicis, bus majorum partibus pariare erat neceſſe; inde cum ſub aliquo parallelo de- 
currerent ſingulis gradibus, tantum tribuebant quantum uni gradui in maximo 

circulo cedit; qui error ut fit intolerabilis ; ita haud ſcio, an Prolomeus ipſe 

in ſua Geographia non perinde in Geometriæ principia impegerit, cum in globo 

tanquam in plano ſubtenſam angulo recto e crurum quadratis eruerit. Mitto 

ejus hallucinationes fædiſſimas, in crurum quantitate z{timanda. Sed iſte error 

non ipſi; verùm imperitis itinerum ſala imputandus fit; à quibus ille ſua 

derivavit et exſcripſit, grata poſteritatis memoria. Illi quidem navarchæ, 
quamdid intrà ſextum et triceſimum parallelum ſubſiſterent, vix quinta. gradus 

parte a vera menſura abiverunt diverſi: et quanto propiùs ad æquinoctialem 
accederent, tanto minus erroris illorum conjecturis objiciebatur. Atque hic 
loxodromiarum angulos per rectangulorum triangulorum calculum exprimere 
occeperunt; ubi illud quidem hactenùs rectè: Loxodromiz cujuſcunque ſeg- 

menta intrà parallelos æquidiſtantes eſſe æqualia; et contra; æqualem paralle- 

lorum circulorum diſtantiam, ſimilium Loxodromiarum ſegmenta ubique æqua- 

lia intercipere. Hæc, inquam, quamvis vere er legitime ab ipſis notata; et 

ab hydrographis eam artem tractantibus, ex triangulorum planorum doctrinà 

non nimls accurate in quaſdam tabellas ad hanc rem factas effent congeſta, 

quas etiam poſtea Nonius ad incudem revocavit: non potuerunt tamen iſtæ 

hac vid legitimè demonſtrari, quia tabulis geographicis planis, et quadriangulis 

illis eſſent inædificatæ. Ita quod dicitur ] Tvyxn Tw Thwmw tywmoe. bac levicula 
occaſione, tanquam naſcentis artis ſcintilla quadam, ſub annum 1530 excitatus 

ms do oxpiCgraos ille Petrus Nonius, hanc eandem doctrinam paulo altiùs arceſſere in- 
aius charta. ſtituit; et a pſeudographia, ad Globum ipſum provocavit. Qui, pro ſumma 
rum Hydro- fua induftria, et qua pollebat ingenii dexteritate, multa eruit; et multis acceſ- 
graphicarum ſionibus priorum inventa collocupletavit. Neque eum piguit earum linearum 
doctrinam affectiones, quas navium curſus ad Ewayuyizy magneticæ acus deſcribunt, libro 


dat et _. a a : ; 
1 lingulari explicare. Poſt, elapſis aliquot annis, libro ſecundo de „ et In- 
| umentis 
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ſ rumentis eadem multo fuſiùs deſcripſit, et harum linearum proprietates accu- 
ratids eſt perſecutus. Etſi in iis non raio #59, minds feliciter verſatus ſit; 
et in magnas difficultates ſeſe præcipitaverit. Palmarium illud, quod Loxo- 
dromiam noſtram (Rumbum ille, voce tua gentis, appellac) lincam vere 2uxcadn, 
et totam ſui generis, in Sphericorum triangulorum πãrꝛͤa, et minutal quod- 
dam conciderit. Atque hinc ei prima illa mali labes, ut non raro hie cetpitet ; 
neque hanc navem ſalvam in poriu collocarit. Quiz res tantum abeſt ut «us 
exiſtimationi quicquam derogaverit ; ut etiam alios ſummos viros ad eadem ac- 
curatiùs indaganda excitaverit; qui in rebus Mathematicis, et Geographicis 
verlatiſſimi, fingulari ſtudio Loxodromiarum aflectiones et uſum ſcrutati ſunt. 
Ejus enim explicationem rebus maritimis non utilem ſolùm; fed quam maxime 
neceſſariam viri perſpicaces facile intelligebaat ; quantümque ab hujus abfolus 
et caſtigatà cognitione abeſſent, rantum quoque à perfect ione ſua hanc ipſam- 
met ſcientiam abeſſe, non erant neſcii. Et cas quidem lineas alii in globo 
ipſo; ali in chartis Hydrographicis,, quæ analogia ſua globo propiùs reſponde- 
rent, ſummã cura deſignare et exprimere ſunt conati. Qua in re vir doctiſſi- 
mus, et Geographor um diligentiſſimus, Gerardus Mercator, non inutilem ope- 
ram poſuiſſe meritò ſit judicandus; ; et poſt eum in Belgio etiam complures alt, 


ſt eum, 
rardus 


et Stevinus quoque noſter in ſuo magno opere. In Galliis quoque haud Mercator, et 


pauci. In Britannia reliquis diligentior Edowardus Wricht; inde Robertus . 


Hues, et, ut audio, alii complures. Sed, ut ingenue dicam quod res eſt, 
Coronis, et operis perfecta delineatio deliderari videbatur; ut quantum Loxo- 
dromiæ ſingulæ, et earum partes in longitudine evariarent ad minutum conſta- 
ret: neque id rudi, aut mechanic aliqua lactione; ſed accuratiore illa, quæ 
minimas quaſque particulas ſubducit. Id igitur ſecutus ſum, ut ab ipfo funda- 
mento omnia ſolidè demonſtrata, et ordine conſtituta nunc demam exhiberem. 
Utque momenta demonſtrationum noſtrarum non minus haberent firmitudinis, 
quam uſus facilitatis in praxi quotidiana.; antilogias hic omiſimus, quæque 
üpſam artem ſpectant duntaxat tractavimus: illas tamen in Scholis Hiſtiodro- 
micis poſtmodùm relaturi. Tu iſta, benevole lector, tuo uſui et commodo, ad 
Divini nominis gloriam, quo omnia noſtra ſtudia contendunt, dicata habeto, 


Tuts 4 1 Irupes re, N , 4⁰⁴ Nouptle vi n. 
T'%ala T' Nxexvuio, xa ego Kuala vera. 
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CLAuprAxus PRAFATIONE LIBRI I. 


Nventa ſecuit primus qui nave profundum, 
Et rudibus remis ſollicitavit aquas; 
Qui dubiis auſus committere flatibus alnum, 
Quas natura negat, præbuit arte vias. 
Tranquillis primùm trepidus fe credidit undis, 
Littora ſecuro tramite ſumma legens. 
Mox longos tentare finus, et linquere terras 
Et leni cœpit pandere vela Noto. 
Aſt ubi paulatim præceps audacia crevit, 
Cordaque languentem dedidicere metum, 
Jam vagus irrupit pelago, cœlümque ſequutus, 
Agzas hyemes, Ioniümque domat. 


PLixtvs, Lib. xxxvi. Cap. 16. 


A Marmoribus digredienti ad reliquorum lapidum inſignes naturas, quis 
dubitet in primis Magneten occurrere ? Quid enim mirabilius? Aut qua in 
parte major nature improbitas ? Dederat vocem ſaxis, ut vidimus reſponden- 
tem homini, imò vero et loquentem. Quid lapidis rigore pigrius? Ecce ſen— 
ſus manũſque trihuit illi. Quid ferri duritia pugnacius? Sed cedit et patitur 
mores : trahitur namque a magnete lapide, domitixque illa rerum omnium 
materia ad inane neſcio quid currit : atque, ut propius venit, aſſiſtit, teneturque 
et complexu hæret. Sideritin ab hoc alio nomine appellant, quidam Hera- 
clean. Magnes appellatus eſt ab inventore (ut autor eſt Nicander,) in Ida re- 
pertus. Nam et paſsim invenitur, ut in Hiſpanià quoque. Inveniſſe autem 
fertur, clavis crepidarum et baculi cuſpide hærentibus, cum armenta paſceret, 
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PROPOSETELO 


Hiftiodromice eſt doctrina, que linee deſignate d navis curſu, magnetic atis duum 
ſecutæ, alfectionem et proprietates interpretatur. 


AVIS enim magiſter ita curſum dirigit ad optatam metam ut ſemper 
linearum certi generis ductum ſequatur: et ad hanc rem acts magneticæ 
ſitum atque angulos quos cum inſtituto curſu comprehendit ſedulò ſpeculatur. 
* Acum enim chalybeam, ſuper axiculo cui incumbit mobilem, magnetis la- 
pidis polo notio ei parte tingi, qua Boream ſpectet; et contra ejuſdem lapidis 
polo boreo, qua Notum fit defignatura ; vulgo, opinor, jam notum eſt; atque 
a eam ſemper boream inter et meridiem exporrigi. Sed tamen hunc ſfitum 
aliquando a nature legibus deſciſſere, idque occulta et latente aliqua de cauſa, 
jam dit experientia comprobavit. Quamvis enim magnes, ubi libere move- 
tur, inſità ſibi vi ct facultate ſuis polis mundi polos affectet, et parallelo ad 
mundi axem ſitu, ſuo axe exporrigatur z ut ita quoque acus legitime tincta ſe- 
cundùm locorum meridianos ſeſe dirigat: nihilominùs ab hac cujuſque loci 
meridiana linea, modo A ſeptentrione in ortum, aliquando etiam in occaſum, 
aliquot gradibus declinare, deprehenſum eſt. Et cum recta Septentrionem 
ſpectat, eam gantgefw, tanquam ſitum acùs legitimum et proprium vocant: 
cum autem evariat, yeatzacy jus, ad meridianam lineam inclinationem 1n- 
Jigitant. Ita in infula Cervo (inſularum Flandricarum una, medio fere inter 


» Gulicl, Gilbert, lib. 3. cap. 4. 
Enropam 
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Europam et Americam ſpatio) rectà ſeptentrionem ſpectat. Unde & quibuſdam 
ideò meridianorum omnium initium ab hoc meridiano derivatur. Hine verſtis 
Americam contendentibus apex boreus in occaſum declinat : contra Europam 
aut Africam petentibus in ortum evariat, nempe Pleimude in Anglia 13. gr. 24. 
ſcr. et Londini 11. gr. 30. (cr. Hic apud nos Amſterodami 9. gr. go. fcr. ut 
vulgo exiſtimatur, atque ita alibi aluer, Verum hujus evariationis Synopticam 
tabellam videto in Limeneureticà ingenioſiſſiau Stevint ; cujus etiàm cauſas per- 

veſtigare et erucre ſubtiliſümè conatus eſt Guilielmus Gilbertus, Anglus, pecu— 
liari volumine huic rei dicato. 


PROPOSITIO II. 
Lagilimus acis magnetice fitus eſt loci linea meridiana. 


H duntaxat eſt legitimus, reliqui ve&olai, ſunt adulterini. Nam occulta 
1 et inſita illa magneti mens, ita ejus molem - ut polos ſuos et axem 
contra Terre axem parallelo ſitu exporrigat, nifi faſcinatione quadam naturali 
ab hoc fitu, ctiam aliquantum modo huc, modo illuc, avellatur ; et ita acus 
quoque alibi aliter atque aliter declinet ; cujus inclinatio tamen ſedulo eſt corri- 


genda ; ſi ejus ductum cum fructu ſequi velimus, 


PROPOSITIO III. 
Aciis magnetice ſitus adulterinus inventd chalyboclifi emendatur. 


E936 incertum fir, acus-ne rectà ſeptentrionem et meridiem ſpectet, an vero 
ab eo ſitu in diverſum abeat, id ex ortu et occaſu ſolis fiderumque, aut 
eorum utrimque altitudinibus æqualibus, aut aliis modis denique deprehendi 
poteſt; et in mari ſolet: inde enim conſtat, an acus magnetica ita porrigatur 
ut peripheriam ab utriſque his lineis comprehenſam in plano horizontis biſecet; 
aut quantum à medio in partem alterutram diſcedat. Unde legitimus meri— 
.diani fitus, et aciis magneticæ in alterutram partem aberratio detfiniatur. Sed 


iſta in ſcholas noſtras rejecimus; quas vide. 


PROPOSITIO IV. 
Hiſtiodromia eſt circularis, aut Loxodromicas. 
re curſum, -qua acùs magneticæ ductum ſequitur, ita 


natura compoſuit, ut vel circulum aliquem, vel helicem quandam lineam 
delincaret, quam ab obliquitate Loxodromiam dicimus. 


PR O. 
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PROPUOSETSOQO- F, 


Velificationis curſus circularis efficitur, cum ref in Septentriouem et meridiem, aut 
ortum et occaſum dirigitur, 


TROPOSITEELO VL 


Velificationis curſus in Septentrionem aut meridiem maximi circuli peripheriam 
aeferibit. 


] wes enim pacto Navis ſemper in eodem meridiano verſatur, ſub quo inde 
ab initio conſtiterat. Atqui meridianos efle maximos Sphæræ circulos, 
nemini ignotum eſt qui vel leviter Sphærica deguſtaverit. Itaque 


Quindecim maritimorum milliarium curſus hic poli Elevationem uns gradu evariat. 


Quantum maritima five nautica milliaria a terrenis et horaris diſtent, infra 
propoſitione octavà dicetur. 


PROPOSETSD Vi 


Velificationis curſus in ortum aut occaſum, ſub æquinoctiali quidem maximum circulum, 
extra autem eum ſemper buic parallelum deſcribit. 


81s enim linea carinam mediam a prora ad puppim ſecans, quam rTgoridz 
Græci vocant, meridiano quocunque in loco perpendicularis, tum quidem 
navis rectà ortum aut occaſum ſpectabit. Et id meridiani ſegmentum cum 
carina fibi affixa ſuper mundi polis circumduci intelligatur; hc igitur carinæ 
linea cum omnibus meridianis quibus hoc ſegmentum congruet 2 angulos norma- 
les comprehendet: Et ita circuli peripheriam deſcribet. Idem autem efficietur 
ſi carina ſuo proprioque motu progreſſa per omnes meridianos normalitèr, hoc 
eſt, ortum aut occalum ſpectans, tranſcat. Hic enim linea illi congruet. Et 
proptereà, cum ſub æquinoctiali erit motùs principium, per æquinoctialem 
decurret, donec, obito orbe, ad idem punctum unde movert cœperat iterùm 
reſtituatur. Vel, fi extra equinoctialem : a quocunque tandem 19co incipiat mo- 
veri, et converiionem motümque continuet donec ad idem punctum revertatur, 
hoc utique ductu omninò iftius loci parallelum deſignabit. Itaque conſtat Pro- 
politio, 


1 FX 0. 


Sol 1V- 
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PROPOSITIO VIII. 


Sub æguinockiali quindectm milliaria maritima unum gradum in lengitudine evariant 
| in parallelis etiam ampins, 


MJENSURA itineris in rebus maritimis utramque facit paginam : abſque hac 

enim omnis illorum Hydrographice, et portuum, littorum, atque inſularum 
deſcriptio, manca effet atque mendoſa. Sed neque hæc cum fructu in cenſum 
vocari potlet, niſi ejuſdem comparatio cum terreni globi perimetro, aut peri- 
metr1 parte aliqua, legitimè cognoſcatur. Hinc adeò vulgò factum eſt ut gradum 
in partes ſecarent, et cas Milli aria, pro ſuæ gentis conſuetudine, vocarent. Angli 
enim tot milliaria in gradu maximi circuli ſtatuunt quot in eo {crupula continean- 
tur, nempe ſexaginta. Nos hac in re Germanicam et aliarum gentium conſuetudi- 
nem ſecuti ſumus, qui quindecim milliaria uni gradui attribuunt, cum Avglicum 
milliare quartam Germanici milliaris partem tantum conficiat. Luſitani quidam, 
Nonio teſte, milliaria 163, alii 174, uni gradui imputant. Nos alibt docuimus 
19 milliaria horaria uno gradu contineri, quorum ſinguli habeant pedes noſtros 
Rhiinlandicos 18000; quæ terrena indigitare ſoleo: vel 15 milliaria, ut fingu- 
lis cedant pedes 22800, quæ tunc marizima voco ; quia horum uſus à nauticà 
conſuetudine non recedit. Unum tantum addidi, quod palmarium erat, men- 
ſuræ modum *. Sed hic de re vel ſcholas, vel Eratoſthenem noſtrum Batzvum 
videto. Quot autem milliaria uni gradui in dato quocusque parallelo cedant, 


ſequenti theoremate ita explico. 


PROPOSITIO XX. 


Ruemadmodim radius ad ſinum complementi Latitudinis dali paralieli, ita quantitas 
unius gradis in in maximo paralielo, ad quantitatem unius gradis in dato. 


_— milliaria uni gradui in ſingulis parallelis cedant, id hac expoſita ana- 

logia invenitur. Sit enim 57 mundi axis, 7e meridiani et #quinoctialis 

communis ſectio, # o paralleli et meridiani : ze igitùr et bs 

40 erunt ſuorum circulorum diametri, ae et yo radii. 83 ng 

Ut igitur ae ad yo, ita tota peripheria deſcripta ſuper J 

i e diametrum, ad peripheriam ſuper « o deſcriptam. Sed 

ut tota ad totam, ita pars ad partem ſimilem. Ut igitur ae 

ſinus totus, ad v finum complementi peripheriæ oe, 8 

quæ menſura eſt latitudinis; ita unius gradüs quantitas 

in maximo circulo, 15 milliaribus marinis æſtimata, ad 

numerum milliarium que continentur in uno gradu dati ; 
ralleli. Ut, fi quæratur magnitudo unius gradùs ſub 

parallelo 52 gr. 10 ſcr. complementum hujus eſt 37 gr. 50 ſcr. et ejus ſinus 

61337; fiat igitur, ut 100000 ad 61337, ita 15 ad gr,%% pro quantitate mil- 

liarium in uno gradu ſub dato parallelo comprehenſorum. Itaque 


4 


® Seu methodum inveniendi longitudinem unius gradũs in aliquo Meridiano. 


PRO. 
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PRO 


Quadrans finiis complementi dati paralleli per radium di viſus davit quantitatem 
unius ſerupuli. 


gin enim per propoſitionem antecedentem fit, ut radius ad ſinum comple- 
menti dati paralleli, ita 15 milliaria (tot enim milliaria in mariumis ſem- 
per pro maximi circuli gradu aſſumimus) ad numerum, milliarium unius gradũs 
in dato parallelo. Atqui, cum ita 4 milliaris fiat Z, gradus, et ideò fit menſura 
unius ſcrupuli in maximo gradu; erit quoque ut radius ad ſinum complementi 
dati paralleli, ita + milliaris ad menſuram ſcrupuli in dato parallelo; vel per 
interpretationem tranſpoſitis terminis, ut radius ad quadrantem ſinùs comple- 
menti dati paralleli, ita 1 milliare ad menſuram unius ſcrupuli *. Sit idem exem- 
plum, quod priùs: ſub parallelo 52 gr. 10 ſcr. cujus complementi ſinus datur 
61337 : ejus pars quarta 15334 per radium diviſa dabit 45,3,3.4. milliaris, ſpa- 
tium unius ſcrupuli, five minuti, in dicto parallelo. Et ſanè id cum antecedente 
epilogiſmo congruit. Pars enim ſexageſima de 2322 eſt 432.22, feu £235 3 
quemadmodum ſupra expreſſimus. Atque ita abſque ulla circuitione unius 
{crupuli, five minuti, ſpatium in quocunque parallelo exhiberi poteſt. 


PROPOSITIO XI. 


Ut radius ad quaariplum ſecantis dati paralleli, ita milliaria quotcunque data ad 
numerum ſcrupulorum, five minutorum, ipſis in eo debitorum, 


ONVERSUM eft utriuſque antecedentis, fi ſinem ſpectes. Illic enim & 

datis gradibus aut ſcrupulis, five minutis, milliaria ipſis congrua quæruntur. 
Hic contra è datis milliaribus ſcrupulorum numerus ipfis ſub dato parallelo 
debitus inquiritur, Eft enim demonſtratum propoſitione noni et decimia, ra- 
dium ad finum complement dati paralleli efle, ut milliaria quotvis datæ partis 
in maximo circulo ad milliaria fimili parti in dato parallelo reſpondentia. Et 
inverſe igitur, ut ſinus complementi dati paralleli ad radium, hoc eſt, ut radius 
ad ſecantem dati paralleli, ita milliaria in eodem parallelo ad milliaria ſimili 
peripheriæ in æquinoctiali debitæ. Porrò autem, cum quindecim milltaria 
gradum 1mpleant ; ideò quadruplum horum milliarium exhibebit numerum 


Erit enim ut radius ad quadrantem ſinùs complemenri dati paralleli, ita pars quarta unius mil- 
liaris ad quartam partem menſuræ ſcrupuli in dato parallelo, atque ideò unum milliare ad totam men- 
ſuram ſerupuli in dato parallelo. Ergo fi productum ex multiplicatione quadrantis ſinũs complementi 
dati paralleli in unum milliare, hoe eſt, ifte ipſe quadrans, dividatur per radium, quotiens crit à qua- 
lis menſuræ unius ſerupuli, five minuti, in dato parallelo, ſcu numerus milliarium in uno ſerupulo, five 
miuuto, ejuſdem paralleli contentorum. | 


U 2 ſcrupulorum, 
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ſcrupulorum, ſive minutorum, ipſis in equinoRiahi debitorum, atque idem mi- 
nutorum numerus in dato parallelo ſimili peripheriæ quoque reſpondet. Ex- 
emplo res erit illuſtrior. Ut fi quæram in ſexageſimo parallelo quot ſcrupula 
15 nauticis milliaribus reſpondeant. Fiat ut 10, ooo, ooo ad 8 , ooo, oco, qua- 
druplum ſecantis graduum ſexaginta; ita 15 ad 120. Dicam igitur, in ſexa- 
geſimo parallelo 15 milliaria occupare ſcrupula 120, qui ſunt duo integri gia- 
dus; quod omninò verum eſt. Nam in hoc parallelo ſinguli gradus dimidii 
{unt eorum qui in maximo continentur : Quia hujus ſinus complementi, nempe 
230 graduum ſinus, dimidius eſt ſinũs maximi. Sin vero plura aut panctora 
fuerint milliaria quam 15, veritas tamen eadem fuerit: ſunt enim milliaria 
milliaribus et fcrupula ſcrupulis proportionalia. Tergera inſula, Agorum, feu 
Flandricarum nfularum, una, ſub parallelo 39, abeſt ab Uliſſipone, Hiſpaniæ 
emporio (qui fub eodem quaſi parallelo ſitus eſt) 250 milliaribus; quæritur 
quantum ſit longitudinis intervallum. Quadruplum ſecantis dati parqleli eſt 
514, 70g. quare fiat ut 100,000 ad 514,703. ita 250 milliaria ad 12864 ſcr. qui 
ſunt gr. 21, ſcr. 264, Tot igitùr gradibus Tergera occidentalior eſt Uliſſipone. 


PROPOSITIO XII. 


Ut radius ad quadruplum ſumme ſecantium inter datos parallel;s incluſivè compre- 
benſorum ; ita datorum milliarium ſumme pars quota iiſdem parallelis cognominis, 
ad ſummam ſcrupulorum longitudinis, quanta ſingulis diftis parallelis ex datis 


milliaribus accedlit. 


n eſt ex antecedente planum et indidèm derivatum. Sunto 
milliaria 10 tribuenda parallelis 20 ſingulorum ſcrupulor um intervallo diſ- 
tantibus a gradu Jatitudinis 524 excluſive. Sunt naque ic viginti circuli; 
propterea, ut ſingulis parallelis æq; alem partem attribuam, ſiet milliaris 4, er 
quia dimidium milliare in his omnibus non occupat æqualem ſcrupulorum nu- 
merum, ſed majorem in minoribus, minorem in majoribus, ideo figillatim erit 
de ſingulis concludendum ; ut radius ad quadruplum ſecantis 52 gr. 1 fer. ita 4 
milliaris ad minuta in hoc parallelo ſibi debita. Et rurſùm, ut radius ad quadru- 
plum ſecantis 51 gr. 2 ſcr. ita 4 milliaris ad ſcrupula ſua in iſto. Atque ita 
porrò ad ultimum limitem. Erit igitur per Compoſitionem proportionis arith- 
meticam, ut Radius ad quadruplum ſumme omnium ſecantium, ita 4 milliare 
ad ſummam omnium ſcrupulorum, quantum ſpatii milliaris ſemiitis in fingulis 


occupat. Quemadmodum hic vides, 


Secantes. 
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Secantes, gr. ſcr, 
162487 52 
162548 52 2 
162008 52 3 
162669 52 + 
162730 52 9 
162791 52 6 
162552 52 7 
162913 52 8 
162974 52 9 
103035 32 * 
163095 52 12 
163157 52 12 
163218 52 * 
. 103279 52 In 
163340 52 13 
163402 52 16 
163403 $2 17 
16; $ 25 5 2 I 8 
163 86 2 19 
163648 52 20 
3423749 
quadruplum 4 6847498 68_47 
. T N 
100000 13694956 2 1 


Ut quartus hinc detur 68 ſcrup. 284 ſec. Tantum igitur ſpatii data milliaria 
per ſingulos 500 parallelos æqualitèr tributa occuparent, in ſingulis tamen 
ſcrupulorum numerum inæqualem. Namque in primo parallelo, nempe 52 
gr. 1 {crup.. milliare dimidium poſſidet 3 ſer. 14 fec. in ultimo autem 
3 ſcr. 1643, ſec. que differentia, etſi in tantâ vicinia exigua fit, in longiore 
intervallo admodùm magna exiſtit. Dimidium enim milliare marinum ſub 
æquinoctiali 2 ſcrupula duntaxat explet. 

Atque ita unicà multiplicatione, additis ſecantibus, hoc opere defungeris. Sed 
tam multiplex additio, quæ ſemper pro ratione quæſiti denuò eſt iteranda, pluri- 
mum hahet tædii, ut vix operæ fit iſtos labores ſubire; et utilitas, que hinc 
ſperari poſſit, ipſa !aboris ac moleſtiarum mole obruta et tanquam oppreſſa ja- 
ceat. Huic ut ſubvenirem, quia uſus ejus perquàm neceſſarius, et in hoc 
opere ferè eſt perpetuus, Canonem conſtruxi, ex additis ſecantibus conflatum, 
progrefſu per ſingula quæque ſcrupula continuo. Cujus uſus poſtmodùm nobis 
erit longè commodiſſimus in loxodromiarum calculo, et evariatæ longitudinis 
ſpatio æſtimando. Tabulam ipſam hic ſubjicio, cujus conſtructio ſola addi- 
tione conſtat, ut nempe radius ipſe 10,000,000 ad ſecantem unius ſcrupuli 
10,000,001 addatur, unde ſumma conflatur 20,000,001 ; hæc ad ſecantem 2 


ſerupulorum 10,000,002 addita, dabit 30,000,003 ; et hic numerus cum ſe- 
a cante 
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cante 3 ſcrupulorum 10,000,004 compoſitus, conflabit nnn atque eo 
porrò ordine per ſingula ſcrupula ad extremum quadrantis limitem progredi- 
endo. Ego hunc canonem ad ſeptuageſimum gradum produxi, qui ad uſum 
maritimum, (quem hic potiſſimùm ſpectamus) ſatis eſt; et, fi ultra tendas, non 
jam per ſingula ſcrupula tantùm, ſed per ſcrupulorum ſemiffes, trientes, ſextantes, 
imo uncias, uſpiam eſſet progrediendum ; denique, cum proximè polum acceſ- 
ſeris, etiam per ſcrupula ſecunda aut tertia. Sed, quanquam ille labor et in- 
fructuoſus et inutilis fit futurus ; ſpecimen tamen aliquod hujus expEa; in ſcho- 
lis infra exhibemus. Si cui libeat imitari, habet ubi otium ſuum ponat ſine 
damno : nos inſtituto noſtro inſiſtimus; et quo calculus iſte ſecuriùs ſubduci 
poſſet, et error certiùs deprehendi qui forte nobis obrepſiſſet; bis eundem ſub- 
duxi, femel ex tabulis ſecantium Thome Finckn, iterùm è tabulis Bartholomæi 
Pitiſci ; ut, fi quid vitii in ipſas forte tabulas operarum incuria irrepſiſſet, ex 
mutua collatione facilem haberet emendationem : cum Pitiſci note ſint etiam ex 
opere Palatino expreſſæ; illæ autem Finckii aliz ab his, et ante ſubductæ. 

Tabellam ipſam in libri calcem rejecimus; cui ticulum fecimus Canonica 
Parallelorum. 

Verùm de conſtructione et ordine id monendus mihi es, me ab ipſo radio 
additionem ideò auſpicatum eſſe, quod ille ad ipſum æquinoctialem pertineat. 
Quia enim milliaria ſingula quatuor ſcrupula ilſic occupant, etiam quadruplus 
milliarium numerus numerum ſcrupulorum ipſis debitorum definiet ; et ita nobis 
eadem analogia redit, ut radius ad radi! quadruplum, ita numerus milliarium 
ad ſcrupula congrua. 

In graduum et ſcrupulorum notatione eum ordinem ſecuti ſumus, ut @qui- 
noctiali circulo 1 præfixerimus tanquam omnium parallelorum primo principio; 
reliquos autem parallelos ordine ad hunc diſpunximus, ut unus gradus ſit 
ſexageſimus parallelus, quorum primus ſit æquinoctialis: ut ita parallelus qui 
per undeſexageſimum ſcrupulum educitur ſit nobis numerus ſexageſimus, et 
qui per ſcrupulum ſexageſimum, ſit primus et ſexageſimus, ſive 1 gr. 1 ſer. 
quod ideò diſertis verbis exprimendum duxi, quia aliis canonibus hoc fit diſ- 
limile. 

Atque hactenùs canon ipſe nobis fuit expreſſus: ſequitur ejus uſus, qui etſi 
ex ipla conſtructionis lege haud obſcurus elle poſſit, placuit tamen eundem hoc 
theoremate breviter complecti. 


PROPOSITIO XII. 


S incluſive ab equinoFiali parallelorum datorum initium ducatur, quadruplum numeri 
ultimo parallels unitate audto reſpondentis, ſecundum proportionis terminum explev1t : 
Nn aliunde, ſed utrique latitudine ſimili, differentie inter datos parallelos nnitate 

 aufos quadruplum : Sn difſimili, parallelorum unitate auferum ſumme. 


IC tabularum expoſitarum uſus eſt primus, ut inde terminus proportionis 


illius, quam 12 propoſitione expreſſimus, aſſumatur. Sed exemplis res 
erit 
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erit illuſtrior. Quæratur enim, quot ſcrupula longitudinis occupent 750 millia- 
ria, ab æquinoctiali ad parallelum 44 gr. 59 ſcr. incluſive, ut fingulis paral- 
lelis æqualis milliarium portio attribuatur. Hic erit tibi aſſumendus numerus 
canonicus è regione 45 gr. 30,311,402, nam quem nos vulgo dicimus paralle- 
lum 44 gr. 59 fcr. is, ft æquinoctialem annumeres, quod in iſtarum tabula- 
rum conttructione eſt factum, fiet 45 gr. et comprehendet parallelos 2700. 
quadruplum porrò numert aſſumpti eſt 121,245,848. Jam, milliarium datorum 
numerus per 2700 parallelos diviſus dabit ſingulis parallelis 2 hoc eft 
unius milliaris. Atque hinc proportio, ut 10,000 ad 121,245,848 ; ita +, ad 
3367 524,22; 3 tot igitur ſcrupula (qui ſunt gradus 56, ſcr. 7, ſec. 55,) data 750 
milliaria, per expoſitos parallelos æqualitèr tributa, occnpabunt. Si data milliaria 
n ſolo æquinoctiali fuiſſent menſuranda, expleviſſent tantùm gradus 50 aut, fi 
in ipſo quadrageſimo quinto parallelo fuiſſent æſtimanda, hie jam occuparent 
70 gr. 42 ſcr. 38 ſec.: ut hæc per ſingulos intermedios parallelos diſtributio 
major fit illà quæ in maximo, minor hàc que in minimo, fuit propoſita. 

Sunto jam iterim a 35 gra. 58 ſcr. excluſive uſque ad 51 gra. 39 ſcru. 
incluſive (que ſunt ſcrupula five paralleli 969) milliaria 320 ita tribuenda ut 
ſingulis parallelis æqualis milliarium portio aſſignetur, nempe 429 ſeu + ; nume- 
rus itãque ca nonicus, qui pertinet ad 35 gra. 58 ſcru. unrate majorem, nempe 
35 gr. 5g ſcr. 23,178,702, de numero canonico 52. 36,665,060 deductus, 
relinquet 13,486,358, cujus quadruplum 33,45, 432. Erit itaque, quemadmo- 
dum radius 10,000 ad 53,945,432, ita; ad 1798 bes, qui ſunt gradus 29, 
ſcrupula 58, ſecunda 11. 

Exemplum tertium eſto à parallelo auſtrino 36 incluſive, ad parallelum bo- 
reum 52 inclufive, et ſunto expoſita miſiaria 4090, per fingulos parallelos 
æqualitèr cædenda. Hic quia numerus unitate augendus erit, ut ſint 36 gra. 1 
ſcru, et 52 gra. 1 ſcrup. illi competit numerus Canonicus, 2319.3971. huic 
autem 3666.5060. ſumma 59$5.9031 ; et cum in hoc utroque parallelus primus, 
ſeu æquinoctialis, fit additus, efficitur in utroque addito, bis adhibitum ; qui 
tamen ideò non fit ſubducendus ut utriuſque latitudinis reſpectu aſſumptus in- 
telligatur, quemadmodum in uſu infrà planè liquebit. Hujus quadruplum 
23943-6123. parallelorum autem numerus 5281, nempe 52 gra. 1 fer. et 
36 gra. 1 ſcr. et quia bis iteratur æquinoctialis, fiunt 88 gr. 1 ſer. ſeu 
ſcrupula 5281. ut ſingulis parallelis cedat 4222. milliaris pars quota: unde 
proportio, quemadmodum radius 10000 ad 23943.6124. ita 423% ad minuta 
131564. qui ſunt 302 gr. 154% icrup. 

Debuiſſet quidem ex ipſo ſummæ quadruplo radii quadruplum ſemel ſub- 
duct, $i tantùm fingulis parallelis ſemel velis imputare 22 milliaris: fed 2qui- 
noctialis ſibi bis hanc partem poſtulat; quod Loxodromiarum uſus et demon- 
{ratio propoſitionis 251# poſteà comprobabit. 
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PROPOSITIO XIV. 


Datis evariate longitudinis gradibus et ſcrupulis, dabitur quoque menſura milliarium 
| æqualilèr parallelis inter datos interjefis debita. 


ST converſa antecedentis, et hic alter noſtri canonis uſus eſt ; qua utraque 

omnis Loxodromiarum utilitas clariſſimè illuſtratur. Conſtat enim ex ipſa 
canonis ſtructurà et propoſitione 12, eam eſſe rationem itineris per ſingulos 
parallelos æqualitèr tributi ad minutorum ſummam, in omnibus parallelis, 
quantum illud ſpatium occupat; quemadmodum 10000 ad quadruplum numeri 
canonici cujuſque loci (ut, puta, ab æquincctiali ad parallelum 44 ſcr. 59 in- 
cluſivè), is locus itaque unitate auctus dabit gr; 45. et hic erit ratio propoſita, 
ut 10000 ad quadruplum ſuommæ tangentium 30, 3 11, 462, nempè 121,245,848: 
ergo fi 1 milliare in ſingulis aſſumatur, erunt minuta 12124 pro longitudi- 
nis evariatione. Et contra igitur, minutorum per omnes parallelos æquali iti- 
neris ſpatio attributorum ratio erit, quæ 12, 1245 ad 1 milliare. Itaque fi 
minutorum numerus major minorve quæratur, utpote ft aſſumantur evariatæ 
longitudinis minuta 1000, et queratur itineris quantitas in ſingulis parallelis ; 
erit, quemadmodum 12, 124 P ad 1 milliare, ita 1000 ad +2343. unius millia- 
ris; atque tantum itineris in ſingulis parallelis fuerit conficiendum, ut 1000 
minuta longitudinis differentiam implant, cujus veritatem per antecedentem 
propoſitionem viciſsim è converſo experiri tibi liceat. 

Si non ab ipſo æquinoctiali incluſivè initium aſſumatur, ſed intervallum pa- 
rallelorum terminetur latitudinis ailectione ſimili, aſſumatur differentia, et pro- 
portio inſtituatur ut priùs. | | 

Sin vero latitudo fit diſſimilis, altera Borea, et Auſtrina altera, aſſumatur 
parallelorum ſumma, eaque quadruplicetur, et inde proportio inſtituatur ut 
ante. 


PROPOSITAIOQO. XY. 


Loxedromia eft linen hunting in terreni globi ſuperficie, quam ubique contingens rcita 
linea cum omnibus merictaiis per cuntda ejus pundla ductis æquales angu/os 
comprebendlit. 


8 quando navis rectà in ſeptenttionem aut meridiem dirigitur, tum per 
meridianum, et ideò per maximum terre circulum decurret. Cum autem 
rectà vel ortum vel occalum petit, tunc cum omnibus meridianis, per quos 
fertur, angulum rectum comprehendere, et ideo aliquem parallelum tuo curſu 
deſeribere, ſuprà docut. At vero cum alium quemcunque curſum, ab his 
duobus diverſum, tenebit, atque ad acùs magneticæ ſitum (qui tamen ante, ic- 
cundum eilimatim z2x&@xmoy emendatus intelligatur) ita ſe componet, ut 7297: 
na vis, que per mediam carinam a prora ad puppim porrigitur, aliquem angu- 
| lum, 
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tum, et ſemper eundem cum omnibus meridianis quos ſecat comprehendit : 
tum quidem, quamdid iſtum tenebit curſum, helicem lineam deſcribet, quales 
iſtæ ſunt, quas hic in plano, ad eam formulam ut proximè expreſſimus; nempe 
gd, et eiou; ubl efgth æquinoctialem lineam, et @ terre polum notat; 
mechanicam ejus, tam in globo quam in plano, delineandi rationem in ſcholis 
dicturi. Hanc autem waes Tys Tov Jpguu Aoforrilos, A curſũs obliquatione, u 
voce Græcã indigitamus ; qui plane, ut diximus, circulus eſſe nunquam poſſit. 


Nam circuli ad meridianum aliquem obliqui, five majores ii fint, five minores, 


ſemper alium atque alium angulum, eũmque varium et reliquis angulis inæqua-— 
lem, comprehendent ; quemadmodum videre eſt in ecliptico circulo coluros 
interſecante. Is enim in communi ſect one cum tropicorum coluro angulos 
rectos comprehendit ; at circa nodos tantum complementum maximæ ſuæ decli- 
nationis, nempe 66 gradus et 29 ſcrupula, intermediis autem locis angulos omnes 
inter ſe facit inequales. In minoribus vero circulis etiam manifeſtior eit evariatio. 
Loxodromia igitur iamcidns quædam ſui generis linea eſt, cijjus longitudinem et 
ſitum in ipſo curſu gubernatores, et navium magiſtri, reliquique navales pedes 
ad hanc rem idonei, accurate et diligentèr obſervant, et pro jvelocitate aut tar- 
ditate conjecturis accuratiſſimè æſtimatam ſcorsim notant. Hinc enim certiſſima 
mutatæ tùm longitudinis tùm latitudinis indicia, (modò nihil in his conjecturis 
ſit peccatum) ab ipſis derivari ſolent; ut inde ad quas oras appulerint, quove 
uſque ſit perventum, hoc indicio cognoſcant et detimiant, Hujus itaque lineæ 
accurata et conſtans menſura, et angulus, quem ipſa cum acùs magnetice fitu. 
legitimo, hoc eſt, cum vero loci meri- | 
diano, comprehendet, utramque in hac R 

arte paginam nobis faciunt ; cui adeò rei, 

hanc unam ob cauſam, ſedulam adeò 9 
operam navant. Nam acus magneticæ 

ſitum luxatum, ſumma, qua. poſſunt, 

cura quotidianis obſervationibus reſtitu- Þ 

unt. Et curſis menſuram jactu funis, 
adhibita clepſydrà momentanca, explor- 
ant, hoc fere modo. Funem note lon- 
gitudinis decem aut viginti decempeda- 
rum, etiàm puppis perpendiculo, tan- 
quam trianguli rectanguli crure æſtim- 
ato, è puppi præcipitant, cui in fine 
lignum cimbulamve alligant, que tranſ- 
versim pone in maris ſulco, a concitato 
navis motu facto, innaiet; ut ita, dum 
funem à glomere minimo momento ver- 
ſabili deglomerant, eidem quaſi loco 
affixa hæreat; interim ab ipſo initio 
cleplydra momentanea temporis ſpatium 
in ipla glomeris evolutione elapſum men- 


tali ſucceſſu proficiant conjecturam ca- | 
Vol., IV, X piunt: 


Methodus 
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quacum navis 
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piunt: quod ipſum accuratiores navium magiſtri ſæpiùs iterant, pro vento- 
rum vario impetu; ut hujuſmodi obſervationibus quàm proximè divinando ad 
verum accedant. Atque ita ex angulo confectæ Loxodromiæ et ejuſdem quan- 
titate, poſteà latitudinis et longitudinis evariatæ rationem ineunt. Tanti fane 
fuerat Loxodromiarum rationes habere benè explicatas. Ingenioſum utique 
commentum, quod tamen hactenùs duntaxat proceſſit, ut ejus affectiones me- 
chanicè tantùm uſurpari, neque accuratiore calculo explicari potuerint. Nos 
jam omnes ejus affectiones etiam numeris, qui axe: ſunt geometricis linea- 
mentis, perſequi docemus, quæ res ſingularem habet utilitatem cum ſumma fa- 
cilitate conjunctam. Nam mechanica eorum praxis juxia eſt et operoſa et 
lubrica, quæ in chartis hydrographicis illis exercetur, quæ terreni globi ſitum 
nuſpiàm ad amuſſim refert; quæique adeò immane quantum à vero abludit ; 
ut non tam mirandum quam neceſſarium fit hie mechanicen iſtam ſuos aſſeclas 


in errorem manifeſtarium dare præcipites. 


PR OP OSITIO XVI. 
Loxedromia nulla ſe in terre polos induit. 


ONSECTARIUM eft ex antecedente propoſitione derivatum. Cum enim 
| loxodromiæ forma ex angulo, quem cum meridiano loci comprehendit, 
tota cenſeatur, et cd ſublatà loxodromia ampliùs nulla fit, matcriæ vicem 
ſubibit ipſe meridianus, quo ſubducto, tanquam cruribus anguli ſublatis, an- 
gulus plane nullus comprehend poſſe intelligitur ; ut ita loxodromiz et res et 
titulus concidant, Atqui ſub polis et mundi cardinibus in hoc Terre globo 
nullum meridianum eſſe, et ratio et demonſtratio convincit. Neque enim in 
illo terræ puncto ſidus ullum, aut cœli quodcunque aliud immobile punctum 
vel oritur vel occidit : unde meridiani notio ſolùm derivatur, quemadmodum 
nominis definitio arguit; qui ita Latinis meridianus, Grecis peonuCewes, quali 
medidianus aut peonip:yos indigitatur, quod ſpatium temporis inter ortum et 
ejuſdem puncti occaſum medium ſecet. Quod autem a ſolis tantùm ortu et oc- 
.caſu meridianus dicatur, id tantùm ab uſu potiore, et paiwpiy in omnium oculos 


incurrente, èſt derivatum. 


Medio cum fol alliſſimus orbe ö 
Tantum reſpiciet, quantum ſupereſſe videbit. 


Et fi hoc illic locum quoque habeat, jam iſtic meridiani erunt omninò mu— 
tabiles et ambulatorii, atque quotannis varii; cum ſol nobis hie modo in coli 
medio, inde in ortu, tum in cœli imo, alias in occaſu; denique ſemper in 
allis atque aliis locis in æquinoctialia puncta ingrediatur. Atque ita, pro hac 
aut illà biſectione, meridiani circuli fitus erit inconſtans; nonnunquam enim 
illis meridianus eſſet idem qui nobis: aliquando ille circulus horarius, qui nobis 
horam ſextam matutinam ſignat: alias alius, et ſemper varius. Quamobrem 
cum hic nullus meridianus detur; ctiàm affectiones, que ipſi attribui ſolent, 


ſimùl cum ipſo evaneſcent, Et proptereà loxodromia (quæ a ſectione meri- 
diani 
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diani nomen et formam ſortitur,) plane nulla arg hoc loco ſub polis po- 
terit; ut, in diagrammate propoſitionis antecedentis, Loxodromia e, con- 
tinuata porrò in , # et p, atque inde in c, nunquam tamen in à polum incur- 
ret, ſed, infinitis gyris circumacta, ad illum punctum nunquam perveniet. 


PROPOSITIO XVII. 


Loxodromia eft inſtar baſis trianguli plani refanguli ad ſphere ſuperficiem applicati, 
cujus crus unum fit diſtantia parallelorum inter quos intercipitur, 


| garage anguli quem navium R 
carina cum meridiano comprehendit, 
poſtquam a perpendiculo demutat, varia 
omninò efle poteſt, et ideò loxodromiæ 
helices infinite, alium atque alium cum 
meridianis angulum comprehendentes, 
Angulum autem recto minorem hic in- 
elinationis angulum vocamus. Cum au- 
tem ſingularum una eademque fit ad om- 
nes meridianos inclinatio, et per ſingula 
puncta, etiàm viciniſſima, paralleli circuli 
meridiano perpendiculares cogitatione tra- 
duci poſſint, vides hic triangulum effor- 
mari rectangulum. In partes porrò mi- 
nutiſſimas et meridianus et loxodromia 
concidi poſſunt, ut vix ullo calculo eo- 
rum a rectis lineis differentia ex primi aut 
deprehendi queat; atque hæ particulæ in 
alias minores milleſimas. t quamvis 
rectæ et curvæ differentia hoc ſectionum 
minutali haud poſſit tolli, neque unquam : 
quantulacunque curve lineæ pars recta 
fit, tamen ad ſenſum et uſum omninò 5 
evaneſcit; hoc igitur minimum, quod 
hic concipimus, loxodromiz ſegmentum, fiet anguli recti baſis, ſegmentum 
autem meridiani crus unum. Ad iſtam planè formulam, quemadmodum ac- 
cidit triangulo rectangulo, cujus crus unum cylindri peripheriæ zquale fit, ft. 
alterum lateri cylindri recti applicetur, hoc autem circa cylindrum inflectatur, 
tum baſis trianguli helicem cylindraceam in ejus ſuperficie deſignabit. Quod 
Pappus prop. 24, l. 8, diſertè docet; ut illa helix noſtræ helici loxodromicæ, 
et ud crus trianguli lateri congruens, vel, quod idem ht, axi parallelum, me- 
ridiani ſegmento hic reſpondeat: quamvis illius deſignatio et explicatio non 
paulo fit facilior quam hujus noſtræ; quod circuli paralleli illic fint æquales: 
hic autem longè ſecùs fit, Intelligamus itaque in loxodromia ei ou ſegmenta 
| A. 2 meridi- 
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meridianorum /i, vo, uf, eſſe æqualia, et angulos eij, iov, ouf æquales, &, iv, 
of parallelorum circulorum ſegmenta non quidem ſimilia, ſed æqualia tantùm. 
Hic baſis trianguli totius eſſet ezou ; crus porrò reliquum ux, è ſegmentis 5j, ov, 
uf, compoſitum intelligatur. ? 


PROPOSITIO XVIII. 


Ei uſdem loxodromie ſegmenta inter parallelos circulos equali intervalle digjundtos 
intercepta ſunt æqualia. 


Er hoc quoque expoſitam loxodromiarum formam conſequitur. Sit enim 
44 loxodromia aliqua que ad æquinoctialem uſque pertingat à gradu latitu- 
dinis primo, quemcunque tandem cum meridianis angulum comprehendat. 
Quod fi hic per ſingula minuta paralleli circuli tranſire intelligantur, fient 
ſexaginta hujus loxodromiæ partes inter hos interceptæ, et ideò per ipſa ſectio- 
num puncta ductis parallelis totidem fient quaſi triangula rectangula; quorum 
crus unum, meridiani nempè ſegmentum, cruri alterius, et angulus unius, A 
.Loxodromia, tanquam baſe, et meridiano comprehenſus, angulo alterius pariter 
conſtituto, fit æqualis: et triangula ideò ipſa quoque ſimilia et æqualia. Aut, fi 
ne hoc quidem ſatis fit, per ſingula ſecunda ſcrupula paralleli ducti intelligan- 
tur, et fient rectangula triangula 3600; vel, ft etiam minora ſegmenta concipias, 
tanto faciliorem habebit explicationem, et cum planis triangulis affinitatem; ut 
unus gradus in meridiano non tanthm in tertia, aut quarta, ſed etiàm in decima 
vel milleſima ſcrupula conciſus intelligatur. Atque ita in his minutiffimis tri- 
angulis ſingula crura cruribus, et baſes, (que ſunt loxodromiz iſtius ſegmenta,) 
baſibus, æquabuntur. Et iſtud helici cylindraceæ quoque reſpondet, cujus ſeg- 
menta inter circulos parallelos, et æquali intervallo disjunctos, æqualia omninò 
ſunt: ſed iſta ſegmenta ſunt prætereà etiàm congrua, ob illius lineæ àαννν.e,ꝛ., 
ut Apollonius apud Proclum demonſtravit; quod in noſtrà helice non aſſequi- 
mur. Quare ejuſdem helicis ſegmentum inter æquinoctialem et parallelum 
primum tantum erit, quantum inter 45 et 46, aut 50 et 51, vel 80 et 81, at- 
que ita porrò de omnibus qui dari poſſunt parallelis. Id in ſuperiore diagram- 
mate lineis i, vo, fs, expreſſimus. 

Terræ autem polus punctum eſt, non parallelus; et nullo loxodromiæ curſu 
ad eum deveniri poſſe ſuprà demonſtravi, quia helix iſta ante deficiat quàm ad 
eum pertingat. Nihilominùs loxodromiarum ſegmenta a puncto polo proximo 
inter duos parallelos quocunque intervallo (ut, putà, unius minuti) disjunctos 
tanta ſunt, quanta inter parallelos propè æquinoctialem eodem intervallo diſ- 


tantes; ſed ita, ut minimum hoc loxodromiæ ſegmentum illic ſæpiùs revolva- 


tur, antequam intrà poſitos parallelos ſuam quantitatem explicet. 
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dromia 41 inſtar baſis anguli recti @ ei, et angu- 
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PROPOSITIO XIX. 


Datd quantitate et angulo inclinationis laradromiæ, parallelorum diſtantiam 
invenire. 


D loxodromia cujus longitudo fit milliarium maritimorum, vel 
nauticorum, 50, angulus inclinationis 56 graduum et 15 ſcrupulorum : quæ- 
ritur latitudinis eyariatio, 1d totum per triangulo- 
rum planorum doctrinam ſecundum demonſtrata 3 
explicari poteſt. Concipiamus enim triangulum 
rectangulum ai; ut @ fit loxodromiæ initium; et 
meridianus illius loci ae ; ai, loxodromiæ menſura, . 

5 u 


milliarium 50; eai, angulus inclinationis, 56 gra- — 30 — 
dus et 15 ſcrupula. Cum igitur, per propoſ. 17, | 
ae meridian ſegmentum fit inſtar cruris, et loxo- 

G 0 


3 ; 3 { 
lus aie, complementum inclinations, detur 33 gra- 


duum et 45 ſcrupulorum ; erit quemadmodum radius 10,000,000, ad finum 
anguli aie, 33 grad. 45 ſcrup. 5,555,702, ita ai, 50 milliaria, ad 277 
milliaria; tot igitur milliarium erit ſegmentum mcridiani ae. Ea porrò ad 
ſcrupula per proportionem reducentur hoc modo: 15 milliaria ſunt ſcrupula 60, 
hoc eſt, 1 milliare valet ſcrupula 4; ergo 27 7 dabunt ſcrupula 111! 
quæ faciunt unum gradum et 51 ſcrupula et F242 feu £, partes ſcrupuli: et 
proptereà e punctum, ſeu parallelus ez, in auſtrum vel in boream à parallelo 
au disjungetur 1 gradu et 51 ſcrupulis, et 4,4 partibus ſcrupuli. Quamobrem 
fi ſtatuatur a punctum in parallelo 51, et ae versùs boream porrigi, erit ei 
parallelus per gr. 52, ſcr. 51, eductus quam proxime. Contra, f in auſtrum, 
jam ad 49 gra. 9 ſcr. pertingeret ; atque ita porrò in reliquis. Aut concinnius 
brevĩũſque hoc modo: 


Ut radius ad quadruplum ſiniis complementi inclinationis date loxodromiæ; ita 
milliaria longitudinis ejuſdem, ad ſcrupula evariate latitudinis. 


Res ex poſità analogia manifeſta eſt. Ne longe diſcedamus, eodem utar ex- 
emplo : quadruplum ſinùs 33 gr. 45 ſcr. eſt 22,222,808, unde ſecundùm poſi- 
tos terminos 10,000,000 22,222,808, 50, concludes quartum 111 , ut 
ſuprà. 


PROPOSITIO XX. 


Dato parallelorum inter vallo cum loxodromiæ inclinationis angulo, gem menſura 
| quogue dalur. 


| T in diagrammate antecedente, fi detur ea meridiani ſegmentum 1 gr. 51 ſer, 
et angulus loxodromiz eat 56 graduum et 1 ; ſcrupulorum, fit, per propohtto- 
nem 18, triangulum rectangulum ear, cujus angulus et unum recti crus huic ad- 
| jacens 
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jacens datur : nam quaterna minuta in maximo circulo unum milliare nauticunz 
exæquant; et propterea 1 gr. 51 ſcr., ſeu ſcrupula 111, fient milliaria . At- 
que inde fit hc proportio; ut radius 10,000,000, ad ſecantem 56 gr. 15 ſer. 
17,999,524, ita milliaria 4 ad 498%; ; tanta igitùr erit longitudo loxo- 
dromiz ai inter iſtam parallelorum diſtantiam, ſub hoc inclinationis angulo dato. 
Sed concinnius et elegantius fuerit fi fiat, 


Ut radius ad quadrantem ſecantis anguli inclinationis date loxodromie ; ita 
ſcrupula evarialæ latiludinis, ad longitudinem loxodromiæ optatam, 


Id quoque ex præmiſsà demonſtratione fuerit perſpicuum. Nam, cum 
ſcrupulorum evariatæ latitudinis quadrans fit tertius proportionis terminus, ſe- 
cans autem ſecundus; nihil refert an hunc, an illum, per 4 dividam. Res ex- 
periunti manifeſta eſt. 


PR OPOSITIO XXI. 


Dato parallelorum inter vallo cum loxodromie quantitate, inclinationis ejuſdem- 
angulus quoque dabilur. ä 


[C enim data baſi et crure quæritur angulus ab ipfis comprehenſus. Fiat 

itaque, ut quadruplum milliarium loxodromie date, ad ſcrupula evariate latitu- 
dinis ; ita radius ad ſinum complementi inclinationis : vel, ut ſcrupula evariatæ lati- 
tudinis, ad quadruplum milliarium loxodromiæ; ita radius ad ſecantem inclinationit. 
Horum veritas ex antecedentium analog eſt manifeſta. 


PROPOSITIO XXII. 


Crus alterum trianguli loxodromici integrum ſimul imaginarium eft ; ſed per minimas 
particulas ſingulis parallelis æquali intervallo disjunftis equalittr attribuendum ; 
quod ided vocetur ® pmuduapuroy. 


UM enim, per propoſitionem 17, Loxodromia fit quaſi baſis trianguli, cujus 
unum crus fit ſegmentum meridiani diſtantiæ parallelorum inter quos in- 
tercipitur æquale, reliquum crus nobis hic quoque quærendum eſt. Id autem 
ſimul totum in ſuperficte ſphzrica non datur ; quia circuli in ſphærico inæqua- 
les ſunt, et polo viciniores minores remotioribus et æquinoctiali propioribus.. 
In helice quidem cylindracea et ejus triangulo, in ſingulis parallelis circulis, fi 
perpendiculare latus in æqualia ſegmenta tribueretur, crus anguli recti jacens 


erat ſegmentum circuli proportionale et æquale reliquis, per æqualia perpendiculi 


ſegmenta inter fe diſtantibus. Hic vero etiamſi meridiani ſegmenta, quæ ſunt tan- 
quam perpendiculi ſegmenta, ſint inter fe æqualia; et loxodromiz, quæ ſunt baſes 


Exariationem longitudinis potentia complexum. 
angulo 
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angulo recto ſubtenſæ, etiam inter fe 2:quales ſint; atque ideò reliqua crura jacen- 
tia, quæ parallelis imputanda ſunt, æquaſia etc debeant : quia tamen parallel ſue- 
cedentes (ſi à polis initium ducas) antecedentibus ſint majores, ſegmenta etiàm 
minima, ut in ipfis neceſſariò quidem ſint æquaſia; neutiquam tamen erunt ſimi- 
lia: ſed in majoribus circulis pauciora, in minoribus plura, occupabunt minuta. 
Hæc autem omninò exemplo propoſito erunt illuſtriora. Sit triangulum loxo- 
dromicum è propoſitione antecedente ae7, cujus balis 41 fir milliarium 
49 Hees crus alterum @e (quod erat meridiani legmentum,) dabatur 1 gr. 
51 ſcr. ſeu milliarium 273; itaque reliquum, quaſi ez, per tabulas tangentium 
invenietur milliarium 41, Hoc quidem uno nomine et ſub una con- 
tinua linea in ſphere ſuperficie nuſquam datur. Sed in minimas particulas 
per ſingulos, et quaſi infinitos, parallelos diſtribuendum intelligitur; et in quanto 

lura triangula id diffundetur, tanto ea aſui erunt aptiora. Neos ab æquinoc- 
tiali, ad parallelum ſeptuageſimum, parallelos per ſingula ſcrupula ducere, et 
totidem triangula delineare ſufficere exiſtimamus; ut majore wTegiepysx non fit 
opus, quemadmodum infrà demonſtrabitur. Atque ita in propoſito exemplo 
futuri ſunt 111 paralleli, quot erunt minuta a principio ad finem. Et ideò tot 
rectangula triangula quoque concipiantur, quot inter hos parallelos efformart 
poterunt; ita ut unum crus perpendiculare ſit minutum unicum in meridiano 
per loxodromiæ et parallelorum communes ſectiones eductum, crus reliquum 
pars tanta cruris pmdwauns In parallelis. Sed, ut dixi, quanto horum paral- 
lelorum diſtantia minor erit, tanto quoque accuratior erit æſtimatio minutorum 
per ſingulos parallelos diffuſorum; quia iſta nobis longitudinis æſtimationem 
præſtare debent. Itaque crus e conſtat per doctrinam triangulorum 


hoc modo. 


PROPOSITIO XXIII. 


Triangula loxodremica unitate ſunt pauciora parallelorum numero, quot à prims 
ad ultimum intercipiuntur iucliſiuò. 


T in expoſito diagrammate & x primum cir- 1 4 
culus ipſe æquinoctialis; et 42 parallelus per d e 
undecimum minutum eductus ; loxodromia pro- 19. hehe 
poſita a R. Si ergo per ſingula minuta paralleli prom : poem 
educantur, (ut hic vides Fp, bg, c d, et cæteros,) . I. 
habebis undecim; quibus ſi ipſum æquinoctialem 3 — 
ex annumeres, erunt in univerſum duodecm n. 7 — 
paralleli, triangula autem duntaxat undecim; quia —4 1— — 
vertex ultimi trianguli in parallelo 23 4 tantum A l 
terminatur, ut hic vides. Si aliundè quam ab k: 1 7 
æquinoctiali initium ducas, res eadem erit, et + „H 
analogia 1eſponder. 2 | 
——— 


Cum autem in parallelorum canonicis initium duca- 
tur ab ipſo æquinoctiali, et nos vulgò ita loguamur, 


- 
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ut eum excludamus ; ut cùm dicimus, para/lelus per 1 gr. 7 ſcr. hic eum intelligimus 
qui per iſtud ſcrupulum tranſit : atque ide? preter equinettialem efſent paralleli per 
fingula minula edufti 67; buc fi annumeretur equinoftalts, fiunt paralleli 68 ; et 
ided triangula 67 : ut ita tulò tibi liceat ex tabulis canonicis aſſumere quadruplum. 
numeri, cui 1 gr. 7 ſcr. attribuitur. Idem erit fi aliunde quam ab æquinoctiali ini- 


lium ducas. 


PROPOSITIO XXIV. 


Si initium loxodromie ab æquinoctiali ducatur, totidem erunt triangula loxodromica 
quot ſcrupulis inde extremus parallelus diſtabit. 


PP in ſuperiore exemplo manifeſtum eſt; nam cum illic aſſumam parallelum 
ultimum az minutis undecim ab æquinoctiali diſtantem, primus autem fit 
æquinoctialis in expoſita figura, qui tamen in hac vulgar et uſitatà parallelorum 
numeratione in cenſum non. venit, quia. parallelus primus intelligitur, qui mi- 
nuti intervallo, ab ipſo æquinoctiali fit disjunctus: efficitur, ut minutorum nu- 
merus qui hujuſmodi parallelorum eſt index, a numero triangulorum intercep- 


torum non diſcrepet ; ſed unus, et plane idem fit. 


PROPOSITIO XXV. 


In latitudine ſimili numerus minutorum differentie parallelorum, cognominis eft 
numero triangulorum loxodromicorum : in diffimili verd, numerus ſummæ. 3 


11 ſcr. Hic igitùr ſi utrumque extremum incluſive aſſumas, ſunt pa- 
ralleli quidem duodecim, triangula autem loxodromica duntaxat undecim, 
quantus eſt ſcrupulorum differentiæ numerus, fi 5 gr. 11 ſcr, deducas. Si 
latitudo fit diſſimilis, altera borea, et reliqua notia; ſumma ſcrupulorum lati- 
tudinis utriuſque in unum conflata triangulorum intermediorum numero erit 
cognominis. Sit enim && iterum æquinoctialis, a 2 parallelus boreus per 
ſcrupulum undecimum eductus; parte adversa « 9 parallelus notius per latitu- 
dinis notiæ ſcrupulum quartum. Illic igitùr, per prop. 23, erunt triangula un- 
decim, hic quatuor, ſumma triangulorum quindecim, quanta quoque elt: 
{crupulorum.. | | ; 


QT jam in eodem diagrammate Eh parallelus 52 gra. et 4 2 parallelus 52 
gn 
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PROPOSITIO XXVI. 


S trianguli loxodromici crus wmadwepnis per parallelorum minutatim diftantiuns 
difjerentiom, in latitudine fimili droidatir, quotus erit pars fingulis d maximo in- 
clufive ad minimum excluſivè equaliter attribuenda. 


IT in codem diagrammate & x crus unudzuny milliarium 174, et & in æqui- 

noctiali, a in latitudinis ſcrupulo 11. Itaque, per 23 propoſitionem, hic erunt 
triangula loxodromica 11 et totidem crura fingulis parallelis attribuenda, quo- 
rum primum equinoctiali debetur, fecundum fp parallelo per ſcrupulum laritu- 
dinis primum, tertium 4g paralleio per ſcrupulum ſecundum, denique unde- 
cimum ie parallelo per ſcrupulum decimum ; ut ab hoc. numero parallelus ul- 
timus ſive undecimus excludatur : quia vertex noviſſimi trianguli ie eo tan- 
tim: pertingit. Quamobrem crure mecodynamico 17! milliarium per 11 diviſo, 
pars quota erit 14 milliaris ſingulis parallelis attribuenda ; ut & 6, fp, bg, reli- 
quique ſigillatim habeant longitudinem ſeſqui-milliaris. Atque ita hoc totum 
latus imaginarium per partes æquales ſingulis, quotcunque concipimus, paral- 
lelis attribuitur. Res eadem erit fi non ab ipſo, ſed aliunde a quocunque alio 
e initium facias. Cujus veritas & propoſ. 23, et 25 quoque, mani- 
teſta eſt. 


PROPOSITIO XXVII. 


Lorodromiæ equinotialem ſecantis crus unuoduapuy ab equinotiali in ſuas utrimque 
partes eft diſtribuendum; et equinottialis geminam babet hoc caſu portiunculam : 
extremi autem paralleli utrimque excluduntur. 


Sir bx æquinoctialis; crus pwduwapumy a 9 ; cui æquetur K x, Itaque pars K& 

parallelis notiis, et &x parallelis boreis, eſt imputanda, per antecedentem, 
Atque ita fit ut xx, & gemine portiunculæ æquinoctiali attribuendæ ſint, ex- 
tremus autem uterque hic æquo jure excludatur. 


PROPOSITIO XXVIII. 
Datis angulo lorodromiæ et latitudinis evariatione, crus mecodynamicum invenire. 


. 
oh radius ad quadrantem tangentis datæ loxodromiæ, ita evariatz latitudi- 
nis minuta, ad milliaria cruris mecodynamici. Sit enim diſtantia paralle- 
lorum o, ie minutorum 32, et angulus inclinationis 7@e 56 gra. 15 ſcr. Exit 
taque in triangulo iefangulo i ae, ut radius 100,000 ad tangentem 56 gra. 
15 (cru. 149,060, ita evariatæ latitudinis ſegmenti ae. millania, que ſunt pars 
. | quarta. 
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quarta minutorum 32, nempe 8, ad milliaria 
cruris mecodynamici ei 11 . Et ideo per 
interpretationem: quemadmodum radius 100,000 
ad quadrantem tangentis anguli inclinationis 
372415, ita latitudinis evariatæ minuta 32, ad 


milliaria evariatæ longitudinis 12, ut ſupra. 
Quod erat inveniendum. 


Quadrans tangentis anguli inclinationis date lorodromiæ per radium diviſus. 
exhibet cruris mecodynamici milliaria uni evariatæ latitudinis minuto debita. 


Ratio et demonſtratio ex præmiſſo theoremate in promptu eſt : Ut fi detur 
loxodromiz inclinatio 56 gr. 15 (cr. ejus tangens erit 149,660, cujus quadrans eſt 
37,415 ; qui per radium diviſus dabit £7 partem milliaris cruri mecodyn- 
amico debitam ſub hac inclinatione, quando crus alterum in triangulo meco- 


dynamico aſſumetur quantitate unius minuti, 


PROPOSITIO XXIX. 


Data Loxcdromie quantitate et angulo inclinationis, ejuſdem crus mecodynamicum 
invenire. 


OC eſt, dati trianguli rectanguli baſe et angulo acuto, crus recti ei oppo- | 
ſitum invenire. Fiat igitur: | 


Quemadmodum radius ad ſinum dati anguli ; ita milliaria loxodromica data ad 
milliaria cruris mecodynamict, 


Ex analogia et demonſtratione antecedentium res eſt mani feſta. 


PROPOSITIO XXX. 


Datd latitudinis evariatione à dato parallelo, cum inclinatione loxodromie, 
dabitur quoque evariatio longitudinis. 


oon ſuperioribus theorematis 26 et 27 tres caſus in trian- 
gulis loxodromicis diſtinximus; ita quoque exemplis ternis, diſtinctis, hanc 
et ſequentes propoſitiones explicare operæ judicamus pretium. Detur paral- 
lelus, unde initium loxodromiz ducatur, ipſe æquinoctialis; inclinatio loxo— 
dromiæ 56 gr. 15 ſcr. (inclinatio autem, ut ſuprà eam definivimus, eſt angulus 
minor à loxodromia et meridiano comprehenſus, ut arz vel &r/ in ſuperiore 
diagrapha) evariatio autem latitudinis 53 gr. 10 ſcrup. quæritur quantum in 
longitudine hic ſit à primo loco diſceſſum. Primum per propoſitionis 28 con- 


ſectarium inveniatur ex datæ loxodromiæ inclinatione milliaris pars quota fin- 
gulis 
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gulis parallelis ab æquinoctiali ad 53 grad. 10 ſcrup. excluſive affignanda : 
nempe, fi tangentis inclinationis quadrans per radium dividatur, ut hic vides 
eg; tum deinde hc milliaris portio in ſcrupula fingulis parallelis debita 
convertetur per propoſitionem 12 hoc modo. Ex canonicis parallelorum affu- 
matur numerus qui 53 gra. 10 ſcr. debetur 37,800,747, ejüſque quadruplum 
151,202,988. Atque inde fiat hæc proportio; quemadmodum 10,009, ad 
151,202,988, ita FAA ad 56 nn a ris ſcrupula longitudinis evariate : 
tantum enim hoc curſu ab æquinoctiali ad propoſitum parallelum navigando 
meridianus uterque disjungitur, qui ſunt gradus 94, ſcrupula 17, ſecunda 15, et 
ultra. Quia vero tanta, ad ſecunda et tertia uſque, w{egysz opus non eſt in hoc 
terrz globo, potuere termini paulo minores aſſumi; nempe 10, 151,203, ; 
unde concludes 5656424,% ; quod eſt vix dimidio ſcrupulo minus quam anteaà. 


Eſto exemplum etiam alterum, ut latitudinis evariatio aſſumatur a parallelo 


36 ad parallelum 53, loxodromiæ autem angulus fit 78 gr. 45 ſcr. et quæratut 
diſtantia meridianorum à principio ad finem hujus cursùs: tangens anguli in- 
clinationis 78 grad. 45 ſcrup. eſt 502,734, cujus quadrans per radium diviſus 
dabit partem quotam cruris mecodynamici fingulis parallelis hoc curſu attribu- 
endam, nempe 455534 milliaris, per propoſitionem 27. Hinc adeò reliqua jam 
concludes ad inveniendam longitudinem. Nam differentia numeri qui per- 
tinet ad 36 gradus a numero, qui pertinet ad 53 gradus eſt 1432.9669, eſus 
quadruplum 573 1.8676, et inde fit hæc proportio; ut 10,009 ad 573.8676, ita 
225653 ad quartum, vel (amputatis numeris redundantibus) ut 10 ad 57,319, 
ita 425% ad 7204 ſcrupula, qui ſunt gradus 120 ſcr. 4. 

Denique tertium proponatur, ut a. latitudine auſtrina 52 graduum ad latitu- 
dinem boream 53 curſus ita fit directus, ut anguli ejus ad meridianum inclinatio 
fit 85 gra. 22 ſcr. 30 ſec. Inde ab initio quarenda eſt tangens dati anguli, 
nempe 1, 240, 174, cujus quadrans 313,391 per radium diviſus dabit partem 
quotam, hoc curſu ſingulis parallels attribuendam, 32, milliaria, per prop. 
27. Atqui, per prop. 12, quadruplum ſummæ ſecantium quæ ad iſtos gradus 
pertinet, dabit numerum congruum totidem parallelis, quot triangula mecodyn- 
amica hic per ſingula ſcrupula erunt concipienda per propel. 26. Ergò 
quadruplum ſummæ que pertinet ad gradus 52, fuerit 146,595,268 ; deinde 
quadruplum ſumme que pertinet ad gradus 53, erit 150,537,172 ; ſumma 
utriuſque 297,132,440. Atque inde fit hæc proportio ; quemadmodum 10,000 
ad 297,132,440, ita +3332 ad quartum ; ſeu, quod idem fir, ut 10 ad 297,132, 
ita 43-352 ad 93,1187 2 ſcrupula; que ſunt æqualia gradibus 1 5 51 ſcr. 58, tec. 
12: adeò ut hoc curſu inter illos parallelos neceſſe fit orbem terrarum quater 
obitum efle, et inſupèr gradus 111, cum ſcrupulis 58. Atque ita latitudinis 
evariatione cum loxodromiæ inclinationis angulo datis, longitudinis evariatio 
quoque datur haud admodum operose; ; 

Si autem angulus inclinationis datus fit aliquis ex illorum numero, qui apud 
naucleros in uſu ſunt: utpote cum 4, 4, 4, , +5, anguli recti explebunt ; 
id etiam per canones Texzpes manuales, ad hanc rem à nobis factos, facillimè ex- 
pedire licebit, Sed de iſtis vide librum ſecundum. 
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PROPOSITIO XXXI. 
Datd Loxodromie quantitate cum angulo inclinationis, *datur evariatio longitudinis. 


] ONGITUDINIS evariatio, et ſupra, et apud geographos ſemper, eſt dit- 
tantia duorum meridianorum, in gradibus et ſcrupulis, ſeu minutis, eitimata, 
Hujus autem evariationis determinatio eſt Theorema maximi in re maritima et 

loxodromicis ustts, et hactenùs a multis fruſtrà ſollicitatum. Hic autem, tanquam 
in triangulo rectangulo, data baſi cum angulo obliquo, utrumque crus quzren - 
dum tibi eſt. Hoc quoque perinde ut antecedens theorema triplici exemplorum 
genere explicare operæ videtur pretium. Sit igitùr primùm ab æquinoctiali na- 
vigatum per milliaria 100, angulo inclinationis loxodromiz 33 gr. 45 ſer. Hic, 
per propoſitionem 19, dabitur evariatio latitudinis 332 ſcrupulorum, ſive 5 
grad. 32 5 ſcru. Sed, quia plus dimidio ſcrupulo hic abundat, aſſumam 5 gr. 
33 ſer.; ut ad hunc uſque ab æquinoctiali parallelum deventum eſſe conſtet; 
et per propoſitionem 28 cruris pnmodwapn pars quota ſingulis parallelis attribu— 
enda e: unde, per propoſitionem antecedentem, dantur evariatæ longitudi- 
nis 3 gr. 42 ſcr. 47 ſec. 

Secundo, fit à parallelo 47 navigatum angulo inclinationis loxodromiæ 33 
gra. 45 ſcr. intervallo milliarium 100 : quæritur evariatæ longitudinis quantitas. 
Cum, per 18 propoſitionem, loxodromiæ ejuſdem ſegmenta inter æquales paral- 
lelos ſint æqualia, igitùr, per 19 propoſitionem, datur parallelorum diſtantia 
332 v, five, quod idem fit, 5 gra. 33 ſcr., qui, a 4 parallelo numerati, inci- 
dent in 52 gra. 33 ſcr. Hinc jam pars quota cruris pwodwapns fingulis parallelis 
attribuenda dabitur per propoſitionem 28, nempe . Inde per 29 propoſi- 
tionem dabuntur ſcrupula evariatæ longitudinis; nam differentiæ numeri in ca- 
nonicis parallelorum, qui pertinet ad 47 gr. et numeri qui pertinet ad 52 gra. 
33 ſcr. quadruplum eſt 20, 660, 132; unde fit hæc proportio, per propoſitionem 
30; quemadmodum 10,000 ad 20, 660, 132, ita rav4% ad 3453 ſcrupula, qui 
ſunt 5 grad. 45 ſcrup. 7 ſec. Ita vides eadem curſũùs hujus inclinatione et menſura, 
inter hos parallelos longitudinis evariationem 2 gr. majorem efle quam circa 
æquinoctialem. | 

Exemplum tertium tale eſto : a latitudine auſtrina 36 gr. verſùs æquinoctialem 
et ultra navigatum fit milliaribus 1500, angulo inclinationis loxodromiæ 33 gr. 
45 ſcr. ut ſupra ; quæritur longitudinis evariatio. Hic, per propoſ. 19, datur 
parallelorum diſtantia 4989, qui ſunt gradus 83, ſcr. 9, ut ideò terminus loxo- 
dromiz pertingat ad parallelum boreum 47 gr. 9 ſcr. Jam pars quota cruris 
mecodynamici ſingulis parallelis attribuenda, per propoſ. 27, datur . Hinc 
aſſumuntur numeri è canonicis parallelorum, qui pertinent ad 36 gr. et ad 47 


gr. 9 ſcr. Horum ſummæ quadruplum eſt 221, 342; unde fit hæc proportio; 
ut 100 ad 221,342, ita irn 3699 ſer. qui ſint ſaue 61 gr. 39 {cr, At- 
que tanta effet intra dictos parallclos evariatio longitudinis, ut proxime. 

Si loxodromia data fit aliqua è vulgo uſitatis, poterit idem per canones 
gens facilius explicari, quemadmodum aliquot exemplis, in illarum tabula- 


rum conſtructione et uſu, infra libro ſecundo demonſtratur. | 
PR O. 
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PROPOSITIO XXXII. 


Dato parallelo cum lalitudiuis et lingitudinis evariaticne, loxodromie inclinationem 
et quontitatem indenire. 


T loxodromiz inclinatio inveniatur & Jongitu«linis et latitudinis differentia, 
omninò opus eſt latitudinis initium confignari, et prætereà in quam plagam 
diſcedatur à dato parallelo, nempe, an versùs polos, an versùs æquinoctialem; 


nam pro illius principio et plagà loxodromiz inclinatio quoque variari poteſt. 


Exemplum primum tale eſto. Ab infuli Divi Thomæ ſub ipſo æquinoctiali ad 
oſtium Fluvii Argentei in Braſilià, vulgò Rio de Plata dicti, longitudinis diffe- 
rentia ſtatuitur 60 gr. et hujus eſt ab æquinoctiali diſtantia 34 gr. præter prop- 
ter. Quæritur qua cursùs inclinatione, ſeu loxodromia, ab intula D. Thomæ ad 
dicti fluvii oftium, et quanto ejuſdem curſùs intervallo fit. navigandum. Hic 
igitur ex duobus cruribus quærenda eſt baſis, cum angulo altero obliquo. 
Nam differentia latitudinis eſt totius trianguli loxodromici crus alterum; è dif- 
ferentia longitudinis autem crus reliquum erit inveſtigandum. Primum 34 gr. 
in meridiano dabunt milliaria 510: tum e differentia longitudinis 60 gr. dabitur, 
per propoſitionem, in triangulo loxodromico cruris mecodynamict pars quota in 
milliaribus, fingulis parallelis attribuenda, . Hæc per numerum paralle- 
lorum, 2040, multiplicata (tot enim triangula loxodromica interſunt per pro- 
poſ. 23,) dabunt milliaria 845 fe. Additis igitùr horum crurum quadratis, 
nempe à 510 et 8454,4%%, dabitur etiam baſis 987 ev milliarium: atque 
tanta erit dictæ loxodromiæ quantitas. Denique è datis cruribus dabitur quan- 
titas anguli inclinationis : vt enim milliaria evariate latitudinis 510, ad crus meco- 
dynamicum 8455 ita radius ad tangentem anguli inclinationis, per propoſi- 
tionem : unde ipſe angulus loxodromiæ quæſitæ datur 58 gr. 54 ſcr. 

Exemplum alterum eſto, ubi utraque latitudo ſimilis. A Faiael, inſularum 
Flandricarum una, ad inſulam prope fretum Davis, quam, a Pario lapide Jaſpi- 
dem referente, Bellam, tanquam pulchellam, vocant, qua loxodromia contenden- 
dum fit, quæritur: utriuſque autem latitudo eſt Borea, illius 38 gr. 50 ſer. 
hujus autem 52 gr. 21 ſcr. differentia longitudinis fit 16 gr. 12 ſcr. Itaque 
numeri parallelorum canonici utriuſque latitudinis erunt 3699. 1192 et 2531: 
2354. Horum differentiæ autem quadruplum erit 4668. 7352. ide6que {per 
propoſ. 14.) 44687; minuta evariate longitudinis attribuunt fingulis parallelis 
unum milliare; ergo 16 gra. 12 ſcru. hoc eſt, ſcr. 972 dabunt 435 millia» 
ris: parallelorum autem differentia eſt ſcrupulorum 811; unde latus mecodyna- 
micum dabitur 168 milliarium, et ex his cruribus baſis loxodromicæ lon- 
gitudo 26354, et angulus inclinationis loxodromiz 39 gr. 47 ſcr. 

Exemplum tertium tale eſto, ubi utraque latitudo fit diflimilis. Bantam in 
Moluccis habet longitudinem à longitudine Capitis de Aguillas, prope Caput 
Bone Spei in extremo Africæ promontorio, ſecundum accuratiores noſtrorum 
hominum obſervationes, diſtantem 86 gr. 5o fcr. Latitudo autem Bantam eſt 
6 gr. 45 ſer. auſtrina, et latitudo Capitis de Agnillas eſt 3; grad. © ſcru. borea: 

queritur 
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quæritur quo loxodromiæ angulo à Bantam ad Caput. de Aguillas ſit navigan- 
dum, ct quanto ejuſdem intervallo. Hic igitùr primùm differentia latitudinis, 
quæ eſt illic 6 gr. 45 ſcr. auſtrina, et hic 35 gra. borea, erit 41 gra. 4.5 ſcrup. 

five ſcrupulorum 2505. Unde datur è Canonicis parallelorum primùm 405. 
9366, deinde 2244. 1764; fummez fimdl utriuſque quadruplum 10,600. 4520. 
Differentia autem longitudinis 86 gr. 50 ſcr. efficit ſcrupuia 5210. Unde, per 
propoſitionem 14, concludes hoc modo : 10 Ho icrupula longitudinis occu- 
pant in ſingulis his parallelis 1 milliare; ergo 5210 fcrupulis cedunt in fingulis 
_ parallelis 4%, milliaris. Sunt autem paralleli ſimùl in baſibus triangulorum 
mecodynamicorum 2 595. Atque ideò in univerſis fimal, pro baſi mecodynamico 
communi, milliaria 123 πσ - Latitudinis autem en habet milliaria 
626+. Atque ex his trianguli rectanguli cruribus datur baſis, que eſt loxodromiæ 
longitudo, 13818 milliarium. Denique ettam angulus inclinationis: ut enim 
differentia latitudinis 6264 milliarium ad crus mecodynamicum 123 , ita 
radius ad tangentem anguli inclinationis, qui hinc datur 63 gra. 3 ſcru. quare 
angulus loxodromiæ erit tantus. 


PROPOSITIO XXXIII. 


Dato parallels, et loxodromiæ inclinationis angulo, cum evariatione longitudinis, 
loxodromiæ quantitatem et latitudinis evariationem invenire. 


g'T igitùr ab infula Divi Thome fub æquinoctiali navigatum versùs oſtium 
fluminis argentei, ſeu Rio de Plata, (quemadmodum Hiſpanico idiomate 
vocatur, ) ſub angulo inclinationis loxodromiz 58 gr. 54 ſer. ut hoc curſu Jon» 
gitudinis evariatio fit facta graduum 60 ; quæritur loxodromiæ quantitas cum 
evariatione latitudinis. Id exit concludendum hoc modo, ut primum experiaris 
quantum deni, vel viceni, aut triceni latitudinis gradus {ub hac inclinatione 
longitudinem evarient: quæ res perfacilem habet explicationem e propoſitionis 
vigeſimæ octavæ conſectario. Quadrans enim tangentis datæ inclinationis loxo- 
dromicæ, per radium diviſus, dabit milliaria cruris mecodynamici ex æquo fin- 
gulis parallelis æqualitèr attribuenda. Ut fi detur inclinatio 58 gr. 54 {cr. Nam 
tangentis hujus 163,772 quadrans 41,443 per radium diviſus dabit 7; 
unius milliaris i in ſingulis parallelis. Si itaque per hunc numerum multiplices 
illius E parallelorum canonicts numeri, qui ad 10 gr. pertinet, quadruplum, da- 
bitur evariatio longitudinis, quanta ſub hoc curſu ad parallelum decimi gra- 
dus ab æquinoctiali a principio ad finem intercidat, per propoſitionem 3owam, 
nempe icrupula 398%. Unde proportio hujuſmodi inſtituetur. Quemadmo- 
dum 398 ſerupula inventa, ad optata 3500 (tot enim ſcrupula bo gradibus 
evariatæ longitudinis continentur ;) Ita aſſumptus numerus parallclorum. cano- 
nicus 10 grad. 240. 1940 ad numerum quartum 2171 9: qui omninò quæ- 
rendus tibi ſit in canonicis parallelorum; cui illic reſpondent 34 gr. o ſcr. 19 ſec. 
Aio ite que hoc curſu navigandum ab æquinoctiali ad parallelum 34 gr. ut lon- 
guudinis evariatio fit 60 gr. Si enim numerum inventum 2171 per qi 


multuplices, hunt ſcrupula 3600.00 ; hoc eſt, gradus evariatæ longitudinis 69 
exactè, 
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exactè, quemadmodum poſtulabatur. Veritas hujus factionis liquet ex ipſa ca- 
nonicorum noſtrorum numerorum affectione, et terminis multiplicationis. Nam- 
que canonici 10 gra. numeri quadruplum 9604%%%%, multiplicatum per millia- 
rium numerum mecodynamicum 4,4, dit ſcrupula evariate longitudinis 
398-54. Atqve in ſecundo quadruplus numeri canonici, quem jam aſſumi- 


mus pertinere ad 34 gr. nempe 8689.4,,%*. multiplicatus per eadem milliaria 
mecodynamica x74, dat evariatæ hujus latitudinis ſcrupula 3600. Hoc modo 


9 6 O Nr 8 6 8 6 ERAS 
41443 41443 
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298+; 3600 


Quamobrem facti erunt proportionales multiplicatis. Exit igitur, ut 398 77s, 
nempe ſcrupula longitudinis inventa, ad ſuum numerum 960: ita ſcru- 
pula propoſita 36co ad ſuum numerum, cujus quadrans eſt canonicus, et in ta- 
buli 2171, oſtendit parallelum 34 gr. unde, per propoſitionem, loxodromiæ 
ipſius longitudo invenietur per quadrata crurum trianguli totius mecodynamici. 
Crus longitudinis mecodynamicum è 34 graduum parallelis datur 845% et 
milliaria evariatæ latitudinis 510, Inde loxodromiz ipſius longitudo milliarium 
987 . 

Eſto exemplum ſecundum, ubi curſus à parallelo aliquo versùs polum proxi- 
mum dirigitur. Sit itaque idem curſus 58 gr. 54 ſcr. datus, et eadem longi- 
tudinis evariatio graduum 60. Initium autem A parallelo 24 gr. versùs polos. 
Itaque paralleli alicujus, ut puta 10 graduum, aut 20 graduum, numerum ca- 
nonicum aſſumito; atque inde, ut ante, ejus numeri quadruplo per cruris me- 
codynamici milliaria, quantum in ſingulis parallelis ſub hac inclinatione occupat, 
rde do, multiplicato, dabuntur minuta illi evariationi debita, ut ſupra 398. 
Atque inde fiet hæc proportio; quemadmodum ante 398 2% dant numerum ; 
ergo 3600 dabunt 2171 , numerum canonicum; qui, additus ad canoni- 
cum 24 gr. 1484227, conflat ſummam 3655 , qui pertinent in Canone 
parallelico ad 51 gr. 54 ſcr. 19 ſec. Atque ideò ſecundùm demonſtrata in exemplo 
primo à 24 gra. ad 51 gra. 54 ſcr. navigandum eſſet hoc curſu antequam iſtam 
longitudinis evariationem aſſequaris. Unde, per propoſitionem 3a, datur 
ipſius loxodromiz longitudo milliarium 987 . 

Tertium exemplum eſto ubi curſus à parallelo boreo ultra æquinoctialem 
excurrat. Sit a parallelo 23 gr. 30 ſcr. navigatum in auſtrum ſub inclinatione 
loxodromiæ 58 gr. 54 ſcr. et longitudinis evariatione 120 gr. Hic, ut antea, 
paralleli alicujus numerum canonicum, ut puta gradùs decimi, aſſumito, nempe 
240.1940; eoque per cruris mecodynamici milliaria in ſingulis parallelis ſub hac 
inclinatione multi plicato ,4,443., dabuntur minuta 398, longitudinis evaria- 
tioni ad decimi gradùs parallelum ab æquinoctiali debita. Atque inde fiet hæc 
proportio; quemadmodum prids, 398-444 dant numerum canonicum 240. 1940; 
ergo gradus evariatæ longitudinis, quæ ſunt minuta 7200, dabunt 4343 42.5... 
Via autem numerus iſte major eſt numero canonico parallel: propoſiti 23 grad. 
30 ſcru. 1451-f%% id argumentum eſt, illam loxodromiam ultra æquinoctialem 
protendi: 1deoque hunc de illo deducam : reliquus 2892922, erit canonicus 
anmerus in canone 1nquirendus, cui reſpondent 43 gr. 21 fer. 10 ſec, Ut ſub 
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hac inclinatione a boreo parallclo 23 gr. 30 ſcr. initio facto ad auſtrinum uſque 
43 gr. 21 ſcr. decurrendum fit, ut longitudinis evariatio 120 graduum ctficiatur. 
Unde per propoſitionem 3ouam datur ipſius loxodromiæ longitudo milliariun 
1974 9 3 quemadmodum erat propoſitum. , 

Atque hinc expeditiſſimè adeò invenias quantum in latitudine evarietur con— 
tinuè ab æquinoctiali, fi eadem aſſumatur ubique longitudinis diflerentia. Ut & 
queratur ſub inclinatione loxodromiæ 33 gr. 45 fcr. et evariatione longitudinis 
duorum graduum continua, quanta fit evariatio latitudinis. Hic primùm, quem- 
admodum ante, per proportionem concludes, quantum quilibet parallelus aſ- 
ſumptus evariet ſub hac inclinatione, crus in ſingulis parallelis mecodynamicum 
eſt milliarium AY : inde ſi aſſumatur evariatio latitudinis unius tantum gra- 
dùs, cui competit numerus canonicus 60.0030, A cujus quadruplo dabuntur per 
propoſitionem gomam {crupula evariatz longitudinis 40442232. Atque hinc fit hæc 
proportio; quemadmodum fcrupula 40.,£4%L2% ad optatæ evatiationis ſcrupula 120, 
ita numerus canonicus aſſumptus 60.0030 ad quæſitum canonicum 179. 6192 z 
qui dat evariationem latitudinis 2 grad. 59 ſcrup. 324 ſec. Inde, fi evariationem 
4 graduum longitudinis queras, numerum inventum duplicato ; fi ſex, tripli- 
cato; fin octo, quadruplicato : atque ita porro, quemadmodum hic vicies con- 
tinuatos numeros canonicos vides 179.6192, 359.2384, 538.8576, 718.4768, 
898.0960, 1777.7 152, 1257.3344, 1436-9530, 1616.5728, 1796.1920, 197 5. 
8112, 21554304, 2335-0496, 2514.6088, 2694.2880, 2873-9072, 3053-5204, 
3233-1456, 3412.7648, 3592.3840. Qui omnes numeri cum canonicis com- 
parati dabunt parallelos optatos ; inter quos hoc curſu longitudinis evariatio 
ubique par, nempe duorum graduum, inveniatur ; paralleli autem quæſiti ſunt 
iſt, quemadmodum hic ordine diſpoſitos vides. 
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Atque ita porto in qualibet loxodromia ; ut jam perquam expechtum ſit, 
hanc continuationem longitudinum quamlibet longe producere. 


Idem ALITER ef facilias. 


IDEM problema etiàm aliter, et quidem multo facilius, abſque ulia diviſfione 
ablolvctur, ſi id modo rectè expenderis, quod fit, Quemadmodum radius ad 
tingevtem complement anguli datæ inclinationis, ita fcrupala propotte longt- 
tudinis ad canonicum. 


Unde *©* quantum denis, centenis, au! millenis denique, ſcripulis want” faciis 
eſt explicatio, 

Ut fi proponatur anguli loxodromici inclinatio eadem qua pris, initio ab 
iplo æquinoctiali derivato, nempe 58 gr. 54 fer. tangens complementi hugs 
fuerit 6,032,386. Is numerus, per radium diviſus, dabit £,2.5.5.3.5.5. numerum ca- 
nonicum debitum uni ſcrupulo; et 1 , pro (crupulis 10, et 3 
pro centum, atque ita in millenis deinceps. Cujus ratio E propofitionts factione 
et demonſtratione manifeſta eſt. Cum enim numerus canonicus datæ latitudinis, 
per datæ loxodromiæ crus mecodynamicum lingulis parallelis debitum multi. 
plicatus, exhibeat quadrantem ſcrupulorum evariatæ longitudinis: ideò quadrans 
ſcrupulorum evariatæ longitudinis per idem crus mecodynamicum diviſus da- 
bit numerum canonicum ſuæ latitudini competentem. Atqui crus mecodyna- 
micum in ſingulis parallelis ſub data inclinatione eſt quadrans tangentis per 
radium diviſi. Quamobrem erit, ut quadrans tangentis anguli inclinations 
ad radium, ita quadrans fcrupulorum evariatæ longitudinis ad numerum cano- 
nicum latitudinis evariatæ; hoc eſt, (ſi primi et tertii aſſumatur quadruplum) 
ut tangens ad radium, ita ſcrupula evariate longitudinis ad numerum canont- 
cum evariatæ latitudinis. Atqui, quemadmodum tangens ad radium ; ita radius 
ad tangentem complementi; quare ex æquo quoque erit, Cr radius ad tangen- 
tem complement anguli inclinationis date, ita ſerupula evariate longitudints ad nu— 
merum canonicum evariate latitudiniss Hoc eit, ft totus radius intelligatur 
ſcrupula evariatæ longitudinis exprimere, jam canonicus numerus (qui ex divi- 
ſione quartz partis eorundem ſcrupulorum per quantitatem cruris mecodynami- 
ci exſtitiſſet) eſſet tangens complementi inclinationis date. Ergo, fi ſcrup. — 
lum aſſumatur evariatæ longitudinis 1, 10, 109, 1000, dabitur crus mecody- 
namicum eidem evariationi debitum ; unde latitudinis evatiatio ex ipſo canone 
dabitur. 

Hinc itaque propoſiti problematis abſque ulla divifione folutio erit perfacilis. 
ut fi proponatur inclinatio 38 gr. 54 {cr. et longitudinis cvariatio graduum 60, 
que ſunt [crupula 3 3600. Erit igitur, Quemadmodum 10,009, 00 9 ad tangen- 


idem fit (quia numeri canonici tantum ad 10,000 ſunt expoſici ad 2171 6589, 
cui in tabulis canonicis com petit latitudinis evariatio 34 gra. 

Flo etiàm exemplum altcrum cursts a parallelo aliquo versds polum proxi- 
mum. Sitque cadem loxodromiæ inclinatio 58 gra. 54 cru. cujus iuitium bt 2 
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parallele 24 graduum; atque eadem longitudinis evariatio ac priùs, ſcilicet, 
bo graduum. Quare hic proportionis termini erunt iidem qui priùs, nempe, 
10,000,000, et, tangens complementi, 6,032,386, et ſcrupula 3600; unde datur 
numerus canonicus 2171. 6589, Huic addendus eſt numerus canonicus 24 gr, 
nempe 1484. 0097. Summa hinc conflata dabit numerum canonicum 3655. 
6686, qui è canone noſtro dabit parallelum 31 gr. 54 ſcr. et pauxillo amplius, 
Huc uſque igitùr iſto curſu, atque iſta longitudinis evariatione, deventum fuerit, 

Denique © eodem curſu, eademque longitudinis evariatione, ab codem pa- 
rallelo versũs æquinoctialem curſus fuiſſet inſtitutus, jam a termino canonico 
2171. 6489. invento canonicus 24 gr. erit deducendus, et dabitur reliquus 687. 
5462, cui adjacent 11 gr. 23 ſcr. Et huc uſque a parallelo boreo 24 gr. de- 
ventum ſit hoc curſu ad parallelum auſtrinum 11 gr. 23 ſer. Atque tanto 
hæc factio expeditior eſt priore; camque illic geminum opus et multiplicatio- 
nis et diviſionis ſubeundum fit, hic fola multiplicatione totum negotium ab- 
ſolvitur. 


PROPOSITIO XXXIV. 


Dato parallelo, longitudinis evariatione et Ioxodromie menſurd ; ejuſdem inclinationem 
et latitudinis evariationem invenire. c 


TIAMsl et hoc et antecedens problema ad uſum nauticum parùm habeat 
momenti, tamen ut artis noſtræ integritatem et perfectionem quam evi- 
dentiſſimè demonſtrem, utrumque proponere et propoſito exemplo illuſtrare 
placuit. Hoc vero noviſſimum non nihil amplius difficultatis habet; quin 
aded Robertus Hues, (qui hæc à nobis propoſita problemata duntaxàt in iis 
ſeptem loxodromiis, quæ in ſphzrica ſuperficie deſeribuntur, mechanice tantùm 
explicat, et quidem admodim exoryepus,) huic noviſſimo tale adſcribit eulogium. 
« Non eſt quidquam in tota hac arte, quod difficilius ſit inventu, quam Rum 
* bus (ita, Nonium ſecutus, loxodromiam “ vocat) ex dato intervallo et dif- 
e ferentia longitudinis, neque alias quam operoſa et ſepius iteratà praxi et 
e multis dimenſionibus exquiri poteſt per globorum uſum. Cumque fit hæc 
& praxis tam prolixa et tanti laboris, minus eſt neceffaria, aut prorsds inutilis, 
ce quoniam longitudinis differentia difficultèr inveſtigatur, ut ſupra monuimus. 
“ Cuyjus inventionem utinam præſtarent magni noſtri oftentatores, ut liceret 
tandem aliquid ab his expectare præter nuda verba, vanas pollicitationes, et 
«© inanem ſpem.” Et hæc ille; cum tamen nihil preter rudem factionis typum 
in omnibus ferè aut exhibeat, aut requirat, et qui ad loxodromiarum proprie-- 
tates et affectiones exprimendum utcunque fit opportunus, in uſu autem ipſo 
parum aut nihil habeat momenti. Nos hic loxodromiarum inclinationes ad 
i{crupula prima ufque, et ad horum particulas quoque, ſi ita cuiquam libeat, in- 
veniendi modum commonſtrabimus. 
Eſto itaque primo cursùs inſtituti inittum ab ipſo æquinoctiali, ut loxodromiæ 


longitudo fit milliarium 800, et longitudinis evariatio 30 gr. 19 ſer. Quæri- 


* Potias legendum videtur, Loxodromiæ angulum ſeu inclinationem. 
fur 
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| 
| 
tur hujus loxodromiæ inclinationis angulus, et latitudinis ejuſdem evariatio, | 
huic Jongitudini et ſimul loxodromiæ magnitudint Cebita. Hic ante omnia | 
periculum eſt faciundum, utrum ſub eodem parallelo fit navigatum, an verd | 
per aliquam loxodromiam curſus fit inſtitutus. Nam ti propoſiti cursus milliaria, | 
per milliaria unius gradùs in parallelo unde initium factum eſt diviſa, eandem 

evariatæ longitudinis quantitatem exhibeant, utique res ipſa loquitur, ſub eo- 

dem parallelo curſum eſſe inſtitutum, et in latitudine hic nihil eſſe evariatum. | 
Nam per propoſitionem undecimam, ut radius ad quadruplum ſecantis dati pa- | 


ralleli, ita quoque numerus milliarium ad ſcrupula in eo parallelo ipſis con- 
grua. Ergo fi ſub æquinoctiali iter fit inſtitutum, numerus milliarium qua- 
druplicatus dabit ſcrupula ipſis debita: ut hic 800 milliaria facerent ſcrupula 
3200, qui ſunt gradus 53 ſcr. 20. Atqui evariatio longitudinis expoſita eſt 
50 gr. 19 ſcr. unde efficitur, versùs minores parallelos curſum fuiſſe inclinatum, | 
id eſt, per loxodromiam aliquam hoc curtu eſſe decurſum. Reliquum eſt 
igitur, ut tentando et conjectando ad quæſitum ſcopum collineemus, aſſumpta 
primùm loxodromia “ qualiber, ut, puta, inclinatione 45 gr., ut conſtet ſuprane | 
an infra banc quæſita inclinatio pertingat. Id autem facile eſt. Cum enim per | | 
ſecundam praxin propoſitionis antecedentis fit ; ut Radius ad tangentem com- | 
plementi inclinationis, ita ſcrupula evariate longitudinis ad numerum canoni— | 
cum; unde latitudinis evariatio quoque cognolcatur ; hic autem radius et tan- 
gens complementi æquentur: etiàm ſcrupula datæ longitudinis numero canonico 
erunt æqualia, que nunc ſunt 3019. His porro ad 10,000 reductis, quemad- 
modum numeri canonici ſunt expreſſi, fiunt 30 19.0000. Huic competunt la- 
titudinis gr. 44, ſcr. 524, et inde dantur ſub hãc inclinatione milliaria loxodro- 
mica 86744%% 3 que ſunt plura datis: ea enim ſunt tantum 800. Quare illud 
indicii ſatis eſt, angulum inclinationis majorem eſſe loxodromia affumpta ; et 
contra, fi loxodromia inventa minor fit data, tum minorem eſſe reveri quam fic 
aſſumpta. Quamobrem aſſumatur alia, et quidem major, inclinatio quam prius, 
ſcilicer, angulus 60 graduum. Hinc cadem via, per ſecundam antecedentis 
propoſitionis factionem, dabitur numerus canonicus 1743. 0205, cui cedunt | 
27 gr. 52-4, ſcr. evariatæ longitudinis ; atque inde loxodromiæ longitudo mi!- 


2 ———C—RRr ng Ä —_ —— ðͤ . —— 2 


1 
liarium 811443%%, quæ etiamnum major eſt propoſitis 800, Rursòùm igitüùr | 


J ) 
majorem, 10 gr. nempe 70 graduum, inclinationem aſſumam (hoc enim incre— 
mento eam inclinationem intra denos gradus primùm concludes haud admodùm | 
operose) unde numerus canonicus exiſtet 1098. 8260, et unde dabitur latitudi- 
nis evariatio 18 gr. O icru. atque loxodromiæ quantitas 789 quæ eſt » 
minor data ; quod ipſum quogue indicium eſt, aſſumptam inclinationem majo- 
rem eſſe quæſità. Quamobrem conſtat intra 6o et 70 gradus eam cõerceri. Hic 
deinceps per quinos primùm tentandum cenſeo; unde conſtet, ſupräne an intra 
65 gr. inclinatio quæſita conſiſtat. Ego 66 gr. 15 ſcr. hic aſſumpſi: unde nu- 
merus canonicus datur 1328. 3901, et inde latitudinis evariatio 21 gra. 362 
ſcrup. ; loxodromiæ autem longitudo milliarium 804,74, quz eſt major data. 
Quare loxodromiæ quæſitæ angulus inclinationis bac major erit; et tamen mi- 
nor quam 70 gra. Aſſumantur igitur 68 gr. unde canonicvs datur 1219, 7516, 
et latitudinis evariatio 19 grad. 55 ſcrup. loxodromie vero longitudo millia- 


Hic per vocem Loxcdromid auctor intelligit angulum, ſeu inelinationem, Loxodromiæ, ſeu 


curvæ Loxodromicæ. g 
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rium 797432; que eſt minor datis 800 : unde planum eſt, hanc novil- 
ſimè aflumptam inclinationem majorem effe quelita, Quamobrem cum ex: 
iſta inductione liquidò conſtet angulum inclinationis quæſitæ intra hos termi- 
nos 66 gra. 15 ſcr. et 68 grad. coerceri; licebit eadem via ſemèl iterata adhuc 
anguſtiores limites haud difhculter prefigere ; ut intra unius gradis magni— 
tudinem inclinatio quæſita cogatur: aut vel nunc jam per regulam fallarum 
poſi ionum ex inventis ad minutum uſque propemodùm definire, hoc modo. 
Crus mecodynamicum in ſingulis parallelis ſub inclinatione 66 gr. 15 (cr. eſt 
milliarium 4% et inde loxodromiæ quantitas ſupra inventa 804,74, exce- 
dit ſummam propoſitam 800, milliaribus 4,5, : et, ſecundò, ſub inclinatione 
68 grad. datur crus mecodynamicum 45,%,.7.7, ; unde loxodromiæ quantitas ſuprà 
tuit exhibita milliarium 797242., - que deficiunt ab expoſitis, five datis, (ſcili- 
cet, 800,) quantitate 244,%%.%. milliarium. Hos autem numeros, ex huyjus regula 
falſarum poſitionum formula, ordinabimus hoc modo. 
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Unde, multiplicatione ad decuſſim factà, dabuntur numeri 24,7; cc 
e eg d 0 g Et, quia ſigna ſunt diverſa, fiat additio. Unde dabuur diviſor 


1910 vv 
T5%55 Et dividendus 4 Ceed; qua diviſione peractà et. ad ſuas milleſi- 
mas revocata, dabitur quotus n, pro milliaribus evariatæ longitudinis in 
ſingulis parallelis. Cujus quadruplum 240,572 eſt tangens inclinationis per 
conſectarium propoſitionis 28: unde ipſe inclinationis quæſitæ angulus datur 
67 gra. 26 icr, Atqui. hinc dabitur numerus canonicus 1254. 6360, et eva- 
riatio latitudinis 20 gr. 2745 ſcr.. atque loxodromiæ longitudo 799,445. millia- 
rium, cum debeant eſſe 800, Ergo paucis ſcrupulis inclinatio erit major, ut- 
pote 67 grad. 30 ſcr. exactè, quem terminum calculus iteratus exhibebit. Ea- 
dem via obtinet in reliquis, fi forte loxodromiæ initium ab ipſo æquinoctiali 
non ſumatur. Atque ita hujus theoriæ, et fimil libri primi, finis hic eſto *. 


Hoe Problema a doctiſſimo viro, Edmundo Halley, anno Domini 1695, ſeu pluſquam ſeptua- 
Finta annis poſt hujiiſce Libri, a Snellio ſcripti, impreſſionem, eruditis Angliæ Mathematicis propo- 
lit um eſt tanquam novum omninò problema, quod nunquam antea aut ſolutum aut etiam tentatum fue- 
rat: unde collig-poteſt hunc Snellii tractatum ab illo nunquam fuiſſe viſum: quod tamen mirum quo- 
dammodo videri neceſſe eſt in homine qui non ſolùm in Mathcmaticis Scientiis erat multùm et felicitèr 
verſatus, ſed etiam navigand! artem percalluiſſe cenſebatur, immò et ipſe, ut navis magiſter, exercuerat 
in longa navigatione ab Anglia uſque ad inſulam Sanctæ Helenæ ultrà Æquatorem ſitam. Vide ini— 
tium tractatùs antecedentis hujuſce tomi quarti Scriptarum Logarithmicorum in quo tractatu Solutio 
duccta et generalis hujus Nelles ſane admodum ſubtilis et abſtruſi, exhibetur, et pleniſſimè et 
luculentiſhme explicatur ; quz à ſolertiſſimo viro, Georgio Atwood, A. M. (ante annos aliquot apud 
Cantabrigienſes Collegii Sanctæ Trinitatis Socio, ) nuper iaventa fuit, et mecum communicata. Hzec 
quidem Solutio generalis eſt omninò ſcientifica, et eſt talis, ut opinor,, qualem Halleius videre opta- 
verat, et à quadam ſerie infinita Logarithmici, à Jacobo Gregorio olim, anno Domini 1571, inventa, 
derivatur, Sed, hcet vere ſcientifica ſit iſta Solutio generalis, ad uſus tamen nauticos non tam com- 
moda eſſe mihi videtur quam præcedens Snellii Solutio ejuſdem problematis ius paginis declarata, quæ 
non niſi tentando perficitur : quoniam hæe tentamina, quanquam ſæpius iteranda, minus exigunt labo- 
ris quam funplex et directa applicatio ſolutionis iſtius generalis, et tamen, in fine calculi, magnitudinem. 
anguli quwliti, ſeu inclinationis Loxodromiæ ad Meridianum, non minus exactè definiunt. In materia 
autem tam lubtili et diſficili utraque Solutio valdè utilis eit cenſenda, quoniam altera alteram conh _ 
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ACTENUS loxodromiarum affectiones omnes inſpeximus, et accurate 

ſumus contemplati, ut earum inclinauones per gradus et ſcrupula, atque 
alias minimas quaſque particulas, explicare et perſequi liceat. Sequitur earum 
uſus; ut quantum maritima praxis nobis addicat, quantumque fidei ei fit 
habendum, deinceps videamus. Et primùm quidem de numero loxodromiarum 
vulgo recepto. 


PAOPOSFETO 1. 


Loxedromiæ principales in ſingulis quadrantibus ita ordizantur ut inter meridianum 
et loci parallelum ſeptem intercidant, que angulum reftum in of aquales partes 
diſpeſcant ;, quæ que et ipſæ iterùm in ſemiſſes et quadrantes ſubdividuntur, 


OCI cujuſque parallelum ab ejuſdem meridiano normalitèr ſecari, ex ele- 
mentis ſphe@ricis nottun eſt; atque hac ſectione mundi plagas in quatuor 
quadrantes Uiſparai!, lib. i, propoſitione 7, demonſtravi: a meridiano nempe 
ſeptentrionem et avitrum, a parallelo autem ortum et occalum deſignari. Id 
in plano rectis ſeſe norr17'iter ſecantibus exprimi ſolet, quæ linez ſunt tan- 
quam tangentes hos circulos in communi illarum ſectione. Ut, ſi propoſiti loci 
linea meridiana fit EO, et ejuſdem verticalis primarius U: tũmque E ſeptentrio- 
nem ſpectet, O meridiem, I ortum, U occaſum. Hic OL line ductum ſecutus 
meridianum 
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meridianum obibis, et maximum ideò circulum deſcribes a meridie in ſepten- 
trionem, aut contra; Si vero ſequaris lineam Ul, et A punctum ſub iplo fit 
æquinoctiali, tum UI continuata terre æquatorem 

deſignabit : aut fi extra eum alibi fit in ſphere k 

oblique ſitu, circulum aliquem ipfi parallelum. HL 
Atque ita uterque hic curſus circulum nobis deſig- * * 
nat per prop. ſextam et ſeptimam libri primi; an- \ 

guli autem intermedii in ſingulis quadrantibus non 

item, per propoſitionem 15. Hos vulgo rei ma- v 
ritimæ periti ad uſum navalem in octò æquales par- 2 
tes diſtribuunt, ut anguli inclinationum, facto initio 
a meridiano, inter ſe 11 graduum et 15 ſcrupulo- 
rum intervallo diſtent. Ut hic EAy, yAs, sAr, atque 
ita porro. Atque hinc adeò in ſingulis quadran- 
tibus octò conſtituuntur curſus, ut primus a meri- 
diano diſtet intervallo 11 gr. 15 ſcr. E quibus ſeptèm primi loxodromici ſint, 
octavus autem, qui per UI educitur, loct ipſius parallelus; et angulus inclina- 
tion:s prime loxodromiæ fit E 11 gr. 15 ſcr. ſecundæ EA, 22 gr. 30 (cr. ter- 
tiæ EAr 33 gr. 45 ſcr. quartz 45 gr. o ſcr. quintæ 56 gr. 15 ſcr. ſextæ 67 gr. 
30 lcr. ſeptimæ 78 gr. 45 ſcr. octavus autem curſus, qui nonageſimum implet 
gradum, eſt xuxxcedng. Atque ita totius mundi conſpectus per quatuor qua- 
drantes in duas et triginta plagas tribuitur. Naucleri ſua habent vocabula qui- 
bus ſingulas plagas pro conſuetudine gentis appellent; quarum nomenclaturas 
ſinguliſè vernaculo idiomate exprimunt. Nobis autem in arte ſatis erit ab or— 
dine et ſucceſſione illas indigitare, vocando eas primam, ſecundam, tertiam, at- 
que ita portro ; quemadmodum paulo ante expreſſi. Nomina et appellationes 
uſitatas, et quemadmodum eandem felicitatem greca compoſitione aſſequamur, 
videto in ſcholis. Veram iſta unius quadrantis octifaria diſtributio accuratioribus 
de arte navigandi fcriptoribus non ſatisfacit; fed ab aliis octava quævis pars 
quadrantis etiam biſſecatur; ab accuratiſſimis vero etiam quadriſecatur, ut ita in 
ſingulis quadrantibus exiſtant curſus 32, et in toto circulo 128: ſed has tantum 
per plagarum quadrantes, ſemiſſes et dodrantes explicant, neque ullis novis no- 
minibus deſignant, ne ſectionis ſubtilitas memoriæ gravis ſit. Sequitur canonum 
ad has inclinationes et inclinationum particulas ordinatio et conſtructio. 


PROPOSITIO II. 


Loxodromici canones agoxrpu habent in conſuetis inclinationibus letitudinis evariatio- 
nem, alque loxodromiæ iſius et cruris mecodynamici quanlitatem ei debitam in mil- 
liaribus è regione expreſſam. | 


LIERI primi propoſitione viceſimà demonſtratum eſt, quomodo data lat itu- 
dinis evariatione ſeu differential, cum angulo inclinationis, curſùs quantitas 
intra poſitos parallelos deprehendatur. Ut ſi exponatur intervallum latitudinis 
gr. 40, et inclinatio loxodromiæ 60 gr. erit igitur, guemadmodum radius ad 
guadrantem 


% 
* 
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uadrantem ſccantis anguli inclinationis ; ita ſcrupula evariate latitudinis ad milliaria 
loxodromiæ propoſttæ. Nempe ut 100,000 ad 50,000, ita 40 gradus, hoc eſt, 
ſcrup. 2400, ad milliaria 1200, quæ loxodromiæ quantitas benè accurata eſt. 
Cruris autem mecodynamici longitudo invenietur per propoſitionem 27. Ut 
enim radius ad quadrantem tangentis date horadromiæ, ita latitudinis evariatæ minuta 
ad milliaria cruris mecodynamici. Utpote, quemadmodum radius 100,020 ad 
quadrantem tangentis 60 graduum, hoc eſt, ad 43,301; ita ſcrupula evariatæ lati- 
tudinis, ad milliatia mecodynamica 30390 . Et contra ; datis milliaribus cur- 
ſas loxodromici, dabitur evariatio latitudinis in gradibus et ſcrupulis, cum lon- 
gitudine cruris mecodynamici per propofitionem 19, et . . . Verum ut hoc 
tabularum tædio Jeventur ii, qui mints his tractandis adſueverunt, et ad uſum 
quotidianum expeditius ſit: viſum eſt hos numeros, in conſuetis loxodromiis, et 
earum ſemiſſibus et quadrantibus, ſubdudos, exhibere; quos, quia ſemper in 


promptu et ad manum navarchis eſſe debent, Canenes weoytives indigitavimus. 


Harum autem ordo et diſpoſitio ita habet, ut anguli inclinationis differentia per 
quadrantes unius octantis recti anguli increſcat, Cum enim primariz loxodromiæ 
per 11 graduum et 15 ſcrupulorum intervallum inter ſe disjungantur, hie cano- 


nes exhibemus per hujus intervalli quadrantes, nempe 2 gr. 48 ſcr. 45 ſec. diſ- 


junctos. Ergo primus canon habet titulum ; fecundus, (cujus inclinatio eſt 


5 gr. 37 ſcr. 3o ſec.) habet titulum 4 ; tertius, (cujus inclinatio eſt 8 gr. 26 


{cr. 15 ſec.) habet titulum ; quartus habet titulum 1, ſeu prime loxodromiæ, 
cujus angulus inclinationis eſt 11 gr. 15 {cru, Verùm omnium conſpectum unico 
canonio exhibere ſatius fit, ubi loxodromiæ earumque partes cum ſuis inclina- 
tionum angulis è regione annotati exhibentur, quemadmodum hic vides. 


inclinatio, inclinatio. juclinatio. iucliuatio. 


— — 


gr. ſcr. ſec. | lox. | gr. ſer. ſec. 


lox. | gr. ſcr. ſec. | lox. | gr. ſcr. fee. | lox. 
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Tot enim canones ordinavimus, ut curſùs navalis minimas quoque particulas, 
quas in praxi notant, exprimeremus. Omnium autem ordo eſt conſimilis, ut 
unum cum noris, omnes noris. Exemplo eſto nobis Canon primus cui titulus 2, 
pagina 30, ubi prima ſelide habes latitudinis evariationes per gradus ſingulos; 
inde a decimo per denos, uſque ad octogeſimum inclufive : è regione ſelide ſe- 
cunda, milliaria loxodromica hoc curſu primùm uni gradui debita, nempe 
15.0180, quæ ſunt 15,452, milliaria. Ita enim milliarium particulas ad 10,000 
quoque ſumus proſecuti. Tum ſelide tertia quantitatem milliarium mecodyn- 

amicorum 
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amicorum ſub ſuo titulo, nempe 7. 3699, five milliaria 72; atque ita 
deinceps quantum duobus, tribus, decèm, viginti, gradibus competat. Inde 
ſclide quartà, quintà, ſextà, ſeptima, octavà, nona, quantum ſcrupulis 1, 2, 2, 
4, 5, cæteriſque deinceps ad 60 uſque, debeatur. Similis omnium eſt ſyntaxis. 
Ipſos autem canones in libri calcem rejecimus, et poſt Parallelorum conn 
ordinavimus. Uſus autem eſt perfacilis ex ipla dabei. | 


PROPOSITIO III. 


E loxodromiarum uſitatarum inclinatione et magnitudine, evariatæ lulitudinis quanti- 
tate, cruris umuduraures longitudine in milliaribus, datd und reliquas duas per 


canones weoyeipes exbibere. 


H praxin et uſùs facilitatem ſpectant: primo enim libro iſta particulariter 
: et fusè ſumus in minutiſſimis quibuſque particulis proſecuti. Nunc iſtos 
limites et angulos tantùm ſequimur, quos conſuetudo recepit; qui cum certo 
numero comprehendantur, totidem canones concenturiavimus, unde uno dato 
reliqua in conſpectu ſint. Hi ab expedita facilitate canones wpcy/£44pu nobis di- 
cuntur, quia ſemper ante oculos et in manibus hic verſari debent. Quamvis enim 
(ut ſæpiculè jam a nobis diftum eſt) loxodromiarum numerus fit infinitus, et 
per ſingula ſcrupula ſcrupuloramque partes multiplex ejus angulus eſſe poſſit; 
tamen, cum neque magneticæ acus fallacia, neque ponti agitatio, præciſam an- 
gulorum in gradibus et minutis æſtimationem admittat: ideò uſui fatis oppor- 
tunum, quantam quidem hæc res axze:&zy admittet, in praxi judicatur, ft fin- 
gulæ loxodromiæ intervallo 2 gr. 48 ſcr. inter ſe diſtent; ita enim totus qua— 
drans in dvas et triginta partes diſpeſcitur. Atque ita ſingulis ſuos propriöſque 
canones deſtinavimus, ſecundum leges antecedente propoſitione expreſſas. 
Utfus itaque in promptu erit. Ut fi quæratur angulo loxodromiæ ſeptimæ, in- 
trà parallelos 5o ſcrupulis diftantes, quantum itineris fit confectum, quantimque 
fit crus mecodynamicum in milliaribus æſtimatum; inquirito itaque in canoni— 
bus iſtis ſub loxodromia ſeptima ſcrupulum quinquageſimum; ubi è regione 
In laterculo primo dabitur loxodromiæ quantitas quæſita milliarium 64. 07 29, 
ſeu 647222 et crus mecodynamicum 62. 

Si fimul uno nomine numerus differentiæ latitudinis in canonibus loxodro- 
micis non detur, per partes erit inducendum; queratur quantitas loxodromiæ 
et cruris mecodynamici inter parallelos 27 gr. 35 ſer. disjunctos; inductio fict 


per partes. Hoc modo. 
loxod. crus mecodyn, 


. | 20 | 7oL. 66039 | 634. 2667 
Sr. 7245. 5824 | 222. 0038 
ſcr. 35 20. 4652 | 18, 5003 


967+ 7115 | £74. 8008 
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His in vnam ſummam additis dantur milliaria loxodromica gene et 


Soong 


mecodynamica & y. 


Et contra, data inclinatione loxodromiæ atque ejuſdem quantitate in millia- 
ribus e{timata, dabitur è prochiris his canonibus evariatio latitudinis, cum mil- 
liaribus mecodynamicis. Eſto navigatum angulo inclinationis loxodromiæ 53, 
et curſùs longitudo æſtimata fit milliarium Y , et quæratur parallelo- 
rum diſtantia a principio, ad curſùs finem, ſeu latitudinis evariatio. Id ſub— 
ductionis contraria v1a abſolvetur per partes, quia totum fimul non datur. Hoc 


modo. 


loxodrom. 

967. 7115 

701. 6639 20 

266. 04% grad. 


245. 5024 7 


— 


20. 4052 35 ſerup. 


Hinc cruris mecodynamici quantitas dabitur, ut ante. At fi loxodromiæ 
quantitas non exactè inveniatur in ipſis ſcrupulis, opus erit parte proportionali, 
ut folet, fi forte tanti erit, ut proximè vicinum ſcrupulum aſſumere nolis. Erit 
autem tanti in obliquioribus curſibus, ubi inter parallelos uno ſcrupulo diſ- 
junctos loxodromiæ pars non contemnenda intercipitur; et ideò quoque cruris 
mecodynamici pars majuſcula : quod hinc ipſa longitudinis evariatæ æſtimatio 
a legitima diſſidens exiſtat: maxime vero, fi in parallelis arctioribus ea fit æſti- 
manda. Illic enim unum aut alterum milliare non param longitudinem a legi— 
timo fitu abduceret. Sed hec non ſunt nimis ſcrupulosè inquirenda, ubi opus 
non erit ; aut contra nimis negligenter habenda, quando alicujus erunt mo- 
menti. Ego unico exemplo præibo. Sub loxodromia 74 curſùs longitudo fit 
milliarium 82.4377, hic è canonibus prochiris datur evariatio latitudinis o gr. 


32 ſcr. hoc modo. 
82. 8375 
81. 6287 35 fer. 


1. 2192 


Et redundant milliaria 12. Inde vero fit hæc proportio; 2.5505 dant 60 
iec. ergo 1. 2192 dabunt 29 ſec. Ego ad 100 ſcrupulorum reducere foleo, 
nempe ut 2. 5505 ad 100; ita 1. 2192 ad 48. erit ergo vera latitudinis eva- 
atio o gr. 359% ſcr. Unde cruris mecodynamici quantitas dabitur. 


81. 2253] 35 ſer. 
1. 2183 | foro 


f 82. 4430 
Vor., IV. A a Vides 
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Vides itaque, amplius 15 milliaris accedere cruri mecodynamico; quæ ut 
ſub ipſo æquinoctiali 5 ſcrupulis longitudinem evariant, ita fub parallelo ſexa- 
geſimo faciunt ſcrupula penè 10. et ultra parallelum ſexagefimum faciunt adhuc 
amplius. Hæc obitèr tantum monere Vum eſt. Tu, pro tui judicii æquitate, 
quanti ca res fit, tanti quõque ſuo loco æſtimato, et cum modo. | 


E 
F 


Cruris mecodynamici uſus rarus, aut omninò nullus eſt in curſibus ſingulari- 
bus ; ubi è ſingulis longitudinem debitam invenire cupias; ut in ipſo mart 
nautæ quotidiè aſſolent. Illic enim ſegmentum cruris mecodynamici, niſi, 
manente eadem cruris mecodynamici quantitate, latitudini differentiam aliam a 
data inducas, uni parallelorum congruum fatis eſt longitudini inventende : aut 
cum è pluribus et diverſis curſibus longitudinem conflare voles, et quidem ſe- 
mel ad extremum tanthm : illic enim neceflarid adhibebitur, quemadmodum 
ea generaliter lib. 1, dicta nobis ſunt. Sed ante nautici diarii formula nobis 
erit explicanda, in quod curſuum æſtimata quantitas et inclinatio ab ipſis quo- 
tidie, et quoties opus eſt, referri ſolet. 


PROPOSITIO IV. 
Ephemerin itinerariam nauticam ordinare. 


| | nary nautica a peritis et diligentibus navium magiſtris ſedulò et accurate 
quotidiè conſcribuntur, et per ſuas ſelides ac laterculos diſpunguntur, ut 
inde curſùs confecti longitudinem, varietatem, inclinationem, obſervatam de 
cœlo latitudinem, ventorum flatus, impetum; aëris quoque temperiem; et, ſi 
quæ alia ſint, que accuratiùs notari expediat, ut conſpectum promontoriorum 
inſularümve, curiosè exprimant ; idque iſto ferè modo, quem hic verbi gratis 
ex parte expreſſum vides; ut ſingulis ſelidibus ſuus ſit titulus in fronte, later- 
culi diebus menſium anni cujuſque, quo hæc itinera ab ipſis ſunt confecta, re- 
ſpondeant. Ita enim ſemper itineris confecti ſpatia, fi forsan uſpiam titubatum 
e et in tabulis ſuis hydrographicis diſpungere ac emendare, ipſis per- 
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Quarta Auguſti appulimus ad inſulam Fajael, unam earum, quas Flandricas 


vocant. 
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TABELLA DIARIA, sivs EPHEMERIS NAUTICA. 
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61 N. O. 1 N. | 9 
7 | N. N. O. 30. | 26 | 42, 42 


Hoe curſu denique oftava Septembris appulimus ad promontorium Hiſpa- 
nie vulgo dictum Capus fis Terre, qua longiſſimè in occidentem procurrit in 
ora ſeptentrionali ; Ptolomæo Nerium promontorium. 


Nos tres duntaxat ſelidas exhibemus : qui volent, plures adjiciant, quemad- 
modum 1 initio monuimus; has enim tanquàm maxime neceſſarias, et que om- 
ninò negligi non debent, ws & Try tamùm propoſuimus. Nam in maritimis 
itineribus illis longioribus, quibus Indiam utramque adeunt, etiam ſuam felidem 
acùs magneticæ xa dari, quam maximè expedict, a enim res in medio 
mart errantibus naucleris, tanquam fignum et ſcopulus proponitur, ex quo de 
curſũs ſui rationibus æſtimationem faciliùs capere poſſint. Cum enim ſub 
eodem parallelo eandem chaly hocliſin deprehenderint, etiam de longitudinis et 
mes iani ſitu eodem certiores fiunt. Verùm hæc materia ab aliis occupata eſt; 


et Stevino noſtro occaſionem ſcribendæ ſue Limencuretices ſuppeditavit : 
quem 


„ 
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quem vide in opere Hypomnematum Mathematicorum ILLUSTRISSIMI 
Principis Mavur1T11, quod olim à nobis latinè redditum et publicatum eſt. 


PROTUONSETSED F, 
Curſus maritimus eſt ſimplex, aut compojitus. 


15 de nauticis ad magneticam acum examinatis omnibus curſibus intelliga- 

tur: aut enim eodem tramite à principio ad finem decurritur; aut pluribus 
et diverſis inter fe permixtis. Ita enim diſpunximus, ut emendationi nauticæ, 
ad. quam contendimus, tractande ſuus ordo conſtet. 


FROPOSEETO VE 
Simplex ft, qui unicum et eundem ſus duftiis curſum ſequitur, 


T ſi rectà eatur a ſeptentrione in meridiem ; aut per eundem parallelum 
decurratur; aut denique ſecundum unam aliquam et eandem loxodtomiam 
curſun dirigas. | | 


O -'$ 


Quemadmodum & ſingulorum curſuum data quantitate, latitudinis aut longi- 
tudinis evariatio inveniatur, libro primo accurate fuit a nobis expoſitum. Et 
primo quidem: 


1, Quomodo data curſùs quantitate a ſeptentrione in auſtrum, latitudinis 
evariatio detur, (nam hic longitudinis evariatio nulla eſt) propotitione 6. 
Nempe 4 milliare facere ſcrupula 4, et 15 milliaria gradum unum. 


2, Quomodo data curſùs quantitate ſub eodem parallelo longitudinis evaria- 
tio detur, (nam hic latitudinis evariatio nulla eſt) propoſitione 11. 
Nempe, ut radius ad quadruplum ſecautis dati paralleli, ita milliaria quoteun- 
gue data ad numerum minutorum evariate longitudinis, 


3. Quomodo data inclinatione et curſùs loxodromici quantitate, latitudinis et 
longitudinis evariatio inveniatur; propoſitione 19 libri primi de latitudinis 
evariatione, et propoſitione 30, de evariatione longitudinis. Nempe, ut 
radius ad quedrantem tangentis loxodromie, ita numerus canonicus intervallo 
evariate lalitudints debitus ad ſcrupula evariate longitudinis. 


Hzc prima in loxodromicis factio eſt ; altera quoque per canones weeyziees 
explicatu eſt perfacilis. Atque hæc quidem ex obſervatione inclinationis actis 
magneticæ, et itineris confetti æſtimatione; ſequitur utriuſque cum obſervatione 
cœleſti comparatio. 
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PRO-POSITIO VII. 


tt curjus, et plage atque inclinationis ejuſdem x/timata quantitas, ex loci latitudine 
ae c evſerva'd comprobatur, aut ſecunaim eandem emendatur, 


UN naviom magiſtri in ſtuctuante ſalo diligentiſſimè curſus velocitatem, 

et cjuſdem plagæ ſitum obſervaverunt, qui aliquando in ipſo meridiano in- 
lticuitur, aut, ut frequentiſſime, aliquem angulum cum meridiano comprehen- 
dit: tamen eos perſæpe in hac conectura falli experientia comprobavit. Hujus 
autem hallucinationis examen eſt paralleli & curſu et loxodromià eſtimati con- 
ſenſus, aut diſcrepantia ab latitudine loci de cœlo obſervati, Cum enim obſer- 
vatio, quam è ſole aut fderibus derivant, alium oſtendet parallelum, quam ipfi 
ex æſtimato itineris curſu, vel circulari, vel loxodiomico deducunt ; neceſſe 
cit, alicubi errorem hærere, nempe vel in itineris æſtimati longitudine, vel in 
curſüs ſitu et angulo loxodromico, vel denique in obſervatione cœleſti. Sed 
cum iſtæ quotidiè poſlint iterari, et dies diem docere; illa autem non poſſint 
relegi; hanc tanquam normam, ad quam illæ componi debeant, et ducem mi- 
nts fallacem, merito ſibi delegerunt. Certè adeò arctus omnium conſenſus 
eſſe debuir, ut poſitis duobus, tertium conſtantèr addiceretur : ut, nempe, cur- 
ſis plaga à dato principio, et ejuſdem quantitate data, loci latitudo inde conclu- 
datur: aut ex inclinatione et latitudinis evariatione, ipſius curſùs quantitas : vel & 
latitudinis evariatione et curſùs quantitate, ejuſdem inclinatio. Verùm ut iſta 
ad amuſſim conſentiant, vix eſt ut in tanta lubricitate ſperari poſſit. Itaque 
remedium huic errori quæſitum, quod minimum à vero abludat. Nam vel ex 
variato non- nihil angulo; vel curſũs quantitate evariata ; vel ex utroque 1d erat 
conſtituendum. Sed anguli evariatio, manente curſũs obfervati quantitate et 
latitudine inventà ex obſervatione, in rect ioribus loxodromiis nimiùm eſt peri- 
culoſa; et in reliquis quoque; fi obſervatio a conjectura pluſculum abludat, uti 
in ſcholis docebitur : quantitatis autem curſus loxodromici variatio, manente 
tamen angulo in loxodromiis magls obliquis, maxime Jubrica eſt, quemadmo- 
dum ibidem oſtendemus. Supereſt itaque unica hæc factio, que viam inter 
utramque mediam inſiſtat, et utrobivis æquè ſit tuta. Ea autem gemina eſſe 
poteſt: ut et angulo inclinationis, et curſũs eſtimate longitudini hic error pa- 
riter imputetur. Receptum autem naucler1s et uſitatum eſt, ut retenta longitu- 
dinis evariatione; latitudinis evariatio tantummodò mutetur. Nos autem fac- 
tionem paulo ab hac ratione diverſam ſequemur, quæ minime intuta aut peri- 
culo obnoxia videatur : reliqua in ſcholis examinaturi, et, quod illi mechanicè 
ac nimiùm lubrice conantur, per tabulas noſtras quàm accuratiſſimè expli- 


caturi. 


TiPW FAT 41h 17 18. 


PROPOSFETU Vit 


- ; © as . A . 7 13 
Si ref? in ſeptentricnem aut meridiem con'endenti cursus quantilas æſtiudta ap der vate 
latitudiris evariatione diſcrepet, cursiis limes in ol ſervato parallels erit confuuenaus. 


„ lng ex à ſub parallelo 50, digreſſa, acu monſtrante viſa fit tenere cur- 
ſum fub eodem mericliano, quem curſum navis magiſter milliaribus qui- 
dem 27, taxet. Ut tamen fuz æſtimationis veritatem exploret, 
conſtituit cœleſtes obſervationes aillubere in conſilium; è quibus 
deprehenderit fe iſto momento verſari ſuh parallelo 32. Cum igi— 
tur milliaria 27 maritima æqualia ſunt 1 gr. 48 fer. cticitur ex 
hac curſùs æſtimatà quantitate, ipſum verſari ſub latitudine 51. . 
gr. 48. ut, puta, in 7; ex obſervatis autem in puncto e ſub pa- 
rallclo 52. octo ſcrupula ultra, Contra, ft æſtimata latitudo 
major fit obſervatà, conjecturæ erit derogandum, et locus ſub 
oblervato parallelo collocandus. Sit enim curſus eftimatus as | 4 
milliarium 51 ſeu 3 gr. 24 fer. et o punctum 1gitur {ub latitudine 
53 gr. 24 ſcr. at obſervatio tantùm addicat 53 gr. 12 ſcr. Jam tanto minorem 
aſſumam latitudinem, et navem ſtatuam in puncto e. Atque ita de cœlo 
conjecturam emendabis. Neque ideò tamen hæc curſùs confetti divinatio 
fruſtrà, aut incaſsum inſtituta videri debet, quamvis hic curſis menſura, cum 
rectà in ſeptentrionem aut meridiem contendas, ex ipſo cœlo inveniri poſſit; 
quia ex hac comparatione paulatim quantum conjecturis reliquis, et æſtimato 
itineri fir tribuendum ex uſu cognolco. Quin adeo, fi aliquot diebus et noc- 
tibus nulla ſerenitas affulgeat, neque de cœlo obſervandi poteſtas detur; huc 
utique tanquam ad ſacram anchoram erit confugiendum : ne imprudens te 
tuaque eas perditum, cum eo caſu nullum certius argumentum uſpiam ſuppe- 
tat. Cæterùm cum hæc diſcrepantia vel a curſùs inopinata intenfione aut 
remiſſione, vel ab occulta maris agitatione et motu obrepſerit, id quidem ut 
ignores, cæleſtium tamen obſervationi ſubſcribes, et tuis conjecturis fidem de- 
rogabis. Certe quidem, cum curſùs æſtimatio obſervatà latitudinis evariatione 
major erit, idque aliquot continuis diebus eveniat ; evidens eſt, errorem hunc 
in conjecturà et æſtimatione tui' hærere; et à maris impetu curſùs velo citati 
remoram factam. At vero cum minor erit æſtimata curſùs quantitas, quam 


— — 


8 


evariatæ latitudinis obſervatio addicat, hic curſus non ſemper in eodem meri- 


diano ad illum parallelum revocandus tibi erit. 

Quamobrem Curio eſt. Si id ſæpiùs, et quaſi continuis obſervationibus 
contingat, ut æſtimati curſùs quantitas continentèr minor deprehendatur obler- 
vata latitudinis evariatione : id enim indubitatum erit indicium, te maris motu 
tranſversim abreptum; quamvis acus magnetica ſub uno eodẽmque meridiano 
curlum inſtitutum arguat. Atque eo caſu prudenter et circumſpectè ex quanti- 
tate curſùs ad obſervatum parallelum, loxodromiam pro meridiano aſſumes, et 
angulum loxodromicum quoque talem, quemadmodum id quantitas curſuum 

| æſtimatorum 
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zeſtimatorum poſtulabit. Neque tamèn hac adhibita_emendatione ſatis conſtat, 
utrum occulto no maris mtu in ortum an in occaſum, hoc eſt, dextrorsùm an 
ſiniſtrorsum loxodromia tua inclinet: donec aliquo inſularum aut terrarum occurtu, 
aut ex obſervationibus navarchorum qui id pelagus ſæpiùs frequentaverunt, didi— 
ceris in quam partem aquarum cumuli ferantur : id enim fexè in illis locis certis 
temporum intervallis perpetuum eſt et ſolemne. Talis mique maris impetus naves 
a leptentrionali Americz littore versas Angliam furtim abripit, qu in hau Akri 

cano intra Guineam verſùs ortunt omnia agit et rapit; atque ita aliis in locis ctiàm 
alitèr. Hujus exemplum tale eſto. Ab in! fla Bell „ vulgo ita dictà, ſub pas allclo 
52 in littore Americano, navigatum fit rea in meridiem, ut videbatur, idque iter 
nautica ſtimatione taxetur milliaribus 5o, que faciunt evatiarionem latitugiais 
3 gr. 20 {cr. Unde datur loci latitudo 48 grad, 40 ſer De cœlo autem obter- 
vata poli altitudo fit 49 gr. 50 ſcr. Cum hic adco enormem dit. repantinin i— 
ter Zilimaram et obſervatam latitudinem devreheniam, non COulono ad obs 
ſervatum parallelum tranſibo; fed iterùum & atam atnuchinem cum denuo 
oblervata poſtero die contendam. Hic ſi rot © comectina mea abludat ab 
obſervatione, et latitudinis eſtimate dilicrentia 1.0 om major nit obfervata : Id 
mihi ſatis eric indicii maris latente impetu naver: 117 tus furtim abreptam, 
neque ſub uno codẽmque meridiano curlum hung c tum: ted loxodro- 
mico aliquo iter confectum. Atque 1deo ex dati latitudinis fecundum obſerva— 
tionem differentià, et itineris æſtimatâ quantitate angulum incli; nationis inveſti- 
gabo per propoſitionem 21m libri primi; vt enim cur/its eftimati milliaria, ad 
guadrantem ſcrupulerum evartate latitudinis, ita eſt radius ad ſinum complementi anguli 
inclinationiß. Milliaria curſus hic dantur go, ſcrupula evariatæ latitudinis 130. 
Unde proportio, ut 5o ad 4, ita 100.0000 ad ſinum 65.0003, nempe 40 gr. 
33 ſcr. cujus complementum 49 gr. 27 {cr. datur pro angulo inclinations quæ- 
mo. Atque hiac jam, per propoſitionem 30 lib. primi, dabitur evariatio longi— 
tudinis quæſitæ. Nempe, ut 1 0,000 ad quadruplum numer! canonici, qui huic 
parzlelorum intervallo competit a 49 gr. 50 fcr. ad 52 gr. ſcilicet, 824. 8580, ita 
quadrans tangents anguli inclinations £&*3 fo ad ſcrupula longitudinis evariatæ 
176, qui ſunt gradus 3, (cr. 16%. Tanto itaque intervallo a tuo meridiano 
abiviit diverſus. Neque tamen ullo indicio adhuc conſtat, in oriamne an vero 
versùs occalum latens et inobſervabilis maris vis navem fubduxerit a tuo meri- 
diano, unde primùm diſcelleras. Ut ſi ſcopuli aut ſaxa latentia et vada in 
prapinquo tint, aut inſula aliqua vel denique terra continens, in cujus viciniam 
noctu aut admodum nebulolo acre delatus ſis, hie vere, quod aiunt, intra ſa— 
crum ect ſaxa conſtitutus, ſummo in dilcrimine verſeris. Cui enim in mentem 
veniat tantillo intervallo tantum periculi ita latentèr objectum, quog! nulla ra- 
tione vel a peritiſſimo nauclero vitari aut declinari poſſit. Hinc adeò palam fir, 
quanti etiam illud fit in diariis nauticis id quoque accurate annotari, qui venti 
anni verſaria periodo in his aut illis oris recurrant, qualis maris et undarum fit 
agitatio, et quanto tempore ea illie duret; ut ex anni tempeſtate et ab experi- 
entia edocti, cognolcant in quam plagam maris unda abripiatur, in ortumne, 
an vero in occatum. Sæpe enim mare ipſum per dilucida intervalla tuam etiam 


habet quictem nonnullis in locis. Exemplo unico rem explicabo. 


Marinæ 
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Marine agitationis et motũs ratio inter Braſiliam et Angolam 1a Afticano 
oppoſito littore fitam ſub parallelo octavo ita obiinet, 


A vicefima die Aprilis ad viceſimam Julii menſis, maris fluctus feruntur in 
Zephyroboream, nobis Noort-Weſt. 


A 20 Julii ad 20 Octobris had admodum in ullam plagam moventur. 


A 20 Octobris ad 20 Januarii maris fluctus feruntur versùs Auſtrozephy— 
rum, nobis Zuyt-Weſt. 


A 20 Januarii ad 20 Aprilis iterùm nullo motu cientur. 


Atque hæc momenta à navium magiſtris ſedulò et diligentèr ſunt obſervanda, 
cum itineri compendium quærunt: Horum ignorantia aut negligentia partim 
morbis, partim inedia, plurimos letho dedit, deficiente commeatu, aut morbis 
e diuturnà mori eorum membra depaſcentibus ; nam et venti ferè hos motus 
in eandem plagam aut antecedunt aut comitantur ; ut fruſtrà huic monſtro ob- 
nitaris. Hujuſmodi maris agitationes et motus in variis locis admodum ſunt 
varii et inter fe diſſidentes. Sed ut ad inſtitutum redeam, motus maris ab 
inſula Bella, et ſupra à freto Davis, in orientem et meridiem fere fertur. Ita- 
que in noſtro exemplo ſtatuam meridianum ad quem pervenerim orientaliorem. 
Atque hec cauſa eft, cur, qui iſtine Britanniam aut Galliam petunt, mirentur 
has terras tanto ante ſe aperire, quam ipſi, ſuis vulgo uſitatis conjecturis ducti, 
exiſtimarint, 


PROPOSITIO IX. 


Si acus magnetica cursis plagam in ortum, vel in occaſum, dirigi oftendat, et 
obſervatio eandem addicat, nullus correctioni erit locus. 


NAM hie obſervatio æſtimationi et conjecturæ conſentiet : atque ita emen- 
dandi argumentum, (quod è ſolà iftarum diſcrepantia derivatur,) nul- 
lum hic nobis ſuppetet. Quin adeò hujus cursũs ratio eſt lubrica ut, cum 
rectà in orientem aut occidentem proram diriges, et obſervatio eundem paral- 
lelum addicat, tamen occulti maris agitatione contrarium evenire naucleri In- 
diam orientalem frequentantes conſtantèr nuntient. Ventorum enim ea iſtic eſt 
ratio, ut tanquam eteſiæ (ipſi me/onas indigitant) certà anni tempeſtate con- 
tinuos aliquot menſes ultrò citrõque flent: maris vero agitatio ſuis motibus eſt 
obnoxia; quemadmodum antecedente propoſitione à nobis dictum eſt: atque 
ita fit, ut, cum diſtentis velis in ortum videaris contendiſſe; contrà tamen re- 
tro in occaſum tis abreptus. Ita olim quidam S. Helenæ inſulam in medio 
mart aditurus, poſtquam ad ejus parallelum, graduum nempe 16 auſtrinæ lati- 
tudinis, deveniſſet, et inde rectà ipſam inſulam ſub iſto parallelo peteret, cum 
ſecundo vento hanc propediem aditurus videretur: tandem ultra ducenteſimum 
milliare occidentem versùòs diſtare, et in vicinia Americz et Braſiliæ verſari eſt 
deprehenſus; maris latente motu tanto intervallo retrorsùm abreptus, ventis 

Vol. IV. B b fruſtrà 
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fruſtra oblutantibus. Quamobrem hoc caſu periculoſa perſzpe eſt hujuſmodi 
navigatio, ubi nullum tui erroris argumentum appareat, aut quemadmodum te 
binc expedias liquebit. Atque adeo non utile tantum, fed etiam neceflarium 
videtur, curſum ultro citroque obliquare, ut cortectioni fit locus: cum autem 
te non eundem parallelum tenuiſſe, quem exiſtimabas, obſervatio arguet; 
curſus æſtimatus ſecundùm obſervata, ita ut deinceps dicetur, erit tibi corri- 
gendus. 


PRO POSITIO X. 


& aas magnetice duftum ſecutus eftimatione tud ſub eodem parallelo decurriſſe, ex 
o!fervatis autem te eum utn tenuiſſe, deprebendas; manente cursus eftimatd quanti- 
tate tanquam crure mecodynamico, latitudinem ſecundum cùſervala mutabis, ct inde 
longitudinis evariationem dell. INES. | 


D enim ſolum maximè conſentaneum ſupra diftis propoſitione ſexta, Cum 

enim in curſũs plaga neceſſariò hic fit erratum, pro parallelo æſtimato, loxo- 
qromia erit ſubſtituenda, quod ipſum evariata latitudo coarguit: ſed iſtum 
errorem ſoli plagæ imputare et latitudinem duntaxàt mutare iniquum fit, cum 
itineris eſtimati quantitas perinde fit lubrica: quamobrem utrique errori com- 
penſando aliquid dandum videtur, ut æſtimatä itineris longitudine retenta pro 
crure mecodynamico navis locus referatur ad obſervatum parallelum, et millia- 
ria cruris mecodynamici ad longitudinem ipſi inter iſtos parallelos debitam, 
per 12 propoſitionem libri primi, revocentur; atque hoc pacto et plaga et 
itineris quantitas ſimul variabitur. Ut, fi navis magiſter ab à ad e ſub eodem 
parallelo curſum peractum exiſtimet, eümque 60 milliaribus taxet ſub parallelo 
52 ; inde oblervatione inſtituta, cum antea in e navis locum conſtituerit, poſt. 
modùm 25 ſcr. borealiorem deprehendat. Tum 60 mil- 
liaribus uteris tanquam totius curſùs crure mecodynamico, 
et, per propoſitionem 12 libri primi, erit, ut 10,000 ad 
quadruplum canonici parallelorum differentiæ latitudinis 
1,631,584, ita 25 milliarium pars quota ad 3914 fcrupula, 
qui ſunt gradus 6. ſer. 3 14 exariatæ longitudinis. Cum 
igitùr navis mihi, propter oblervationis A conjectura diſcrepantiam, fit conſti- 
tuenda in parallelo oi; longitudinem quoque inventam mutabo, quæ mihi alia 
fuiſſet ſi ſub eodem parallelo eſſet decurſum, nempe 6 gr. 30 cr. et pro paral- 
lelo ae ſtatuam me decurriſſe loxodromiam ai. Ita enim manifeſtum eſt, me 
non tantum curſùs quantitatem variare, (cum pro crure anguli recti ae, aſſumam 
baſin 41; ) fed inſupèr ab angulo plage me quoque diſceſſionem facere; cum 
pro recto oae aſſumam angulum inclinationis , tecto minorem. Iſta enim 
hujus emendationis principia tanquam minds lubrica fupra nobis erant pro- 
poſita. 

Atqui Cavrio eſt, fi, cum ſub eodem -parallelo decurres, ſæpiùs et quaſi 


continuis obſervationibus deprehendas, te in candem plagam (utpote vel in 
meridiem, 
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meridiem, vel in ſeptentrionem,) a parallelo quem decurrere inſtitueras ahduci, 
modò itineris confecti æſtimatio cum cura {it facta; tum quidem ſecundum ob- 
ſervationes de cœlo factas latitudinem cenſeri, itineris vero confecti milliaria 
pro Joxodromiz quantitate aſſunii, et inde longitudinis evariationem invelligars 
debere. Ut ſi in eodem diagraminate acùs magactice fitus arguat me ab : in 
o reta ab occaſu in ortum curſum meum qirexiſſe, ab infula Bella ſub paral- 
lelo 52 gr. et cursts æſtimati ſpatium fit mijharium ſexaginta; obſervatio au— 
tem de cœlo facta arguat me verſari ſub parallelo 31 gra. 35 ſcr. idque con- 
tinud deprehendam me ab æſtimato parallelo in meridiem declinare, 1d tatis in- 
dicii erit motu maris latente navem a recto curſu in latus abduci. Itaque hic 
60 milliaria itineris erunt pro longitudine loxodromiz ; atque hinc et è data 
latitudinis evariatione 29 ſcr. dabitur angulus inclinations 84 gr. 14 ſer. per 
propoſitionem 21 libri primi, et inde per propofitionem . . . crus mecodyn- 
amicum . , . et longitudinis evariatio 385% fer. qui ſunt 6 gr. 25 fer. Ego 
parce ſumpſi, cum hallucinatio quæ a maris motu in latitudinem cxiſtit, illjc 


tanta fit, ut poſt peracta 24, 25, aut 30 milliaria facile integro gradu latitudi- 


nem evariaveris; in 60 autem milliaribus amplits gradibus duobus. St ita 
ſumamus poſt 60 milliaria confecta 1 gradu et 30 ſcrupulis in latitudine præter 
opinionem eſſe variatum, fiet angulus inclinationis 67 gr. 59 ſer. et longitudinis 
evariatio g gradus et 55 ſcrupuli; cum ſub eodem parallelo 52 gr. ea itineris 
longitudo æſtimata det longitudinis evariationem 35 ſer. majorem. Tanti intereſt 
has medicas manus ſuo loco et ordine iſti negotio adhiberi. Tu ad horum nor- 
mam reliqua facile comparabis. ä 

Atque hactenùs de curſuum emendatione, qui in circulo aliquo, monſtrante 
acu magnetica, inſtituti videbantur: ſupereſt ut ad loxodromiarum æſtimatos 
curſus, et eorum cum obſervatà latitudine comparationem, deinceps tranleamus, 


Foro, XL 


Si lexedromiam aliquam et cus quantitatem, aftimationem tuam ſeculus, ad invenien- 
dam Latiludinis evariationem adbituecris, et ejuſdem evarialionem exinde derivatant 
ab obſervats diver jam deprehendas, crure mecodynomico ſecundum af imatum catr/i1 
retento, latituainem in obſervatum parallelum transferes, et binc lengitudiuis differen- 
tiam inveſtigubis. 


„ ro curſtis quantitatem augendi minuendive eſt latitudo de cœlo ob- 


ſervata: hæc enim (ut dictum eft,) obſervationibus ſequentibus emen- 


dart, aut confirmari et refelli poteſt; reliqua autem nec iterari, neque relegi 
poſſunt. In quibus quidem univerſis fi peccatum non fir, omnium arctiſſimum 


conſenſum eſte oportet: fin verò aliqua inter iſta differentia exiſtat; unica datur 


latitudo, quæ nobis ad emendationem reliquorum facem alluceat. Ut fi ab a 
curſum loxodromiæ quintæ iniverim, quemadmodum acùs magnetic ſitus ob- 
ſervatus dictare mihi viſus eſt, ſtimata autem itineris longitudo fit milliarium 
77, à parallelo 30 versds boream, obſervata latitudo 32 gr. 20 ſcru. unde no- 
bis & canone WEoxeipe GALE Cvariatio latitudinis 2 gr. 40 ſcr. et crus mecodyn- 
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amicum 539 , milliarium. Hoe igitur crure mecodynamico tanquam ac- 
curato et bene juſto ſeorsim reſervato, latitudinis evariationem ſecundùm obſer- 
vata mutabo; atque ita mecum ſtatuere habeo neceſſe; ut aſſumam latitudinis 
eam evariationem quam obſervatio addicit, quæ eſt in expoſito caſu tantùm 
2 gr. 20 (cr. ut æſtimata latitudo major fit quam obſervata ſcr. 20. Secundùm 
hanc ex ſuprà invento crure mecodynamico longitudinis evariationem conclu— 
dam per propoſitionem 12 lib. 1. hoc modo. Ut 10,000 ad quadruplum nu— 
meri parallelorum canonici, qui ad differentiam latitudinum 50 gr. et 52 gr. 20 
ſcr. nempe, datz et obſervatæ, pertinet, ſcilicet 893. 1516 ; ita cruris mecodyn- 
amici pars quota interjectis parallelis cognominis 44,%,5.5+*. ad ſcrupula evariat:e 
longitudinis 381 qui ſunt 6 gradus et 21 ſcrupula : et, cum ſecundùm anguli 
loxodromici et æſtimati itineris quantitatem me in puncto e verſari exiſtimem, 
navem tamen in puncto z collocabo, et pro loxodromii az, ſubſtituam loxodro- 
miam ai: atque ita et angulo loxodromico, et itineris conjectanco inter vallo 
aliquid vitii obrepſiſſe paritèr ſtatuam, neque uni tantùm ſoli hunc errorem. 


im putabo. 


. 


Hanc factionem ſumma illa 2xpizua ſecundum leges dictatas poſtularet : At- 
tamen in ſingulis curſibus et totius partibus, vulgò uſitatam rationem, (quia 
expeditior, neque ab hac ipſà diligentiſſimà æſtimatione ulli differentia abeat 
diverſa, quæ quidem digna fit majore Tey:z,) in praxi quoque ſequemur. 
Et, ut tanto evidentiùs hoc ipſum liqueat, utramque hic inter fe contendemus. 
Sit enim idem exemplum quod prius, et detur a parallelo 52 quintæ loxodro- 
miæ quantitas 77 milliarium; inde per canones wpoxzipss evariatio latitudinis con- 
jectaneæ jam data eſt 2 gr. 40. et crus mecodynamicum 594%; milliarium, 
Ut ſecundùm hanc æſtimatam, non autem veram, latitudinis differentiam, lon- 
gitudinis evariationem invenias, duas oſtendimus vias; quarum prior utitur cru- 
ris mecodynamici parte quota è latitudinis evariatione, per propoſitionem 12mm 
libri primi. Latitudinis differentia hic eſt 2 gr. 40 ſcr. Erit itaque ut 10,000 
ad quadruplum numeri parallelorum canonici inter 50 gra. et 52 gra. 40 ſer. 
interjecti, nempe 1024. 5416, ita cruris mecodynamici 9 %**; pars quota 
interjectis parallelis (qui hic ſunt 2 gr. 40 ſcr. hoc eſt, ſcrupula 160) cogno- 
minis, utpote , e, ad ſcrupula evariate longitudinis hujus loxodromiæ 
quantitati debita 38 35, qui ſunt 6 gr. 23+ ſcr. Tanto igitur hic plus fit juſto, 
cum antea invenerimus ex 1ſdem datis et latitudinis differentia obſervata. 2 gr. 
20 ſcr. tantùm 6 gr. 214% ſcr. Differentia, que inter utrumque calculum inter- 
cedit, eſt duntaxàt ſcrup. 1, et quidem in curſu 77 milliarium ſub loxo- 
mia quinta, ubi obſervata latitudo ab zſtimata diſtabat gradas triente : que 
differentia, in tantà fluctuum agitatione et inconſtantia, nobis tanti eſſe non de- 
bet; et quidem eo magis, quod in fingulis curſibus æſtimandis hanc jam nau- 
cleri ſequi habent neceſſe, ut ſecuri ſint ſuarum rationum, quemadmodum in 


ſingulis curſibus, quamdid de cœlo nondum fit obſervatum, longitudinis locus 


lit conſignandus. 
Atque 
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Atque id quidem tanto magis retineri expedit quod iſta via vulgo uſitata 
ſolà multiplicatione abſolvatur. Nam crus mecodynamicum fingulis parallels 
debitum eſt primus cruris mecodynamici numerus uni ſcrupulo appoſitus per 
radium 10, ooo diviſus; quemadmodum conſtat per propoſitionem 28 libri 
primi. Itaque ut hoc ipſum faciliùs abſolvam. 


Fiat, quemadmodum 10,000 ad 10,245,416, nempe quadruplum numeri 
parallelorum canonici; ita in hac quinta loxodromia (nam ea datur) primus 
numerus mecodynamicus per radium diviſus Ss ad {crupula evariatæ longi- 
tudinis 6 gr. 237 ſcr. ut priùs. Hoc eſt, ut quadratum radii 100,000,000 ad 
10,245,416, ita crus mecodynamicum unius parallel in date loxodromiæ in— 
clinatione 3741, ad quetitam longitudinis evariationem. Hanc igitur cervam 
pro iſtà Iphigenia, ut tragœdici ſolent, hoc loco ſubponemus: non tantùm 
quia hic faciliùs litatur; verùm etiam quod inter ſe hand admodùm diſſideant; 
ut illam quidem cum ratione conſtitutam, hanc vero ob facilitatem et affinita- 
tem ei ſubſtitutam, concedamus. Quamobrem iſta hactenùs de ſimplicium 
loxodromiarum emendatioae dicta ſufficiant. Sequitur emendatio loxodromia- 
rum compoſitarum : que in latitudinis evariatione, et cruris mecodynamici 
quantitate, in ſingulis quidem Loxodromiis ſingularum Loxodromiarum ſeorsim 
leges ſequitur; at junctim ſuis quibuſdam præceptis regitur, in quibus ne pec- 
cetur, cautio eſt. 


PROPOSITIO XII. 


Curſus compoſitus eſt, quando priuſquam emendationi ſecundum oòſer vata fit 
locus, plures continuantur. 


FIT non raro, quin adeo fere ſemper, ut curſus ab obſervatione altitudinis 
antecedente uſque ad proximè ſequentem, non fit ejuſdem generis; fed ex 
variis curſuum plagis illud itineris intervallum componatur : ut modo in meri- 
diem vergat ; inde viciſsim in ſeptentrionem, ſecundim alam atque aliam loxo- 
dromiam, fit obliquandus, vel ſub aliquo parallelo dirigendus. Inſtituti enim 
itineris curſus, ob terrarum in maria excurrentium margines, ſæpe articulatim 
delumbatur, et per diverſas plagas inflectitur, frangitürque. Ut fi hinc ex 
Hollandia ſub parallelo quinquageſimo ſecundo Gades atque in extremam Hil- 
paniam navigare inſtituas: primùm quidem in occidentem Joxodromia quaſi 
quinta a meridie erit tibi contendendum, uſque ad ſummum et extremum Galliæ 
promontorium Gobæum à Ptolomeo dictam, cui inſula prætenditur noſtris nautis: 
Eyſant dicta, ſub parallelo 48+, qui tamen curſus intereà aliquoties deartuandus 
eſt, Hinc jam propiùs ad meridiem inflectendum, uſque dum perventum fit 
è regione Cabo Sant Vincent, quod Ptolomæo eſt Promontorium facram, ſub 
parallelo 373. Hinc denique curſus in ortum loxodromia quaſi ſeptima erit 
inflectendus, ut Gades ſub parallelo 36+ prope Herculis fretum (per quod mare 
mediterraneum ſe in Oceanum effundit) adeas; et id quidem fi ventus optatus 
euntes proſequatur. Quin adeò in medio mari, ubi jam altum tenuère rates, 
neque ullæ apparent aut metuuntur terre, vel ſcopuli, vel vada, aut ſaxa 
latentia, 
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latentia, haud raro tunc quoque evenit, ut majore tempeſtate ingruente u“ 
92/140; evro@J adm x d, cum non poſſint contra tendcre, ita polcentibus 
ventis, viam velis flectant, tanquam ageretur illud Pottz 


Nec nos obniti contra neque tendere tantùm 
Supficimus : ſuperat quoniam fortuna, ſequamrr ; 
Qubque vocat, vertamus iter, 


Hic enim vehementioribus procellis ingruentibus hee palm, venti arbi— 
trio fe permittunt : alioquin etiàm adverſiſſimis ventorum flatibus non con— 
ceſſuri, ut retrorsum agantur; ſed cursũs obliquatione modo hac, modo illac, 
proram obvertentes, aliqua ex parte inſtiturum iter promoturi. Atque hinc 
bre ves illæ inſlexiones 2, 3, 4, 5, plurium aut pauciorum milliarium, quibus 
primarii cursùs directio deartuatur et infringitur. Hic igitur curſus e variorum 
generum miſcella, utpote duorum triumve, aut etiam plurium, conflatus, à 
nobis nunc compoſitus dicitur. 


PROPOSITIO XIII. 


Ji in curſu compoſito continentèr omnes q communi parallelo in ſeptentrionem vel 
meriaiem vergant, latitudinis evarialionem augebunt ; fi qui ex iis in contrariuin 
refieFantur, ii pro rata parte eam imminuent. 


1 top omnis curſus, excepto octavo, qui ſub eodem parallelo manet, latitu- 
dinis et parallelorum evariationem inducat ; five ea a meridie in ſepten- 
trionem porrecta augeatur, ſeu contri a ſeptentrione in meridiem minuatur, et 
hoc quidem in ſingulis figillatim. In conjunctis autem et compoſitis curſibus 
res ſe paulo ſecùs habet. Illic enim latitudinis evariatio cadem eſſe, vel etiàm 
augeri, nonnunquam et minui etiam poteſt. Ut fi a parallelo 32 quocunque 
curſu perventum fit ad 50, atque inde curſum reQa in ortum vel occaſum 
flectas; jam cum in eodem parallelo continuo decurratur, latitudinis evariatio 3 
hinc nulla inducetur major; at ſi porro inde ultra in meridiem inſlectas ut per- 3 
venias ad 48 parallelum, jam tanto erit auctior latitudinis evariatio: nam prin- 
cipium et hic finis diſtant 4 gradibus. At fi à parallelo 50 flexiſſes in ſepten- 
trionem donec perventum eſſet ad parallelum 50 graduum et 45 ſcrupulorum, 
hic evariatio latitudinis fuiſſet tantùüm imminuenda. Exemplum tale eſto; à 
Moſz fluminis oſtio, ſub parallelo 51 navigatum fit ad promontorium Angliæ. 


r : 
OM 360, WOE ELSE IH, 


De Singels vento Zuyt-WWeft ten Weſten milliaribus 33 I 
A Sigels ad Beveſier Wet- Zuyt-Weſt milliaribus 6 4 
A Bevejier ad Lezert * Weſt ten Zuyden milliaribus 32 


A Lezert ad Caput Finifterre Zuyd. Zuyd- Ni eſi milliaribus 113+ 


Primus curſus eſt loxodromia 5 a meridie versus occaſum, ut inftà patet ex E 
typo ventorum; et hic deſignatur curſu ae. . | 


* Anglice, The Lizard point. 
ES | Secundus 
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natur curſu er. 


Tertius eſt loxodromia 7 a meridie versdòs 
curſu oe. 


Quartus eſt loxodromia 2 à meridie yersus 
curſu ou. 


Vides itaque omnes loxodromias, à pa- 
rallelo ſub quo inceperant, versùs meri- 
diem inclinare, et ideò a parallelo 52 un- 
de initium ductum eſt, longius diſcedere, 
latitudinem imminuendo; latitudiis au— 
tem cvariatio ſingulis debita invenietur, 
per propoſitionem .. libri primi, aut 
per canones Tex#pzc, in ſingulis iſta: 


191. 


Secundus curſus eſt loxodromia 6 i meridie versus occaſum ; et hie deſig- 


occaſum, et hic exprimitur 


occaſum, et hic exprimitur 


gat og curſùs nomina, milliaria. . 
, gra. ſer. 
5 1 33 1. 8 
6 W. Z. W. 6 2 RYE 
7 W. t. £ 64% 8 lidobs 
2 1 1134 8 
8 imma -. 4 


Addendæ igitur ſunt he ſingulæ, que conflant 9 grad. 4 ſcr. Et quiz 
curſus expoſiti versòõs meridiem vergunt, de propoſità latitudine 52 gra. dedu- 
cendi ſunt: unde datur, ſecundùm has conjecturas, latitudo Capo finifterre 40 gr. 
55e ſcr. Non opus erat ita ſerupuloſitate ut etiam primorum partes centeti- 
mas inquirerem, potui in primis ſubſiſtere, et terminum vero proximum aſ- 
ſumere; tanta enim maris inconſtantia eſt, ut iſtæ conjecturæ itinerum ne qui- 
dem ad unum aut alterum ſcrupulum, verum nobis addicere poſſint. Quem- 
admodùm propoſitione . . . exemplis et obſervationibus in medium prolatis 


oſtendetur. Quod fi aliquis horum curtuum in Boream eflet inflexus, is pro 


rata parte Jatitudinis evariationt tantum derogaret, quinetiam poſſet latitudi- 
nem in Boream ultra parallelum rejicere; ut fi hæc noviſſima loxodromia A Le 


ſert ad Cabęſiniſterræ que eft Zurd- Zuyd -I e, mutetur et fiat a Leſert Neorat- 


Noordt-Wift 113%, dabitur in hoc curſu latitudinis evariatio 6 gr. 59.4. ſer. 
ut ante, ſed in Boream a ſuo principio inflexa, Erunt itaque tres priores lati- 
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tudines addendæ, nempe 1 gr. 13 ſcr. et 9-2; ſcr. et 42 f ſcrup. qua- 
rum ſumma eſt 2 gradus et 5 ſcrupula: tantum — à curſuum omnium initio, 
Moſæ oſtio, itum eſt in meridiem. Atqui inde rursùm in Boream 6 gr. 59 
ſcr. Quare fi illa evariatio minor de hac majore deducatur, reliqua eſt evariatio 
4 graduum et 54 ſcrupulorum, ſed Borea, numeranda à 52 parallelo, et incidet 
in 56 grad. 54 ſcr, Similis ratio erit reliquarum | in aliis, 


PROPOSITIO XIV. 


Sz in curſu compoſito conlinentèr omnes & communi meridiano in ortum vel occaſum 
vergant, longitudinis evariationem adaugebunt : fi qui ex its in contrarium reflect- 
antur, iſti pro ratd parte eandem imminuent. 


nn propoſitione 13 latitudinis evariatæ proſtaphæreſin ex- 
plicuimus ; ita hic longitudinis proſtaphæreſin proſequemur : que utraque 
in uſu, et curſibus compoſitis ſæpe permiſcetur. Longitudinis evariatio, et 


incrementum aut decrementum, hic non numeramus a primo meridiano ; fed i 


meridiano illius loci unde iter aut computationem inſtituis, ad eum locum quo 
contendis; five iſte illinc in orientem, ſeu in occidentem diſſitus vergat. Ut ſi 
ab a puncto meridiani 49, in ſchemate antecedentis Propoſitionis, diſcedas in 
occaſum curſu ae ; et ſequens iterùm vergat à termino e in i; et tertius ab i 
in o; quartus ab o in 4; hi curſus continenter longitudinis evariationem adau- 


gebunt: omnes enim ultra noviſſimum meridianum in occaſum porriguntur. 


Ar fi noviſſimus curſus ab o reflectatur in u, ut on, is factæ evariationi tan- 
tum derogabit, quantum pars ipſius quantitati congrua ſibi vindicabit : ut hic 
In de ly deducta relinquit » y, longitudinis evariationem inter curſùs principium 
4 et hunc finem y. Cum autem fub eodem meridiano rectà in Auſtrum aut 
Boream decurres, longitudinis evariationi nihilum accedere aut decedere, eſt 


manifeſtum. 


Aſſumantur enim curſus, et curſuum inclinatio, et quantitas, eadem quæ ſupra 
in propoſitione antecedente ; et quzratur quanta fit ſingulorum evariatio longi- 
tudinis. Id fiet per propoſitionem « - + ſi proximorum parallelorum differentiæ 
quadruplum multiplicetur per quadrantem tangentis inclinationis, ſeu numerum 
mecodynamicum cujuſque uni ſcrupulo debitum. Ego hic tabellam ſuhjicio, in 
qua in ſelide ſecundã loxodromiarum ordinem, in tertia ventorum nomina ac 
curſũs plagam, in quarta milliaria æſtimata, in quinta latitudinis evariationem, 
ſeu parallelum in quo ſinguli terminantur, in ſextà quadruplos canonicos paralle- 
lis interjectis debitos, et in ſeptimà evariationem longitudinis ſingulorum, expreſſi. 
Prima autem ſelide numeros canonicos multiplicantes, ſeu quadrantes tangentis 


inclinationum, collocavi. Quemadmodum hic vides. 


multi- 


BATS T6 


— 


Evariatio longitudinis 1taque erit 12 gr. 46+ ſcr. atque tanto occidentalius 
eſt acroterium Hiſpaniæ Cabo fmifterre hodie dictum, quam fit Moſæ fluminis 
oitium, Ego hic in latitudine confignanda etiam particulas ſum conſectatus, 
ut iſto exemplo doceam, quam parum ad 1hombum ew faciant ; niſi forte obli- 
quiſſimi ſint curſus, ut loxodromia 74, 74, aut in parallelis minimis prope et 
ultra circulum arcticum verſeris. Hic enim in eodem exemplo fi proximi veris 
aſſumantur, nempe 48 gr. 47 ſcr. et cæteri deinceps, dabitur in ſingulis curſi- 
bus evariatio longitudinis quantam hic expreſſimus. 


paralleli evariatio long. 
. gr. ſer. 
48 47 8 0 
48 38 or” 
47 $$! 4 5 25 
40 56 4 3 


12 "06 


Ut differentia non fit trium ſcrupulorum in tam longo curſu, que vel conjec- 
ture in longitudine itineris, vel errori in obſervanda pol: altitudine ſummo jure 
imputari poſſunt; ut in iſtà >enJoacogin facile fine ullà jacturà manus de tabula 
tolli poſſit. 


Si curſus ultimus pro Zuyd- Zuyd Weſt fuiſſet Zuyd-Zuyd-Ooft, hoc eſt, pro 
ou fuiſlet ; jam ultima longitudinis evariatio 4 gr. 3 f{cr. de reliquis eſſet 
ſubducenda, nempe de 2 gr. 46 ſcr. et relinquetur evariatio longitudinis x y 
4 gr. 43 ſcr. tantùm. 


Denique fi ab e rectà in meridiem eſſet decurſum in /, nullam aliam eſſe 
longitudinis evariationem in / puncto, quam ante fuerat in o, manifeſtum eſt; 
nempe 8 gr. 46 ſer. Sequitur comparatio conjectaneæ evariationis compoſiti 
curſtis cum ei que de cœlo obſervatur. 


You, IV. CE PRO. 


11 PH. I B. 11. 193 

— I as Evariatio Eadtu- a . Exariatio lon- 
Muttipli- Los Curſis plaga. Milliaria dinis. eee gitudinis. 

cantes. miæ. #llimata, gra. min. quadruphicatt. gra. mim. | 

3,741] 5 Z. W. t. Z. 33 | 438 46 &% 674,272 | 2. 409+ Ad. | 

6,035] 6 W. Z. W. 6 | 48 364% 134,088 o. 331 Ad. 

12,568] 7 | W. t. Z. 541 | 47 1, 28,796 5. 

1,0351 2 Z. Z. W. 113+ | 40 54 88 974,288 | 4+ 3% Ad. 
88 12. 40 
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PROPOSITIO XV. 


$i in cirſu compoſito eftimata latitudo ab obſervatd diſcrepet, retentd langitudinis 
evariatione latitudinem in obfervatum paraieium transferes, 


- QIMPLICES curſus ſuas habuerunt leges, ſecundum quas ipſæ ad obſerva- 

tiones de cœlo factas regerentur, et nonnullz earum, fi nimia enormitas 

incideret, emendarentur. In compoſitis autem curſibus difficilior ſingulos emen- 

dandi eſt ratio, et magis intricata: eam itaque ob rem, niſi alia evidens cauſa 
alicer ſuadeat, (quam quidem nos poſtea exponemus,) longitudinis evariatione 

retentà, latitudinis differentià inter conjectaneam et obſervatam poſthabità, ad 

ober vatum de cœlo parallelum tranfibimus. Res poſito exemplo fict clarior. 

Sint enim curſus lidem qui ſuprà propoſitione 12 lunt expreſſi, a Motz fluminis 

oſtio ſub parallelo quinquageſimo ad acroterium Hiſpaniæ Cabo Anis terre dice 

tum; atque illic de cœlo fit obſervatum, et latitudo in venta 42 gr. 42 (cr. _— 

è loxodromiis et itineris ratione ante datur nobis latitudo 40 gr. 55 ſcr. ut diffe- 

rentia inter illam et hanc ſit 1 gradus et 47 ſcrupula; quam loxodromiarum hal- 

lucinationi tribuam, ut illarum inclinationes alias reverà fuiſſe neceſſum videatur, 

atque in chaly bocliſis obſervatione, aut alia quavis occaſione non nihil peccatum 

eſſe. Neque omnino mirum eſt, aut inauditum, in tanta itineris longitudine, ac 

tot dicrum intervallo, cum intereà de cœlo obſervatum non erit, tantam à lati- 

tudine vera differentiam intercedere: quod infra quoque altero exemplo patebit. 

Hæc enim non ficta, fed re ipſa ex nautarum Diarus excerpta proferimus. Porro 

autem cum ad longitudinem emendandam ſubſidii nihil detur, ante inventam 

re: inebo, quæ nobis inter Moſam et dictum acroterium ſupra fuit 12 gr. 46 ſcr. 

Atque ita in iſto meridiani et paralleli communis ſectionis termino confecti iti- 

neris limitem ſtatuere habeo neceſſe. | | 

Atqui, ut diximus, CavTlo eſt, fi enormis fit ea differentia, emendatione 

| tali opus eſſe, qua anguli quibus loxodromiæ ad meridianum inclinantur, mu- 

8 tentur; hoc eſt, aliæ loxodromiæ aſſumantur, quam acus magnetica, in ipſo 

curſu deſignaverit: quia id à maris occulto impetu factum ſit, quo navis tranſ- 

versim ab inſtituto tramite fit furtim abrepta. Verbi gratia, maris fluctus adeò 

violento, ſed tamen inobſervabili, impetu prope fretum Davis a Boreà versds 

Auſtrum fertur, ut qui iſtinc curſum in ortum dirigunt monſtrante acu magne- 

tica, (etiam legitimè ſecundum ſuam chalybocliſin emendatà, ) perpetuò depre- 

hendantur, cum non tenuiſſe curſum, ſed pro parallelo hoc, loxodromiam quar- 

tam inter ortum et meridiem, (noſtris de Zuyt Oaſt ftreeck dictam) decurriſſe. 

Id quemadmodum in hoc ſimplici curſu, cum ab obſervatione incipiet et termi- 

nabitur, emendari poſſit, ſupra explicui. Itaque ſemel cognito iſto ſubreptitiæ 


| | loxodromiz angulo reliquos omnes ad hunc temperabo. Nam curſum obſerva- 
| tum hic alium eſſe quam verum, cum haud ſis neſcius, et maris motum a Sep- 
tentrione in meridiem ferri: fi tu igitùr ſub eodem meridiano versùs boream 
contendas, ſequitur, iter tuum minus eſſe quam conjecturà factà æſtimes: fi in 


meridiem, multo eſſe majus; atque ideò illic obſervatam latitudinem minorem 
5 eſtimata, 
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»{timata, lic contra majorem eſſe, mirari defines, cum cauſan pernovetts, 
luter meridianum et parallelum, loxodromiarum anguli et quantitas Curltis ita 
crunt temperandi, proùt diligens obſervatio, et ſedula itineris confecti æeſtimatio 
arguet, ſecundum præcepta in fimplicibus poſita, ubi ſingulis curtibus ſingulas 
obfervationes tribuimus, et ſecundum eas emendavimus quando effet necefle. 
Cœterùm, cum in compoſitis, ubi poſt aliquot curſus continuatos demùm obſer- 
ratio et emendatio adhibentur, ea res plus habeat difticultatis ; neceſfe eſt ut 
cognolcas quænam in ſingulis curſibus loxodromia pro alla fit fubttitueada, at- 
que ita paratus ac inſtructus venias: ut in eo quod modo recenſuimus, cum in 
ortum ire vitus ſis, tamen non reteras in ephemerin tuam nauticam O, fed ut 
diximus, Zrydtooft milliaria tot; atque ita in cæteris ad eandem normam. Quod 
ti in pelagus aliquod imparatus venias, et præter opinionem in id ſis delatus, 
cujus neque agitationem neque impetum fando audiveris; opus erit ut ſumma 
cum curl atque induſtria ipſe huic rei animum advertas, atque æſtimata cum 
obſervatis conferas, unde correctione loxodromiarium factà aliquid ſani de tuo 
pr ofectu, aut defectu, ſtatuas; nam id gnavi et induſtrii naucleri munus eſt: cu- 
jus fidei non tantùm merces illæ, quantumvis pretioſæ; verum etiam navis uni- 
verſa, qui tot hominum vita et ſalus continetur, eſt concredita. 

Viſum c{t huic theoremati luculentiſſimum itineris longioris exemplum et 
calculi rationem ſubjicere; unde praxis noſtra nautica pernoſci poſſit: et totum 
illud quod ſuprà in ordinando nautico diario adhibuimus huc transferre, atque ad 
abacos nautici epilogiſmi revocare. Ubi hoc mihi monendus es in ipſo veſtibulo, 
Loxodromiarum angulos, et curſuum quantitatem a peritiſſimis naucleris, qui 
una vehebantur, et harum difficultatum haud eflent expertes, ita ſecundum illo- 
rum conſuetudinem emendatos, quemadmodum ipſi, uſu edocti, vero maxime 
aſſidere exiſtimarent; idque illi voce technica beheuden ccurſen en mylen indigi- 
tant. Id ſignificat curſus et milliaria ſarta tefta, quo innuunt, cum fide, induſ- 
tri, et legitiwa utriuſque taxatione, quibus hæc in medio mari ſunt obnoxia, 
ſta pro viſis et apparentibus eſſe ſubſtituta, proùt quotidiana eos experientia, 
omnium rerum magiſtra, erudivit. 

Sit itaque nobis exemplum è Diario nautico propoſitionis quartz, ubi è data 
inclinatione et curſuum quantitate longitudinis et latitudinis evariationem per 
artem, vel fi libeat, potiùs e canonio weoxgpy primum erues. Sed id quoque 
notandum tibi eſt, quod loci fitus ad quem itur, hie orientalior fit eo unde dit- 
ceditur, et prætereà quoque meridionalior; quod ideò monere oportuit, ut inde 
longitudinem et latitudinem loci optati poſte rite et fine errore conſtituas. 
Diarii hujus nautici ſecundùm divinationem et obſervata hac eſt formula, ut 
prime ſelidi menſis dies fit t adſcriptus; ſecundæ nomina ventorum quibus curſiis 
inclinatio et plaga definitur; tertiæ ejuſdem quantitas in milliaribus; quartæ 
ſingulorum curſuum latitudinis evariatio de cœlo obſervata; quintæ laticudinis 
evartatio fecundum curſũs ſtimatam quantitatem ſexto milliaria mecodyna- 
mica eidem congrua ; ſeptimæ longitudinis evariatio è milliaribus mecodynami- 
cis derivata. Horum duorum, que ultimo loco recenſuimus, magnitudinem, ex 
canonio prochiro, aut per calculum explicare licebit, protit opportunum videbi- 
tur, quemadmodꝭm hic vides, Cujus rationem deincèps ſigillatim etiam expli- 
amus. Initium navigationis factum eſt a parallelo boreo 52 gr. 25 ſer. 

CeN Dies. 
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Noviſſimo hoc curſu tandem octavà Septembris appulimus ad promontorium 
Hiſpaniæ, vulgò Caput inis terre dictum, qua Hiſpania longiſſimè in occiden- 
tem in ora Septentrionali procurrit, Ptolomæo eflet Nerium promontorium. 


Primi curſũs menſura et plaga in hoc diario exprimitur; longitudo quidem 
milliarium 18 ſelide quartà; plaga autem O. Z. O. ſelide tertia;z loxodromiæ 
numerus, memoriæ juvandæ cauſa, ſelide ſecunda. Ita enim omnia feliciùs ac- 
curatiũſque abſolventur; neque in lubrico conſiſtes quando ſemel hoc labore 
eris defunctus, ut ſelidi ſecundæ loxodromiæ numerum adjicias. Secùs enim 
etiam hie memoriam ſollicitare opus eſſet: quod, ut in tantà varietate periculo- 
lum, nta quoque minùs exercitatis haud adeo expeditum fuerit. Licebit itaque, 
ut ſuprà jam expreſſimus, canones reps adhibere, atque illinc latitudinis 


evar iationem ſecundùm loxodromias, et milliaria mecodynamica depromere; fi 
forsan 
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forsan quis in calculo minds fit exercitatus. Ego vero et tutiſſimum et expedi— 
tiſſimum judico ei qui epilogiſmo utcunque adſueverit, calculum ab Tpſo fonte 
arceſſere: atque, in eum finem, canonion exiguum ad manus habere, in quo, in 
primo loco, loxodromiarum ordo, et earum quadrantes; in ſccundo loco, angulo- 
rum, qui ad earum complementa pertinent, ſinuum quadruplum; et in tertio loco, 
tangentium, qui ad ipſarum loxodromiarum angulos pertinent, quadrantes ; fint 
ordine digeſti. Secunda enim ſelis latitudini inveniendæ ſerviet per conſectarium 
propoſitionis 28, et per 30 prop. libri primi. Canonion ipſum hic quoque ſubjeci 
ad radium quinque circulorum, ut te quoque calculi hujus moleſtia liberarem. 


e See | 4 wngent, Lane] Si com en 
2 399,519 $,220 1 4- | 268,623 27,583 
1 398,074 2,462 || 44 253,757 30,462 

| + 395,670 3,708 | 44 | 233,200 33709 | 
I 392,314 43973 || 5 | 222,225 37,415 
11 | 388,012 6,202 1 $5.1] | n05,64t |] - 41,720 
1+ | 382,770 7.584 || 5+ | 188,559 46,805 
13 | 376,024 8,945 || 54 171,021 52,858 
2 369,552 10,355 | © | 153,072 60,355 
2+ | 361,596 11,824 || 6+ | 134,756 69,870 
22 352,768 13,363 64 116,114 82,414 

21 | 343,091 14,984 |} 64 97,192 99,800 
3 332,587 10,704 || 7 78,036 125,683 
3+ | 321,283 19,541 || 74 58,692 168,536 | 

| 34 399,204 20,517 72 39,207 253,529 
34 | 296,380 22,659 || 74 19,027 508,887 

| 4 282,843 | | 25,000 ' 


Nunc itaque numerum ſinus qui ad ſextum curſum pertinet, (iſte enim hic 
datur O. Z. O.) excerpam, nempe 153,072 ; qui, per milliaria multiplicatus, et 
per radium diviſus, dabit ſcrupula evariatæ latitudinis 274% 3 aut, quod ſa- 
tis fit, 274%, per propoſitionem 19 libri primi. Hanc evariationem in oppo— 
ſito laterculo in ſua ſelide inſcribam, ſub latitudinis evariatione ſelide ſextà; 
et, quia versus æquinoctialem profectionem promovet et latitudinem minuit, ſe- 
lidi ſequenti è regione adſcribam 5 literam, ſubductionis notam. Dehinc 
longitudinis evariationem inveſtigabo per propoſitionem trigeſimam libri 1, hoc 
modo. Parallelus unde navigari cœptum, erat 52 gr. 25 ſcr. hic noviſſimus 
autem 28 ſcrupulis eſt minor; atque ideò 51 gr. 57 ſcr. differentia numerorum 
& canonicis parallelorum, qui ad hos pertinent, eſt 45.658 7; ejuſdẽmque quad- 
ruplum 182.6348. Tamque quadrans tangentis qui ad hanc loxodromiam per- 

tinet, per radium diviſus, dabit crus mecodynamicum AY quantum Jatitudi- 
nis 


— — — 
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nis ſcrupulo erit conſentaneum, per conſectarium prop. 28, 1. 1. Hine itaque per 
propoſitionem 30, fiat: ut 10,000 ad Canonicum 182.6348, ita , live, 
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reſectis abundantibus, 100. 18263 hoc eſt, ut 100,000, ad 182.63, ita 633 
ad ſcrupula evariatz longitudinis 100%, qui ſunt 1 gr, 5o ſcr. Arque hunc 
numerum ſelidi, quz eſt e regione, infcribam ; et quia curſus hic iter versus 
optatum æquinoctialem promovet, eidem in ſelide ſequenti adſcribam S lite— 
ram. Curſus iſte in appoſita tabella exprimatur ductu lincæ ge. Ego hic milliaria 
mecodynamica neglexi, quia ita faciliùs negotium abſolvitur. Sed, fi cui libeat, 
et ea quoque ratio placeat, per me id ei erit liberum: is enim tum, per propo— 
ſitionem 13 libri primi, quoque longitudinis evariationem in ſingulis invenire 
poſſit. Verùm id mihi videtur operosius: nos certè iſtam, quam jam inſtitimus 
viam, porro ſequemur. Quod fi tamen velis cognoſcere quo cutſu ſimplici 
principium et finis compoſitorum curſuum copulari et conjungi poſſit; illic 
ſane uſum habeat hæc res. Sed idem quoque ſupra, propoſitione 32 lib. 1, 
nobis eſt expoſitum; quare huic ſelidi ſuum quidem locum aſſignamus, ctiamſi 
nunc ea non utamur. 


Sequitur curſus ſecundus, qui ab e puncto ſub parallelo 31 graduum et 5) 
ſcrupulorum, Ortum versus, per 4 milliaria eſt continuatus; qui deſignatur linca 
ef. Hic laterculo latitudinis nihil, five o, inſcribam; quia in eam partem nihil eſt 
mutatum: et è regione in laterculo longitudinis o gr. 26 ſcr. 17 ſec. Quæ ſub iſto 
parallelo quatuor milliaribus per propoſitionem undecimam libri primi debentur. 


Tertia eſt loxodromia Z. O. t. O. quæ ordine quinta eſt, ut indicatur è 
regione ſelide fecunda, et quidem milliarium 13, qui curſus hie expreſſus eſt 
per lineam zo; cui in evariatione latitudinis cedunt ſcrupula 29, rursum ſub- 
ducenda; atque hæc ita cum his notis ſuis laterculis inſcribantur. Inde quo— 
que ut ſupra longitudinis cvariatio datur 1 gr. 10 ſer. 


Quarta eſt loxodromia O. Z. O. hoc eſt, quemadmodum ſecunda ſelide eſt 
expreſſum, loxodromia ordine ſexta, qui curſus hic expreſſus eſt linea.ou, mil- 
| Harium 14; unde evariatio latitudinis datur o gradus fed 214 ſcrupula: quam 
ita ſuæ ſelidi inſcribam; et, quia latitudinem loci, unde diſceſſum eſt, minuit, 
& regione adſcribam notam ſubductionis S. Hinc, ut ante, longitudinis evariatio 
dabitur 1 gr. 23 ſcr. addenda : quz ſingula in ſuas propriaſque ſelides referam, 
ut Prius. | 

Quintus curſus eſt V iterùm O. Z. O, ſeu loxodromia ordine ſexta millia- 
rium 3; unde latitudinis evariatio datur o gr. 4+ ſcr. ſubducenda: quæ ita ſuis 
laterculis inſeram. Porro longitudinis evariatio hinc exiſtit o gr. 17% fcr. ad- 
denda antecedentibus: atque ita ſuis laterculis inſeriptas vides. 


Sextus curſus eſt W. Z. W. Loxodromia itidem ord ine ſexta, milliarium 11, 
que deſignatur in tabella per lineam YS; unde latitudinis evariatio datur o gr. 
17 ſcr. quæ adhuc in auſtrum tendit, atque ideò ſubducenda; unde parallelus 
per S punctum datur 50 gr. 45 ſcr. Et hinc evariatio longitudinis invenietur eſſe 
1 gradus et ſcrupula 45: led, quia hic curſus in occaſum reflectitur, ſubducenda. 
Quare longitudinis differentia inter meridianos per A et S tranſcuntes erit tan— 
tim 4 grad. 14 ſcrup. 

Septimus curſus eſt W. t. Z. loxodromia itidem ordine ſeptima, milliarium 15, 
que exprimitur linea SR ; unde latitudinis evariatio invenietur o gr. 1 ſc. ſub- 

ducenda, 
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qucenda, quia curſum promovet in auſtrum. Et inde longitudinis evariatio 
o gr. 8 ſcr. ; que eſt ĩtidem ab antecedentibus {ubducenda, quia curſum in occatum 
contra ſcopum adauget. Atque ita utroſque hos numeros ſuis locis reteram, 

Oaavus curſus eſt Z. O. t. Z. loxodromia tertia, que notatur linca RL, 
et milliarium 24; unde latitudinis evariatio datur o gr. 85 ſcr. que itidem, 
ut omnes antecedentes curſum in meridiem promovet. Hiac longitudinis eva- 
riatio invenietur o gr. 84 fer. quæ rursùm ex inſtituto curſum versùs optatum 
ſcopum promovet. Atque ideò ita luis locis referam cum notis, illi S, bie A. 

Nonus cutſus Z. O. t. Z. elt Loxodromia ejuſdem generis cum antecedente, 
ſcilicet, Loxodromia tertia, et deſignatur per lineam LM, milliarium 5; atque 
ideò dabit latitudinis evariationem o gr. 165 fer. ſubducendam; et inde evaria- 
tionem longitudinis o gr. 173 fer. addendam. 


Decimus curſus MN, Z. Z. O. loxodromia ſecunda milliarium 14, dabit 
latitudinis evariationem o gr. 514 ſcr. ab antecedentibus ſubducendam, et lon- 
gitudinis evariationem O gr. 33 (cr, quæ itidem curſum versus locum optatum 
promovet. Atque ideo cum ſuis notis ſuis locis inferam, Hactenùs integro 
quatriduo in mari Oceano jactati, nullam de cœlo obſervandi occaſionem ha- 
hbucre; nunc tandem reddita ſerenitate, et diſcuſſis nebulis, obſervatio ipſo meri- 
die ad ſolem inſtituta exhibet poli altitudinem 48 gr. 38 ſcr. Hanc cum ca, quam 
ex loxodromiarum curſibus et quantitate derivavi, contendam. Additis enim la- 
titudinis evariationibus ad ſingulos curſus pertinentibus, (quæ è curſuum quan- 
titate jam ſunt deri vatæ, et omnes homogeneæ in meridiem a ſeptentrione con- 
tinuatæ,) dabitur earum ſumma, 2 gradus et 58 ſcrupula; que, de prima poli 
- altitudine in puncto A 52 gr. 25 fer. deducta, relinquet altitudinem poli N 
punt zſtimatam 49 gr. 27 ſcr. Atqui obſervata erat tantùm 48 gr. 38 ſcrup. 
Differentia utriuſque eſt 49 icrupulorum. Si igitùr huic cœleſti obſervationi 
fidam, et de ejus dijigentia certus ſim (eam enim poſtridie ad ſolem, aut noctu 
ad fixas, iteratà obſervatione explorare poteris,) hie, repudiatã latitudine ex 

arfibus æſtimatà, navem in tabel}a ex N puncto in parallelum obſervatum FG 
transferam ſub eodem meridiano NG; ut latitudinem quidem ad cœleſtem 
obſervationem componam ; longitudinem autem, quam ex loxodromiis derivavi, 
lervem eandem; que hic item ex ſingulis curſibus eruetur, additis addendis, 
et ſubductis ſubducendis; quemadmodum hic vides. 


{cr. 

50 gr. cr. 
26 1 4 
10 2 8 
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Summa addendorum eſt 5 gr. 15% ſcr. et ſubducendorum 1 gr. 122 fer, 81 
itaque hunc de illo ſubducam, relinquitur longitudinis evariatio 4 gr. 3 ſcr. 
tantimque ab inſulà et loco A versùs ortum profecimus in F. Si igitùr A ſtatua-— 
tur ſub meridiano 344, N et F erunt ſub meridiano 344; adeò ut hæc tranſlatio 
termini F tantum latitudinem ſpectet, manente longitudine æſtimata. 


Verùm hic primum illud occurrit, quod differentia inter obſervatam et con- 
jectaneam altitudinem intercedat 49 ſcrupulorum; que ſatis magna differentia 
efle videatur ; et proptereà obſervatio minus diligentèr fuiſſe inſtituta. Sed in ob- 
ſervatione nullum ſubeſſe vitium, conſenſus arguit. Cum enim plures, et quidem 
periti naucleri eadem veherentur navi, quorum major pars et Orientalem et 
Occidentalem Indiam non ſemèl adierant; quique hujuſmodi obſervationum 
eſſent callentiſſimi; tamen omnes infra nonum et quadrageſimum gradum ſub. 
ſiſtunt, et ea gratia horum omnium obſervationes accurate et diſtinctè adno- 


tabo. 


. 
48. 34 | 48. 8 48. 58 | 48: 38 | 48. 20 | 48. 71 


Ego obſervationem quartam in omnibus ſum ſecutus, cujus autor, ut ceteris in 
arte peritior, ita ſumma diligentia et ſedulitate in hoc negotio ad æmulationem 
uſque ſit verſatus; vides enim e reliquis quatuor longe etiam infra ipſum ſub- 
ſiſtere, unum autem tantum excedere; quod argument ſatis eſt eam obſerva- 
tionem eſſe vero proximam ; quarè ea nobis pro legitima eſto; et inter con- 
jectaneam atque obſervatam Jatitudinem tauta differentia, quantam ſupra ex- 
preſſimus, nempe 49 ſcrup. Quamobrem illud nunc hinc conſtanter arguitur, 
maris agitationem illic a Borea in meridiem ferri occulto motu, atque ideò tanto 
plus ipſos profeciſſe quam exiſtiinarent, aut conjecturis aſſequi poſſent. Etiamſi 
enim hujus motũs non eſſent ignari, et conjecturas ſuas in itineris confecti æſti- 
matione, et cursũs plagi ſecundum acùs magneticæ ſitum factà, nonnihil ſecun- 
dum eam maris agitationem definiverint expreſſer intque; tamen nondum ipſum 
verum uſquequaque aſſecutos res ipſa loquitur: quod idem quoque, obferva- 
tione ad diem 24. inſtituta, infra confirmabitur. Et quamvis hoc motu longi- 
rudinis differentiam quoque non nihil luxatam exiſtimem; quia tamen pedum 
nulla apparet via, ex qua eadem quoque inſtaurari corrigique poſſit, ea tanta 
nobis retinenda eſt, quantam calculus è loxodromiis derivatus ſuppeditavit. Et 
hinc a puncto F reliquæ deinceps loxodromiæ ſunt ordinandæ poſthabito N 
termino, tanquam erroneo. 


Ab F itaque fit initium cursùs undecimi, qui eſt Loxodromia Z. Z. O. ite- 
rum ſecunda, 2, milliarium; unde Jatitudinis evariatio datur o gr. 74 ſcr. augens 
itineris profectum in meridiem : et evariatio longitudinis o gr. 4+ ſcr. itidem 
adjectiva, ut in canonio expreſſum vides; que in tabulã deſignatur a linea FH. 


Hinc duodecimus curſus Z. W. loxodromia quarta, milliarium *, ut HK, 
unde Jatitudinis evariatio dabitur o gr. 21+ ablativa; et longitudinis evariatio 


© gr. 32% {cr, ablativa, quia in occaſum reflectitur, cum noſter ſcopus, Fatcei, 
| in 
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in ortum à nobis abſit; atque ita ſuis notis in ſelides et laterculos devitos hos 
numeros referam. Et quia reliqua tabella non capit, cum his exemplis ſatis 
clarè omnia expreſſerimus, ſolos numeros, quibus longitudinis et latitudinis 
evariatio explicatur, in canonio cum ſuis notis calculo noſtro ſubductos anno- 
tabo, et ſinem bie faciam : ubi illud ante monuero, me ſcrupulorum particulas 
in latitudine quoque adhibuiſſe, et illam ππ¼?⁰?hͤ u ſecutum; non quod tanti ea 
res ſit, ſed duntaxàt ut hoc exemplo docerem ad ſummam axeav hic nihil 
elſe reliqui, quod jure deſiderari poſſit. Et ſane quamvis abſque damno iſtæ 
particulæ impleri, et ſcrupulum proximum aſſumi poſſit in quatuor primis, ſeu 
mints obliquis loxodromiis; certè in reliquis, maximè poſt quintam aut ſextam 
Loxodromiam, minus tutò negliguntur ; cum illic facile unius aut alterius 
ſerupuli differentiam, in obliquiſſimis etiam complurium, earum neglectus in- 
ducere poſlit, 


Hic ita porro calculum latitudinis et longitudinis ac ſingulos curſus ſubduxi, 
ulque ad diem quartum et viceſimum, ubi rursùm de cœlo obſervatum eſt, at- 
que loci ſeu illius paralleli latitudo inventa 42 gr. 54 ſer. cum ex conjecturã et 
itineris confecti æſtimatione deprehenderim 43 gr. 58 ſcr. ergò nunc fit manifeſ- 
tum quod integro gradu in con jectaneà latitudine erratum fit. Atque ita a conjec- 
turis ad obſervationem tranſibo, et pro æſtimato parallelo 43 gr. 58 ſcr. ſtatuam 
navem in parallelo 42 grad. 54 ſcr. 


Quamobrem, cum, et ſupra et nunc quoque, bis jam fit obſervatum navem 
utrobique integrum gradum ſupra æſtimationem profecifle in auſtrum; cũmque 
obſervationes de cœlo factæ ſint (quantum maris agitatio ſinit) ſatis accurate, 
inſupèr itineris quoque æſtimata quantitas et plaga communi omnium conſenſu 
approbata ; atque ita quidem ut A peritiſſimis ſolet, quique hujus agitationis 
non eſſent ignari; experimur tamen in iſto exemplo mare adhuc potentiùs A 
Septentrione in meridiem cieri quam ipſis viſum fit: Optandum utique eſſet 
frequentes peritorum nauclerorum navigationes diligenter confignatas in perito- 
rum manibus verſari, ut inde paulo conſtantius de ifta latente et occult agita- 
tone judicium capi poſſet: et naucleri, qui iſta maria frequentant, commoneri, 
quemadmodùm æſtimatas loxodromias, aut curſus in ſuas ephemerides referre 
debeant; quemque curſum pro alio ſubſtituere habeant neceſſe; vel potiùs, 
quod in talibus utique mavelim, ut viſe loxodromiæ abſque nautica cenſura 
quemadmodum pyxis eas exhibuit feorsim conſignarentur, et ſeorsim item idem 
ſecundum ipſorum cenſuram; ita enim veritas faciliùs in apertum educeretur. 
La ſanè res maximi effet uſüs. Memini enim viros in hac arte peritos, mihi 
olim narraviſſe nauclerum quendam non è vulgo, qui ſemel atque iteram Am- 
ſtelodamo Maderam inſulam contra Africæ promontorium poſitum peteret, bis 
ITIto curſu et re infectà domum reverſum, neque eam in medio mari poſitam 
adire potuiſſe. Scilicet occulta illa maris agitatio ei non erat perſpecta; atque 
dev ct ipti et heris ſuis profectio ea fuit damnoſa. 


Sequitur obſervatio quarta ad diem vigeſimum ſextum 39 gr. 24 ſcr. ubi 
conjectanea latitudo datur 39 gr. 18 ler. (difterentis minima inter utramque z) 
longitudo autem 350.0, 
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Tum quinta ad diem vigeſimum nonum 39 gr. 16 ſcr, et conjectanea 39 gr. 
31 fer. et jongitudo 352 gr. 36 ſcr. 

Hinc ſexta 35 gra. 24 ſcr. Deinde ſeptima 39 gra. 13 fer. Poſt hanc - 
tava 38 gr. 58 ſcr. Denique ultima ad diem 4 Auguſt 38 gra. 50 ler. « 
longtudine e loxodromiis derivata. 2 gr. 30 ſer. 

Atque ita piimum meridianum, qui per inſulas Cervo et Flores ducitur, tranſi- 
vimus, et concludere debemus quod Faijal inſula, (quam hoc curſu petivimus) 
2 gr. 30 ſcr. ito orientalior fit. Atque diſtantia meridianorum ab inſula Bella 
ad hanc uſque erit 22 gr. 59 ſcr. et latitudinis differentia 13 gr. 35 cr. 


Haud aliâ ratione longitudinis et latitudinis evariationem è ſingulis curſibus 
derivatam annotavimus, et cum obfervata latitudine comparavimus ab inſula 
Faial ad extremum fummumque Hiſpaniæ promontorium Caput fints terre vulgy 
dictum, quæ omnia ſuis ſelidibus et laterculis ordine inſcripſimus, unde diffe- 
rentia latitudinis datur 3 gr. 52 ſcr. longitudinis autem 18 gr. 1 fcr. Et tota 
longitudinis differentia inter Yulam Bellam in Americano littore, atque Caput 


Anis terre, Hiſpaniæ promontorium, datur 41 gr. o cr. 


Illud vero obitèr mihi hic notandum videtur, primum meridianum à quibuſ- 
dam ftatui per inſulas Corvo et Flores, quia iſtic acus magnete illita accurate 
Septentrionem et meridiem ſpectat; ab aliis autem per Tergeram inſularum Ca- 
- nariarum, (ſeu Fortunatarum, ut quibuſdam videtur,) unam, in qua eſt celſa et 
ſublimis petra altitudine quinquaginta ſtadiorum, idque ratione perpendiculi; 
que ab intervallo quatuor graduum è meridie aut ſeptentrione ad ventantibus 
ſpectatur. Cum enim altitudo poli in Teuari fit 28 gr. 20 ſcr. Maderæ au- 
tem 32 gr. 30 ſcr. tamen a Maderd uſque videtur ſupra horizontem extare al- 
titudine templi eminus conſpecti. Hunc 1gitur montem, El Pico incolis dic- 
tum, tanquam ſignum a natura poſitum plerique hodie primi meridiani initium 
ſtatuunt ; diſtat autem meridianus per E Pico in Tenariffd eduftus a meridiano 
per infulas Corvo et Flores gradibus quatuordecim. Quod fi igittr hic pri- 
mum meridianum ſtatuas, Faijal erit ſub meridiano 11 gr. 30 ſcr. Et quamvis 
perinde fit unde meridianorum initium derivetur ad differentiam longitudinis & 
curſibus inveſtigandam ; necefle tamen eſt ut id accurate cognoſcas, f1 iter tuum 
in ipſa tabula velis conſignare, ut noris in quorumnam locorum vicinia verſeris. 
Quamobrem hæc ita monuiſſe ſufficiat ; et hie quoque ſimùl ſecundi libri finis 
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( 206 ) 
| 5 1 2 3 4 
I 1.0000 61.0031 121.0247 | 181.0830 | 241.1964 
2 | 2.0000 62.0033 122.0253 | 182.0844 | 242.1989 
3 30000 63.0034 | 123.0259 183.0858 | 243.2013 
4 4.0000 64.0036 | 124.0266 184.0872 | 244.2038 
5 5.0000 65.0038 | 125.0272 | 185.0886 | 245.2064 
6 6.0000 66.00 10 | 126.0279 186.0901 | 246.2089 
7 | 70000 | 67.001 | 127.0285 | 187.0915 | 247.2115 
8 8.0000 68.0013 | 128.0292 | 188.0930 | 248:2141 
| 9 9.0000 | 69.0015 | 129.0299 | 189.0945 | 249.2167 | 
10 10.0000 70.0047 | 130.0306 | 190.0960 | 250.2193 
11 11.0000 71.0049 | 131.0313 | 191.0976 | 251.2220 
12 12.0000 72.0051 132.0321 192.0991 | 252.2246 
13 13.0000 | 73.0054 133.0328 193.1007 253.2273 
14 14.0000 74.0056 | 134.0336 | 194.1022 254.2300 
15 15.0000 75.0058 | 135.0343 | 195.1038 255.2328 
Eos 16.0000 76.0061 136.0350 | 196.1054 | 256.2355 
17 17.0000 77.0063 | 137.0359 | 197.1071 237.2383 
18 18.0001 78.0065 | 138.0367 | 198.1087 | 9382411 |- 
— —— — — — — — — ö 
19 19.0001 79.0068 | 139.0375 | 199.1104 | 259.2439 
20 20.0001 80.0071 140.0383 | 200.1120 | 260.2468 
21 21.0001 81.0073 141.0391 201.1138 | 261.2496 | 
99 22.0001 820076 | 142.0399 | 202.1155 | 262.2525 
23 23.0002 83.0080 | 143.0408 | 203.1172 263.2551 
94 24.0002 84.0082 | 144.0417 | 204.1189 | 264.2583 
25 25.0002 | 85.0085 145.0426 | 205.1207 | 265.2613 
26 26.0002 86.0089 | 146.0434 | 206.1225 | 266.2643 
27 27.0002 87.0091 | 147.0444 | 207.1243 | 267.2673 
98 98.0003 88.009 4 148.0453 | 208.1261 268.2703 
29 29.0003 89.0098 | 149-0462 | 209.1279 269.2734 
30 | 30.0004 | 90.0101 | 150.0471 | 210.1298 | 9702765 


( 7 1 
N | "RT 1 5 3 4 
31 31.0004 91.0104 | 151.0481 | 2114317 | 271.2795 
32 32.0004 92.0108 | 152.0491 | 212.1335 | 272.2897 
33 33.0005 93.0111 | 153.0500 | 213.1354 | 273.9858 
| 34 34.0005 94.0115 | 134.0510 | 214.1374 274.2890 
35 35.0006 95.0119 | 155.0520 | 215.1393 275.2921 
36 36.0006 96.0123 | 156.0530 | 216.1413 276.2954 
37 37.0007 | 97.0127 | 157.0541 217.1432 | 277.2986 
| 38 {|| 38.0007 98.0131 158.0552 | 218.1452 | 278.3018 
39 39.0008 99 0135 | 159.0562 | 219.1473 279.9031 
40 40.0008 | 100.0139 |- 160.0572 | 220.1493 | 280.3084 
41 41.0009 101.0143 161.0583 921.1513 281.3117 
42 42.0010 | 102.0147 | 162.0594 [ 2921534 | 282.3151 
43 43.0011 | 103.0152 | 163.0605 [223.1355 283.3185 
44 44.0012 | 104.0156 | 164.0617 | 224.1576 | 284.3219 
| 45 45.0012 | 105.0161 | 165.0628 | 925.1597 | 985.3953 
46 46.0013 | 106.0166 |} 166.0640 | 926.1619 | 286 3287 
47 47.0014 | 107.0170 | 167.0651 297.1640 | 287.3392 
18 48.0015 | 108.0175 | 168.0663 | 228.1662 | 288 3357 
49 49.0016 | 109.0180 | 169.0675 | 929.1684 | 989.3309 | 
50 50.0017 | 110.0185 | 1700687 | 230.1706 | 290.3498 
51 51.0018 { 111.0190 | 171.0699 231.1729 291.3463 
52 52.0019 | 112.0195 | 172.0712 | 92321751 292.3499 
53 59.000 | 113.0200 | 173.0724 | 933.1774 | 293.3535 
54 54.0021 | 114.0206 | . 174.0737 | 234.1797 294.3572 
55 55,0023 115.0212 | 175.0750 | 235.1820 | 295.3609 
56 56.0024 | 116.0217 | 176.0763 | 236.1844 | 296 3646 
57 57.0025 | 117.0223 | 177,0775 | 237.1868 | 297.3686 
58 58.0027 | 118.0229 | 178.0790 | 238.1891 | 298.3720 
59 i 59.0028 | 119.0235 179,0803 | 239.1915 | 299.3758 
60 j| 60.0030 | 120.0240 |__ 180.0816 | 240.1940 | 300.3796 | 


( 08) 
WE 5 ng 5 8 3 
| | 301.383 361.6625 422.0525 | 482.5722. | 543.2407 
2 i} 302.3872 | 362.6681 | | 423.0600 | 483.5821 | 544.2532 
| — ——_ |__| ooo eo — ai — — cw 
| 3 4 303.3911 | 363.6736 | , 424.0676 | 484.5920 | 545.2658 | 
4 304.3950 | 364.6792 | 425.0752 485.6019 546.2784 
wor 305.3989 | 365.6849 | 426.0829 | 486.6119 | 547.2910 
| 6 306.4029 306.6905 | 427.0906 487.6220 548.3037 
7 # 207.4069 | 367.6962 | 428.0983 | 488.6320 | 579.3164 
8 308.4109 | 368.7019 | 429.1061 | 489.6421 | 550.3292 
| 9 | 309.4149 | 369.7077 | 430.1139 | 490.6523 | 551.3421 
10 310.4189 | 370.7135 | 431.1217 | 491.6625 | 5523550 | 
l 311.4230 371.7193 432.1296 492.6728 553.3679 
12 | 312.4271 | 372.7252 433.17 | 493.6830 | 554.3809 
| 13 || 313.4313 | 373.7310 | 434.1454 | 494.6934 | 555.3939 
14 || 314.4354 | 374.7370 | 435.1534 | 495.7037 | 556.4070 
15 || 315.4396 | 375.7429 | 436.1615 | 496.7142 | 557.4201 | 
16 || 316.4438 | 376.7489 | © 437.1695 | 497.7246 | 558.4333 
17 317.4481 | 377.7549 | 438.1776 | - 498.7351 | 559.4465 
18 || 318.4523 | 378.7609 | 439.1857 499.7456 560.4598 
19 || 319.4566 | 379.7670 | 440.1939 | 500.7562 | 561.4731 * 
20 320.4609 | 380.7731 | 441.2021 | 501.7669 | 562.4865 
21 || 321.4653 | 381.7793 | 442.2104 | 502.7775 | 563.4999 
22 | 322.4697 | 382.7854 | 443.2187 | 503.7882 | 564.5131 
F —— —ͤ— — — — — 
23 | 323.4741 | 383.7916 444.2270 | 504.7990 | 565.5269 
| 24 (324.4785 384.7979 445.2353 505.8098 566.5404 
| | — —— — — — —ůů 
25 325.4829 385.8042 446.2437 | 506.8207 | 567.5541 
26 || 326.4874 386.8105 447.2522 507.8315 568.5677 
| —— 
27 || 327.4919 | 387.1681 | 448.2607 | 508.8425 | 569.5814 
| 28 | 328.1965 | 388.8232 | 449.2692 | 509.8534 | 570.5952 | 
29 | 329.5011 | 389.8994 | 450.2777 | 510.8644 | 571.6090 
| 30 !| 330.5057 | 390.8360 | 451.2863 | 511.8755 | 572.6228 


( 209 ) 

5 5 6 7 | 8 9 

31 331.5103 | 391.8425 | 452.2949 | 512.8866 | 573.6386 
32 | 332.5149 | 392.8490 | 453.3036 | 513.8978 | 574.6507 
33 | 333.5196 | 393.8555 | 454.3123 | 514.9090 | 575.6647 
34 | 334.5243 | 394.8621 | 455.3211 | 515.9202 | 576.6788 
35 | 335.5991 | 395.8687 | 456.3298 | 516.9315 | 577.6929 
% | 336.5338 | 396.8733 | 457.3387 | 517.948 | 578.7070 
375 337.5386 | 397.8820 | 458.3475 | 518.9542 579.7212 
3 | 338.5434 | 398.8887 | 459.3564 | 519.9656 | 580.7355 
39 339.5483 399.8954 | 460.3654 | 520.9771 581.7498 

| 40 | 310.5532 | 400.9022 461.3744 | 521.9886 | 582.7641 

Fa 341.5581 | 401.9090 | 462.3834 523.000! | 583.7785 / 
12 || 342.5630 | 402.9159 | 463-3924 | 524.0117 | 584.7930 
43 343.5680 | 403.9227 | 464.4015 | 525.0234 | 585.8075 
44 || 3445730 | 404.9997 | 465.4107 | 526.0350 | 586.8220 
3s | 345.5780 | 405.9366 | 466.4198 | 527.0468 | 587.8366 
46 ||. 346.5831 | 406.9436 | 467.4291 | 528.0586 | 588.8513 
47 || 347.5882 | 407.9506 | 468.4383 | 529.0704 | 589.8660 
48 || 348.5933 | 408.9576 | 469.4476 | 530.0822 | 590.8807 
49 || 349.5984 | 409.9647 | 470.4570 | 531.0942 | 591.8956 
50 || 350.6036 | 410.9718 | 471.4663 532.1061 [ 592.9104 
51 351.6088 | 411.9790 | 472.4758 | 533.1181 | 593.9253 
59 352.6140 | 412.9862 | 473.4852 | 534.1302 | 594.9403 | 
53 || 353.6193 | 413.9934 | 474.4947 | 535.1423 | 595.9553 
54 | 354.6246 | 415.0007 | 475.5043 | 536.1544 | 596.9704 
55 355.6299 | 416.0080 | 476.5138 | 537.1666 | 597.9855 | 
56 | 356.6333 | 417.0153 | 477.5235 | 538.1788 | 599.0007 | 
57 357.6407 | 418.0227 | 478.5331 | 539.1911 | 600.0159 | 

| 58 | 358.6461 | 419.0301 | 479.5428 | 540.2034 | 601.0312 | 
59 | 359.6515 | 420.0375 | 480.5526 | 541.2158 | 602.0165 
60 3606570 | 421.0450 | 481.5624 | 542.2282 | 603.0618 
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| 10 WE 12 | 14 
1 604.0773 | 665.1016 | 726.3333 | 787.7929 | 849.5008 
T5 605.0927 | 666.1203 | 727.3557 | 788.8193 | 850.5315 
18 606.1083 | 667.1392 | 728.3782 | 789.8457 351.5623 
4 607.1239 | 668.1581 | 729.4007 | 790.8723 | 852.5931 
[7 'S 608.1395 | 669.1770 | 730.4233 | 791.8988 | 853.6241 
6 609.1552 | 670.1960 | 731.4470 | 792.9255 | 854.6550 
7 610.1709 671.2151 732.4687 793.9522 855.6861. 
8 611.1867 | 672.2342 | 733.4915 | 7949790 | 856.7172 
9 612 2026 | 673.2534 | 734.5143 796.0058 857.7485 
10 613.2185 | 674.2726 | 735.5372 | 797.0328 | 858.7797 
11 | 614.2344 | 675.2919 | 736.5602 | 798.0598 | 859.8111 
12 615.2504 | 676.3113 | 737.5832 | 799.0868 | 860.8426 
13 616 2665 | 677.3307 | 738.6064 | 800.1140 | 861.8741 
14 617.2826 | 678.3502 | 739.6295 | 801.1411 | 862.9057 
15 618.2988 | 679.3697 | 740.6528 | 802.1655 | 863.9373 
16 619.3150 | 680.3893 | 741.6761 | 803.1958 864.9691 
17 620.3312 | 681.4089 | 742.6994 | 804.2232 | 866.0009 
18 621.3476 | 682.4286 743.7228 | 805.2507 | 867.0328 
19 622.3640 | 683.4484 | 744.7463 | 806.2783 | 868.0648 
20 | 623.3804 | 684.4682 | 745.7699 | 807.3059 | 369.0968 
21 624.3969 | 685.4881 | 746.7935 | 808.3336 | 870.1290 
22 625.4134 | 686.5081 | 747.8172 | 809.3614 | 871.1612 
; 
23 626.4300 | 687.5281 | 748.8410 | 810.3892 | 8721935 
24 627.4167 | 688.5481 | 749:8648 | 811.4171 | 873.2258 
95 628.4634 | ,689.5683 | 750.8887 | 812.4451 | 874.2583 
26 629.4801 | 690.5881 751.9126 5813.4732 | 875.2908 
97 630.4969 | 691.6087 | 752.9366 814.5013 876.3234 
28 631.5138 | 692.6290 | 753.9607 815.5295 | 877.3560 
| 99 632.5307 | 693.6494 | 754.9849 | 816.5578 | 378.3888 
30 || 633 5477 | 694.6698 | 756.0091 | 817.5861 | 879.4216 


( an 
| 10 11 12 13 14 
31 634.5647 605.6903 757.0334 | 818.6145 | 880.4545 
32 635.5818 | 696.7108 758.0577 819.6430 881.4875 
33 636.5989 697.7314 759.0821 820.6716 | 882.5205 
34 637.6161 698.7521 760.1066 821.7002 | 883.5537 
| 35 638.6334 | 699.7798 | 761.1311 | 822.7289 | 884.5869 | 
36 639.6507 700.7936 762.1558 | 823.7577 885.6201 
37 640.6681 701.8145 763.1804 | 824.7865 886.6535 | 
38 641.6855 702.8354 | 764.2052 825.8155 887.6870 
39 642.7029 703.8564 765.2300 826.8445 | 888.7205 
40 643.7205 704.8774 766.2549 827.8735 889.7541 
41 644.7381 705.8985 767.2798 828.9027 890.7878 
42 645.7557 706.9196 768.3048 829.9319 891.8216 
43 646.7734 | 707.9408 | 769.3299 | 830.9612 | 892.8554 
44 647.7911 708.9650 | 770.3550 | 831.9905 893.8893 
45 648.8089 709.9834 771.3804. | 833.0199 894.9233 
46 649.8268 711.0048 772.4055 834.0494 895.9574 
47 650.8447 712.0262 | 773.4309 | 835.0790 | 896.9915 
48 651.8627 713.0478 774.4533 836.1087 | 898.0258 
49 652.8807 | 714.0694 | 775.4818 | 837.1384 | 899.0601 
50 653.8988 715.0910 776.5073 838.1682 | 900.0945 
51 654.9170 716.1127 | 777.5330 | 839.1981 901.1290 
52 655.9352 717.1345 778 5586 810 2280 902.1635 
53 656.9534 718.1563 779.5844 841.2580 903.1981 | 
54 657.9718 719.1782 780.6102 | 842.2881 904.2329 | 
55 658.990] 720.2002 | 781.6361 813.3183 | 905.2677 
56 660.0085 791.9299 | 782.6621 844 3485 | 906.3025 
57 {|| 661.0270 722.2443 783 6881 815.3788 907.3375 
58 662.0456 723.2665 784.7142 | 846.4092 | 908.3725 
59 663.0642 724.2887 785.7404847. 1397 909.4076 
60 || 664.0828 | 725.3110 | 786.7666 | 848.4702 | 910.4428 *| 
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15 16 17 18 19 
911.4781 973.7461 | 1036.3266 1099.24221162.5158 
912.5134 | 974.7864 | 1037.3724 | 1100.2938 | 1163.5735 
913.5489 | 975.8269 | 1038.4183 | 1101.3454 | 1164.6313 
914.5844 | 976.8675 | 1039.4642 | 1102.3972 | 1165.6893 
915.6200 | 977.9081 | 1040.5103 | 1103.4491 | 1166.7373 
916.6557 | 978.9489 | 1041.5565 | 1104.5010 | 1167.8055 
917.6915 | 979.9897 | 1042.6027 | 1105.5531 | 1168.8637 
918.7273 | 981.0306 | 1043.6491 | 1106.6052 | 1169.9221 
919.7632 | 982.0716 | 1044.6955 | 1107.6575 | 1170.9806 
920.7992 | 983.1126 | 1045.7420 | 1108.7099 | 1172.0392 
921.8353 | 984.1539 | 1046 7887 | 1109.7623 | 1173.0979 
922.8715 985.1951 | 1047.8354 | 1110.8149: | 1174.1567 
923.9077 986.2365 | 1048.8822 | 1111.8676 | 1175.2156 
924.9441 | 987.2779 | 1049.9291 | 1112.9203- | 117642746 

925.9805 | 988.3194 | 1050.9761 | 1113.9732 | 1177-3337 
927.0170 | 989.3610 | 1052.0232 | 1115.0261 | 1178.3929 
998.0536 | 990.4027 | 1053.0704 | 1116.0792 | 1179.4522 
929.0902 | 991.4445 | 1054.1177 | 1417.1324 | 1180.5117 
930.1270 | 992.4864 | 1055.1651 | 1118:1856 | 1181.5712 
931.1638 | 993.5284 | 1056.2126 | 1119.2390 | 1182.6309 
932 2007 | 994.5704 | 1057.2601 | 1120.2925 | 1183.6906 
933.2377 | 995.6126 | 1058.3078 | 1121.3460 | 1184.7505 
934.2748 | 996.6548 | 1059.3556 | 1122.3997 | 1185 8105 
935.3119 997.6971 | 1060.4034 | 1123:4535 | 1186.8706 
936.3492 | 998.7395 | 1061.4514 | 1124.5074 | 1187.9308 
937.3865 | 999.7820 | 1062.4994 | 1125.5614 | 1188.9911 

938.4239 | 1000.8246 | 1063.5475 | 1126.6154 | 1190.0514 
939.4614 | 1001.8673 | 1064.59538 | 1127.6696 | 1191.1120 
910.4990 | 1002.9101 | 1065.6441 | 1128.7239 | 1192.1726 

1003.9529 | 1066.6926 | 1129.7783 | 1193.2336 | 


941.5366 


( 213 ) 


> en 18 19 
942.5744 | 1004.9959 | 1067.7441 | 1130.83 | 1194.2942 
943.6122 | 1006.0389 | 1068.7897 | 1131.8874 | 1195.3552 
944.6501 | 1007.0820 | 1069.8385 | 1132.9421 | 1196.4163 
945.6881 | 10081253 | 1070.8873 | 1133.9969 | 1197.4774 
946.7262 | 1009.1685 | 1071.9362 | 1135.0518 | 1198.5387 
947.7643 | 1010.2120 | 1072.9852 | 1136.1068 | 1199.6001 
948.8026 | 1011,2555 | 1074.0343 | 1137.1619 | 1200.6616 | 
949.8409 | 1012.2990 | 1075.0835 | 1138.2171 | 1201.7232 
950.8793 | 1013 3427 | 1076.1328 | 1139.2724 | 1202.7850 
951.9178 | 1014.3865 | 1077.1822 | 1140.3279 | 1203.8468 
952.9564 | 1015.4303 | 1078.2317 | 1141.3834 | 1204.9087 
953.9951 | 1016.4743 | 10792813 | 1142.4390 | 1205.9708 | 
955.0338 | 1017.5183 | 1080.3310 | 1143.4947 | 1207.0330 
956.0727 . | 1018.5624 | 1081.3808 | 1144.5506 | 1208.0952 
957.1116 | 1019.6067 | 1082.4307 | 1145.6065 | 1209.1576 
958.1506 | 1020.6510 | 1083.4806 | 1146.6626 | 1210.2201 
959.8197 | 1021.6954 | 1084.5307 | 1147.7187 | 1211.2828 
960.2289 | 1022.7399 | 1085.5809 | 1148.7750 | 1212.3455 
961.2682 | 1023.7844 | 1086.6312 | 1149.8313 | 1213.4083 
962.3075 | 1024.8291 | 1087.6816 | 1150.8878 | 1214.4713 
963.3469 | 1025.8739 | 1088.7321 | 1151.9443 | 1215.5343 
964.3865 | 1026.9187 | 1089.7826 | 1153.0010 | 1216.5975 
| 965.4261 | 1027.9637 | 1090.8333 | 1154.0578 | 1217.6607 
966.4658 | 1029.0087 | 1091.8841 | 1155.1147 | 1218.7241 
967.5056 | 1030.0539 | 1092.9349 | 1156.1717 | 1219.7877 
968.5454 | 1031.0991 | 1093.9859 | 1157.2287 | 1220.8513 
969.5854 | 1032.1444 | 1095.0370 | 1158.2859 | 1221.9150 
970.6254 | 1033,1898 | 1096.0881 | 1159.3432 | 1222.9788 
| 971,6655 | 1034.2353 | 1097.1394 | 1160.4007 | 1224.0128 
| 972.7058 | 1035.2809 | 1098.1907 | 1161.4582 | 1225.1068 | 
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if 
20 21 22 23 1 
1 || 1226.1710 | 1290.2321 | 1354.7240 | 1419.6726 | 1485.1044 
o || 1297 9353 | 1291.3034 | 1355.8027 | 1420.7591 | 1486.1991 
3 || 1998.2997 | 1292.3748 | 1356.8815 | 1421.8457 | 1487.2941 
+ || 19993642 | 12934463 | 1357.9604 | 1422.9325 | 1488.3891 
5 || 1930.4288 | 1294.5179 | 1359.0394 | 1424.0194 | 1489.4843 
6 || 1231.4936 | 1295.5896 | 1360:1186 | 1425.1064 | 1490.5797 
712325581 1296.6615 | 1361.1979 | 1426.1936 | 1491.6752 
8 || 1933.6234 | 1297 7235 | 1362;2773 | 1427.2809 | 1492.7708 
ſſo || 1234885 | 1298.8056 | 1363.3569 | 1428.3683 | 1493.8666 
10 || 1935.7537 | 1299:8778 | 1364.4366 | 1429.4559 | 1494.9625 
11 1236.8190 13009502 1365.5164 | 1430.5435 | 1496.0585 
12 || 1937 8844 | 1302.0226 | 1366.5963 | 1431.6314 | 1497.1548 
13 || 1238.9500 | 1303.0952 | 1367.6764 | 1432.7194 | 1498.2511 
14 || 19400156 | 1304.1679 | 1368.7566 | 1433.8075 | 1499.3476 
15 || 1941,0814 | 1305.2408 | 1369.8369 | 1434.8958 | 1500.4443 
16 | 12421473 | 1306.3137 | 1370.9173 | 1435.9842 | 1501.5410 
17 123.2133 | 1307.3868 | 1371 9979 | 1437.0726 | 1502.6379 
18 || 12449794 | 1308;6000 | 1373.0786 | 1438.1613 | 1503.7350 
19 || 1945.3456 | 1309.5333 | 1374.1595 | 1439.2501 | 1504.8322 
20 || 1246,4119 | 1310:6067 | 1375.2404 | 1440.3391 | 1505.9295 
o1 || 1947.4784 | 1311.6803 | 1376.3215 | 1441.4281 | 1507.0270 
o9 || 1248.5449 | 1312.7540 | 1377.4027 | 1442.5173 | 1508.1247 
93 || 1249.6116 | 1313.8278 | 1378.4841 | 1443.6067 | 1509.2225 
94 || 1250.6784 | 1314.9017 | 1379.5656 | 1444.6962 | 1510.3204 
25 || 1251.7453 | 1315.9758 | 1380.6472 | 1445.7858 | 1511.4185 
96 | 12528124 | 1317.0499 | 1381.7290 | 1446.8755 | 1512.5167 
o7 || 19253.8795 | 1318.1242 | 1382.8108 | 1447.9654 | 1513.6151 
O98 || 12549468 | 1319.1986 | 1383.8928 | 1449.0554 | 1514.7136 
29 | 1956.0142 | 1320-2732 | 1384.9750 | 1450.1456 | 1515.8122 
30 | 1257,0817 | 1321.3478 | 1386.0572 | 1451.2359 | 1516.9110 


(© 215 ) 
20 21 29 23 21 
31 || 1258.1493 1322.4226 1387.1396 | 1452.3264 | 1518.0099 
32 || 1259.2170 | 1323.4976 | 1388.2221 | 1453.4169 | 1519.1091 
33 || 1260.2848 | 1324.5726 | 1389.3048 | 1454.5077 | 1520.2083 
34 || 1261.3528 | 1325.6477 | 1390.3876 | 1455.5985 | 1521.3077 
35 || 1262.4209 | 1326.7230 | 1391.4705 | 1456.6895 | 1522.4072 
36 || 1263.4891 | 1327.7984 | 1392.5535 | 1457,7806 | 1523.5069 
37 1264.5574 | 1328.8739 | 1393.6367 | 1458.8719 | 1524.6067 
38 || 1265,6258 | 1329.9496 | 1394.7200 | 1459.9633 | 1525.7067 
39 || 1266.6943 | 1331.0253 | 1395.8035 | 1461.0549 | 1526.8068 
| 40 1267.7630 1332.1012 1366.8870 1462.1 166 1527.9071 
41 || 1268.8318 | 1333.1773 | 1397.9707 | 1463.2383 | 1529 0075 
42 || 1269.9007 | 1334.2534 | 1399.0546 | 1464.3303 | 1530.1080 
43 || 1270.9697 1335.3297 | 1400.1385 | 1465.4224 | 1531.2087 
44 || 1972.0388 | 1336.4061 | 1401.2226 | 1466.5147 | 1532.3096 
435 || 1273.1081 | 1337.4826 | 1402.3069 | 1467.6071 | 1533.4106 
46 || 1274.1774 | 1338.5593 | 1403.3912 | 1468:6997 | 1534.5117 
a7 || 1275.2469 | 1339.6360 | 1404.4757 | 1469.7923 | 1535 6130 
48 || 1276.3165 | 1340.7129 | 1405.5604 | 1470.8851 | 1536 7145 
49 || 1277.3862 | 1341.7899 | 1406,6451 | 1471.9780 | 1537.8161 
50 || 1278.4561 | 13428671 | 1407.7300 | 1473.0711 | 1538.9178 
51 || 1279.5960 | 1343.9444 | 1408.8150 | 1474.1643 | 1540.0197 
52 || 1280.5961 | 1345.0218 | 1409.9002 | 1475.2577 | 1541.1217 | 
53 || 1281.6663 | 1346.0993 | 1410.9855 | 1476.3512 | 1542.2239 
54 || 1282-7366 | 1347.1769 | 1412.0709 | 1477.4449 | 1543.3263 
5 || 1283.8070 | 1348.2547 | 1413.1565 | 1478.5387 | 1544.4287 
56 || 12848776 | 1349.3326 | 1414.2422 | 1479.6326 | 1545.5314 
57 || 1285.9483 | 1350.4106 .| 1415.3280 | 1480.7267 | 1546.6341 | 
58 || 1287.0190 | -1351.4888 | 1416.4139 | 1481.8209 | 1547.7371 | 
59 || 1288.0899 | 1352.5671 | 1417,5000 | 1182.9152 | 1548.8402 
60 || 1289.1610 | 1353 6455 | 1418.5867 | 1484.0097 | 1549.9434 


ES „% 


bt DO. GS — 


— 
- - 


E OOF n+ 


— 


2 1 


——— 427 e 


EDO. Ser rr Fear 68 
"TY FI ay. 
* 5 b — 


COS. 
_— > 


+ 
£ 8 
Cov IS a+ 
Fa — 
= 
— 


„ 0 
* 
"WT" * 


— 


r ä — nn ow EW: 


4 


” 


— od Cs — 
— . 


_ — 
9 


5 — 4 — 
— 


= 
I... D— 
— — 


— — 


˖ — 2 


— — 
„ __— q 


b — 


( 216 ) 
25 26 27 28 29 3-4 
1 || 1551,0468 | 1617.5283 | 1684.5785 | 1752.2279 | 1820.5082 
2 || 15521503 | 1618.6411 | 1685.7010 | 1753.3606 | 1821.6518 
3 || 15532540 | 1619.7540 | 1686.8237 | 1754.4935 | 1822.7955 
4 || 1554.3578 | 1620.8671 | 1687.9465 | 1755.6266 | 1823.9394 
s || 1555.4618 | 1621.9803 | 1689.0695 | 1756.7599 | 1825.0835 
6 || 1556.5659 | 1623.0937 | 1690.1926 | 1757.8933 | 1826.2278 
7 || 1557.6702 | 1624.2073 | 1691.3160 | 1759.0270 | 1827.3722 
8 || 1558.7746 | 1625.3210 | 1692.4395 | 1760.1608 | 1828.5169 
o || 1559.8792 | 1626.4348 | 1693.5631 | 1761.2947 | 1829.6617. | 
10 || 1560.9839 | 1627.5489 | 1694.6869 | 1762.4289 | 1830.8067 
11 || 1562.0888 | 1628.6631 | 1695.8109 | 1763.5632 | 1831.9591 
19 || 1563.1938 | 1629,7774 | 1696.9351 | 1764.6977 | 1833.0973 
= 1564.2990 | 1630.8919 | 1698.0594 | 1765.8324 | 18342429 
14 || 1565.4044 | 1632.0066 | 1699.1839 | 1766.9673 | 18353887 
15 || 1566.5099 | 1633.1214 | 1700.3086 | 1768.1023 | 1836.5346 
16 || 1567.6155 | 1634.2364 | 1701.4334 | 1769.2375 | 1837.6808 
17 1568.7213 | 1635.3515 | 1702.5585 | 1770.3729 | 1838.8271 
18 || 1569.8272 | 1636.4668 | 1703.6836 | 1771.5085 | 1839.:9736 
19 || 1570.9333 | 1637.5823 | 1704.8098 | 1772-6442 | 1841.1203 
20 || 1572.0396 | 1638.6979 | 1705.9345 | 1773.7802 | 18422672 
91 | 1573.1460 | 1639.8137 | 1707.0602 | 1774.9163 | 1843.4142 
o9 || 1574.2525 | 1640.9297 | 1708.1860 | 1776.0525 | 18445615 
23 || 1575.3592 | 1642.0458 | 1709.3120 | 1777.1890 | 1845.7090 | 
24 || 1576.4661 | 1643.1620 | 1710.4382 | 1778.3256 | 1846.8566 
— — — — — 
25 || 1577.5731 | 1644.2785 17 11.5646 | 1779.4625 | 1848.0044 
26 || 1578.6803 | 1615.3951 | 1712.6911 | 1780.5995 | 1849.1524 
97 | 1579.7876 | 1646.5118 | 1713.8178 | 1781.7366 | 1850.3006 
o8 | 15808950 | 1647.6287 | 1714.9447 | 1782.8740 | 1851.4490 
"29 | 1582 0027 | 1648.7458 | 1716.0717 | 1784.0115 | 1852.5976 
30 | 1583.1104 | 1649.8631 | 1717.1989 | 1785.1492 | 1853.7464 
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| & 80 ; 31 32 33 34 
1 || 1889.4527 | 1959.0956 | 2029.4732 | 2100.6227 | 2172.5836 
2 || 1890.6075 | 1960.2625 | 2030.6526 | 2101.8153 | 2173.7901 
3 || 1891.7626 | 1961.4295 | 2031.8322 | 2103.0081 | 2174.9968 
4 || 1892.9179 | 1962.5968 | 2033.0120 | 2104.2011 | 2176.2037 
5s || 1894.0734 | 1963.7642 | 2034.1920 | 2105.3944 | 2177.4109 
6 || 1895,2291 | 1964.9319 | 2035.3723 | 2106.5880 | 2178.6183 
7 || 1896,3850 | 1966.0997 | 2036.5527 | 2107.7816 | 2179.8260 
8 || 1897.5410 | 1967.2678 | 2037.7334 | 2108,9756 | 2181.0338 
9 || 1898.6973 | 1968.4361 | 2038.9143 | 2110.1697 | 2182.2420 
10 || 1899.8537 | 1969.6045 | 2040.0954 | 2111.3641 | 2183.4503 
11 || 1901.0104 | 1970.7732 | 2041.2768 | 2112.5587 | 2184.6589 
12 || 1902.1672 | 1971.9421 | 2042.4583 | 2113.7536 | 2185.8677 
13 | 1903.3243 | 1973.1112 | 2043.6401 | 2114.9487 | 2187.0768 
14 || 1904.4815 | 1974.2805 | 2044.8221 | 2116.1440. | 2188.2861 
15 || 1905.6389 | 1975.4500 | 2046.0042 | 2117.3395 | 2189.4956 
16 || 1906.7966 | 1976.6197 | 2047.1867 | 2118.5353 | 2190.7054 
17 || 1907.9544 | 1977.7896 | 2048 3693 | 2119.7312 | 2191.9154 
18 || 109.1124 | 1978.9597 | 2049.5521 | 2120.9275 | 2193.1257 
19 || 1910.2706 | 1980.1301 | 2050.7352 | 2122.1239 | 2194.3362 
20 || 1911.4290 | 1981.3006 | 2051.9185 | 2123.3206 | 2195.5470 
91 || 1912.5876 | 1982.4714 | 2053.1020 | 2124.5175 | 2196.7580 
99 || 1913.7465 | 1983.6423 | 2054.2857 | 2125.7147 | 2197.9692 
93 || 1914.9055 | 1984.8135 | 2055.4697 | 2126.9121 | 2199.1807 
24 || 1916.0647 | 1985.9848 | 2056.6538 | 2128.1111 | 2200.3924 | 
25 || 1917-2241 | 1987.1564 | 2057.8382 | 2129.3075 | 9201.6043 | 
26 || 1918.3837 | 1988.3281 2059.08 | 2130 5055 | 92.02.8165 | 
97 || 1919.5435 . | 1989.5002 | 2060.2076 | 2131.7038 | 2204 0290 
28 || 1920.7035 1990.67 | 2061.3926 |. 2432.9023 | 205.2417 | 

| Ts: — g 
29 || 1921.8637 | 1991.8448 | 2062.5779 | 2134.1011 | 2206. 1516 
30 | 1923.0240 | 1993.0174 | 2063.7633 | 2135.3000 | 2:07.6677 | 
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5 F 32 33 | $4 
31 || 1924.1846 | 1994.1903 | 2061.9490 | 2136.4992 | 2208.88!1 
32 | 1925.2454 | 1995.3633 | 2066.1349 | 2137.6987 | 2210.09 18 
| eee ee 
33 | 1926.5064 | 1996.5365 | 2067.3210 21388981 221 1.3087 
34 || 1927.6676 1997.7100 | 2068.5074 | 2140.0983 | 2212.5228 
35 1928.8290 | 1998.8337 | 2069.6939 | 2141.2984 | 9213.7372 | 
36 || 1929.9906 | 2000.0575 | 2070.8807 | 2142.4987 | 2214.9518 
37 1931.1524 | 2001.2316 | 2072.0677 | 2143.6993 | 2216.1667 | 
38 || 1932.3144 | 2002.4059 | 2073.2550 | 2144.9002 | 2217.3818 | 
39 || 1933.4766 | 2003.5804 | 2074.4424 | 2146.1012 | -2218.5972. | 
40 || 1934.6389 | 2004.7551 | 2075.6301 f 2147.3025 | 2219.8127 | 
41 || 1935.8015 | 2005.9301 | 2076.8180 | 21483.5040 | 2221.0286 | 
42 || 1936.9643 | 2007.1052 | 2078.0061 | 2149.7058 2222.2117 
43 || 1938.1273 | 2008.2806 | 2079.1945 | 2150.9078 | 2223.1610 | 
44 || 1939.2905 | 2009.4561 |} 2080.3830 | 2152.1010 | 2224.6776 | 
| 
45 || 1940.4539 | 2010.6319 | 2081.5718 | 2153.3125 |" 22925.8941 | 
46 || 1941.6175 | 2011.8079 | 2082.7608 | 2154.5152 | 2297.1115 © 
47 1942.7813 | 2012.9841 | 2083.9500 | 2155,7181 2228.3288 | 
48 || 1943.9453 | 2014.1605 | 2085.1395 | 2156.9212 | 2229.5463 
49 || 1945.1095 | 2015.3371 | 2086.3292 | 2158.1246 | 2230.7642 | 
50 || 1946.2739 | 2016.5140 | 2087.5190 | 2159.3283 | 2231.9822 | 
51 || 1947-4385 | 2017.6910 | 2088.7092 | 2160.5321 | 2233.2005 | 
52 || 1948.6033 | 2018.8683 | 2089,8995 | 2161.7362 | 2234.4190 | 
53 || 1949.7683 | 2020.0457 | 2091.0901 | 2162.9405 | 2235.6378 | 
54 1950.9335 | 2021.2234 2092. 2809 | 2164.1451 2236.8569 | 
55 || 1952.0989 | 2022.4013 | 2093.4719 | 2165.3499 | 2238.0762 * 
56 || 19532645 | 2023 5794 | 2094.6631 | 2166 5549 | 2239.2957 | 
57 || 1954.4303 | 2024.7577 | 2095.8546 | 2167.7602 | 9240.5153 { 
58 || 1955.5963 | 2025.9363 | 2097.0463 | 2168.9657 | 2241.7356 | 
59 || 1956.7626 | 2027.1150 | 2098.2282 | 2170.1715 | 2212.95538 | 
60 |} 1957.9290 | 92628.2940 | 2099.4303 | 2171.3775 | 2244.1764 | 
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35 36 37 38 39 | 
2245.3971 | 2319.1062 | 2399.75 269.3953 25.46.0731 
22916.6182 | 2320.3425 | 2395,0089 | 2470.6646 | 2547.3602 
2247.8394 | 2321.5792 | -2396.2616 | 2471.9342 | -2548.6475 | 
2249.0609 2322.8 160 {| 2397 5145 2173,2041 25.49.9332 
22502827 | 2324.0531 | 2398.7677 24.4743 235.2232 
2251.5046 | 2325.2905 | 2400.0213 | 2475,7448 | 2552.5115 | 
2252.7270 | £326.5281 | 2401,2750 | 2477.0155 | 2553.8001 | 
2253.949085 | 2327,7660 2402.5291 | 2478.2865 | 2555,0889 | 
2255.1723 | 2329.0043 | 2403.7834 | 2479.5578 . | 2556.3781 | 
2956.3953 | 2330.2426* | 2405.0381 | 2480.8295 | 2557.6676 | 
9957.6186 | 2331.4813 | 2406.2930 | 2482.1014 | 2558.9574 
2258.8421 | 2332.7203 | 2407.5481 | *2483.3736 | 2560.2475 | 

„ 
2260.0659 | 2333.9595 | 2408,8036 | 2484.6461 | 2561.5380 | 
2261.2899 | 2335.1990 | 2410,0593 | 2485.9189 | 2562.8287 
| e, — 
9262.5142 | 2336.4387 | 2411.3153 | 247.1920 | 2564.1197 
2263.7387 | 2337.6787 242.5716 | 24884653 | 2565,4110 | 
2264.9635 2338.9190 2413.8281 2489.7390 2566 7027 
2266.1885 | 2340.1596 - | 2415.0849 | 2491.0129 | -2567.9946 
2267.4138 | 2341.4004 | 2416.3420 | 2492.2872 2369.2869 
2268.6393 | 2342.6414 | 2417.5994 | 2493.5617 | 2570.5795 
2269.8651 | 2343.8828 | 2418.8571 | 2194.8366 | 2571.8723 
9271.0912 | 2345.1244 | 2420.1150 246.1117 | 2573 1655 
2272.3175 | 2346.3662 | 2421:3732 | 2497.3871 | 2574.4590 
2273.5440 | 2347.6084 | 2422.6318 | 2498.6628 | 2575.7528 
227 4.7708 2348.8508 2423.8906 2499,9388 2577.0469 | 
2275.9979 | 2350.0934 | 2425 1497 | 250i.2151 | 2578.3413 | 
9277.2:52 | 2351.3364 | 2426.4000 | 2502.4917 | 9379.6360 | 
2278.4547 2352.5796 227.6087 2503.7686 2580.9311 |} 
| 2279.6806 | 2353 8230 | 2428.9486 | 250078 | 2582 2:64 | 
| 2280.9086 | 2355.0668 | 2430.1888 | 2506.3233 | '2583.5221 |! 
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2282.1370 [2336.3 108 2588180 
2283.3655 | 2357.5550 | 2132.7 10025088792 2586.143 
2284.5944 | 2358.7996 | 2433.9710 | 2510.1575 | 2587 4409 
2285.8235 | 2360.0444 | 2435.2323 | 2511.i362 | 2588.7078 
2287.0528 | 2361.2895 | 2136.4939 | 2512.7152 | 2590.0050 
2288.2821 | 2362.5348 | 2437.7558 | 2513.9944 | 2591.3025 
2289.5123 | 2363.7804 | 2139.0180 | 2515.2740 | 2592 6004 
2290.7424 | 2365.0263 | 2440.2804 | 2516.5538 | 2593.8985 
220 1.9728 2366.2725 | 2441.5432 | 2517.8340 |. 2595.1970 
2293.2034 | 2367.5189 | 2442.8062 | 2519.1144 | 2596.4958 
2294.4343 | 2368.7656 | 2444.0694 |} 2520.3952 | 2597.7948 
2295.6654 | 2370.0125 |j 2445.3331 | 2521.6762 | 2599,0943 
2296.8968 - | 2371.2598 | 24146.5969 | 2522.9576 | 2600.3940 
2298.1285 | 2372.5073 | 2147.8611 | 2524.2392 | 2601.6940 
2299.3601 |! 2373.7550 | 2449.1255 | 2525.5212 | 2602.9943 
2300.5926 | 2375.0031 | 2450.3902 | 2526.8034 | 2604.2950 
9301.8219 | 2376.2514 | 24151.6552 |} 2528.0859 - | 2605.5960 
2303.0577 | 2377.5000 | 2452.9205 } 2529.3688 | 2606.8973 
2304.2906 | 2378.7488 | 2454-1861 | 2530.6519- } 2608. i989 | 
2305.5238 2379 9980 | 2455.4519 | 2531.9354 | 2609.5008 | 
2306.7573 | 2381.2474 | 2456.7181 | 2533.2191 | 2610.8030 
2307.9910 | 2382,4970 | 24157.9845 {| 2534.5031 | 2612.1056 
| 2309.2250 | 2383.7470 | 2459.2512 | 9535.7875 - | 2613.4084 - | 
| 9310.4592 | 2384.9972 | 2460.5182 | 2537.0722 | 2614.7116 | 
 9311:6937 | 23862477 | 2461.7855 |} 2538.3571 | 2616.0151 
2312.9285 | 2387.4985 | 463.0531 | 2539.6423 | 2617.3189 | 
— 5 | — | 
2314.1635 | 2388.7495 [ 2464.3210 | -2540.9279 j 2618.6231 | 
23153988, | 2390,0008 | 2465.5891 | 2542.2137 | 2619.92975 | 
| 
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| | 40 41 42 43 1 
1 || 2623.8428 | 2702.70 3 | 2782.8847 | 2864.2789 2047.00 | 
2 || 2625.1485 | 2704.0856 | 2784.2307 | 2865.6466 | 2948.3997 
3 | 92626.4546 | 2705.4113 | 2785.5771 | 2867.0146 | 2949.7906 
4 | 2627.7609 | 2706.7373 | 2786.9238 | 2868.3831 | 2951.1820 
5s || 9629.0676 | 2708.0637 | 2788.2708 | 2869.7519 | 2952.5737 | 
6 || 2630.3746 | 2709.3904 | 2789.6182 | 2871.1211 | 2953.9658 
7 | 2631.6819 | 2710.7174 | 2790.9660 2372 4906 | 2955.3583 
8 | 2632.9896 | 2712.0448 | 2792.3141 | 2873.8606 | 2956.7512 
9 || 926342976 | 2713.3725 | 2793.6625 | 92875.2309 | 2958.1445 

1 | 2685.6058 27147005 2795.0113 | 2876.6015 | 2959.5383 

| 11 || 2636.9145 | 2716,0289 | 2796.3605 | 2877.9726 | 2960.9323 
12 | 2628.2234 | 2717.3576 | 2797.7100 | 2879.3410 | 2962.3268 
i3 || 2639.5326 2718.6867 | 2799.0599 | 2880.7158 | 2963.7217 
14 || 2640.8422 | 2720.0161 | 2800.4102 | 2882.0880 | 2965,1169 
15 | 2642.1521 | 2721.3458 | 2801.7608 | 2883.4606 | 2966.5126 * 
16 | 2643.4623 | 2722.6759 | 2803.1117 | 2884.8335 | 2967.9087 
17 || 2644.7729 272.0063 | 2804.4630 | 2886.2068 | 2969.3051 
18 || 2646.0837 | 2725.3370 | 2805.8147 | 2887.5803 | 2970.7020 
19 || 2647.3949 2726.6681 | 2807.1667 | 2888.9545 | 2972.0992 
20 | 2648.706 | 2727.9995 | 2808.5191 | 2890.3289 | 2973.4969 | 
21 2650 0182 2729.3313 2809.8718 2891.7038 2974.8949 | 
92 || 2651.3304 | 2730.6634 | 2811.2249 | 2893.830t | 2976.2933 
93 || 2652.6429 | 2731.9959 | 2812.5784 289 4.4343 2977 6922 
94 || 2653.9557 | 2733.3287 | 2813.93922 | 92895.830t | 2979.0914 
25 || 2655.2688 | 2734.6618 | 2815.2864 } 2897.2068 | 2980.4910 
26 | 2656.5823 | 2735.9953 | 2816.6409 | 2898.5835 | 2981.8911 
97 || 2657.8960 | 2737.3291 | 2817.9958 | 2899.9605 | 2983.2915 
28 | 2659.2102 | 2738.6632 | 2819.3511 | 2901.3380 | 2984-6923 
29 || 92660.5246 | 2739.9977 | 2820.7067 | 2902.7158 | 2986.0936 
30 || 2661 8394 | 2741.3326 | 2822.0627 | 2904.0941 | 2987.4952 
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( 223 ) 
40 41 42 43 41 
2663.1544 | 2742.6678 | 2823.4190 | 2905.4727 | 2988 8972 
2664.4699 | 2744.0033 | 2824.7757 | 2906.8516 | 2990 2997 
2665.7856 | 2745.3392 | 2826 1328 | 2908.2310 | 2991.7025 - 
2667.1017 | 2746.6754 | 2827.4902 | 2909.6107 | 2993.1057 
35 || 2668.4181 | 2748.0120 | 2828.8480 | 2910.9909 | 2994.5094 
36 || 2669.7348 | 2749.3489 | 28302062 | 2912.3714 | 2995.9134 
37 || 2671.0518 | 2750.6862 | 2831.5647 | 2913.7523 | 2997.3179 
38 *|| 2672.3692 | 2752.0238 | 2832.9236 | 2915.1335 | 2998.7227 
39 || 2673.6869 | 2753.3617 | 2834.2828 | 2916.5152 | 3000.1279 
40 || 2675.0050 | 2754.7000 | 2835.6124 | 2917.8972 | 3001.5336 
41 || 2676.3233 | 2756.0387 | 2837.0024 | 2919.2796 | 3002.9397 
42 || 2677.6420 | 2757.38777 | 28383627 | 2920.6624 | 3004.3461 
43 || 2678.9611 | 27587170 | 2839.7234 | 2922.0456 | 3005.7530 
44 || 2680.2804 | 2760.0567 | 2841.0845 | 2923.4292 | 3007 1603 
45 || 26816001 -| 2761.3967 | 2842.4459 | 2924.8132 | 3008.5679 J 
46 || 2682.9201 | 2762.7371 243.8077 | 2926.1975 | 3009.9760 Wl 
47 || 2684.2405 | 2764.0778 | 2845.1699 | _2927.5822 | 3011.3845 4 
48 || 2685.5612 | 2765.4189 2346.532141 | 2928.9673 | 3012.7934 | 
49 || 2686.8822 | 2766.7603 | 2847.8953 | 2930.3529 | 3014.2027 i 
50 || 2688.2035 | 2768.1021 | 2849.2587 | 2931.7387 | 3015.6124 C 
| * 
51 || 2689.5252 | 2769.4442 | 2850.6222 | 2933.1250 | 3017.0225 : 
52 || 2690.8472 | 2770.7867 | 2851.9862 | 2934.5117 | 3018.4331 1 
| n EE AI RAR - "Ih 
53 | 2692.1695 | 2772.1295 | 2853.3506 | 2935.8987 | 3019 8440 * gi 
54 | 2693.4922 | 2773.4727 | 2854.7153 | 2937.2862 | 3021.2553 | 1 
— — 1 
| 55 || 26948152 | 2774.8162 | 2856.0804 | 2938.6740 | 3022.6671 WH 
| 56 | 2696.1386 | 2776.1601 | 2857.4459 | 2940.0622 | 3024.0792 14 
| | — Wt 
| 57 || 2697.4622 | 2777.5043 | 2858.8118 | 2941.4508 | 3025.4918 1 ; 
| 538 | 2698.7862 | 2778.8489 | 2860.1780 | 2942.8398 | 3026.90 [8 10 
| — f ca 3 1 11 
59 2700. 1106 2780.1938 | 2861.5446 | 2944.2292 | 3028.3182 7 
60 2701.4253 | 2781.5391 | 2862.9115 1 2945.6190 | 2029.7320 | 14 


( 224 ) 
Tas 45 4 47 * NES 5 
1 — — at 
1 | 3031.1462 | 3116.7653 | 3203.9466 | 3292.7757 | 3383.3443 
2 || 3032.5608 | 118.2053 | 3205.4133 | 3294.2707 | 3384.8691 
3 || 2033.9759 | 3119.6457 - | 3206.8805 | 3295.7661 3380.30 
4 || 3035.3913 | 3121.0866 | 3208.3482 | 3297.2621 |. 8387.9202 
5 || 3036.8072 | 3122.5279 | 3209.8163 | 3298.7585 | 3389.4465 
6 || 3038.2235 | 3123.9656 | 3211.2849 | 3300.2554 | 3390.9733 
| —— — | 
7 || 32039.6401 | 3125.4118 | 3212.7539 | 3301.7528 | 3392.5006 
8 || 3041.0572 | 3126.8544 | 3214.2234 | 3303.2506 | 3394.0284 
9 || 3042.4748 | 3128.2974 | 3215.6933 33017490 | 3395.5568 
10 || 3043.8927 | 3129.7409 | 3217.1638 | 3306.2478 | 3397.0856 
11 || 3045.3110 | 3131.1848 | 32186346 | 3307.7471 | 3398.6150 | 
12 || 3046.7298 | 3132.6291 | 3220.1060 | -3309.2470 | 3400.1449 | 
13 || 3048.1490 | 3134.0739 | 3221.5778 | 3310.7473 | 3401.6753 | 
14 3049.5686 | 3135.5192 | 3223.0500 | 3312.9480 | 3403.2062 | 
is ||3050.0886 | 3136.0618 | 322.5228 33137193 | 34017377 
16 || 052.4090 | 3138.4109 225.9959 | 3315.2511 | 3406.2696 | 
17 || 3053.8298 | 3139.8575 | 3227.469%6 | 3316.7534 | 3407.8021 | 
18 || 3055.2511 | 3141.3045 | 3228.9437 | 3318.2561 | 3409.3351 | 
19 || 3056.6728 | 3142.7519 | 3230.4183 | 3319.7593 | 3410.8686 | 
20 || 308.0949 | 3144.1997 | 3231.8933 | 321.2631 | 3412.4027 
21 | 3059.5174 | 3145.6481 | 3233.3688 | 3322.7673 | 3413.9372 | 
22 || 3060.9403 | 3147.0968 - | 3234.8448 | 3324.2720 | 3415.4723 | 
23 || 3062.3637 | 148.5460 | 3236.3213 | 325.7772 | 3417.0079 
24 || 3063.7874 | 3149.9956 | 3237.7982 | 3327.2829 | 3418.5410 
25 || 3065.2116 | 3151.4457 | 3239.2755 | 3328.7891 | 3420.0896 
26 || 3066.6362 | 3152.8962 | 3240.7534 | 3330.29538 | 3421.6178 | 
27 | 3068.0613 | 3154.3472 | 32422317 | 3331.8030 | 3423.1554 
28 || 3069.4867 | 3155.7986 | 3243.7105 | 3333.3106 | 3424.6936 | 
29 || 3070.9126 | 3157.2504 | 3245.1807 | 3334.8188 | 3426.2324 
30 || 3072.3389 | 3158.7027 | 3246.6694 | 336.3275 | 3427.7716 


— 


— 


4 
(6 
F 1 49 7 
 3073.7656 | 3160.1555 | 3248.14% | 3337.8366 | 3429.3114 
' 3075.1928 | 3161 6087 | 3249.6303 | 3339.3463 { 34308517 
3076.6 203 | 3163.0623 | 3251.1115 | 3340.5864 | 3432.3924 
| 3078.0183 | 3164.5164 | 3252.5930 | 3342.3671 | 3133.9338 | 
| 3079.4767 | 3165.9709 | 3254.0751 | 3343.8782 | 3435.4757 ; 
3080.9056 | 3167.4259 | 3255.5576 | 3345.3899 3437.0181 | 
| 3082.3348 | 3168.8813 | 3257.0406 | 3346.9021 | 3438.5610 { 
| 3083.7645 | 8170.3371 | 3258.5241 | $348:4147 | 3440.1045 
3083. 1946 | 3171.7935 | 3260.0081 | 3349.9278 | 3441.6484 | 
3086.6251 | 3173.2502 | 3261.4925 | 33514115 3443.1930 
3088.0561 | 3174.7074 | 3262.9774 | 3352.9556 | 3444.7380 | 
3089.4875 | 3176.1651 | 3264.4628 | 3354.4703 | 3446.2846 
3090.9193 | 3177.6232 | 3265.9486 | 3355.9854 | 3447.8297 
3092.3515 | 3179.0818 | 3267.4350 | 3357.5011 | 34493763 
3093.78412 | 3180.5408 | 3268.9218 | 3359.0172 | 3450.9934 | 
3095.2173 | 3182.0002 | 3270.4091 | 3360.5339 | 3452.4711 
3096-6508 | 3183.4602 | 3271.8968 | 3362.0510 | 3454.0194 
3098.0848 | 3184.9205 | 3273.3851 | 3363.5687 | 3455.5681 
3099.5192 | 3186.3813 | 3274.8738 | 3365.0869 | 3457.1174 | 
3100.9540 | 3187.8426 | 3276.3630 | 3366.6055 | 3458.6672 
3102.3892 | 3189.3043 | 3277.852 | 3368.1247 | 3460-2175 
3103.38248 | 3190.7665 | 3279.3428 | 3369.614t | 3461.7685 
3105.2609 3192.2292 3 280.8334 3371.164146 3463.3199 | 
3106.6975 | 3193.6992 | 3282.3245 | 3372.6853 | 3464.8719 
3108.1345 | 3195.1558 | 3283.8161 | 3374.2065 | 3466.4241 
3109.5719 | 3196.6198 | 3285.3082 | 3375.7282 | 3467.9774 | 
Shi "yp „ = 
57 | 3111.6097 | 3198.0842 | 3286.8007 | 3377.250t | 3469.5310 | 
38 || 31124479 | 3199.5491 | 3288.2938 | 33787731 | 3471.0851 
CGG W a Os ac) 067; — — CN EIT 
59 '| 3113,8866 | 3201.0145 {| 3289.7873 | 3380.2964 | 3472.6397 | 
60 | 3115.3257 | 3202.4803 | 3291.2813 | 3381.8201 | 3474.1919 { 
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50 290 52 53 54 
1 3475.750606 | 3570.1060 | 3666.5060 | 3765.0910 | 3865.9871 | 
2 | 3477.3069 | 3571.6896 | 3668.1309 | 3766.7533 | 3867.6891 
3 | 3478.8637 | 3573.2798 | 3669.7564 | 3768.4162 | 3869.3918 | 
3 || 3480.4210 | 3574.8705 | 3671.3825 | 3770,0798 | 3871.0951 
5 || 2481.9789 | 3576.4618 | 3673.0091 | $771.7440 | 3872.7992 
6 | 34835373 | 3578.0537 | 3674.6364 | 3773.4088 | 3874.5039 
3485.006838 3579.6461 | 3676.2614 | 3775.0743 | 3876.2093 
8 | 3486.6558 | 3581.2391 | 3677.8929 | 3776.7405 | 3877.9154 
o | 3488-2158 | 3582.8328 | 3679.5220 | 3778.4073 | 3879.6221 
10 | 3489.7765 35844269 | 3681.1517 | 37800747 | 3881.3296 
11 | 3491.3376 | 3586.0217 | 3682.7821 | 3781.7428 | 3883.0378 
19 | 3492. 8993 | 3587.6170 3684. 4130 | 3783.4115 | 3884.7466 
13 | 3494.4615 | 3589.2129 | 3686.0446 | 3785.0809 | 3886.4561 
14 | 3496.0243 | 3590.8094 | 3687.6768 | 3786.7509 | 3888.1663 
15 || 3497.5876 | 3592.4064 © | 3689.3096 | 3788.3216 | 3889,8772 | 
| 16 || 3499-1515 | 3594.0041 | 3690:9430 | 3790.0929 | 3891.5888 
17 | 3500.7159 | 3595.6023 | 3692.5770 | 3791.7649 | 3893.3011. 
18 | 3502.2809 | 3597.2011 | 3694-2116 | 3793,4376 | 3895.0141 
19 | 3503.8464 | 3598.8005 | 3695.8469 | 3795.1109 | 38967278 
20 || 3505.4125 | 3600.4004 | 3697.4828 | 3796.7848 | 3898.4122 
2 || 35069791 | 3602.0010 | 3699.1192 | 3798.4594 | 3900.1572 
99 | 3508. 5463 | 3603.6021 | 3700.7563 | 38001346 | 3901.8730 
23 35 10.1140 | 3605.2038 | 3702.3941 | 3801.8106 | 3903.5894 
04 || 3511.6822 | 3606.8061 | 3704.0324 |  3803.4871 | 3905.3066 
| os | 3513,2510 | 3608.4090 | 3705.6713 | 3805.1643 | 3907.0244 
26 || 35148204 | 3610.0124 | 3707.3109 | 3806.8422 | 3908.7430 
o7 || 3516.3903 | 3611.6165 | 3708.9511 | 3808.5207 | 3910.4622 
28 || 3517.9608 | 3613.2211 | 3710.5919 | 3810.1999 |} 3912.1822 
29 | 3519.5318 | 3614.8263 | 3712.2334 | 3811.8798 | 3913.9028 
20 || 3521.1034 | 3616.4321 | 3713.8755 | 3813.5603 | 3915.6242 
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50 51 52 33 54 
3522.6755 | 3618,0385 | 3715.5181 | 3815.2415 | 3917.3462 
3524 2482 | 3619.6455 | 3717.1614 | 3816.9233 | 3919.0690 

| 3525.8215 | 3621.2530 | 3718.8053 | 3818.6058 | 3920 7924 
3527.3953 | 3622.8612 | 3720.4499 | 3820.2890 | 3922.5166 
ROS, A „ 
3528.9696 | 3624.4699 | 3722.0951 | 3821.9728 | 3921.2415 
3530.5445 | 3625.0793 | 3723.7409 | 3823.6573 | 3925.9670 
3532 1200 | 3627.6892 | 3725.3873 | 3825.3424 | 3927.6933 | 
3533.6960 | 3629.2997 | 3727.0343 {| 3827,0282 | 3929.4203 
3535.2726 | 3630.9108 | 3728.6820 | 3828.7147 [3931.10 
3536.8498 | 3632.5225 | 3730.3303 | 3830.4019 | 3932.8764 | 
3538.4275 | 3634.1348 | 3731.9792 | 3832.0897 | 393.6055 | 
3540.0058 | 3635.7477 | 3733.6288 | 3833.7782 | 3936.3353 | 
— — — 
3541.5846 3C37.3612 3735.2790 3835.4672 3938.0658 | 
3543. 1640 | 36389752 | 3736.9299 | 3837.1571 | 3939.7971 
3544.7439 | 36410.5899 | 3738.5813 | 3838.8476 | 39411.5290 
35 16.3244 | 3612.2052 | 3740.2334 | 3840.5388 | 3943.2617 
| 3547,9055 | 3643.8210 | 3741.8861 | 3842.2306 |. 3944.995] 
| 8549.4872 | 3645.4375 | 3743.5399 | 3843.9231 | 3946.7292 
| 3551.0694 | 3647.0545 | 3745.1935 | 3845.6163 | 3948.4640 
| 35526521 | 3648.6722 | 3746.8481 | 3847.3102 | 3950.1995 
355 1.2355 | 3650.2904 | 3748.5034 | 3849.0047 | 3951.9357 | 
3555.8194 | 651.9093 | 3750.1592 | 3850.6999 | 3953.6727 | 
— — — — — — 
3557. 4038 | 3653.5287 | 3751.8158 | 3852.3958 | 3955.4104 
3558.9889 | 3655.1488 | 3753.4729 | 3854.0923 | 3957.1488 
| 3560.5745 | 3656.7694 | 3755.1307 | 3855.7895 | 3958.8879 
| 3562.1606 | 3658.3907 | 3756.7892 | 3857.1874 | 3960.6277 
3563.7474 | 3660.0126 | 3758.4483 | 3859 1860 | 3962-3683 
3565.3347 | 3661.6350 | 3760.1080 | 3860.8853 | 3964.1096 
3566.92:6 | 3663.2581 | 3761.7683 | 3862.5832 | 3965.8516 
3664,8817 3763.4293 230.2858 :F 3967.59- 943 
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55 56 57 58 1 | 

1 || 3969.3377 | 4075.2982 | 4184.0379 | 4295.7413 | 4410.6107 | 
9 || 2971.0819 | 4077.0873 | 4185.8748 | 4297.6293 | 4412.5532 

| : 25 oF 
3 || 3972.8268 | 4078.8771 | 4187.7125 | 4299.5181 | 4414.4967 

4 39745724 | 4080.6677 | 4189.5511 | 4301.4078 | 4416.4411 |} 
5 || 2976.3188 | 4082.4591 | 4191.3904 | 4303.2984 | 4418.3865 

6 || 3978.0659 | 4084.2513 | 4193.2306 | 4305.1900 | 4420.3328 | 

7 || 3979.8137 | 4086.0442 | 4195.0717 | 4307.0823 | 4422.2801 | 
8 || 3981.5622 | 4087.8379 | 4196.9135 | 408.9755 | 4424.2283 

i & || 3983.3115 | 4089.6324 | 4198.7562 | 4310.8697 | 4426.1774 
10 || 3985,0615 | 4091.4277 | 4200.5997 | 4312.7647 | 4428.1276 
11 || 3986.8122 | 4093.2237 | 4202.4441 | 4314.6606 | 4330.0786 © 
12 || 3988.5636 | 4095.0205 | 4204.2893 | 4316.5574 | 4432.0306 
13 || 3990.3158 | 4096.8181 | 4206.1353 | 4318.4551 | 4433.9836 
14 || 3992.0688 | 4098.6165 - | 4207.9821 | 4320.3537 | 4435.9375 
15 || 3993.8224 | 4100.4157 | 4209.8298 | 4322.2532 | 4437.8924 
16 || 3995.5768 | 41022157 | 4211.6783 | 4324.1536 | 4439.8482 
17 || 3997.3320 | 4104.0164 | 4213.5276 | 4326.0548 | 4441.8050 
18 || 3999.0878 | 4105.8179 | 4215.3778 | 4327.9570 | 4442.7627 
| 19 || 4000.8444 | 4107.6202 | 4217.2289 | 4329.8600 | 4445.7214 
20 || 40026018 | 4109.4233 | 4219.0807 | 4331.7640 | 4447.6811 
21 || 4004.3599 | 4111.2272 | 4220.9334 | 4333.6688 | 4449.6417 
299 || 4006.1187 | 4113.0319 | 42922.7870 | 4335.5746 | 4451.6033 
23 || 4007.8783 | 4114.8373 | 4224 6414 | 4337.4812 | 4453.5658 
24 409.6386 | 4116.6436 | 4226.4966 | 4339.3887 | 4455.5293 
25 || 4011.3996 | 4118.4506 | 4228.3527 | 4341.2972 | 4457.4938 
26 || 4013.1614 | 4120.2584 | 4230.2096 -| 4343.2066 | 4459.4593 
97 | 4014.9239 | 4122.0671 | 4232.0674 | 4345.1168 44614237 
98 || 4016.6872 | 4123.8765 | 4233.9260 | 4347.0280 | 4463.3930 
| 29 |[14018.4512 | 4125,6867 4235.7855 | 4348.9400 | 4465.3614 
30 1 40202160 | 4127.4977 | 4237.6458 | 4350.8530 | 4467.3307 


(229 
5 55 + OO 
31 || 4021.9815 | 4129.3095 | 4239.5069 | 4352.7669 | 4469.3010 
32 || 4023.7478 | 4131.1221 | 4241.3689 | 4354.6817 | 4471.2723 
33 || 4025.5148 | 4132.9355 | 4243.2318 | 4356.5974 4473.25 
34 || 4027.2825 | 4134.7497 | 4245.0955 | 4358 5140 | 4475.2177 
35 || 4029.0512 | 4136.5647 | 4246.9601 | 4360.4315 | 4477.1919 
36 || 4030.8203 | 4138.3805 | 4248.8255 | 4362.3500 | 4479.1671 
37 || 4032.5903 | 4140.1970 | 4250.6918 | 4364.2693 -| 4481.1433 
38 || 4034.3611 | 4142.0145 | 4252.5589 | 4366.1896 | -4483.1205 
39 || 4036.1326 | 4143.8327 | 4254.4269 | 4368.1107 | 4485.0985 
40 || 4037.9049 | 4145.6517 | 4256.2957 | 4370.0328 | 4487.0776 
41 || 4039.6779 | 4147.4715 | 4258.1654 | 43719559 | 4489.0577 
2 || 4041.4517 | 4149.2921 | 4260.0360 | 4373.8798 | 4491.0387 
43 || 4043.2263 | 4151.1135 | 4261.9074 | 4375.8047 |- 4493.0208 
44 || 4045.0016 | 4152.9357 | 4263.7797 | 4377.7304 | 4495.0038 
45 || 4046.7776 | 4154.7588 | 4265.6529 | 4379.6571 | 4496.9879 
46 || 4048.5544 | 4156.5826 | 4267.5269 | 4381.5848 | 4498.9729 
47 || 4050.3320 | 4158.4073 | 4269.4017 | 4383.5133 | 4500.9589 
48 || 4052.1104 | 4160.2327 | 4271.2775 | 4385.4428 | 4502.9459 
49 || 4053.8894 | 4162.0590 | 4273.1541 | 4387.3732 | 4504.9339 
50 || 4055.6693 | 4163.8861 | 4275.0316 | 4389.3045 | 4506.9230 
51 || 4057.4499 | 4165.7140 |- 4276.9099 | 4391.2368 | 4508.9130 
52. || 4059.2313 | 4167.8427 | 4278.7891 | 4393.1699 | 4510.9039 
53 || 4061.0134 | 4169.3722 | 4280.6692 | 4395.1041 | 4512.8959 
54 || 4062.7964 | 4171.2026 | 4282.5502 | 4397.0391 | 4514.8889 
55 || 4064.5800 | 4173.0337 | 4284.4320 | 4398.9751 | 4516.8829 
56 || 4066.3645 | 4174.8657 | 4286.3147 | 4400.9120 | 4518.8778 
57 || 4068.1497 | 4176.6995 | 4288.1983 | 4402.8499 | 4520.8738 
58 | 4069.9357 | 4178.5321 | 4290.0827 | 44017887 | 4522.8708 
59 || 4071.7224 | 4180.3666 | 4291.9680 | 4406.7284 | 4524.8688 
60 [ 4073.5099 | 4182.2018 | 4293.8542 | 4408.6690 | 4526.8678 | 
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60 . 62 1 5 
4528.8677 460.7566 1776.5 470 4906.5380 | 5041.0622 
4530.8687 | 4652.8203 | 4778.6782 | 4908.7419 | 5013.3447 
| 4532.8707 | 4654.8851 | 4780.8106 | 4910.9471 | 5015.6286 
1534.8737 | 4656.9511 | 4782,9412 | 4913.2536 | 5047.9139 
4536.8778 | 4659.0181 | 4785,0789 4915.3613 | 5050.2005 _ 
4538.8828 | 4661.0862 | 4787.2148 | 4917.5703 | 5052.4885 
45 10.8889 | 4663.1552 | 4789,3319 | 4919.7806 | 5054.7779 
4542.8960 | 4665.2256 | 4791.1901 | 4921.992i | 5057.0686 
 4544.9041 | 4667.2970 | 4793.6295 | 4924.2049 | 5059.3607 
4546.1320 | 4669.369+ | 4795.7701 | 4926.4190 | 5061.6542 
4548.2334 | 4671.4430 | 4797.9119 | 4928.6344 | 5063.9491 
4550.9345 4673.5176 -| 4800.0549 4930.8510 5066.2453 
4652.9 467 | 4675.5934 | 4802.1990 | 4933.0689 | 5068.5430 
4554.9599 | 4677.6703 | 4801.3143 | 4935.2880 | 5070.8420 
| 4556.9741 | 4679.7482 | 4806.4909 | 4937.5085 | 5073 1424 
16 || 4558.9893 | 4681.8272 | 4808.6386 | 4939.7302 | 5075.4441 
4561.0056 | 4683.9074 | 4810.7875 | 4941,9532 | 5077.7473 
| 4563.0229 | 4685.9887 | 4812.9375 | 4944.1776 | 5080.0519 
| 4565.0413 | 4688.0710 | 4815.0888 | 4946.4032 | 5082.3578 
| 4567.0606 | 4690.1545 | 4817.2413 | 4948.6300 | 5084.6652 
4569.08 10 | 4692.2391 | 4819.3949 | 4950.8582 | 5086.9739 
4571.1024 | 4694.3218 | 4821.5498 | 4952.0877 | 5089.2841 
4573.1249 | 4696.4116 | 4823.7058 | 4955.3184 | 5091.5956 
| 4575.1484 | 4698.4995 | 4825.8631 | 4957,5505 | 5093.9086 
4577.1729 | 4700.5885 | 4828.0215 | 4959.7838 | 5096-2230 
4579.1985 | 4702.6786 | 4830.18i11 | 4962:0184 | 5098.5387 
458 1.2251 | 4704.7699 4332.3 420 | 4964.2544 | 5100.8559 | 
| 4583.2527 | 4706.8623 | 4834.5041 | 4966.4916 | 5103.1745 | 
| 4585.2814 | 4708.9558 | 4836.6673 | 4968.7302 | 5105.4945 | 
4711.0501 | _4838.8318 | 4970.9700_| 5107.8159 | 


4587.3111 


— 2 


—— — —  — — — 


— f —— 


| | 60 61 62 63 | 61 

| 231 || 4589.3419 | 4713.1461 | 4840.9975 | 4973-2111 | 5110.1387 
32 || 4591.3737 | 4715.2430 | 4843.1613 | 4975.4539 | 5112.4629 

| 33 || 4593.4066 | 4717.3410 | 4815.3324 | 4977.6974 | 5114.7886 
34 || 4595.4405 | 4719:4401 | 4847.5017 | 4979.9425 | 5117.1157 
35 || 4597.4755 | 4721.5403 | 4849.6723 | 4982.1889 | 5119-4441 
3 || 4599.5115 | 4723.6417 | 4851.8441 | 4984.4366 | 5121.7741 
37 4601.5485 | 4725.7442 | 4854.0170 | 4986.6857 | 312.1034 
38 || 4603.5866 | 4727.8478 | 4856.1912 | 4988.9360 | 5126.4382 
39 || 4605.6258 | 4729.9526 | 4858.3666 | 4991.1877 | 5128.7724 
40 || 4607.6660 | 4732.0585 | 4860.5433 | 4993.4407 | 5131.1081 
41 || 4609.7073 | 4734.1655 | 4862.7211 | 4995.6950 | 5133-4452 
42 || 4611.7496 | 4736.2737 | 4861.9002 | 4997.9507 | 5135.7837 
a3 || 4613.7930 | 4738.3830 | 4867.0805 | 5000.2076 | 5138-1237 
44 || 4615.8375 | 4740.4935 | 48692621 | 5002,4659 | 5140:4650 
45 || 4617.8830 | 4742.6051 | 4871.4448 | 500.7236 | 5142.8079 
46 || 4619.9296 | 4744.7178 | 4873.6288 | 5006.9866 | 5145.1522 
47 || 4621.9772 | 4746.8317 | 4875.8141 | 5009.2188 | 5147.4979 
438 || 4624.0259 | 4748.9467 | 4878.0006 | 5011.5125 | 51498451 
49 || 4626.0757 | 4751.0629 | 4880.1883 | 5013.7775 | 5152.1937 | 
50 || 4628.1265 | 4753.1802 | 4882.3772 | 5016.0438 | 5154.5438 
51 || 4630.1784 | 4755.2987 | 4884.5674 | 5018.3114 | 5156.8951 
52 | 4632.2314 | 4757.4183 | 4886.7589 | 50.20.5804 | 5159.2484 | 
53 || 4634.2855 | 4759.5391 | 4888.9515 | 5022.8508 | 5161,6028 _ 
54 || 4636.3406 | 4761,6610 | 4891.1455 | 5025.1225 | 5163.9587 
55 || 4638.3968 | 4763.7841 | 4893.3406 | 5027.3955 | 5166.3161 
56 || 4640.4540 | 4765.9084 | 4895.5371 | 5029.6699 | 5168.6750 
57 || 4642.5124 | 4768.0338 | 4897.7347 | 5031.9456 | 5171.0353 
58 || 4644.5718 | 4770.1603 | 4899.9336 | 5034.2997 | 5172.3971 
59 || 4646.6323 | 4772.2881 | 4902.1338 | 5036.5012 | 5175.7603 
60 || 46486939 | 4774.4169 | 4909.3353 | 5038.7810 | 5178.1250 | 
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ö 1 1 3 68 69 
1 5180.4913 | 5325.2422 | 5175.7853 3632.6531 3796.4527 
o || 5182.8589 | 5327.702t | 5178.316t | 5635.3245 | 5799.2453 
3 | 5185.2981 | 5330.1613 | 5180.9092 | 5637.9978 | 5802.0399 
4 || 5187.5987 | 5332.6277 | 5183.4738 | 5640.6730 | 5804.8367 
5 | 5189.9708 | 5335.0997 | 5486.0401 | 5643.3502 | 5807-6356 
6 | 51923444 | 5337.559t | 5188.6082 | 5646.0293 | 5810.4367 
7 5194.7196 | 5340.0276 | 5491.1781- | 5648.7104 | 5813.2399 
8s || 5197,0961 | 5342,4975 | 5493.7497 | 5651.3934 | 5816.0452 
9 || 5199,4742 | 5344.9690 | 5496.3231 | 5654.0783 | 5818.8526 
10 | 5201.8538 |} 5347.4422 | 5498.8983 | 5656.7652 | 5821.6622 
11 || 52042348 | 5349.9170 | 5501.4753 |} 5659.4540 | 5824.4740 
19 || 5206.6174 | 5352.3934 | 5504.0541 | 5662.1448 | 5827.2879 
13 5209 0018 5354.8714 | 5506.6346 | 5664 8376 | 5830.1039 
14 521 1.3870 | 5357.3511 | 5509.2169 | 5667.5323 | 5832.9221 { 
1s || 5213.7741 | 5359.8314 | 5511.8011 | 5670.2290 | 5835.7425 
16 || 5216.1627 | 5362.3153 | 5514.3870 | 5672.9276 | 5838.5651 
17 || 5218.5528 | 5364.7999 | 5516.9747 | 5675.6282 | 5841.3898 
18 | 5220.9413 | 5367.2862 | 5519.5642 | 5678.3308 | 5844.2166 
19 | 5993.3375 | 5369.7741 | 5522.1555 | 5681.0353 | 5847.0457 | 
90 || 5225.7321 | 5372.2636 | 5524.7486 | 5683.7419 | 5849.8769 
21 | 5228.1282 | 5374.7548 | 5527.3435 | 5686.4504 | 5852.7104 
22 || 5230.5259 | 5377.2476 | 5529.9402 | 5689.1609 | 5855.5460 
93 || 52399950 | 5379.7421 | 5532 5388 | 5691.8734 | 5858.3838 
94 || 5235.3257 | 5382.2383 | 5535.1391 | 5694.5878 | 5861.2237 
95 5237.7280 | 5384.7361 | 5537.7413 | 5697.3013 | 5864.0639 
26 | 5240.1317 | 5387.2356 | 5510.3453 | 5700.0228 | 5866.9103 
27 || 5242.5370 | 5389.7367 | 5542.9511 | 5702.7433 | 5869.7569 
98 | 5214 9438 | 5392.2396 | 55455587 | 5705.4657 | 5872.6057 
og || 5947.3592 | 5394,7441 | 5518.1682 | 5708.1902 | 5875.4567 
30 || 5249.7620 | 5397.2502 | 5550.7795 | 5710.9167 | 5878.3100 


© 2303 


- — — — 


65 66 67 88 69 
5252.1735 | 5399.7581 | 5553.3926 | 5713.6453 | 5881.1654 
5254.5864 | 5402.2676 | 5556.0075 | 5716.3758 | 5884.0231 
5957.0009 | 5404.7788 | 5558.6243 | 5719.1083 | 5886.8830 
5259.6170 | 5407.2917 | 5561.2430 | 5721.8429 | 5889.7451 
5261.8346 | 5409.8062 | 5563.8635 | 5724.5795 | 5892.6095 
5964.2537 | 5412.3295 | 5566.4858 | 5727.3181 | 5895.4761 
5266.6744 | 5414.8405 | 5569.1100 | 5730.0587 | 5898.3449 
5269.0967 | 5417.3061 | 5571.7360 | 5732.8014 | 5901.2160 
527 1.5205 | 5419.8815 | 5574.3639 | 5735.5462 | 5904.0894 
5273.9458 | 5422.4045 | 5576.9937 | 5738.2929 |: 5906.9650 
5276.3728 | 5424.9999 | 5579.6253 | 5741.0417 | 5909.8428 
5978 8012 | '5427.4557 | 5582.2588 | 5743,7926 | 5912.7229 
5981.9313 | 5429.9838 | 5584.8941 | 5746.5455 | 5915.6053 
5283.6629 | 5432.5137 | 5587.5314 | 5749.3005 | 5918.4900 

| 5286.0961 | 5435,0453 | 5590.1705 | 5752.0576 | 5921.3769 
5988.5308 | 5437.5786 | 5592.8114 | 5754.8166 | 5924.2661 
5290.9672 | 5440.1136 | 5595.4543 | 5757.5778 | 5927.1576 
5293.4051 | 5442.6503 | 5598.0990 | 5760.3410 | 5930.0513 
5295.8446 | 5445.1887 | 5600.7456 | 5763.1063 | 5932-9474 
5998.9856 | 5447.7289 | 5603.3941 | 5765.8737 | 5935.8457 
5300.7283 | 5450.2708 | 5606.0445 | 5768.6431 | 5938.7463 
5303.1725 | 5452.8144 | 5608.6968 | 5771.4147 | 5941.6493 
5305.6183 | 5455.3598 | 5611.3510 | 5774.1883 | 5944.5545 
5308.0657 | 5457.9069 | 5614.0071 | 5776.9640 | 5947.4621 
5310.5147 | 5460.4557 | 561636651 | 5779.7418 | 5950.3719 
5312.9653 | 5463.0063 | 5619.9325 | 5782.5217 | 5953.2841 
53154175 | 5465.5586 | 5621.9868 | 5785.3037 | 5956.1986 
5317.8713 | 5468,1126 | 5624.6505 | 5788.0878 | 5959.1154 
5320.3267 | 5470.6684 | 5627.3161 | 5790.8740 | 5962.0345 

| 5322.7837 | 5473.2260 | 5629.9837 | 5793.6623 | 5964.9560 
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236 CANONFES LOXODROMICI weoyngots 
% 2 
1 ? : . 

D* [| Milliaria Milliaria {| Scru- Milliaria | Milliaria [| Scru-} Milliaria | Milliaria | 
dus. loxodromica. mecodynamica | pula. loxodrom. | mecodyna, || pula. loxodrom. mecodyna. 
I 15 0180 7.3690 || 1 | 2403 | 1228 || 3I |- 7.7593 | 3807 
2 | 30.0362 | 14.7380 2 5006 | 9456 || 32 | 8.0096 | 3980 
| — — — — —ů— x — — — — — — —růů— — — — —ʒʒ— — —ꝛæ. —Zp 
3 45.0543 22.1070 3 7509 | 3684 || 33 | 8.2599 | 4052 
4 || 60.0724 | 29.4760 | 4+ 1.0012 4912 || 34 3.5102 4175 
|| 75.0905 | 36.8451 | 5 | 1.2515 | 6140 || 35 | 8.7605 4298 
6 90.1085 44.2141 6 1.5018 7369 36 | 9.0108 4421 

7 105.1266 51,5831 | 7 | 1.7521 | 8597 || 37 | 9.2611 | 4544 
8 || 190.1447 | 58.9521 | 8 2.0021 | 9825 || 38 9.5114 | 4666 
lo || 135.1628 | 66.3211 | 9| 2.2527 | 1105 || 39 | 9.7617 | 4789 
10 || 150.1809 73.6902 || 10 | 2.5030 1228 40 10.0120 | 4912 
20 || 300.3618 | 147.3804 | 11 | 2.7533 | 1350 || 41 | 10.2623 5035 
30 || 450.5427 | 221.0702 || 12 | 3.0036 | 1473 || 42 | 10.5126 | 5158 
20 || 600.7236 | 294.7604 || 13 | 3.2539 | 1596 || 43 | 10.7629 | 5281 
50 || 750.9045 | 368.4506 || 14 | 3.5042 | 1719 || 44 11.0132 5403 
%o || 901.0854 | 442.1408 || 15 | 3.7545 1842 || 45 | 11.2635 | 5526 
20 || 1051.2663 | 515.8310 || 16 | 4.0048 | 1965 || 46 | 11.5138 | 5649 
50 12014472 589.5212 || 17 4.2551 2087 47 | 11.7641 | 57792 
18 | 4.5054 | 2210 || 48 | 12.0144 | 5895 
| 19 | 4.7557 | 2333 || 49 | 12.9647 | 6017 
20 | 5.0060 | 2456 || 50 | 12.5150 | 6140 
Es. 21 | 5.2563 | 92579 || 51 | 12.7653 | 6263 
22 | 5.5066 | 2701 || 52 | 13.0156 | 6386 
23 | 5.7569 | 2824 || 53 | 13.2659 | 6509 
24 | 6.0072 |. 2947 || 54 | 13.5162 | 6632 
1 8 25 | 6.2575 3070 55 | 13.7665 | 6754 
26 | 6.5078 | 3193 || 56 | 14.0168 | 6877 
27 | 6.7581 | 3315 || 57 | 14.2671 | 7000 
28 | 7.0084 | 3438 || 58 | 14.5174 | 7123 
J 29 | 7.2587 | 3561 || 59 | 14.7677 | 7246 
| 30 | 7.5090 } 3684 |) 60 | 15.0180 | 7369 


CANONES LOXODROMICI v Nin. 237 

= 
GY Milliaria | Milliaria || Se. Milliaria | Milliaria N Scro-[ Milliaria - | Milliaria 
dus. || loxudromica. mecodynamica. || pula loxodrom. | mecodyna. | pula, | lox odrum. mecodyna. 
I | 15.0725 1.4774 | T| 2512| 24s 37 7.7874 | 7630 | 
9 | 30.1451 2.9547 2 5024 | 492 | 32| 8.0387 | 7876 
345.2177 4.4321 3 7536| 739 | 33 | 8.2899 | 8123 
4 || 60.2901 5.9095 || 4 | 1.0048 | 987 || 34 | 8.5411 | 8369 
5 || 75.3628 | 7.3867 || 5| 1.2560 | 1231 [ 38 | 8.7924 | 8615 
6 || 904354 | 88642 || 6 | 1.5072 | 1447 | 36 | 9.0435 | 8862 
7 || 105.5080 | 10.3416 || 7 | 1.7584 | 1724 || 37 | 929997 | 9109 
8 || 120.5806 11.8189 || 8 | 2.0096 | 1970 | 38 | - 9.5499 9334 
9 || 135.6539 | 132963 || 9 | 2.2609 | 2216 || 39 | 9.79791 | 9600 
10 || 150.7258 | 14.7737 || 10 | 2.5120 | 2462 || 40 | 10.0483 9849 
20 | 301.4515 | 29.5473 || 11 | 2.7633 | 2708 || 41 | 10.2995 | 1.0096 
30 [452.1773 44.3210 || 12 | 3.0145 | 2954 || 42 | 10.5508 | 1.0341 
40 602.9030 59,0947 || 13 3.2657 3200 43 10.8020 | 1.0587 
50 || 753.6288 | 73.8684 || 14 | 3.5169 | 3447 || 44 | 11.0532 | 1.0833 
60 || 904.3545 | 88.6421 || 15 | 3.7681 | 3693 || 45 | 11.3044 1.1080 
70 || 1055.0803 | 103.4158 || 16 | 4.0193 | 3939 || 46 | 11.5556 | 1.1326 
80 || 1205.8060 | 118.1894 || 17 | 4.2705 | 4185 || 47 | 11.8068 | 1.1572 | 
18 | 4.5217 | 4431 || 48 | 12.0580 | 1.1818 
e 75 194.7729 4678 || 49 | 12.3092 | 1.2064 
20 | 5.0241 | 4924 || 50 | 12.5604 | 1.2311 
21 | 5.2754 | 5170 || 51 12.8117 | 1.2557 
92 | 5.5266 | 5416 || 52 | 13.0629 | 1.2803 
| 23 5.7778 | 5662 || 53 | 13.3141 | 1.3049 
24 | 6.0290 | 5909 || 54 | 13.5653 | 1.3295 
82228 25 | 6.2802 | 6155 55 | 13.8165 | 1.3542 
26 | 6.5314 6399 56 | 14.0677 | 1.3788 
N 2d | 27 | 6.7826 | 6645 || 57 | 14.3189 | 1.4034 
98 | 7.0338 | 6891 || 58 | 14.5701 | 1.4281 
8 | 29 7.2850 | 7138 || 59 | 14.8213 | 1.4527 
| 30 | 7.5362 | 7384 || 60 ! 15.0726 | 1.4773 
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238 CANONES LOXODROMICI weoyneots 
37 

Gra- Milliaria Milliaria Scru- | Milliaria Milliatia Scru- M illiaria | Milliaria 
ö dus. loxodromica. mecodynamica. pula.  loxodrom. mecodyna. l Pula. l-xodrom. | mecodyna. 
171 15 1641 | 2250 1 2327 3570 31 | 7.8347 | 1.119 
9 || 30.3283 4.4500 || 2 | 5054 741 || 32 | 8.0875 | 1.1866 
345.4921 || 6.6750 | 3| 7582] 1112 | 83 | 8,3402 1.2237 
4 || 60.6565 8.9000 || 4 | 1.0109 | 1483 | 34 | 8.5930 | 1.2608 
5 || 75.8206 | 11.1250 ||. 5 | 1.2636 | 1854 | 35 | 8.8457 | 1.9979 

6 || 90.9848 | 13.3500 || 6 | 1.5164 2225 36 | 9.0984 | 1.3350 

| 7 {| 106.1489 | 15.5750 || 7 | 1.7691 2595 37 | 9.3512 | 1.8721 
8 || 121.3130 | 17.8000 8 | 20218 | 2966 | 38 | 9.6039 | 1.4091 

| 9 || 136.4772 | 20.0250 || 9 2.2746 | 3337 || 39 | 9.8566 | 1.4462 
10 151.6413 | 22.2500 10 | 2.5273 | 3708 40 | 10.1094 | 1.4833 
20 || 303.2826 | 44.5010 || 11 | 2.7800 4079. 41 | 10.3621 | 1.5204 
30 || 454.9239 | 66.7510 | 12 | 3.0328 | 4450 | 42 | 10.6148 | 1.5575 
40 || 606.5652 | 89.0020 | 13 | 3.2855 | 4820 || 43 | 10.8676 | 1.5946 
50 || 758.2065 | 111.2520 | 14 | 3.5382 | 5191 || 44 11.1203 1.6317 
| 60 || 909.8478 | 133.5020 || 15 | 3.7910 | 5562 || 45 | 11.3730 | 1.6687 
| 70 || 1061.4891 | 155.7530 || 16 | 4.0437 | 5933 || 46 | 11.6258 | 1.7058 
80 || 1213.1304 | 178.0030 || 17 | 4.2965 | 6304 | 47 | 11.8785 | 1.7429 
18 | 4.5492 | 6675 || 48 | 12.1313 | 1.7800 

| ' 19 | 4.8019 7045 || 49 | 12.3840 | 1.8171 

| 20 | 5.0547 | - 7416 || 50 | 12.6367 | 1.8542 
| 215.3074 7787 51 | 19.8895 | 1.8912 | 

22 | 5.5601 | 8158 || 52 | 13.1422 | 1.9283 

'23 | 5.8129 | 8529 || 53 | 13.3949 | 1.9654 
21 | 6.0656 | 8900 | 54 | 13.6477 | 2.0025 

| ' 25 | 6.3183 | 99271 || 55 | 13.9004 | 2.0396 

| 26 65711 | 9641 || 56 | 14.1531 | 2.0767 

| 27 | 6.8238 | 1.0012 || 57 | 14.4059 | 2.1137 | 

'28 | 7.0765 | 1.0383 || 58 | 14.6586 | 2.1508 

—— — — — —— 
| 29 | 7.3293 | 1.0754 || 59 | 14.9113 | 2.1879 | 

= | 30 | 7.5820 | 1.1125 || 60 | 15.1641 | 2.2250 


CANONES LOXODROMICI SNR. 239 
I 
| Gr:- | Milliaria Milliaria || Sceru-| Milliaria | Milljaria | Seru.. | Milliaria Milliaria 
dus. {| Joxodromica. mecodyuamica pula. loxodrom. | mecodyna. | pula. lor dom mecodvrra. 
"1 1 15.2937 2.9837 || 1 2549 497 | 3i | 7.9017 j 1.5415 
k 2 || 30.5873 5.9674 2 5098 995 | 32 | 8.1566 | 1.5913 
{ 3 | 45.8810 | 8.9511 | 3% 7647| 1492|33| 8.4115| 1.6104 
461.1747 | 11.9347 || 4 | 1.0196 | 1989 | 3+ | 8.6663 | 1.6907 
5 76.4683 | 14.9184 || 5 | 1.2744 | 2486 | 35 | 8.9212 | 1.7404 
| 6|| 91.7629 | 17,9021 | 6 | 1.5294] 2984| 36 | 9.1761 | 1.7902 
7 || 107.0556 | 20.8858 || 7 | 1.7843 | 3481 | 37 | 9.4310 | 1.8399 
8 || 122.3493 | 23.8695 || 8 2.0392 | 3978 | 38 | 9.6859 | 1.8896 
| 9 || 137.6430 | 26.8532 || 9 | 2.2940 | 4476 | 39 | 9.9408 | 19394 
10 || 152.9366 | 29.8367 || 10 | 2.5489 | 4972 || 40 | 10.1958 | 1.9894 
20 || 305.8732 | 59.6737 || 11 | 2.8038 | 5470 || 41 | 10.4506 | 2.0388 
30 || 458.8099 | 89.5106 || 12 | 3.0587 | 5967 | 42 | 10.7055 | 2.0885 
40 || 611.7466 | 119.3474 || 13 | 3.3136 | 6464 || 43 | 10.9604 | 2.1383 
50 || 764.6832 | 149.1843 || 14 | 3.5685 6962 || 44 | 11.2153 2.1880 
| 60 || 917.6198 | 179.0211 || 15 | 3.8233 | 7459 || 45 | 11.4702 | 2.2377 
70 || 1070.5565 | 208.8580 || 16 | 4.0782 7956 46 } 11.7251 | 2.2875 
80 || 1223.4931 | 238.6942 || 17 | 4.3331 | 8453 47 11.9800 | 2.3372 
18 | 4.5880 | 8951 || 48 | 12.2349 | 2.3869 
wy 19 | 4.8429 | 9448 | 49 | 12.4897 | 2.4366 
20 | 5.0978 | 9945 | 50 | 12.7446 | 2.4864 
| 21 | 5.3527 |. 1.0442 | 51 | 12.9995 2.5361 
22 | 5.6076 | 1.0940 || 52 | 13.2544 | 2.5858 
1 23 | 5.8625 1.1437 53 | 13.5093 2.6355 
24 | 6.1174 | 1.1934 || 54 | 13.7642 | 2.6853 
25 | 6.3723 | 1.2432 | 55 | 14.0191 | 2.7350 
26 6.6272 | 1.2929 | 56 | 14.2740 | 2.7847 
27 | 6.8821 | 1.3426 || 57 | 14.5289 | 2.8345 
28 | 7.1370 | 1.3938 | 58 | 14.7838 | 2.8842 
| | 99 | 7.3919 | 1.4421 || 59 | 15.0386 | 2.9339 
| | 30 | 7.6468 | 1.4918 | 60 | 15.2935 | 2.9837 
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240 CANONES LOXODROMICI weENνjẽ:.NE 
= 

1.Gra-ii Milliaria Milliaria || Scru-} Milliaria | Milliaria Serw- Milliaria | Milliaria 
dus. loxodromica. mecodynamica. Pula. loxodrom. mecodyn. pula. | lexodrom. mecodyn. 
1 15.4634 3.7578 1 9577 626 || 31 | 7.9894 | 1.9412 
9 || 30.9268 7.5146 2| 5154] 1252 || 32 | 8.2471 | 2.0038 
546.3902 11.2719 3 7731] 1878 || 33 | 85048 | 2.0665 
4 |l 618537 | 15.0292 | 4| 1.0308 | 2504 || 34 | 8.7626 | 2.1291 
„ || 7731711 18.7865 || 5 | 1.2886 | 3131 || 35 | 9.0203 | 2.1917 
6 || 92.7805 22.5438 6 | 1.5463] 3757 || 36 | 9.2780 2.2543 
| 7 || 108.9438 | 26.3011 || 7 | 1.8040 | 4383 || 37 | 9.5357 | 2.3169 
8 || 123.7072 | 30.0584 || 8 | 2.0617 | 5009 || 38 | 9.7935 2.3796 
o || 139.1707 | 33.8157 || 9 | 2.3195 | 5635 || 39 | 10.0512 | 3.4422 
10 || 154.6341 | 37.5773 || 10 | 2.5772 | 6262 || 40 | 10.3089 | 2.5048 
20 || 309.2683 | 75.1460 || 11 | 2.8349 | 6888 | 41 | 10.5666 | 2.5674 
30 || 463.9024 | 112.7190 || 12 | 3.0926 | 7514 | 42 | 10.8243 | 2.6301 
da — — — — — 
40 || 618.5366 | 150.2921 || 13 | 3.3504 | 314043 | 11.0821 | 2.6927 
50 || 778.1707 | 187.8651 || 14 | 3.6081 | 8767 | 44 | 11.3398 | 2.7553 
60 || 927.8049 | 225.4381 || 15 | 3.8658 | 9393 | 45 | 11.5975 2.8179 
20 || 1082.4391 | 263.0111 ||-16 | 4.1235 | 1.0019 || 46 | 11.8552 | 2.8805 
0 || 1237.0732 | 300.5842 || 17 | 4.3812 | 1.0645 || 47 | 12.1130 | 2.9439 
18 | 4:6390 | 1.127148 | 12.3707 | 3.0058 
| 19 | 4.8967 | 1,1898 || 49 12 6284 | 3.0684 | 
20 | 5.1544 | 1.2524 | 50 12.8861 | 3.1310 
* 21 | 5.4121 | 1.3150 || 51 | 13.1439 | 3.1937 
22 | 5.6699 | 1.3776 || 52 | 13.4016 | 3.2563 
795 23 | 5.9276 | 1.440253 | 13.6593 | 3.3189 
246.1853 1.5029 | 54 | 13.9170 3.3815 | 
ws £5 25 | 6.4430 | 1.5655 | 55 | 14.1747 | 3.4441 | 
26 | 6.7008 | 1.6281 | 56 14.4325 3.5068 | 
* 27 | 6.9585 | 1.6907 || 57 | 14.6902 | 3.5694 | 
28 | 7.2162 | 1.7533 || 58 | 14.9479 3.6321 
1 — — — 
29 | 7.4739 | 1.8160 || 59 | 15.2056 | 3.6946 
j 30 | 7.7317 | 1.8786 || 60 | 15.463+ | 3.7573 
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1 


2 


| Milliaria | Mill:taria | Scru- Milliaria Milliaria { Scru-| Ni lliaria | Milliaria 
. | loxodromica. mecodynamica. pula. | loxodrom. | mecodyn, | pula | loxodrom- | mecodyn, 
15.0799 | 4.5502| 1 2512 7384 | 1 | 8.0987 | 2.3059 
31.3499 9.1004 2 5225 1527 | 32 | 8.3599 | 2.4267 


ö 


7837 2275 33] 8.6212 | 2.5026 
1.0450 3033 | 34 | 8.8824 | 2.5784 


47.0249 | 13.6506 | 
62.6998 | 18.2008 


| 
78.3748 | 22.7510 || 
94.0497 | 27.3012 || 
| 

| 

| 

| 


o 4 >; —— 
—— —— * - - 


1.3062 292 | 35 | 9.1437 | 2.6543 
1.5675 4550 | 36 | 9.4049 | 2.7301 


ras — 
— - 


1.8287 5308 | 37 | 9.6662 | 2.8059 | 
9.0900 606? | 38 | 9.9274 | 2.8818 


109.7247 31.8514 
125.3997 36.4016 


—ä— 


2.3512 6825 39 | 10.1887 | 2.9576 


2.6124 7583 40 10.4499 | 3.0334 


141.0746 | 40.9518 
156.7496 | 45.5020 
313.4992 | 91.0039 | 11 | 2.8737 | 8342 || 11 | 10.7112 | 3.1093 
470.2487 | 136.5059 | 12 | 3.1349 | 9100 || 42 | 10.9724 | 3.1851 


— 8 , —— i 
3 * — _——— — — * 
— 22 — - x — 
- 


626.9983 | 182.0078 || 13 | 3.3962 9858 43 | 11.2337 | 3.2609 
783.7479 | 227.5098 || 14 | 3.6574 | 1.0617 || 44 | 11.4949 | 3.3368 


— —— — — 


940.4975 273.0118 15 | 3.9187 | 1.1376 |} 45 | 11.7562 3.4126 
1097.2471 | 318.5137 || 16 | 4.1799 | 1.2134 |} 46 | 12.0174 | 3.4885 


—— — — — — 
= 


on > ng nr pn e SE 


1253.9966 | 364.0157 17 | 4.4412 | 1.2892 || 47 | 12.2787 + 3.5648 4 
18 | 4.7024 | 1.3650 | 48 12.5399 | 3.6401 | | 

_———  — — — — — — — — — — 1 
| 19 | 4.9637 | 1.4409 || 49 | 12.8012 | 3.7160 my 

20 | 5.2249 | 1.5167 5 


21 | 5.4862 | 1.5925 
22 | 5.7474 | 1.6684 

23 | 6.0687 | 1.7442 | 53 | 13.8462 | 4.0193 
24 | 6.2699 | 1.8200 || 54 | 14.1074 | 4.0951 


13.3237 | 3.8677 
13.5849 | 3.9435 


9 
0 | 13.0624 | 3.7918 
I 
2 


i 
— — — — — 


25 | 6.5312 | 1.8959 || 55 | 14.3687 | 4.1710 
26 | 6.7924 | 1.9717 | 56 | 14.6299 | 4.2468 


—  —_—_——_ ————_——_—_—_—_—_—_ — —— — —ů— — — — QED | | 


27 | 7.0537 | 2.0476 57 | 14.8912 | 4.3227 
28 | 7.3149 | 2.1234 | 38 | 15.1524 | 4.3985 


rr e 
— — — — — _— - 
2 -» * » * . _ 2 > > — > =", 


29 | 7.5762 | 2.1992 || 59 | 15.4137 | 4.4744 | 
30 © 7.8374 | 2.2751 60 | 15.6749 4.5502 | "1 
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14 


Scru-| Milliaria | Milliaria 


Scru-{ Milliaria Milliaria | 


| Gra- i Milliaria Milliaria | 

dus. loxodromica. mecodynamica. || pula. loxodrom. | mecodyn. pula. loxodrom. _mecodyn. 
1 || 15.9313 | 5.3671 I | 2655 | 894 31 | 8:2311 | 2.7729 | 

2 || 31.8626 | 10.7342 || 2 5310 1789 || 32 | 8.4966 | 2.8624 
3 || 47.7938 | 16.1013 || 3| 7965 92683 33 | 8.7622 | 2.9518 | 
4 || 63.7251 | 21,4683 || 4 | 1.0620 | 3578 | 34 9.0277 | 3.0413 

5 || 79.6564 | 26.8354 || 5 | 1.3276 | 4472 || 35 9.2932 | 3.1307 
6 || 95.5877 | 32.2025 | 6 | 1.5931 | 5367 || 36 | 9.5587 | 3.2202 | 

\ 7 || 111.5189 | 37.5696 || 7 | 1.6586 | 6261 || 37 | 9.8242 | 3.3097 

8 || 127.4502 42.9367 8 | 2.1241 | 7156 | 38 | 10.0898 | 3.3991 
9 || 143.3815 | 48.3038 || 9 | 2.3896 | 8050 | 39 | 10.3552 3.4886 
10 || 159.3128 | 53.6708 || 10 2.6552 8945 || 40 10.6208 3.5780 

20 || 318.6256 | 107.3417 || 11'| 2.9207 | 9889 || 41 | 10.8863 | 3.6675 

30 || 477.9383 | 161.0125 || 12 | 3.1862 | 1.0734 || 42 | 11.1518 3.7569 
40 || 637.2511 | 214.6834 || 13 | 3.4517 | 1.1628 43 | 11.4174 | 3.8464 

50 || 796.5639 | 268.3542 || 14 | 3.7172 | 1.2523 44 | 11.6829 | 3.9358 
60 || 955.8768 | 322.0250 || 15 | 3.9828 | 1.3417 || 45 | 11,9484 | 4.0253 

70 || 1115.1895 | 375.6959 || 16 4.2483 1.4312 || 46 12.2139 4.1147 
80 || 1274.5022 | 429.3667 || 17 4.5138 | 1.5206 || 47 | 12.4795 | 4.2042 

18 | 4.7793 | 1.6101 || 48 | 12.7450 3.2936 

PEE 19 | 5.0449 | 1.6995 || 49 | 13.0105 | 4.3831 

20 | 5.3104 | 1.7890 || 50 | 13.2760 | 4.4725 

| | 21 | 8.5759 | 1.8784 || 51 | 13.5415 | 4.5620 
99 | 5.8414 | 1.9670 | 52 | 13.8071 | 4.6514 

23 | 6.1079 | 2.0573 || 53 | 14.0726 | 4.7409 

24 | 6.3725 2.1468 54 | 14.3381 | 4.8303 

| 25 | 6.6380 2.2362 55 | 14.6036 | 4.9198 

26 6.9035 2.3257 56 | 14.8691 | 5.0092 

; 27 | 7.1690 | 2.4151 || 57 | 15.1347 | 5.0987 

98 | 7.4345 2.5036 58 15.4002 5.1881 


7.7001 | 2.5930 || 59 | 15.6657 | 5.2776 
7.9656 | 2.6825 || 60 | 15.9312 | 5.3670 


SS 


- 
— —u—p— ———— — — 
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1 2 
{ Gras (| Milliaria | illiaria | Scru-“ Milliaria | Milliaria | Scru-| Mitliaria | Milliaria 
du. ö loxodromica. mocenynamica-) pula. | loxodrom. | mecodyn. pula. logodrom. | mecodyn. 
= 16.2359 6.2132 1 2706 1035 | 3T | 8.3885 | 3.2101 
2 32.1717 | 12.4264 | 2 5411 2071 | 32 | 8.6591 | 3.3137 | 
| 3|| 48.7076 | 18.6396 | 3| 8117 | 3107 | 33 | 8.9297 | 3.4172 | 
14 649435 | 248528 || 4 1.0239 4142 34 | 9.2003 | 3.5208 
5 81.1794 | 31.0660 || 5 | 1.3230 | 5178 | 35 | 9.4409 | 3.6243 | 
97.4153 37.2792 6| 1.626 6213 | 36 | 9.7415 | 3.7279 
7 || 113.6516 | 43.4924 || 7 | 1.89492 | 7249 37 | 10.0121 | 3.8314 
8 || 129.8870 | 49.7056 | 8 | 2.1648 | 8284 | 38 | 10.2827 | 3.9350 
| w__—_ ; — — — — KK— 
1 9 146.1229 | 55.9188 || 9 | 2.4354 9320 | 39 | 10.4533 | 4.0385 
10 162.3588 | 62.1320 || 10 | 2.7059 | 1.0355 | 40 | 10.8239 | 4.1421 
20 || 324.7176 | 124.2640 || 11 | 2.9765 | 1.1390 |, 41 | 11.0945 | 4.2456 
30 || 487.0764 186.3959 12 | 3.2471 | 1.2426 | 42 | 11.3651 | 4.3492 | 
40 || 649.4352 | 248.5279 || 13 | 3.5177 | 1.3461 | 43 | 11.6357 | 4.4527 | 
50 || 811.7940 | 310.6599 || 14 | 3.7883 | 1.4497 || 44 | 11.9063 | 4.5563 
| 60 || 974.1528 | 372.7919 || 15 | 4.0589 | 1.5532 | 45 | 12.1769 | 4.6598 
70 || 1136.5116 | 434:9239 || 16 | 4.2395 | 1.6568 | 46 | 12.4475 | 4.7634 
80 || 1298.8704 | 497.0558 || 17 | 4.6001 | 1.7603 |. 47 | 12.7181 | 4.8669 
18 | 4.8707 | 1.8639 | 48 | 12.9887 | 4.9705 
| 19 | 5.1413 1.9674 49 | 13.2593 | 5.0740 | 
20 | 5.4119 | 2.0710 | 50 | 13.5299 | 5.1776 
215.6825 2.1745 || 51 | 13.8005 | 5.2811 
22 | 5.9531 | 2.2781 | 52 | 14.0711 | 5.3847 
| >. 23 | 6.2237 | 2.3816 | 53 | 14.3417 | 5.4882 | 
24 | 6.4943 | 2.4851 54 | 14.6123 | 5.5918 | 
25 | 6.7649 2.5887 55 | 14.8829 | 5.6953 
26 | 7.0355 | 2.6923 || 56 | 15.1535 | 5.7989 
27 | 7.3061 | 2.7958 | 57 | 15.4241 | 5.9024 
28 | 7.5767 | 2.8993 | 58 | 15.6947 | 6.0060 
29 | 7.8473 | 3.0029 || 59 | 15.9653 | 6.1095 | 
2 308.1179 | 3.1066 || 60 | 16.2359 | 6.2131 
88 112 ä ng 
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27 
Gra- Milliaria Milliaria i] Scru-! Milliaria | Milliaria g Scru-f Milliaria Milliaria | 
dus. loxodromica. [mecodynamica. pula. loxodrom. | mecodyn. {| pula. | loxodrom. | merodyn, 
24 16.5925 7.0945 || 1 92765 1182 || 31 | 85727 | 3.6654 
2 || 33.18:0 | 14.1889 || 2 5530] 2365 || 32 | 8.8493 | 3.7837 | 
3 || 49.7775 | 21.9834 | 3 83296 3547 || 33 | 9.1258 | 3.9019 
4 | 66.3700 28 3779 4 1.1051] 4729 || 34 | 9.4024 4.0202 
5s | 82.9626 | 35.4724 | 5 1.3827 | 5912 || 35 | 9.6789 | 4.1384 
6 || 99.5551 | 425668 | 6 | 1.6592 | 7094 || 36 | 9.9555 | 4:2566 
| 7 || 116.1476 | 49.6613 || 7 | 1.9357 | 8276 || 37 | 10.2320 | 4.3749 
8 || 139.7401 | 56.7558 || 82.2123] 9459 || 38 | 10.5085 4.4931 
| 9 || 149.3326 | 63.8502 || 9 | 2.4888 | 1.0641 || 39 | 10.7851 | 4.6114 
10 || 165.9251 | 70:9447 || 10 | 2.7654 | 1.1824 || 40 | 11.0616 | 4.7296 
20 || 331.8502 | 141.8894 || 11 | 3.0419 | 1.3006 || 41 | 11.3382 | 4.8478 
30 || 497.7754 | 212.8341 || 12 | 3.3185 | 1.4188 || 42 | 11.6147 | 4.9661 
30 || 663.7006 | 283.7789 || 13 | 3.5950 | 1.5371 || 43 | 11.8913 | 5.0843 
50 || 829.6257 | 354.7236 || 14 | 3.8715 1.6553 || 44 | 12.1678 | 5.2026 
| — — — — — — — —— — 
60 || 995.5508 | 425.6683 || 15 | 4.1481 | 1.7736 || 45 | 12.4443 | 5.3208 
20 || 1161.4760 | 496.6130 || 16 | 4.4246 | 1.8918 || 46 | 12.7209 | 5.4390 
80 || 1327.4011 | 567.5578 || 17 | 4.7012 | 2.0101 || 47 | 12.9974 | 5.5573 | 
: 18 | 4.9777 | 2.1283 || 48 | 13.2740 | 5.6755 
| 19 | 5.2542 | 2.2465 | 49 | 13.5505 | 5.7938 
' 20 | 5.5308 | 2.3648 || 50 | 13.8270 | 5.9120 
1 — — 
21 | 5.8073 | 2.4830 || 51 14.1036 | 6.0303 
99 | 6.0839 | 2.6013 || 52 | 14.3781 | 6.1485 
— —— —— — — — —  — — a ——— i ws 
293 | 6.3604 2.7195 53 | 14.6547 | 6.2667 
| 24 | 6.6370 | 2.8377 || 54 | 14.9312 | 6.3850 
| | 95 | 6.9135 | 2.9560 || 55 | 15.2078 | 6.5032 | 
26 | 7.1900 | 3.0742 56 | 15.4843 | 6.6215 
27 | 7.4666 | 3.1925 || 57 | 15.7608 | 6.7397 
28 | 7.7431 | 3.3107 || 58 | 16.0374 | 6.8579 
| 29 | 8.0187 | 3.4289 || 59 | 16.3139 | 6.9762 | 
| 30 | 8.2962 | 3.5472 || 60 | 16,5905 | 7.0944 | 
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27 

| Gra- Milliaria Milliaria |! Scru-| Milliaria Milliaria l Scru-| Milliaria Milliaria 
dus. || loxodromica. |mecodynamica- | pula. loxodrom. | mecodyna. pula. loxodtom- mecodyna- 
"1-4 17,0008 8.0177 1 2835 1336 31 | 8.7876 | 4.1424 | 
o || 34.0166 16.0333 2 5569 | 2627 32 | 9.0711 | 4.2761 
3 | 51.0249 | 24.0530 || 3| 8504| 4009 | 33 | 9.3545 | 4.4097 
4 || 68.0333 | 32.0706 || 4 | 1.1339 | 5345 || 34 | 9.6380 | 4.5433 
5 || 85.0416 | 49.0883 i| 5 | 1.4174 | 6681 || 35 | 9.9215 | 4.6770 
6 || 102.0499 | 48.1060 || 6 | 1.7008 | 8018 | 36 | 10.2049 | 4.8106 
7 || 119.0582 | 56.1236 || 7 | 1.9843 | 9354 37 | 10.4884 | 4.9442 
8 || 136.0666 | 64.1413 || 8 | 2.2678 | 1.0690 || 38 | 10.7719 | 5.0778 
ee ee e — ook Deg RL ves 
o || 153.0749 | 72.1589 | 9 | 2.5513 | 1.2026 39 | 11.0554 | 5.2115 
10 || 170.0832 30.1766 10 | 2.8347 | 1.3362 || 40 | 11.3389 | 5.3451 
290 || 340.1664 | 160.3532 |} 11 | 3.1182 | 1.4699 || 41 | 11.6223 } 5.4787 
30 || 510:2496 240.5299 12 | 3.4016 | 1.6035 42 | 11.9058 | 5.6123 
1 | 680.3328 | 320.7065 || 13 | 3.6851 | 1.7371 || 43 | 12.1892 | 5.7460 
| 50 || 850.4160 | 400.8831 14 | 3.9686 1.8708 || 44 | 12.4727 5.8796 
[Go || 1020.4992 | 481.0597 || 15 | 4.2520 | 2.0044 || 45 | 12.7562 | 6.0133 
70 || 1190.5824 | 561.2363 || 16 | 4.5355 | 2.1380 || 46 | 13.9397 | 6.1469 
80 || 1360.6656 | 641.4130 17 | 4.8190 | 2.2718 || 47 | 13.3231 } 6.2805 | 
18 | 5.1024 | 2.4053 || 48 | 13.6066 | 6.4141 

Ford 19 | 5.3859 | 2.5389 || 49 | 13.8901 | 6.5477 
90 | 5.6694 | 2.6725 || 50 | 14:1735 | 6.6814 

3 Rs 97 | i 
21 | 5.9529 | 2.8061 51 | 14.4570 | 6.8150 

22 | 6.2363 | 2.9398 || 52 | 14.7405 | 6.9486 

— — ——— — OC —¼ — — — — 
23 | 6.5198 | 3.0734 || 53 | 15.0939 | 7.082: 

24 | 6.8033 | 3.2070 | 54 | 15.3073 40 7.2159 

25 | 7.0867 | 3.3407 || 55 | 15.5908 | 7.3495 

26 | 7.3702 | 3.4743 || 56 | 15.8743 | 7.4831 

27 | 7.6537 | 3.6079 | 57 | 16.1577 | 7 6168 

28 | 7.9872 | 3.7415 | 58 | 16.4412 | 7.7501 

— — — G — U ³ A 7˙— — — — — — Es WR. 
| 29 | 8.2206 | 3.8752 59 | 16.7247 | 7.8840 4 

130 | 8.5041 | 4.0088 60 | 17.6083 | 8.0176 
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246 CANONES LOXODROMICI wN. 
2+ 
| Gra- Milliaria Milliaria (pcru- Milliaria | Milliaria} | Scru-| Milliaria | Milliaria 
| dus. || loxodromica. |mecodynamica. || pula. | loxodrom. | mecodyna. | pula. loxodrom. | mecodyna. | 
1 17.4880 | 8.9906 || 1 | 2914 | 1498 | 31 . 9.0354 4.6451 
2 || 34.9761 | 17.9813 || 2 5829 | 2996 | 32 | 9.3269 | 4.7950 
3\| 52.4641 26.9719 3| 3741 4495 33 | 9.6184 | 4.9448 
4 || 69.9592 | 35.9626 || 4 | 1.1658 | 5993 34 | 9.9098 | 5.0947 
5 37.4402 449533 || 5 | 1.4573 7492 35 | 10.2013 | 5.2445 
6 || 104.9283 | 53.9439 || 6 | 1.7488 | 8990 || 36 | 10.4828 | 5.3943 | 
| 7 || 192.4163 | 62.9346 || 7 | 2.0402 | 1.0489 | 37 | 10.7842 | 5.5442 
8 | 139.9044 71.9252 8 2.3317 1.1987 || 38 | 11,0757 | 5.6940 
111 n ͥ RL CEOIR | ** : l 
9 || 157.3924 | 80.9159 || 9 2.6232 | 1.3485 || 39 | 11.3672 | 5.8439 
10 || 174.8805 | 89.9065 || 10 | 29146 | 1.4984 || 40 | 11.6587 | 5.9937 
20 || 349.7610 | 179.8130 | 11 | 3.2061 | 1.6482 || 41 | 11.9501 | 6.1436 
30 || 524.6415 | 269.7195 | 12 | 3.4976 | 1.7981 || 42 12.2416 6.2934 
| 40 || 699.5220 | 359.6261 || 13 | 3.7890 | 1.9479 || 43 | 12.5331 | 6.4433 
50 || 874.4025 | 449.5326 || 14 | 4.0805 | 2.0978 || 44 | 12.8245 | 6.5931 
| 60 || 1049.2830 | 539.4391 || 15 | 4.3720 | 2.2476 || 45 | 13.1160 | 6.7429 
70 || 1224.1635 | 629.3456 || 16 | 4.6634 2.3975 46 | 13.4075 | 6.8929 
{ 80 || 1399,0440 | 719.2522 17 | 4.9549 | 2.5473 || 47 | 13.6989 | 7.0426 
18 | 5.2464 | 2.6971 || 48 | 13.9904 | 7.1925 
195.5378 | 2.8470 || 49 | 14.2819 | 7.3423 
'20 | 5.8293 | 2.9968 || 50 | 14.5733 | 7.4922 
| '21 | 6.1208 | 3.1467 || 51 | 14.8618 | 7.6420 
226.4122 | 3.2965 || 52 | 15.1563 | 7.7919 
| ' 23 | 6.7037 3.4464 53 | 15.4478 | 7.9417 
' 24 | 6.9952 3.5962 54 | 15.7392 | 8.0915 
1 —————— 6ꝗ30.— — 22 mn | 
| 25 | 7.2866 | 3.7461 || 55 | 16.0307 8.2414 
26 | 7.5781 | 3.8959 | 56 | 16.3221 | 8.3912 
5 27 | 7.8696 | 4.0457 || 57 | 16.6136 | 8.5411 
| 28 | 8.1610 | 4.1956 || 58 | 16.9051 | 8.6909 i 
— — — — — 
| 29 | 8.4525 | 4.3454 59 | 17.1965 | 8.8408 
42 30 | 8.7440 | 4.4953 | 60 | 17.4880 | 8.9906 


— 


ANON ES LOXODROMICI SN. 247 
3 
[Gri- Milliaria | Milliaria || Scru-| Milliaria | Milliaria I Scru-} Milliaria | Milliaria 
dus. _loxodromica. | mecodynamica. |, pula. | loxodrom. | mecodyna, || pula. | loxodrom. | mecodyna. 
=T || 78-0403 | 70.0227 | 1 3007 1670 || 31 | 9.3208 | 5.1783 
9 || 36.0806 | 20.0454 || 2| 6013 | 3341 || 32 | 9.6215 | 5.3454 
3 || 54.1209 | 30.0680 || 3 9020 | 5011 | 33 | 9.9221 | 5.5124 
4 || 72.1612 | 40.0907 4 | 1.2027 | 6682 || 34 | 10.2228 | 5.6795 
s || 90.2015 | 50.1134 || 5 | 1.5034 | 8352 || 35 | 10.5235 | 5.8465 
6 || 108.2418 | 60.1361 || 6 | 1.8040 | 1.0025 || 36 | 10.8241 | 6.0135 
| 7 || 126.2822 | 70.1587 || 7 | 2.1047 | 1.1693 || 37 | 11.1248 6.1806 
8 || 144.3225 | 80.1814 || 8 | 2.4054 | 1.3364 || 38 | 11.4255 | 6.3476 
9 || 162.3628 | 90.2041 || 9 | 2.7060 | 1.5034 || 39 | 11.7261 | 6.5147 
10 || 180.4031 | 100.2268 || 10 | 3.0067 | 1.6704 || 40 | 12.0268 | 6.6817 
20 || 360.8063 | 200.4535 || 11 | 3.3073 | 1.8374 || 41 12.3275 6.8488 | 
30 || 541.2094 | 300.6803 {| 12 | 3.6080 | 2.0045 || 42 | 12.6282 | 7.0158 
{ 40 || 721.6126 | 400.9070 || 13 | 3.9087 | 2.1715 || 43 | 12.9288 | 7.1829 | 
50 || 902.0157 501.1338 14 | 4.2294 | 2.3386 || 44 | 13.2295 | 7.3499 
| 60 | 1082.4188 | 601.3606 || 15 | 4.5100 | 2.5056 || 45 | 13.5301 | 7.5169 
| 70 || 1262.8920 | 701.5873 || 16 | 4.8107 | 2.6726 || 46 | 13.8308 | 7.6840 
— EG: Es nm IIS 
80 || 1443.2251 | 801.8141 || 17 | 5.1114 | 2.8397 || 47 | 14.1315 | 7.8510 
18 | 5.4120 3.0067 48 | 14.4322 | 8.0181 
| 19 | 5.7127 3.1738 49 | 14.7398 | 8.1851 | 
| 20 | 6.0134 | 3.3408 | 50 | 15.0336 | 8.3522 
| 21 | 6.3141 | 3.5079 || 51 | 15.3343 | 8.5192 
22 | 6.6147 3.670 52 | 15.6319 | 8.6863 
| 23 | 6.9154 3.8420 53 | 15.9356 | 8.8533 
| 24 | 7.2161 | 4.0090 | 54 | 16.2363 | 9.0203 
1 25 7.5167 11760 | 55 | 16.5369 | 9.1874 
| 26 | 7.8174 | 4.3431 | 56 | 16.8376 | 9.3544 
| 27 | 8.1181 | 4.5101 || 57 | 17.1383 | 9.5215 
| | 28 | 8.4188 | 4.677 2 58 | 17.4390 | 9.6885 
| 29 | 8.7194 | 4.8142 | 59 59 | 17.7396 | 9.8555 
N 30 9.0201 | 5.0113 | 60 | 18.0403 | 10.0226 
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2.48 CANONES LOXODROMICI Tex4g% 
37 

Gra- Milliaria Milliaria | Scru-| Milliaria | Miltiaria {| Scru-| Milliaria | Miltiaria | 
dus. || loxodromica. |mecodynamica.!| pula. | loxodrom. | mecodyna. | pula. } loxodrom. | mecodyna , 
18.6751 11.1297 | 1 3112 1854 31 9.6488 | 5.7477 
2 || 37.3501 22.2493 2 6225 3708 || 22 9.9600 | 5.9332 
9 56.0254 | 33.3742 | 3 9837 5562 33 | 10.2713 | 6.1186 
4 || 74.7005 | 44.4990 | 4 | 1.2450 | 7416 34 | 10.5825 | 6.3040 
ls! 93.3756 | 55.6238 | 5 | 1.5562 | 9270 35 | 10.8938 | 6.4894 { 
6 112.0507 | 66.7485 | 6 | 1.8675 | 1.1124 || 36 | 11.2050 | 6.6748 
7 130.7258 77.8733 | 7 | 2.1787 | 1.2978 || 37 | 11.5363 | 6.8602 
8 || 149;4009 | 88.9980 || 8 | 2.4900 | 1.4833 || 38 11.8275 7.0456 
9 || 168.0761 | 100.1228 | 9 | 2.8012 | 1.6687 || 39 | 12.1388 | 7.2310 
10 || 186.7512 | 111.2475 || 10 | 3.1125 | 1.8541 |! 40 | 12.4500 | 7.4165 
20 || 373.5024 |. 222.4951 || 11 3.4237 2.0395 || 41 | 12.7613 | 7.7019 
30 || 560.2536 | 333.7427 || 12 3.7350 2.2249 42 | 13.0725 | 7.7873 
| 40 || 747.0048 | 444.9902 || 13 | 4.0462 | 2.4103 || 43 | 13.3838 | 7.9727 
50 || 933.7560 | 556.2378 || 14 | 4.3575 | 2.5957 || 44 | 13.6950 | 8.1581 
| 60 || 1120.5072 667.4853 15 4.6687 | 2.7811 || 45 14.0063 8.3435 
70 || 1307.2584 | 778.7329 | 16 | 4.9800 | 2.9666 || 46 | 14.8175 8.5289 
80 ||.1494.0096 | 889.9805 || 17 | 5.2912 | 3.1520 || 47 14.6288 | 8.7143 
18 | 5.6025 | 3.3374 || 48 | 14.9400 | 8.8998 
| 19 | 5.9137 | 3.5298 || 49 | 15.2513 | 9.0852 
20 | 6.2250 | 3.7082 || 50 | 15.5626 | 9.2706 
F 216.5362 3.8936 51 | 15.8738 | 9.4560 
22 | 6.8475 4.0790 52 | 16.1851 | 9.6414 
Fi | 23 | 7.1587 | 4.2644 | 53 | 16.4963 | 9.8268 
24 | 7.4700 | 4.4499 || 54 | 16.8076 | 10.0122 
25 | 7.7813 | 4.6353 || 55 | 17.1188 | 10.1976 
26 | 8.0925 | 4.8207 || 56 | 17,4301 | 10.3831 | 
27 | 8.4038 | 5.0061 | 57 | 17.7413 10.3685 
| 28 | 8.7150 | 5.1915 || 58 | 18.0526 | 10.7539 
| 29 | 9.0263 | 5.3769 || 59 | 18.3638 | 10.9393 
| 30 | 9.3375 | 5.5623 |} 60 | 18.6751 | 11.1247 


] 


CANONES LOXODROMICI EN 249 
35 
Grey Ml lliaria Milliaria |! Scru-| Mitliaria | Milliaria Se a M !liaria Mitliaria | 
dus. loxodromica. mecodynumca. yula, loxodrom. | mecodyn, | pula | loxodrom | mecodyn. | 
— ES rm [== = | == ===—=—= —̃ D—yv 
1 19.4046 12.3102 1 | 3234 2052 JI | 10.0257 | 6.3602 | 
2 | 38.8093 | 24.6203 | 2 | 6468 4103 | 32 | 10,3491 | 6.5654 | 
| e e ee _— 
3 | 58.2139 | 36.9305 | 3 9702 6155 || 33 | 10.6725 | 6.7706 
4 | 77.6186 | 49.2407 || 4 | 1.2936 | 8207 | 34 | 10.9959 | 6.9737 |, 
5 97.0233 61.5509 5 | 1.6170 | 1.0258 || 35 | 11.3193 | 7.1809 | 
6 | 116.4279 73.8610 6 | 1.9405 | 1.2310 || 36 | 11.6427 | 7.3861 | 
| | | 
| 7 | 135.8326 | 86.1713 | 7 | 2.2639 | 1.4362 37 | 11.9662 | 7.5912 | 
8 | 155.2372 | 98.4814 || 8 | 2.5873 | 1.6414 | 38 12.2896 | 7.7964 | 
9 | 174.6419 | 110.7916 || 9 | 2.9107 | 1.8466 || 39 12.6130 8.0016 | 
10 194.0465 | 123.1018 || 10 | 3.2341 | 2.0517-|| 40 12.936 | 8 — 
20 || 388.0931 | 246.2036 | 11 | 3.5575 | 2.2568 || 41 | 13.2598 . 4119 | 
30 || 582.1396 | 369.3055 || 12 | 3.8809 | 2.4620 || 42 | 13.5836 | 8.6171 
40 || 776.1862 | 492.4072 || 13 | 4.2043 | 2.6672 | 43 | 13.9066 | 8.82 23 
50 970.2327 615.5091 || 14 | 4.5277 | 2.8723 || 44 | 14.2300 | 9.0274 
60 | 1164.2792 | 738.6109 || 15 | 4.8511 | 3.0775 || 45 | 14.5534 | 9.2326 | 
70 || 1358.3258 | 861.7127 | 16 | 5.1745 | 3.2827 || 46 | 14.8769 | 9.4378 
80 || 1552.3723 | 984.8145 || 17 | 5.4979 | 3.4878 || 47 | 15.2003 | 9.6429 
18 | 5.8213 | 3.6930 || 48 | 15.5237 | 9.8481 
19 | 6.1448 | 3.8982 || 49 [15.8471 | 10.0533 
| 20 | 6.4682 4.1034 | 50 | 16.1705 | 10.2584 
21 | 6.7916 4.3085 | 51 | 16.4939 | 10.4636 
22 | 7.1150 | 4.5137 | 52 | 16.8173 | 10.6688 
93 | 7.4384 | 4.7189 53 | 17.1407 | 10.8739 
24 | 7.7618 | 4.9240 54 | 17.4621 | 11.0791 
25 | 8.0852 | 5.1292 | 55 | 17.7875 | 11.2843 
26 | 8.4086 | 5.3344 | 56 | 18.1110 | 11.4895 
| 27 | 8.7320 | 5.5395 | 7 | 18.4344 | 11.6946 
28 | 9.0555 | 5.747 58 | 18.7578 | 11.8998 
29 | 9.3789 | 5.9499 | 59 19.0812 | 12.1050 
30 | 9.7023 | 6.1551 / 60 1 19.4046 12.3101 
Vor. IV. K Kk 
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250 CANONES LOXODROMICI DN D. 
34 

® uy Milliaria Milliaria Seru- Milliaria Milliaria | way Milliaria Milliaria 
dus. | loxodromica. |mecodynamica. || pula.| loxodrom. | mecodyn. || pula. | loxodrom. | mccodyn. 
] 20.2442 | 13.5952 | 1 3374 2265 31 | 1.0459 | 7.0241 | 

2 40.4885 27.1904 2 6748 4531 | 32 | 10.7969 | 7.2507 | 

| 3 | 60.7327 | 40.7856 || 3 | 1.0122 | 6797 | 33 | 11.1343 | 7.4773 
4 || 80.9770 | 54.3808-|| 4 | 1.3496 | 9063 || 34 | 11.4717 | 7.7039 
— — — . oe ee ems 

5 || 101.2212 | 67.9760 || 5 | 1.6870 | 1.1329 || 35 | 11.8091 | 7.9305 
6 || 121.4655 | 81.5712 || 6 | 2.0244 | 1.3595 || 36 | 12.1465 | 8.1571 
7 || 141.7097 | 95.1664 || 7 | 2.3618 | 1.5861 || 37 | 12.4839 | 8.3837 
8 || 161.9540 | 108.7616 || 8 | 2.6992 | 1.8126 || 38 | 12.8213 | 8.6102 

| 9 || 189.1982 | 122.3569 9 | 3.0366 | 2.0392 || 39 | 13.1587 | 8.8368 
10 || 202.4425 | 135.9521 || 10 | 3.3740 | 2.2658 || 40 | 13.4961 | 9:0634 
20 404.8849 271.9041 11 3.7114 | 2.4924 1 13.8335 | 9.2900 
30 || 607.3274 | 407.8562 | 12 | 4.0488 | 2.7190 || 42 | 14.1709 | 9.5166 
40 || 809.7698 | 543.8083 || 13 | 4.3862 | 2.9456 || 43 | 14.5083 | 9.7432 | 
50 || 1012.2123 | 679.7604 || 14 4.7236 3.1722 || 44 | 14.8457 | 9.9698 
| 60 || 1214.6548 | 815.7121 || 15 | 5.0610 | 3.3988 || 45 | 15.1831 | 10.1964 
70 || 1417.0972 | 951.6646 || 16 | 5.3984 3.6253 46 | 15.5205 | 10.4229 | 
80 | 1619.5397 | 1087.6166 || 17 | 5.7358 | 3.8519 || 47 | 15.8579 | 10.6495. 
| 18 | 6.0732 | 4.0785 || 48 | 16.1953 | 10.8761 
19 | 6.4106 | 4.3051 || 49 | 16.5328 | 11.1027 | 

| 20 | 6.7480 | 4.5317 || 50 | 16.8702 | 11.3293 
21 | 7.0854 | 4.7583 || 51 | 17.2076 | 11.5559 

22 | 7.4228 4.9849 352 | 17.5450 | 11.7825 

23 7.7602 | 5.2114 || 53 | 17.8824 | 12.0091 
24 | 8.0976 | 5.4380 || 54 | 18.2198 | 12.2357 

| 25 | 8.4351 | 5.6646 || 55 | 18.5572 | 12.4623 

26 | 8.7725 | 5.8912 || 56 | 18.8946 12.6888 

| 27 | 9.1099 6.1178 57 | 19.2320 12.9154 

|| 28 | 9.4473 6.3444 58 | 19.5694 | 13.1420 

Zr —3ů—Ac— — 

| 29 | 9-7847 | 6.5710 || 59 | 19.9068 | 13.3686 

A | 30 | 10.1221 | 6.7976 || 60 20.2442 13.5952 
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CANONES LOXODROMICI ve. 251 
4 

Gra- Milliaria Milliaria | Milliaria | Milli ria Milliaria | Milliaria 
dus. _Joxodromica. | mecodynamica. || pula. | loxodrom. loxodrom. [=== . | loxodrom, mecodyn. | 
—T || 21.2132 ; 15.0000 | 3535 | 2500 10.9600 | 7.7300 
9 || 42.4264 | 30.0000 7071 | 5000 | 11.3136 | 8 0000 

[3 || 63.6396 45,0000 3 | 1.0607 7500 11.6671 | 8.2500 
4 || 84.8528 | 60.0000 | 1.4142 | 1.0000 34 12.0207 | 8.5000 
5 || 106.0660 | 75.0000 | 1.7678 | 1.2500 | .35 | 12.3742 | 8.7500 
6 || 127.2792 | 90.0000 2.1213 | 1.5000 | 12.7278 | 9.0000 

7 || 148.4924 | 105.0000 2.4749 | 1.7500 | 37 | 13.0813 | 9.2500 
8 || 169.7056 | 120.0000 2.8284 | 2.0000 | 13.4349 | 9.5000 
9 || 190.9188 | 135.0000 | 9 | 3.1820 | 2.2500 | 39 | 13.7884 | 9.7500 
10 212.1320 | 150.0000 | 3.5355 | 2.5000 | 14.1420 | 10.0000 
| 20 || 424.2641 | 300.0000 | 3.8890 | 2.7500 | 41 | 14.4955 | 10.2500 
30 || 636.3961 | 450.0000 4.2426 | 3.0000 | 14.8491 | 10.5000 
40 || 848.5282 | 600.0000 4.5961 3.2500 | 43 | 15.2026 | 10.7500 
50 || 1060.6602 | 750.0000 4.9497 | 3.5000 | 15.5562 | 11.0000 
60 || 1272.7922 | 900.0000 5.3032 | 3.7500 45 | 15.9097 | 11.2500 
70 || 1484.9243 | 1050.0000 5.6568 | 4.0000 | 46 | 16.2633 | 11,5000 
80 || 1697.0563 | 1200.0000 | 6.0103 | 4.2500 47 | 16.6168 | 11.7500 
6.3639 | 4.5000 16.9704 | 12.0000 
6.7174 | 4.7500 | 49 | 17.3239 | 12.2500 | 
7.0710 | 5.0000 | 17.6776 | 12.5000 | 

7.4245 | 5.2500 | 18.0312 | 12.7500 

7.7781 | 5.5000 | 18.3847 | 13.0000 

| 8.1316 | 5.7500 18.7383 | 13.2500 

| 24 | 8.4852 | 6.0000 | 54 | 19.0918 | 13.5000 
8.8387 | 6.2500 | 19.4454 | 13.7500 | 

9.1923 | 6.5000 |: 19.7994 | 14,0000 

9.5458 | 6.7500 20.1530 | 14.2500 

9.8994 | 7.0000 | 58 | 20.5065 | 14.5000 

7 10.2529 7.2500 59 | 90.8601 | 14.7500 

10.6065 7.5000 60 | 21.2132 | 15.0000 
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ANON ES LOXODROMICI ENI. 


252 
4 i 
Gra- Milliaria | Milliaria Scru-| Milliaria | Milliaria | Scru- Milliaria Milliaria- | 
dus. || loxodromica. |mecedynamica. || pula. | loxodrom. | mecodyn. || pula. | loxodrom. | mecodyn. 
1 22.3361 | 16.5500 | 1 | 3723| 2758 31 | 11.5403 | 8.5508 | 
9 || 44.6721 | 33.0999 | 2 7445 5517 || 32 | 11.9126 | 8.8266 
3 || 67.0082 | 49.6498 || 3 1.1168 | 8275 33 | 12.2848 | 9.1021 
4 || 89.3443 | 66.1998 || 4 | 1.4890 | 1.1033 || 34 | 12.6571 | 9.3783 
is || 111.6804 | 82.7497 || 5 | 1.8613 | 1.3792 || 35 | 13.0293 | 9.6541 
| 6 | 134.0165 | 99.2997 | 6 | 2.2336 | 1.6550 | 36 | 13.4016 | 9.9300 | 
7 || 156.3596 | 115.8496 || 7 | 2.6059 | 1.9308 | 37 | 13.7739 | 10,2058 | 
8 || 178.6887 | 132.3996 | 8 | 2.9781 | 2.2067 | 38 | 14.1462 | 10.4816 
9 || 201.0248 | 148.9495 || 9 | 3.3504 | 2.4825 || 39 | 14.5184 | 10.7575 
10 223.3361 | 165.4995 || 10 | 3.7226 2.7583 40 14.3907 11.0333 
| | 1 3 —— —— — 
20 416.7237 | 330.9990 | 11 | 4.0949 | 3.0341 | 41 | 15.2630 | 11.3091 
30 || 670.0826 | 496.4985 | 12 4.4672 | 3.3100 | 42 | 15.6352 | 11.5849 
10 893.4434 | 661.9980 || 13 | 4.8395 | 3.5858 | 43 | 16.0075 | 11.8608 
50 || 1116.8043 827.4975 14 | 5.2117 | 3.8617 | 44 | 16.3798 | 12.1366 
| 60 || 1340.1651 | 992.9970 || 15 | "5.5840 | 4.1375 | 45 | 16.7590 | 12.4124 | 
70 || 1563.5260 1158.4965 || 16 | 5.9563 | 4.4133 46 | 17.1248 | 12.6883 
50 | 1786.8868 | 1328.9960 || 17 | 6.3285 | 4.6891 | 47 | 17.4966 | 12.9641 | 
18 | 6.7008 | 4.9650 | 48 | 17.8688 | 13.2400 
| 19 | 7.0731 | 5.2408 49 | 18.2411 | 13.5158 | 
20 | 7.4453 | 5:5167 | 50 | 18.6134 13.7916 
| JOINS Hrs | 3 
21 | 7.8176 | 5.7925 | 51 | 18.9857 | 14.0674 | 
22 | 8.1899 | 6.0683 52 | 19.3579 | 14.3433 | 
Oe” | CP — | 6 
| 23 | 8.5622 | 6.3441 || 53 | 19,7302 | 14.6191 
| ' 24 | 8.9344 6.6200 54 | 20.1024 | 14.8950 | 
| 25 | 9.3067 | 6.8958 | 55 | 20.4747 | 15.1708 
| 26 | 9.6790 | 7.1716 | 56 | 20.8470 | 15.4466 
1 E 10.0512 7.4475 || 57 21.2193 15.7224 
|| 28 | 10.4235 | 7.7233 || 58 | 21.5915 | 15.9983 
2 — ? — 
72 29 10.7958 7.9991 || 59 21.9638 | 16.2741 
| 30 | 11.1680 | 8.2750 | 60 | 22.3361 | 16.5499 | 


CANONES LOXODROMICI wpoytic%ss 253 
42 
Gra» || Milliaria Milliaria || Seru- Milliaria | Milliaria er- f Milliaria V. Ulmarte 
dus. || loxodromica. mecodynamica. | pula.| loxodrom. | mecodyna. | pula | loxodrom. . 
123.5446 | 18.2775 | T 3571 | 3046 317 | 12.2163 | 95.1837 | 
2 || 47.2893 | 36.5551 | 2| 7881 6092 | 32 | 12.6103 | 9.7480 
— — — — — — 1 — — — 
3 || 70.9339 54.8327 3 | 1.1822 | 913933 13.0041 10.0527 
4 | 94.5785 73.1102 4 | 1.5763 | 1.2185 | 34 | 13.3985 | 10.3573 
5 || 118.2232 91.3878 5 | 1.9704 | 1.5231 || 35 | 13.7925 | 10.6619 
6 || 141.8678 | 109.6653 || 6 | $.3614 | 1.8277 | 36 | 11.1866 | 10.9665 | 
7 || 165.5124 | 127.9429 || 7 | 2.7585 | 2.1323 | 37 | 14.5807 | 11.2712 
8 || 189.1570 | 146.2204 || 8 | 3.1526 | 2.4369 | 38 | 14.9748 | 11.5738 | 
9 | 212.8017 | 164.4980 || 9 | 3.5467 | 2.7415 || 39 | 15.3688 | 11.8801 
10 || 236.4463 | 182.7755 {| 10 | 3.9407 | 3.0462 || 40 | 15.7630 | 12.1851 
20 || 472.8926 | 365.5511 || 11 | 4.3348 | 3.3509 || 41 | 16.1570 | 12.4896 | 
30 || 709.3390 | 548.3266 || 12 | 4.7289 | 3.6555 | 42 | 16.5511 12 7913 
— —— Nias — — — | 
10 || 945.7853 | 731.1022 || 13 | 5.1229 | 3.9601 | 43 16.9451 13.0989 | 
| 50 || 1182.2316 | 913.8777 | 14 | 5.5170 | 4.2648 || 44 | 17.3392 | 13.5035 | 
[| | | 1 
ren, Tepe ee 1 "I _— —_ 
60 | 1418.6779 | 1096-6532 | 15 | 5.9111 | 4.5694 | 46 | 17,7333 | 13.7082 | 
70 [1 655.1249 | 1279.4288 || 16 | 6.3051 | 4.8740 | 46 | 18.1271 14.0128 
80 191.5710 710 1462.2043 | 17 6 6992 | 5.1787 || 47 | 18.5214 | 14.3171 
| 18 | 7.0933 | 5.4833 | 48 | 18.9155 | 14.6221 | 
\ 19 | 7.4833 | 5.7879 | 49 | 19.3096 | 14.9267 | 
20 | 7.8814 | 6.0925 | 50 | 19.7037 | 15.2313 | 
21 | 8.2755 | 6.3971 |, 51 | 20.0978 | 15.5359 | 
22 | 8.6696 | 6.7018 | 52 | 20.4918 | 15.8405 | 
— — — —— — — — — —— —ü— — 1 
23 | 9.0636 | 7.0064 | 53 20.8859 | 16.8452 | 
| 24 | 9.4577 | 7.3110 || 54 | 21.2800 | 16.4498 
25 | 9.8518 | 7.6157 | 55 21.6740 16.7544 | 
26 | 10.2458 | 7.9203 56 | 22.0681 | 17.0591 
97 | 10.6399 | 8.2249 || 57 22.4622 17.3637 | 
28 | 11.0331 | 8.5296 || 58 | 22 8562 | 17.6683 | 
| 29 | 11.4280 | 8.8342 || 59 | 23.2503 | 17.9729 | 
1 30 | 12.8222 | 9.1388 || 60 | 23.6446 | 18.2776 
Pl 
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CANONES LOXODROMICI wWeogsiecl. 


42 
Gra- Milliaria Milliaria Scru- Milliaria | Milliaria} | Scru-| Milliaria Milliaria | 
dus. | loxodromica. | mecodynamica. Pula. loxodrom. | mecodyna. | pula. | loxodrom. | mecoyna, 
25.1801 | 202252 | [ 4196 3370 31 | 13.0099 | 10.4496 
9 || 50.3610 40.4503 2 | 8393 6741 32 | 13.4295 | 10.7867 
375.5414 | -60.6755 || 3| 1.2590 | 1.0112 | 33 | 13.8492 | 11.1238 
4 || 100.7220 | 80.9006 || 4 | 1.6786 | 1.3483 | 34 | 14.2689 | 11.4609 
5 || 125.9024 | 101.1258 || 5 2.0983 1.6854 || 35 | 14.6886 | 11.7980 
6 || 151.0829 | 121.3509 6 | 2.5180 | 2.0225 | 36 | 15.1082 | 12.1350 
7 || 176.2634 | 141.5761 || 7 | 2.9377 | 2.3596 | 37 | 15.5279 | 12.4721 | 
8g || 201.4439 | 161.8013 || 8 | 3.3573 2.6966 38 | 15.9476 | 12.8092 
9 || 226.6244 | 182.0264 || 9 | 3.7770 | 3.0337 39 16.3673 | 13.1463 
10 || 251.8049 202.2516 10 | 4.1967 | 3.3708 | 40 | 16.7869 | 13.4834 
20 || 503.6097 | 404.5032 |. 11 | 4.6164 | 3.7079 || 41 17.2066 13.8205 
30 || . 755.4146 | 606.7548 | 12 | 5.0360 | 4.0450 42 | 17.6263 | 14.1576 * 
40 || 1007.2195 | 809.0064 || 13 | 5.4557 | 4.3821 || 43 | 18.0460 | 14.4946 
50 || 1259.0244 | 1011.2580 || 14 | 5.8754 | 4.7192 || 44 | 18.4656 | 14.8317 | 
| 60 || 1510.8293 | 1213.5096 || 15 | 6.2951 | 5.0562 || 45 | 18.8853 | 15.1688 | 
70 || 1762.6341 | 1415.7612 || 16 | 6.7147 | 5.3933 || 46 | 19.3050 | 15.5059 
80 || 2014.4390 | 1618.0128 || 17 | 7.1344 | 5.7304 47 | 19.7247 | 15.8430 
18 | 7.5541 | 6.0675 || 48 | 20.1443 | 16.1801 - 
19 | 7.9738 | 6.4046 || 49 | 20.5640 | 16.5172 
20 | 8.3934 | 6.7417 || 50 | 20.9837 | 16.8543 
'21 | 8.8131 | 7.0788 51 | 21.4034 | 17.1913 
22 | 9.2328 | 7.4158 | 52 | 21.8230 | 17.5284 
23 | 9.6525 | 7.7529 || 53 | 22.9427 | 17.8655 
24 | 10.0721 | 8.0900 || 54 | 22.6624 | 18.2026 
25 | 10.4918 8.4271 55 | 23.0821 | 18.5397 
26 | 10.9115 | 8.7642 || 56 | 23.5017 | 18.8768 
| | 27 | 11.3312 | 9.1013 || 57 | 23.9214 | 19.2139 
| ll 28 | 11.7508 | 9.4384 || 58 | 24.3411 | 19.5509 
| N 29 | 12.1705 | 9.7754 || 59 | 24.7608 | 19.8880 
|| 30 | 12.5902 | 10.1125 || 60 | 25.1804 | 20.2251 


| 
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5 "OR 
Gra- | Milliaria | Milliaria || Scru-| Milliaria J Milliaria Scru-] Miliiaria | Milliaria 
dus. lorodromica. |mecodynamica. pula. | loxod rom. _mecodyna. pula. | loxodrom. | mecodyna. 
—T || 26.9993 | 22.4491 | 1 4500 374T | 31 | 13:9496 | 11.5986 
2 | 58.9987 | 44.8982 | 2 | 9000 | 7483 | 32 | 14.3996 | 11.9728 
3 | 80.9978 | 67.3473 || 3 | 1.3500 | 1.1224 | 33 | 14.8496 | 12.3469 
4 || 107.9971 | 89.7963 || 4 | 1.8000 | 1.4966 | 34 | 15.2996 | 12.7411 
5 || 134.9964 | 112.2454 | 5 | 2.2499 | 1.8708 | 35 | 15.7495 | 13.0952 | 
6 || 161.9957 | 134.6945 || 6 | 2.6999 | 2.2449 || 36 | 16.1995 | 13.4694 | 
7 || 188.9950 | 157.1436 || 7 | 3.1499 | 2.6190 || 37 | 16.6495 | 13.8435 
8 || 215.9943 | 179.5927 || 8 | 3.5999 | 2.9932 || 38 | 17.0995 | 14.2177 
9 || 942.9936 | 202.0417 || 9 | 4.0499 3.3673 39 | 17.5495 | 14.5919 
10 || 269.9927 | 224.4908 || 10 | 4.4998 | 3.7415 || 40 | 17.9995 | 14.9660 
290 || 539.9857 | 448.9817 || 11 | 4.9498 | 4.1156 || 41 | 18.4495 | 15.3402 
30 || 809.9786 | 673.4725 || 12 | 5.3998 | 4.4898 || 42 | 18.8995 | 15.7143 
70 | 1079.9714 | 897.9633 || 13 | 5.8498 | 4.8639 || 43 | 19.3494 16.0885 
50 || 1349.9643 | 1122.4542 || 14 6.2998 5.2381 || 44 | 19.7994 | 16.4626 
60 || 1619.9571 | 136.9450 || 15 | 6.7498 | 5.6122 || 45 | 90.2494 | 16.8368 
70 || 1889.9500 | 1571.4359 || 16 | 7.1998 | 5.9864 || 46 | 20.6994 | 17.2109 
[ 80 || 2159.9429 1795.9267 17 | 7.6498 | 6.3605 || 47 | 21.1494 17.5851 
18 | 8.0998 | 6.7347 || 48 | 21.5994 | 17.9592 
19 | 8.5497 | 7.1088 || 49 | 22.0494 | 18.3334 
20 | 8.9997 | 7.4830 |! 50 | 22.4994 | 18.7075 
21 | 9.4497 | 7.8571 || 51 | 22.9494 | 19.0817 
22 | 9.8997 | 8.2313 || 52 | 23.3994 | 19.4558 
23 | 10.3497 | 8.6054 || 53 | 23.8493 | 19.8300 
24 | 10.7997 | 8.9796 | 54 | 24.2993 | 20.2041 
25 | 11.2497 | 9.3537 | 55 | 24.7493 | 20.5783 
26 | 11.6997 | 9.7279 | 36 | 25.1993 | 20.9524 
97 | 12.1496 | 10.1020 | 57 | 25.6493 | 21.3266 
28 | 12.5996 | 10.4762 | 58 | 26.0993 | 21.7007 
COLD, eee . = 
| 29 | 13.0496 | 10.8503 | 59 | 26.5493 | 22.0749 
E 30 13.4996 11.2245 60 26.9993 22.4% 
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| Gra- | Alliaria ( Milliariz |} Scru-| Milliaria | Milliaria {| Scru-{ Milliaria | Miltiaria | 
dus. loxodtomica. mecodynamica. pula. | loxodrom. | mecodyna, Pola. loxodrom, | mecodyna, | 
1 || 29.1720 | 25.0260 I. 4862 | 4170 || 31 | 15.0748 | 12.9360 | 
2 j 58.3541 50.0529 | 2| 9725 | 8341 || 32 | 15.5610 , 13.3471 | 
— — CEDAR . MR ESE JOEP Os W ee yy 
3 87.5312 | 75.0780 | 3 | 1.4588 | 1.2513 || 33 | 16.0473 | 13.7642 | 
4 || 116.7082 | 100.1039 | 4 | 1.9451 | 1.6683 || 34 | 16.5336 | 14.1813 | 
5 | 145.8852 | 125.1299 | 5 | 2.4314 | 2.0854 || 35 | 17.0199 | 14.5984 | 
6 175.0623 150.1560 | 6 | 2.9177 | 2.5025 || 36 | 17.5062 | 15.0155 
i 7 || 204.2393 | 175.1819 | 7 | 3.4039 2.9196 37 17.9925 15.4326 | 
' 8 i| 233.4164 | 200.2079 || 8 | 3.8902 | 3.3367 || 38 | 18.4787 | 15.8497 | 
ſ9 ||. 262.5934 225.2339 9 | 4.3765 | 3.7538 | 39 | 18.9650 | 16.2668 
10 || 291.7705 | 250.2599 || 10 | 4.8628 | 4.1709 || 40 | 19.4513 | 16.6839 | 
20 || 583.5409 | 500.5198 || 11 | 5 3491 | 4.5880 41 | 19.9376 | 17.1014 | 
30 || 875.3114 | 750.7796 || 12 | 5.8354 | 5.0051 || 42 | 20.4239 | 17.5181 
40 || 1167.0818 | 1001.0395 || 13 | 6.3216 | 5.4222 || 43 | 20.9102 | 17.9352 
50 || 1458.8523 | 1251.2994 || 14 | 6.8079 | 5.8393 || 44 | 21.3965 | 18.3523 

| — — 5 N e ee eee 
60 || 1750.6628 | 1501:5593 || 15 | 7.2942 | 6.2564 || 45 21.8827 | 18.7694 
70 || 2042.3932 | 1751.8192 || 16 | 7.7805 | 6.6735 || 46 | 22.3690 | 19.1865 
80 || 2334.1637 | 2002,0790 || 17 | 8.2668 | 7.0906 || 47 | 22.8553 | 19.6036 
18 | 8.7531 | 7.5077 || 48 | 23.3416 | 20.0207 
| 19 | 9.2394 | 7.9248 || 49 | 23.8279 | 20.4378 | 
20 | 9.7256 | 8.3419 || 50.| 24.3142 | 20.8549 
. 21 | 10.2119 | 8.7590 || 51 | 24.8004 | 21.2720 
| | 22 10.6982 | 9.1761 || 52 25.2867 21.6891 
| 23 | 11.1845 9.5932 53 | 25.7730 | 22.1062 
24 | 11.6708 | 10.0103 || 54 | 26.2593 | 22.5233 
25 | 12.1571 | 10,4274 || 55 | 26.7456 | 22.9404 
26 | 12.6433 | 10.8445 || 56 27.2319 | 23.3575 
4 27 | 13.1296 | 11.2616 || 57 27.7181 23.7746 
| 28 | 13.6159 | 11.6787 || 58 | 28.2044 | 24.1917 | 
| 29 | 14.1022 | 12.0958 || 59 | 28.6907 | 24.6088 
| - 30 | 14.5885 | 12.5129 || 60 | 29.1770 | 25.0259 
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5% 

[Gr] Milliaria Milliaria | gera- Milliaria Milliaria 1 Scre- M.lliaria n 
Aus. 1 mecodynamica. pula. | loxodrom. mecodyn, | pula loxodrom. mecod aa. 
1 || 31.8203 | 28.0830 | l | 5303 | 4680 | 31 | 16.4105 | 14.5095 
2 || 63.6407 | 56.1660 | 2 | 10206 | 9261 | 32 | 16.9768 | 14.9776 
| 3\ 95.4610 | 84.2490 | 3 1.5910 1.4041 | 33 | 17.5011 | 15.4436 | 
* 127.2813 | 112.3320 4 2.1213 1.8722 34 18.0315 15.9137 
ERR SGT LF RPE, EFF RNs! 3 5 1 9 
5 || 159.1017 140.440 5 2.6517 | 2.3402 | 35 | 18.5618 | 16.3817 
| 6 || 190.9220 | 168.4980 || 6 | 3.1820 | 2.8083 | 36 | 19.0922 | 16,898 | 
7 | 222.7424 | 196.5811 | 7 | 3.7123 | 3.2763 || 37 | 19.6225 | 17.3178 
8 | 254.5627 | 224.6641 | 8 | 4.2427 | 3.7444 | 38 | 20.1528 | 17,7859 

| 9 || 286.3830 | 252.7471 | 9 | 4.7730 | 4.2114 || 39 | 20.6832 | 18.2539 
10 || 318.2034 | 280.8301 || 10 | 5.3033 4.6805 40 | 21,2135 | 18.7220 
20 || 636.4068 | 561.6602 || 11 | 5.8337 | 5.1485 || 41 | 21.7428 | 19.1900 
30 || 954.6102 | 842.4903 || 12 | 6.3640 | 5.6660 | 42 | 22,2742 | 19.6531 
40 || 1272.8136 | 1123.3204 || 13 | 6.8944 | 6.0846 || 43 | 22.8045 20.1261 
50 || 1591.0170 | 1404.1505 || 14 | 7.4247 | 6.5527 || 44 | 23.3349 | 20.5942 
60 || 1909.2203 | 1684.9806 || 15 | 7.9550 | 7.0207 || 45 | 23.8652 | 21.0622 
70 || 2227.4238 | 1965.810716 | 8.4858 | 7.4888 || 46 | 24.3955 | 21.5303 
80 || 2545.6272 | 2246.6408 || 17 | 9.0157 | 7.9568 || 47 | 24.9259 | 21.9983 
| 18 | 9.5461 | 8.4219 | 48 | 25.4562 | 22.4664 
19 | 10.0764 | 8.8929 || 49 | 25.9866 | 22,9344 | 

| 20 | 10.6067 | 9.4610 | 50 | 26.4169 | 23.4025 

| 

0 21 | 11.1371 | 9.8490 | 31 | 27.0472 | 23.8705 

| 22 | 11.6674 10.271 52 | 27.5776 | 24.3386 

was 23 | 12.1978 | 10.7651 | 53 | 28.1079 | 24.8066 
| 24 | 12.7281 | 11.2332 || 54 | 28.6383 25.2747 

25 | 13.1258 | 11.7012 || 55 | 29.1686 | 25.7427 | 
| | 96 | 13.8884 | 12.1693 | 56 | 29.6989 | 26.2108 
— — ———— — 1 —ͤ — — — — —— —äP - ũ ͤ——3———— 
ny 27 | 14.3191 | 12.6373 || 57 | 30 2293 | 26.6788 
28 | 14.8497 | 13.1054 || 58 | 30.7596 | 27.1469 | 

| | 29 | 15.3800 | 13.5734 | 59 | 31.2900 | 27.6149 

2 | 30 | 15.9101 114.0415 / 60 | 31.8203 | 28.0330 
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Gra- Milliaria | Milliaria || Scru-| Milliaria | Milliaria | Milliaria } Milliaria | 
dus. loxcdromica. mecedynamica. ] pula,! loxodrom. | mecodyn. | loxodrom. | mecodyn. 
1 11 35.0832 | 31.7148 1 5817 5286 18.1263 | 16.3860 | 
o || 70.1664 63.4297 2| 1.1694 | 1,0572 18.7110 | 16.9146 | 
3 || 105.24% 95.1445 3 | 1.7541 | 1.5857 19.2957 | 17.4431 
4 || 140.3328 126.8593 4 | 2.3389 2.1143 19.8804 | 17.9717 
| 5 || 175.4120 | 158.5742 || 5 | 2.9236 2.6429 35 | 20.4652 | 18.5003 
| 6 || 210:4992 | 190.2890 || 6 | 3.5083 | 3.1715 21.0499 | 19.0289 | 
7 || 945.5824 | 222.0038 || 7 | 4.0930 | 3.7000 || 37 | 21.6346 | 19.5575 | 
| 8 || 280.6656 | 253.7187 | 8 | 4.6777 4.2286 22.2193 20.0860 | 
9 || 315.7487 | 285.4335 | 9 | 5.2624 | 4.7572 22.8041 | 20.6146 
10 || 350.8319 | 317.1483 |] 10 | 5.8472 | 5.2858 23.3888 | 21.1432 
20 || 701.6639 | 634.2967 || 11 | 6.4319 5.8144 23.9735 | 21.6718 
30 || 1052.4958 | 951.4451 || 12 | 7.0166 | 6.3429 24.5582 | 22.2004 
| 40 || 1403.3277 | 1268.5934 || 13 | 7.6014 | 6.8715 25.1429 | 22.7289 
50 || 1754.1597 | 1585.7418 || 14 | 8.1861 | 7.4001 25.7277 23.2575 
60 21049916 1902.8901 || 15 | 8.7708 | 7.9287 26.3124 | 23.7861 
70 || 9455 8236 | 2220.0385 || 16 | 9.3555 | 8.4573 26.8971 | 24.3147 
80 || 2806.6555 | 2537.1869 || 17 | 9-9402 | 8.9859 27.4818 | 24.8433 
18 | 10.5249 | 9.5144 || 48-| 28.0665 | 25.3719 
| 19 | 11.1097 | 10.0434 28.6512 | 25.9004 
20 11.6944 10.5716 29.2360 | 26.4290 
| —— — — — — — — 
21 | 12.9791 | 11.1002 29.8207 | 26.9576 
| 92 | 12.8638 | 11.6238 30.4054 | 27.4862 | 
| 7 | 23 | 13.4485 | 12.1573 30.9901 | 28.0148 | 
| 21 | 14.0333 | 12.6859 31.5749 | 28.5433 | 
25 | 14.6180 | 13.2145 32.1596 | 29.0719 
26 15.2027 13,7431 32.7443 | 29.6005 
— Il. V9." ROI PUREE RETINAL . 
27 15.7874 14.2712 33.3290 30.1290 
| 28 | 16.3721 | 14.8003 33.9137 | 30.6576 | 
| | 29 | 16.9569 | 15.3288 34.4985 | 31.1862 
| 17.5416 E 
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6 
| ]Gia- {{ Milliaria Milliaria || Scru-| Milliaria | Milliaria | Scru-| Milliatia | Milliaria 
dus. loxodromica. mecodynamica. pula. | loxodrom. | mecodyn. pula. loxodrom. mecodyn. 
F 39.1979 | 36:203T 1 6533 | ©6035 | JT | 20:2517 | 18.7101 
2 78.3958 72.4263 2| 1.3065 | 1.2071 | 32 | £0.9050 | 19.3137 
[3 || 117.5936 | 108.6395 | 3 | 1.9598 | 1.8106 | 33 | 21.5583 | 19.9172 
4 || 156.7915 144.8527 4 | 2.6131 | 2.4142 | 34 | 22.2116 | 20.5208 
is | 195.9894 | 181.0658 || 5 | 3.2665 | 3.0178 | 35 | 22.8648 | 21.1243 
6 || 235.1873 | 217.2790 6 | 3.9198 | 3.6213 | 36 | 23.5181 | 21.7279 
— || 974.3852 | 953.4922 | 7 | 4.5731 | 4.2248 | 37 | 24.1714 | 29.3314 | 
3 | 313.5830 | 989.7053 || 8 | 5.2264 4.8281 38 | 24.8247 | 22.9350 
9 || 352.7809 | 325.9185 || 9 | 5.8797 | 5.4318 | 39 | 25.4780 | 23.5385 
10 391.9788 | 362.1317 || 10 | 6.5328 | 6.0355 | 40 | 26.1312 | 24.1420 
"90 || 783.9576 724.2634 11 | 7.1861 | 6.6391 | 41 | 26.7845 | 24.7455 | 
30 {| 1175.9364 | 1086.3951 || 12 | 7.8394 7.2426 42 | 27.4378 | 25.3491 
40 || 1567.9152 | 1448.5268 || 13 | 8.4926 | 7.8462 || 43 | 28.0911 | 25.9526 
50 || 1959.8940 | 1810.6585 || 14 | 9.1459 | 8.4497 |, 44 | 28.7444 | 26.5562 
50 | 2351.8728 | 2172.7902 || 15 | 9.7992 | 9.0533 | 45 | 29.3987 | 97.1597 | 
70 || 2743.8516 | 2534.9219 || 16 | 10.4525 | 9.6568 | 46 | 30.0519 | 27.7633 
50 || 3135.8304 | 2897.0536 || 17 | 11.1058 | 10.2603 | 47 | 30.7052 | 28.3668 
| 18 | 11.7590 10.8639 48 | 31.3585 | 28.9704 
—— ——— — 1 — — 
| 19 | 12.4123 | 11.4675 | 49 | 32.0118 | 29.5739 
20 | 13.0656 | 12.0711 || 50 | 32.6651 | 30.1777 | 
21 | 13.7189 | 12.6746 51 | 33.3184 | 30.7812 | 
22 14.3722 | 13.2782 52 | 33.9716 | 31.3848 
EX vans 23 | 15.0254 | 13.8817 || 53 | 34.6249 | 31.9883 
24 | 15.6787 | 14.4853 || 54 35.2782 39.5919 
1 25 16.3320 15.0888 55 35.9315 33.1954 | 
26 | 16.9853 | 15.6924 || 56 | 36.5847 | 33.7990 | 
27 | 17.6386 16.2959 57 | 37.2380 | 34.4025 | 
28 18.2919 16.8995 || 58 | 37.8913 | 35.0060 
20 | 18.9451 | 17.5030 || 59 | 38.5446 35.6096 
| g 30 | 19.5984 | 18.1066 60 39.1978 30.2132 
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(Gn. Milliaria Milliaria || Scru-| Milliaria | Milliaria f} Scru-j Milliaria | Milliaria 
dus. loxodromica. |mecodynamica. || pula. | loxodrom. | mecodyn. || pula. | loxodrom. | mecodyn. 
FTI 44.5219 | 41,9222 1 7421 6987 || 31 | 23.0045 | 21.6598 | 
9 || 89.0499 | 83.8444 || 2 | 1.4842 | 1.3974 || 32 23.7466 | 22.3585 
3 || 133.5748 | 125.7666 || 3 | 2.2262 | 2.0961 || 33 | 24.4887 | 23.0572 
4 || 178.0997 | 167.6888 || 4 | 2.9683 | 2.7948 || 34 | 25.2308 | 23.7559 
5 || 999.6947 | 209.6110 || '5 | 3.7104 | 3.4935 || 35 | 25.9729 | 24.4546 
6 || 967 1496 | 251.5331 || 6 | 4.4525 | 4.1922 || 36 | 26.7150 | 25.1533 
7 || 311.6746 | 293.4553 || 7 | 5.1946 | 4.8909 || 37 | 27.4570 | 25.8520 
| 8 || 356.1995 | 335.3775 || 8 | 5.9366 | 5.5896 || 38 | 28.1991 | 26.5507 
Ig | 400.7244 | 377.2997 || 9 | 6.6787 | 6.2883 || 39 | 28.9412 | 27.2494 
10 445.2193 | 419.2219 || 10 | 7.4208 | 6.9870 | 40 | 29.6833 | 27.9481 
>0 || 890.1987 | 838.4438 || 11 | 8.1629 | 7.6857 || 41 | 30.4254 | 28.6468 | 
30 || 1335.7481 | 1257.6658 || 12 | 8.9050 | 8.3844 || 42 | 31.1675 | 29.3455 | 
20 || 1780.9975 | 1676.8877 || 13 | 9.6471 | 9.0831 || 43 | 31.9095 | 30.0442 | 
50 || 2226.2469 | 2096. 1096 14 | 10.3891 | 9.7818 || 44 | 32.6516 | 30.7429 
50 || 9671.4063 | 2515.3315 || 15 | 11.1312 | 10.4805 45 | 33.3937 | 31.4416 | 
-0 || 3116 7456 | 2934.553416 | 11.8733 | 11.1792 || 46 34.1358 | 32.1403 
30 || 35619950 | 3353.7754 || 17 | 12.6154 | 11.8779 || 47 | 34.879 | 32.8390 | 
18 | 13.3575 | 12.5766 || 48 | 35.6200 | 33.5377 | 
| 1  — — 1 
1 19 | 14.0996 | 13.2754 || 49 | 36.3620 | 34.2364 
| 20 | 14.8416 | 13.9741 || 50 | 37.1041 | 34.9352 
21 | 15.5837 | 14.6727 || 51 | 37.8462 | 35.6339 | 
1000 22 | 16.3258 | 15.3715 || 52 | 38.5883 | 36.3326 | 

1 — — — — oo | 
: 93 | 17.0679 | 16.0702 || 53 | 39.3304 | 37.0313 | 
24 | 17.8100 | 16.7689 || 54 | 40.0724 | 37.7300 
| 25 | 18.5520 | 17.4676 | 55 þ 40.8145 | 38.4987 | 
1 26 | 19.2941 18.1663 56 | 41.5566 | 39.1274 | 
97 | 20.0362 | 18.8650 || 57 | 42.2987 | 39.8261 
| 28 | 20.7783 | 19.5637 || 58 | 43.0408 | 40.5248 
| 29 | 21.5204 | 20.4204 || 59 | 43.7828 | 41.2235 
T2 30 | 22.2625 | 20.9611 || 60 | 44.5249 | 41.9222 | 
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Gra- || Milliaria | Milliaria -| Mitliaria Milliaria Millaria Milliavie | 
dus. || loxodromica. |mecodynamica. loxogrom. | mecodyna loxodrom. | mecodyna. 
"Th 51.6734 | 49.4484 8012 8241 6.6978 | 25.0183 | 
9 || 103.3468 | 98.8967 1.7224 | 1.6483 | 27.5590 26.3725 
93 || 155.0202 | 148.3451 2.5837 | 2.4724 28.4203 | 27.1966 
4 || 206.6936 | 197.7935 3.4449 | 3.2965 | 34 | 29.2815 | 28.0207 
5 || 258.3670 | 247.2418 4.3062 | 4.1207 30.1427 | 28.8140 
6 || 310.0405 | 296.6902 5.1673 | 4.9448 31.0039 | 29.6690 
7 || 361.7139 | 346.1386 6.0285 | 5.7690 31.8651 | 30.4931 | 
8 || 413.3873 | 395.5870 | 6.8898 | 6.5931 32.7264 | 31.3173 
9 465.0607 445.0353 7.7510 | 7.4172 33.5876 | 32.1414 
10 | 516.7341 | 494.4837 8.6122 | 8.2413 34.4489 | 32.9655 
20 || 1033.4682 | 988.9674 | 9.4734 | 9.0655 || 41 | 35-3101 | 33.7897 
30 || 1550;2023 | 1483.4511 10.5346 | 9.8896 | 36.1713 | 34.6138 
| 40 || 2056.9364 | 1977.9348 11.1959 | 10.7138 | 37.0326 | 35.4380 
50 || 2583.6705 | 2472.4185 12.0571 |] 11.5379 | 37.8928 | 36.2621 
50 || 3100.4046 | 2966.9022 || 15 | 12.9183 | 12.3620 || 45 | 38.7550 | 37.0862 
| 3617.1387 | 3461.3859 13.7795 | 13.1862 || 39,6162 | 37.9104 
. 5 A | | 37.9104 
80 |. 4133.8728 | 3955.8696 14.6407 |] 14.0103 40.4774 38.7346 
15.5020 | 14.8345 41.3387 | 39.5587 

= 16.3632 | 15.6586 42.1999 | 40.3828 
17.2244 | 16.4827 43.0611 | 41.2069 

4 18.0856 | 17.3069 43.9223 | 42.031] 

| | 18.9468 | 18.1310 44.7835 | 42.8552 
| | 19.8081 | 18.9552 45.6447 | 43.6794 | 
| 20 6693 | 19.7793 46.5060 | 44.5035 
| 21.5305 | 20.6034 47.3672 45.3276 
22.3917 | 21.4276 || 56 | 48.2284 | 46.1518 

Fe 23.2529 22.2517 49.0396 | 46.9759 | 
24.1142 | 23 0759 49.9508 | 47.8001 

Es: 24.9754 | 23.9000 50.8121 | 48.6242 | 
25.8366 | 24 7241 |} 60 | 51.6733 | 49.4484 | 


TY 
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62 > 
[Gr Milliaria Milliaria Scru- | Milliaria Milliaria 1! Scru-| Milliaria | Milliaria 
Aus. loxodromica. {mecodynamica. Pula. loxod rom. mecodyna. ' pula. loxodrom. mecodyna, 
I ij 61.7334 | 59.8833 || 1 | 1.0289 | 9980 | 31 | 31.8956 | 30.9397 
2 || 123.4668 | 119.7667 || 2 | 2.0578 | 1.9961 | 32 | 32.9245 31.9378 
3 || 185.2003 | 159.6889 || 3 | 3.0867 | 2.9942 | 33 | 33.9534 | 32.9358 
4 || 246.9337 | 239.5334 | 4 | 4.1156 | 3.9922 | 34 | 34.9823 | 33.9339 | 
5 || 308.6672 | 299.4168 || 5 | 5.1444 | 4.9903 35 | 36.0112 | 34.9320 
6 370.4006 | 359.3001 | 6 | 6.1733 | 5.9883 36 | 37.0400 | 35.9300 
7 i| 432.1340 | 419.1835 || 7 | 7.2022 | 6.9864 || 37 | 38.0689 | 36.9281 
8 493.8674 | 479.0668 | 8 | 8.2311 | 7.9844 || 38 39.0978 | 37.9261 
"9 || 555.6009 | 538.9502 | 9 | 9.2600 | 8.9825 || 39 | 40.1267 | 38.9242 
10 617.3343 598.8335 |. 10 | 10.2889 | 9.9805 |} 40 | 41.1556 | 39.9222 | 
| 20 || 1234.6686 | 1197.6671 || 11 | 11.3178 | 10.9786 || 41 | 42.1845 | 40.9203 
| 30 || 1852.0029 | 1596.8894 | 12 | 12.3467 | 11.9767 || 42 | 43.2134 | 41.9183 | 
40 || 2469.3372 | 2395.3341 | 13 | 13.3756 | 12.9727 || 43 | 44.2423 | 42.9164 
50 || 3086.6715 | 2994.1677 | 14 | 14.4045 | 13.9728 || 41 | 45.2712 | 43.9145 
TW: 3 1 8 LE 
60 || 3704.0058 | 3593.0012 || 15 | 15.4333 | 14,9708 || 45 | 46.3001 44.9125 
{ 70 || 4321.3401 | 4191.8348 || 16 | 16.4622 15.9689 46 | 47.3290 | 45.9106 
80 4938.6744 | 4790.6683 || 17 17.4911 | 16.9669 || 47 48.3578 | 46.9086 | 
| 18 | 18.5200 | 17.9650 || 48 | 49.3867 | 47.9067 | 
n en | ae i ee 
19 | 19.5489 18.9630 49 | 50.4156 | 48.9047 
20 | 20.5778 | 19.9611 50 | 51.4445 | 49.9028 
Dar —— ̃ —— frm frenn ee Bren ent 
21 | 21.6067 | 20.9592 51 | 52.4734 | 50.9008 
| 22 226356 21.9572 | 52 | 53.5023 | 51.8989 
"yy 23 | 23.6645 | 92.9553 || 53 | 54.5312 | 52.8970 
| | | 24 | 24.6934 | 23.9533 | 54 | 55.5601 | 53.8950 
— — | —— — —— — | —— — —U—ñ— 
25 | 25.9923 | 24.9514 55 | 56.5890 | 54.8931 
256 | 26.7511 | 25.9494 || 56 | 57,6179 | 55.8911 
27 | 27.7800 | 26.9475 || 57 | 58.6467 | 56.8892 
| 28 | 28.8089 | 27.9456 || 58 | 59.6756 | 57.8872 
1 29 | 29.8378 28.9436 59 | 60.7045 | 58.8853 
25 30 | 30.8667 29.9417 60 | 61.7334 | 59.8833 
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38.4437 


7 | 
— | Milliaria Milliaria | Scru-| Milliaria } Milliaria || Seru- | Milliaria Mikiaria 
| dus. loxodromica. mecodynamica  pula. loxodrom. | mecodyna. || pula. | loxodrom. | mecodyna, 
—1 | 76.8875 | 75.4101 || I 1.2814 | 1.2568 | 31 | 39.7252 | 38.9619 
2 183.7749 150.8202 | 2 | 2.5629 | 2.5137 || 32 | 41.0066 | 40.2187 
{ 3 || 230.6624 | 226.2302 || 3 | 3.8444 | 3.7705 || 33 | 42.2881 | 41.4755 
4 || 307.5498 | 301.6103 | 4 | 5.1258 | 5.0273 || 34 | 43.5695 | 42.7323 | 
s || 384.4373 | 377.0505 || 5 | 6.4073 | 6.2842 || 35 | 44.8510 | 43.9892 
6 i| 461.3248 | 452.4608 || 6 | 7.6887 | 7.5410 || 36 | 46.1325 | 45.2460 
7 || 538.2122 | 527.8706 || 7 | 8.9702 | 8.7978 || 37 | 47.4139 | 46.5029 
8g || 615.0997 | 603.2807 || 8 | 10.2517 | 10.0547 || 38 | 48 6954 | 47.7597 
| 9 || 693.9871 | 678.6908 || 9 | 11.5331 | 11.3115 |} 39 | 49.9768 | 49.0165: 
10 770.8746 | 754.1009 || 10 | 12.8145 | 12.5683 40 | 51.2583 | 50.2734 
20 || 1537.7492 | 1508.2019 || 11 | 14.0960 | 13.8251 |} 41 | 52.5398 | 51.5302 
30 || 2306.6238 | 2262.3028 || 12 | 15.3775 | 15.0820 || 42 | 53.8212 | 52.7870 
[40 || 3075.4985 | 3016.4037 || 13 | 16.6589 | 16.3388 || 43 | 55.1027 | 54.0439 
50 || 3844.3731 | 3770.5047 || 14 | 17.9404 | 17.5956 || 44 | 56.3841 | 55.3007 
60 | 4613.2477 | 4524.6056 || 15 | 19.2218 | 18.8525 || 45 | 57.6656 | 56.5576 
70 || 5382.1223 | 5278,7066 || 16 | 20.5033 | 20.1093 || 46 | 58.9471 | 57.8144 
80 || 6150.9970 | 6032.8075 || 17 | 21.7848 | 21.3660 || 47 | 60.2285 | 59.0712 
18 | 23.0662 | 22.6230 || 48 | 61.5100 | 60.3280 
19 | 24.3477 | 23.8798 || 49 | 62.7914 | 61.5849 
20 | 25.6291 | 25.1367 || 50 | 64.0728 | 62.8417 
F- 21 | 26.9106 | 26.3935 || 51 | 65.3543 | 64.0986 
22 | 28.1921 27.6504 52 | 66.6358 | 65.3554 
23 | 29.4735 | 28.9072 || 53 | 67.9173 | 66.6122 
24 | 30.7550 | 30.1640 || 54 | 69.1987 | 67.8591 
25 | 32.0364 | 31.4208 || 55 | 70.4801 | 69.1259 
26 | 33.3179 | 32.6777 || 56 | 71.7616 | 70.2827 
8 27 | 34.5993 | 33.9315 || 57 | 73.0431 | 71.6396 | 
28 | 35.8808 | 35.1913 58 | 74.3245 | 72.8964 |- 
—ͤ — — — 8 c — — — — 
29 37.6122 36.4482 | 59 | 75.6060 | 74.1332 
| | 30 | 37.7050 | 60 | 76.8874 | 75.4101 
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8 

Gra- Milliaria f Milliaria Scru-] Milliaria | Milliaria 1 Milliaria Milliaria | 
dus. [ loxodromica. [mecodynamica.Þ} pula. loxodrom. | mecodyna, pula. | loxodrom, | mecodyna, 
1 102.2282 | 101.1218 | T | 1.7038 | 1.6853 !| 31 | 52.8179 | 52.2462 
9 || 204.4565 | 202.2436 | 2 3.4076 | 3.3707 || 32 | 54.5217 | 53.9316 
canal n Fu 7 Wie d, Pond Ie | 
3 || 306.6847 | 303.3653 | 3| 5.1114 | 5.0561 || 33 | 56.2255 | 55.6170 
4 || 408.9130 | 404.4871 | 4 | 6.8152 | 6.7415 || 34 | 57.9293 | 57.3023 
I || 511.1412 | 505.6089 | 5 | 8.5190 | 8.4268 | 35 | 59.6331 | 58.9877 
6 || 613.3695 | 606.7307 | 6 | 10.2928 | 10.1122 || 36 | 61.3369 | 60.6731 
7 || 715.5977 707.8525 7 | 11.9266 | 11.7975 || 37 | 63.0407 | 62.3584 
8s || 817.8260 | 808.9743 || 8 | 13.6304 | 13,4829 || 38 | 64.7446 | 64.0438 
9 || 920.0543 | 910.0962 || 9 | 15.3342 | 15.1683 || 39 | 66.4484 | 65.7292 
10 || 1022.2825 | 1011.2179 || 10 | 17.0380 | 16.8536 || 40 | 68.1521 | 67.4145 
50 || 9044.5650 | 2022.4357 || 11 | 18.7418 | 18.5390 || 41 | 69.8560 | 69.0999 
30 | 3066.8475 | 3033.6536 || 12 | 20.4456 | 20.2244 42 | 71.5598 | 70.7852 
30 || 4089.1301 | 40448714 || 13 | 22.1494 | 21.9097 || 43 | 73.2636 | 72.4700 
50 || 5111-4126 | 5056.0893 || 14 | 23.8532 | 23.5951 || 44 | 74,9674 | 74.1560 
60 || 6133.6951 | 6067.3072 | 15 | 25.5571 | 25.2804 || 45 | 76.6712 | 75.8413 
70 | 7155.9776 | 7078.5250 || 16 | 27.2609 | 26.9658 || 46 78.3150 77.5267 
80 || 8178.2603 | 8089.7430 || 17 | 28.9647 | 28.6512 || 47 | 80.0788 | 79;2121 
| 18 | 30.6685 | 30.3365 || 48 | 81.7826 | 80.8974 
206 | 19 | 32.3722 32.0219 49 | 83.4864 81.5828 
20 34.0760 | 33,7073 | 50 | 85.1902 | 84.2682 
[424 21 | 35.7799 35.3926 51 | 86.8940 | 85.9535 
| | 22 |87:4837 37.0780 | 52 | 88.5978 | 87,6389 
| 23 | 39.1875 38.7633 53 | 90.3016 | 89.3249 
24 | 40.8913 | 40.4487 || 54 | 92 0054 | 91.0696 
— — |} co oo — | oc cw — — 
25 42.5951 | 42.1341 || 55 | 93.7092 | 92.6950 
26 | 44.2989 | 43.8194 || 56 | 95.4130 | 94.3803 
| | 27 | 46.0027 | 45.5048 || 57 | 97.1168 | 96.0657 
28 | 47,7065 | 47.1902 || 58 | 98.8206 | 97.7511 
| 20 | 49.4103 | 48.8755 || 59 100.5244 | 99.4364 
30 51.1141 50.5609 || 60 102.2282 101.1218 
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5 71 
on- Milliaria Milliaria Scru-| Milliaria | Milliaria || Scru-| Milliaria | Milliaria | 
dus. || loxodromica. |mecodynamica. || pula. | loxodrom. | mecodyn. — loxodrom. | mecodyn. 
"T || 153.0344 | 152.2975 || 1 | 2.5505 | 2.5383 wy 79.0678 | 78.6870 

2 || 306.0689 | 304.5950 || 2| 5.1011 | 5.0766 | 32 | 81.6183 | 81.2253 

3 || 459.1033 | 456.8926 || 3 7.6517 7.6149 || 33 | 84.1689 | 83.7636 

4 || 612.1378 | 609.1901 | 4 | 10.2023 | 10.1532 || 34 | 86.7195 | 86.3019 

5 || 765.1723 761.0877 5 | 12.7529 | 12.6914 || 35 | 89.2700 | 88.8402 

| 6 || 918.2067 | 913.7852 || 6 | 15,3034 | 15.2297 || 36 | 91.8206 | 91.3785 

| 7 || 1071.2412| 1066.0828 || 7 | 17.1540 | 17.7680 | 37 | 94.3712 | 93.9168 

8 || 1224.2756 | 1218.3803 || 8 | 20.4046 | 20.3063 || 38 | 96.9217 | 96.4550 

9 || 1377.3101 | 1370.6778 || 9 | 22.9552 | 22.8447 || 39 | 99.4723 | 98.9933 

10 || 1530.3446 | 1522.9753 || 10 | 25.5057 | 25.3829 || 40 [102.0229 [101.5316 

20 || 3060.6891 | 3045.9507 || 11 | 28.0563 | 27.9212 || 41 [104.5735 [104.0699 

30 || 4591.0337 | 4568.9261 || 12 | 30.6068 | 30.4595 || 42 [107.1241 [106.6082 

"40 || 6121.3783 | 6091.9015 || 13 | 33.1574 | 32.9977 || 43 [109.6746 [109.1465 

50 || 7651.7229 | 7614.8796 || 14 | 35.7080 | 35.5360 || 44 [112.2252 [111.6848 

60 || 9182.0675 | 9137.8523 || 15 | 38.2585 | 38.0743 || 45 [114.7758 [114.9231 

70 10712.4121 [10660.8276 || 16 | 40.8091 | 40.6126 || 46 [117.3263 [116.7614 

80 12242.7566 12183.8030 17 | 43.3597 | 43.1509 || 47 [119.8769 119.2997 

18 | 45.9103 | 45.6892 || 48 122.4275 [121.8379 

19 | 48.4608 | 48.2275 || 49 [124.9781 [124.3762 

20 | 51.0114 | 50.7658 || 50 [127.5887 [126.9145 

8 21 | 53.5620 | 53.3041 || 51 130.0792 129.4528 

22 | 56.1126 | 55.8420 || 52 [132.6298 [131.9911 

23 | 58.6632 | 58.3807 || 53 [135.1804 [134.5294 | 

24 | 61.2137 | 60.9190 || 54 137.7309 [137.0677 

25 | 63.7643 | 63.4573 || 55 [140.2815 139.6060 

| 26 | 66.3149 | 65.9955 || 56 [142.8321 [142.1443 | 

27 | 68.8654 | 68.5338 || 57 145.3827 [144.6826 | 

28 | 71.4160 | 71.0721 |) 58 [147.9332 [147.2208 

| | 29 | 73.9666 | 73.6104 || 59 [150.5838 [149.7591 | 

S S 30 | 76.5172 | 76.1487 || 60 [153.0344 [152.2974 
Vor. IV. M m 
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* : 72 
Milliaria Milliaria Scru- | Milliaria Milliaria || Scru-} Milliaria Milliaria 
loxodromica. [mecodynamica.|| pula. | loxodrom. | mecodyna. || pula | loxodrom. mecod yna. 
2.5305 | 2.5382 || 31 | 79.0678 | 78.6871 
5.1011 5.0766-|| 32 | 81.6184 | 81.2253 


m_ 

LET 
— 
2 
* 


733.0314 152.275. 
306.0687 | 301.5951 

459.1034 | 456.8926 

612.1378 | 609.1901 


7.6517 | 7.6149 || 33 | 84.1689 | 83.7636 
10.2023 | 10.1532 || 34 | 86.7195 | 86.3019 | 
12.7529 | 19.6915 || 35 | 89.2701 | 88.8402 
15.3034 | 15.2297 36 | 91.8207 | 91.3785 


— —— — 


a OS t 


765.1723 761.4877 
918.2067 | 913.7825 


17.8540 | 17.7680 || 37 | 94.3712 93.9168 
20.4046 | 20.3061 || 38 | 96.9218 | 96.4551 


1072.2412 | 1066.0828 | 
1377.3101 | 1370.6778 | 22.9552 | 22.8446 || 39 | 99.4724 | 98.9934 
| 
| 


-1224.2756 | 1218.3803 


WO 0 vw >| 


— — 


| 10 | 25.5057 | 25.3829 || 40 [102.0230 (101.5317 


1530. 3447 | 1522.9754 
11 | 28.0563 | 27.9212 || 41 104.5735 104.0700 


| 3060.6891 | 3045.9507 | 
4591.0337 | 4568.9261 || 12 | 30.6069 | 30.4595 || 42 [107.1241 [106.6083 


6121.3783 | 6091.9015 | 13 | 33.1575 | 32.9978 || 43 [109.6747 109. 146 
14 


7151.7229 | 7614.8769 39.7080 | 35.5361 || 44 [112.2253 [111.6849 | 


| 9182.0675 | 9137.8523 || 15 | 38.2586 | 38.0744 || 45 [114.7758 114.2231 
10712.4120 [10660.8277 || 16 | 40.8092 | 40.6127 || 46 117.3264 116.7614 | 
12242.7566 [12183.8030 || 17 | 43.3598 | 43.1510 || 47 [119.8770 [119.2997 
18 | 45.9103 | 45.6893 || 48 [122.4276 [121.8380 

19 | 48.4609 | 48.2275 || 49 [124.9781 [124.3763 | 
20 | 51.0115 | 50.7658 || 50 [127.5287 126.9146 


| wal ouasb] cow] 
| S|33|88|29| 5| o. 


21 | 53.5621 | 53.3041 || 51 [130.0793 [129.4529 
22 56.1126 55.8424 || 52 132.6299 [131.9912 


| | 23 | 58.6632 | 58.3807 || 53 [135.1804 [134.5295 
24 | 61.2138 | 60.9190 || 54 137.7310 [137.0678 


| 25 | 63.7643 | 63.4573 || 55 140.2816 [139.6061 
26 | 66.3149 | 65.9956 |] 56 [142.8322 [142.1444 


27 | 68.8655 | 68.5339 || 57 145.3827 144.6827 
28 | 71.4161 | 71.0722 || 58 [117.9333 [147.2209 


| | | 29 | 73.9666 | 73.6105 || 59 [150.4839 149.7592 
|| 30 | 76.5172 | 76.1488 || 60 [153.0345 152.2075 
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CLAUDIANUS DE MAGNETE. 


CE” ſollicità mundum ratione ſecutus 
Semina rimatur rerum, quo Luna laborat 
Defectu, quæ cauſa jubet palleſcere Solem, 
Unde rubeſcentes ferali crine cometæ, 

Unde fluant venti, trepide quis viſcera terraz 
Commoveat motus, quæ fulgura ducat origo, 
Unde tonent nubes, quo lumine floreat arcus : 
Hoc mihi quærenti, fi quid deprendere veri 
Mens valet, expediat. Lapis eſt, cognomine Magnes, 
Decolor, obſcurus, vilis; non ille repexam | 
Cæſariem Regum, nec candida virginis ornat 
Colla, nec inſigni ſplendet per cingula morſu: 
Sed nova ſi nigri videas miracula ſaxi, 

Tunc ſuperat pulchros cultus, et quidquid Eois 
Indus littoribus rubrà ſcrutatur in alga. 

Ex ferro meruit vitam, ferrique rigore 
Veſcitur : has dulces epulas, hæc pabula novit. 
Hinc proprias renovat vires : hinc fuſa per artus 
Aſpera ſecretum ſervant alimenta vigorem. 

Hoc abſente perit; triſti morientia torpent 
Membra fame, venãſque ſitis conſumit apertas. 
Mavors, ſanguinea qui cuſpide verberat urbes, 
Et Venus, humanas quæ laxat in otia curas, 
Aurati delubra tenent communia templi. 
Effigies non una Deis: ſed ferrea Martis 

Forma nitet, Venerem magnetica gemma figurat. 
Illis connubium celebrat de more ſacerdos: 
Ducit flamma choros: feſtà frondentia myrto 
Limina cinguntur, roſeiſque cubilia ſurgunt 
Floribus, et thalamos dotalis purpura velat. 
Hic mirum conſurgit opus. Cytherea maritum 
Sponte rapit, cælique toros imitata priores 
Pectora laſcivo flatu Mavortia nectit, 

Et tantum ſuſpendit onus, galeæ que lacertos 


Implicat, et vivis totum complexibus ambit. 
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Ille laceſſitus longo ſpiraminis actu 

Arcanis trahitur gemma de conjuge nodis, 
Pronuba fit natura Deis, ferramque maritat 
Aura tenax, ſubitis ſociantur Numina furtis. 
Quis calor infundit geminis alterna metallis 
Fœdera? quæ duras jungit concordia mentes ? 
Flagrat anhela ſilex; et amicam ſaucia ſentit 
Materiem, placid6ſque chalybs cognoſcit amores. 
Sic Venus horrificum belli compefcere Regem, 
Et vultum mollire ſolet, cum ſanguine præceps 
Aftuat, et ſtrictis mucronibus aſperat iras, 

Sola feris occurrit equis, mollitque tumorem 
Pectoris, et blando præcordia temperat igne. 
Pax animo tranquilla datur, pugnaſque calentes 
Deſerit, et rutilas dechnat in oſcula criſtas. 
Quz tibi, ſæve puer, non eſt permiſſa poteſtas ? 
Tu magnum ſuperas fulmen, cælõque relicto 
Fluctibus in mediis cogis mugire Tonantem. 
Jam gelidas rupes, viv6que carentia ſenſu 
Membra feris : jam ſaxa tuis obnoxia telis, 

Et lapides ſuus ardor agit ; ferriimque tenetur 
Illecebris: rigido regnant in marmore flamme. 
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NOTA ad hæc verba in pagina 172, lineis 6ti et 7tima, ſcilicet, Aut vel nunc 
jam per regulam falſarum paſitionum | licebit] ex inventis ad minutum uſque pro- 
pemodim definire, bog modo. 
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AUcroRIs ratiocinium in hàc applicatione regulæ falſarum poſitionum ad 

inventionem numeri 0.60143 ex numeris 0.560817 et 0.61877, quæſito nu- 
mero ex utraque parte vicinis, ſeu quorum unus eſt minor, alter vero major, 
numero quæſito, explicatione aliqua mihi videtur indigere, Poterit vero ex- 
plicari hoc modo, | „ 


— Sir 
8 a. ac end ty, © 1 


Ponatur littera @ pro numero 0.56817, quem ſcimus eſſe quæſito minorem ; 
et littera 6 pro numero 0.61877, quem ſcimus eſſe quæſito majorem ; et lit- 
tera x pro ipſo quæſito. Erit igitùr loxodromiæ, quæ ipſi 4, ſeu 0.56,817, 
7862 
10, 


numero quæſito x reſpondentis longitudo milliarium 8 oo; et loxodromie nu- 


042 
— ſeu 
19,000 4 


797.5042. Harum loxodromiarum prima excedit ſecundam 4.7862 milliaribus, | 
ſecunda autem tertiam milliaribus 2.4959. Prior exceſſus vocetur c, ſecun- a 
dus d. | 


His ita poſitis, jam, ſecundùm anctoris præcepta, debemus multiplicare pri- 
mum numerum 0.56817, ſeu a, in numerum quartum 2.4959, ſeu , et mul. 
tiplicare numerum ſecundum 0.61877, ſeu 5, in numerum tertium 4.7862, | 
ſeu c; unde fiunt, ex priore multiplicatione productum 1.418,095,503, ſeu ad, « 
et ex ſecunda multiplicatione productum 2.961, 5 56, 974. {eu bc. Horum au- 5 
tem productorum ſecundum, ſcilicet, 2.961, 556, 975, ſeu bc, eſt addendum 
priori, ſcilicet, 1.418, 095, 503, ſeu ad; unde fit ſumma 4.379, 652, 477, live 
ad + bc. Jam vero exceſſus 2.4959, ſeu 4, eſt addendus exceſſui 4.7862, | 
ſeu c; unde fit ſumma 7.2821, ſeu c + 4. Et poſtremo, ſumma prior 4.379, 4 
652,477, ſeu ad + bc, per ſummam poſteriorem 7.2821, ſeu c + 4, eſt dwi— 
ad + bc 3 ad + bc 
c +4) d +c 2 
auctor aſſerit, erit, quam-proxime, zqualis ipſi x, ſeu numero quæſito. . 


2 — Ü. 
3 11 
is 8 


reſpondet, longitudo milliarium 804 + - „ ſeu 804.7862; et loxodromiæ 


— 


mero 6, ſeu 0.61877, reſpondentis, longitudo milliarium 797 + 


wy 
: 


3 — 
— 3 1 8 


denda; unde fit quotiens o. 60 143, ſeu fraftio ;. que, ut 


. | : 25 R . ad +6 
Hujus autem concluſionis veritas, ſcilicet, & quod hæc fractio? J - — accedet 


propius ad quæſitum numerum x quam una ſaltèm, fi non quam alterutra, prio- 
rum quantitatum à et & (inter quas quantitas x ſita eſt,)“ demonſtrari poteſt hoc 


modo. — 
Quoniam | 


( 270 ) 
Quoniam quantitas prima, 0.56817, ſive a, eſt minor ſecunda 0.61877, 


R : ad + ac ad — be 
five 6, erit quantitas — —_ ——, 


; . _ 
invenimus. Sed quantitas 2 eſt 3 ipſi a, Ergo quantitas à erit 


minor ipſa — ſeu prædictà quotiente, 5 


d +c 
minor ipſa 2e, quam invenimus; ide6que, fi quantitas 
| * of + c 7 9 m 3 1 09 7 9 d+c 
venimus,) eſt minor quæſità quantitate x, differentia inter ipſam et quantitatem 
ad ad + bc be 
d e 


(quam in- 


x crit minor quam differentia inter à et x; id eſt, dicta quantitas ,, quam 


invenimus, accedet propiùs quam à ad quantitatem quæſitam x. 


ad + be . . 
Forcò, quoniam quantitas a eſt minor ipſa 5, erit quantitas e minor 


7e 
be . ad + bc 
eſt 8 ipſi 2. Ergo quantitas 72 5 


23 bad + 
ipla Tt. Sed quantitas __—_ 


| : , . IT vas . ad+6 
(quam invenimus,) minor erit ipſa þ; 1deoque, fi hæc quantitas =, (quam 


invenimus,) eſt major queſta quantitate x, differentia inter ipſam et quanti- 
- ® * . . . ad 5 
tatem x erit minor quam differentia inter & et x; id eſt, difta quantitas <=, : 


quam invenimus, accedet propids quam þ ad quantitatem quæſitam x. 


Neceſſe eſt autem ut dicta quantitas < tt aut ipſi quantitati quæſitæ x 


4 = 
omninò æqualis, aut major ipſa, aut minor. Si fit ipſi x omninò equalis, ha- 
bemus id quod quærimus, ſcilicet, veram magnitudinem ipſius x, Si vero dicta 
quantitas fit major ipla x, accedet propius quam ipla “ ad eam; et, ſi dicta 


quantitas fit minor ipſã x, accedet propiùs quam ipſa à ad eam. fk. p. 
Et plerumque dicta quantitas 1 quam invenimus, accedet propiùs quam 


alterutra duarum quantitatum à et þ ad quæſitam quantitatem x, licet id non 
in omnibus caſibus neceſſarium eſſe videatur, aut demonſtrari poſſit. Et in hoc 
ipſo exemplo, (in quo à et & ſunt zquales numeris * et 0.61877, et 
loxodromiæ quæ correſpondent ipſis numeris a, x, et &, ſeu M 56817, x, et 


0.61877, ſunt 804.7862, 800, et 797.5042,) hæc quantitas 4 , ſeu 0.60143, 


tam prope ad veram magnitudinem quæſiti numeri x accedit 0 longitudo 
loxodromiæ que ipti reſp {pondet, ſeu ex ipſd derivatur, invenitur effe 799.56. 
milliarium, que deficit a datæ loxodromiæ longitudine, ſcilicet, 800 milliari- 


55 
bus, tantùm o. 56, ſeu 5 unius milliaris, ſeu parte paulo majore quàm dimi- 


dium unius milliaris, quæ in tantà longitudine ferè pro nihilo haberi poteſt : 


Unde, è converſo, concludi poteſt, differentiam inter x (quæ datæ loxodromiæõ 
longitudini, 


(6 


. . . . * . * A h 
longitudini, nempe milliaribus 800, reſpondet,) et quantitatem RES ſeu 


0.60143, (quæ loxodromiæ, cujus longitudo eſt milliarium 799. 56 reſpondet,) 
efle ctiam partem valde parvam quantitatis x, et proinde ferè pro nihilo haberi 


pole, 
. ad + te * © one 4 . . . 4 

Hæc autem quantitas -— 37 brevitèr et facilitèr derivari poterĩt ex hac ſup- 
poſitione, nempe, quod, fi fint tres quantitates 3, x, et 5, quæ inter ſe non 
multum difterunt, prima autem fit aliquanto minor {ecunda, et ſecunda minor 
tertià; et ſi ſint tres aliæ quantitates e, /, et g, quæ & tribus prioribus a, x, ct &, 
certo aliquo modo derivantur, et n{dem reſpectivè reſpondent, ſcilicet, quanti- 
tas e quantitati a, quantitas f quantitativ, et quantitas g quantitati &; in his au- 
tem quantitatibus prima e fit aliquanto major ſecunda 5, et ſecunda Ff paulo 
major tertià, contra quam fit in prioribus tribus a, x, et 4; hæ autem quantitates 
(ſicuti et tres priores a, x, &,) paulùm admodum inter fe differant ; erit diſ- 
ferentia prime et ſecundæ trium priorum quantitatum, ſcilicet, x — @, ad 
differentiam ſecundæ et tertiz earundem, ſcilicet, + — x, quam proxime in 
eadem ratione ac differentia prime et ſecundæ trium poſteriorum quantitatum, 
ſcilicet, e — , ad differentiam ſecundæ et tertiæ earundem, ſcilicet, F — g. 


Nam, fi hæc ſuppoſitio fit vera, aut veritati proxima, ponamus c pro e — f, 
et d pro f , ut ſupra in demonſtratione præcedente. Et erit x — @ ad 
þ — x ut cad 4. Ergo x—a Ned erit = b — x) X c, hoc eſt, dx — ad 
erit = bc — cx, et (addendo utrinque cx) erit dv + cx — ad = be, et (ad- 
dendo utrinque ad) erit dx + cx = ad ＋ bc; hoc eſt, x x d c erit = 


ad + bc, Et proinde x erit = << E. 1. 
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Docrok Mackay's Compariſon of the different Methods of Solving 
the Problem, commonly known by the Name of DoctroR HALLEY's 
Problem, with a Method drawn ub by Himſelf for that Purpoſe. 


— TAI. AZ9<— 


ENTRODVUVE TOM 


Hs Problem has exerciſed the ſkill of many eminent Mathematictans ; This Pro- 
and all the methods of Solution that have been applied to it, except one, 33 ey 
are founded upon indirect principles. If a rhumb-line, or loxodromick curve, ed ty x 
co incided with a great circle on the ſphere, the ſolution would be both caſy and direct me- 
accurate :—but the cafe is otherwiſe ; and the difficulty of the Problem is fo great, thee; 

that no direct ſolution has ever been given of it, except that at the beginning 

of this Volume. And that Solution is ſo long and iniricace, that few mariners : 

will be found both able and willing to go through all the ſteps of it. But many, tie id. 
indirect ſolutions have been given of this Problem, the greater part of which may ct methods 
be eaſily underſtood by the generality of maſters of ſhips, and other perſons ac- may be caſily 


quainted with the practice of Navigation, underitood. 


It has been already obſerved, in page 114th of this Volume, that this 
Problem appears to have been firſt propoſed in a book intituled, A Learned : 
Treatiſe of Globes, both Cxleſtial and Terreſtrie! ; with their ſevera! Uſes. Written I. ds firſt 
firſt in Latine, by Mr. RoBtrt Hos; and by bim ſo publiſhed. Afterward propoſed by 
iliuftrated with Notes, by JoAN RES Isaacus PoxTANus ; end note lately made Robert Hucs. 
Engliſh, for the benefit of the unlearned, by Joux CniL.,MEAD, M. A. Chriſt Church 
in Oxon, London, 1639. This Problem is cxpreſſed in the above-mentioned 
book, page 181, as follows. The difference of Lengitnde and Diffance being given; 
bow ts find the Rumbe, and difference of Latitude. Aſter which the propoſer adds 
the following words: Tyere is not any thing in all this Art mere difficult and hard 
to bee feund, than the Rumbe out of the diſiance and difjereiice of Loxeitupey 
given, Neither can it bee done upen the GLOBE, without long and tedivus practice, 
and many repetitions and menſur alicus. 


The next who appears to have mentioned this Problem, is W11.1tzR0RDUS 4- 
SNELLIUs, Proſeſſor of Mathematicks at Leyden, in his Tipbys Batavus, pn thr 
pages 50, 51, 52, and 53, where it conſtitutes the 34th and laſt propoiition of * 1 
book firſt of thai learned work. SNELL Ius quotes the words of Ro BERT Huts; 
but it muſt have been from an older edition than that above-mentioned, as hs 
Tiphys Baravus was printed in the year 1624. SNELL1vs has folved this Pro- beat 
blem ig an indirect manner; and it ſeems probable that his ſolution was the firſt In.“ 
that ever was given of it. This Solution of SNELL1Us, together with all the reſt 
of his Tiphys Batavus, has been reprinted in the foregoing part of this Volume. 

N n 2 This 
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"Dara PE: This Probletn was afterwards propoſed to the learned world by the celebrated 

thicd time by Dr. EpMUND Harley, in the year 1695-9, in the nineteenth volume of the 

Dr. Halley,  Phijoſophical Tranſactions, Number 219, in a very learned and ingenious 
Tract, intitled, An eaſy Demonſtration of the Ana og of the Logarithmick Tangen!s 
to the Meridian Line, or Sum of the Secants ; with varicus Methods for computing the 
ſome to the utmoſt exattneſs ; which Tratt was atterwards publiſhed a ſecond time 
in the ſecond volume of a Collection of Mathematical and Philoſophical Tracts, 
intitled Miſcellanea Curioſa, that was printed at London in the year 1708; and has 
within theſe few years been publiſhed a third time in the ſecond volume of this 
preſent Collection of Tracts, called Scriptores Logarithmici. And from the manner 
in which Dr. HALL there {peaks of this Problem, it ſeems probable that he 
either had not ſeen the aforeſaid books of Huzs and SNELL1vus, or had forgot 
that this Problem was mentioned in them. For, in the 3 5th page of the ſecond 
volume of the Miſce!lazea Curigſa, he propoſes it in the following words: A Sbip 
foils from a given Latilude, and, having run a certain number of Leagues, has altered her 
Longitude by a given angle; it is required to find the courſe ſteered. And he then adds 
—The Solution hereof would be very acceptable, if not to the Publick, at leaſt to the Au- 
bor of this Tratt, being likely to open ſome further light into the Myſteries of Geometry, 


"Be hat Since that time, this Problem has been ſolved in an indirect manner, by 
time ſolved ſeveral writers on Navigation, and others: — As Monſieur BoucveR in his 
in an indirect Nouveau Traite de Navigation ; Mr. RoperTsSoN, in the ſecond volume of his 
manner by ſe- Elaments of Navigation; Mr. EMERSON, in his Theory of Navigation, which ac- 
veral authors. I, , * : : a 

companies his Mathematical Principles of Geography; Mr. IsRAEL Lyons, in the 

8. Nautical Almanac for 1772; and Monſieur Bezour, in his Traits de Navigation : 

8 ee at and lately, Baron Mask AES, with the aſſiſtance of Mr. Arwoop, has given a 

manner by direct Solution of this Problem, being the firſt direct Solution that has been 

Baron Maſeres given of it, and which is at the beginning of this Volume. In the preſent paper, 

and Mr. At- ] propoſe to collect together the ſeveral Solutions that have been given of this 

* Problem, and to compare them with another Solution of it lately drawn up by 
myſelf, and which I will, therefore, now proceed to exhibit to the reader. 


— 


N O DEN. 


Given the Diſtance ſailed upon a direct Courſe, the Difference of Longi- 
tude, and either the Latitude ſailed-from, or that come-to; to find 
the Courſe ſteered, and the other Latitude. 


— — —_——_—_— 
9. 1. 
The Solution f : 
with which I. When the given place is on the Equator. 


the different ; : | ; 
examples are To the logarithmick ſecant of the difference of longitude, add the log. coſine 


| other com- of the diſtance expreſſed in degrees. And the ſum, rejecting radius, will be the 
| log. 


METHODS OF SOLVING DR. HALLEY'S PROBLEM. 277 


log. ſine of the required latitude nearly. But, becauſe the diſtance between any 
two places, when meaſured on the arch of a great circle, is always lels than the 
diſtance between the fame two places, when reckoned on a loxodromick curve; 
therefore, the arch thus found will always exceed the true latitude. Now, 
from the logarithm of this Jatitude reduced to miles, its index being increaſed 
by 10, ſubtract the log. of the diſtance : and the remainder will be the log. coſine 
of an arch, to the log. tangent of which, if we add the log. of the meridional 
parts of the above found Jatitude, the fum, rejecting the radius, will be the log. 
of the firſt approximated difference of longitude ; the difference between which: 
and the difference of longitude that is given, will be the firit error. 


From the logarithm of the difference of longitude, its index being increaſed 
by 10, ſubtract the log. of the diftance, and the remainder is the log. fine of 
an arch, to the log. coſine of which if we add the log. of the diſtance, the 
ſum will be the log. of the approximated difference of latitude, which is always 
leſs than the truth. To the log. tangent of the above arch, add the log. of the 
meridional parts anſwering to this new Jatitude : and the ſum, rejecting 10 from 
the index, is the log. of the ſecond approximated difference of longitude ; the 
difference between which and the given difference of longitude, is the ſecond 


error. 


Then, As the difference, or the ſum, of the errors; according as they are of 
the ſame, or a contrary, denomination : 


Is to the farſt error. 
So is the difference of the two approximated latitudes, 
To the firſt correction of latitude. 


Now this firſt correction of latitude, being applied to the firſt approximated 
latitude, will give a latitude near the truth. 


Reduce this latitude to minutes, and increaſe the index of its log. by 10; 
and then ſubtract from the ſaid logarithm the log. of the diſtance : and the re- 
mainder will be the log. coſine of the courſe nearly; to the log. tangent of 
which if we add the log. of the meridional parts of the correAed latitude, the 
ſum, rejecting 10 from the index, will be the log. of the difference of longi- 
tude ; which, if it agrees with the given difference of longitude, will authorize 
us to conclude that the corrected latitude will be alſo the true latitude, But, 
if it does not agree with the given difference of longitude, we muſt then aſſume 
another latitude, either greater or leſs, according as the laſt-computed difference 
of longitude is greater or leſs than that given :—with which, and the given 
diſtance, we muſt recompute the courſe and difference of longitude. If this 
alſo diſagrees with that given, then, with the difference between the two laſt- 
found differences of longitude, the difference between the firit of them and that 
given, and the difference between the two laſt latitudes, find the correction of 
latitude as before ;—alfo, with the difference between the two computed courſes, 
find the correction of the courſe : and by theſe means, the true latitude and 
courſe will be obtained, . 1. I 

| II. When 
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II. When the given place is not on the Equator, 


To the log. coſine of the difference of longitude, add the log. co-tangent of 
the given latitude : and the ſum, rejecting radius, will be the log. co-tangent of 


arch firſt, And to the log. coſine of the given diſtance, add the log. coſecant of 


the latitude, and the log. fine of arch firſt; the ſum, rejecting 20 from the 
index, will be the log. coſine of arch ſecond, The ſum or difference of arches 
firſt and ſecond, according as the ſhip has been receeding from, or approaching 
towards, the Equator, will be the latitude of the place come-to nearly, efpecially 
if the given quantities be ſmall; which latitude we will call he computed lati— 
zude. If the ſhip fails towards the South from a place in North latitude, or to- 
wards the North from a place in South Jatitude ; then, if arch fecond is greater 
than arch firſt, the ſhip will have croſſed the Equator, and the difference be- 
tween theſe arches will be the computed latitude of the place of arrival, of a 


contrary denomination to that ſailed- from. 


From the log. of the difference between the given and computed latitudes, 
reduced to minutes, its index being increaſed by 10, ſubtract the log. of the 
diſtance : the remainder is the log. coſine of the firſt approximated courſe. To 
the log. tangent of which if we add the log. of the meridional difference of 
latitude, the ſum, rejecting radius, will be the log. of the firſt approximated 


difference of longitude ; the difference between which and that given, will be 


the firſt error, 


If the given latitude be ſmall, and the direction of the ſhip be towards the 
Equator, another limit, or error, 1s to be found in the ſame manner as directed 
in the ſecond article of the preceeding rule. But, if the given latitude be con- 
ſiderable, (as the firſt-found error, in moſt caſes, will be ſmall, eſpecially when 
the diſtance is not very great ;) inſtead of finding another limit for the latitude 
come-to, let a new latitude be aſſumed according to circumſtances, And then, 
with the given and aſſumed latitudes, find the meridional difference of latitude ; 
and, with the difference between theſe latitudes and the diſtance, find a fecon{ 
approximated courſe ; with which, and the meridional difference of Jatitude, 
find the difference of longitude as in the laſt article. The difference between 
this difference of longitude, and the given difference of longitude, will be the 


ſecond error, 


Now, with theſe errors, and the difference between the approximated and 
aſſumed latitudes, find the correction of latitude, as at the end of the former 
part of this Solution. In like manner find the correction of the courſe. Hence 
the true latitude come-to, and the courle ſteered, will be obtained; and the 
truth of the operation may be verified by the ugreement of a new computed 


diſtance and difference of longitude from theſe data, with thoſe given. 
| | Q E. I. 


REMARKS. 
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1. If any of the errors be conſiderable, it will be neceſſary to repeat the 
operation a third time; and the leſs the two laſt errors are, and the nearer to 
an equality, the more exact will the courſe and latitude be obtained: another 
repetition of the proceſs will, however, do away any tmall error that may re- 
main. 


2. The diſtance cannot be leſs than an arch whoſe ſine is equal to the ſine 
of the difference of longitude multiplied by the coſine of the given latitude. 


. When the diſtance is leſs than twice an arch whoſe fine is equal to the 
ſine of half the difference of longitude muluplicd by the coſine of the given 
Jatitude, the queſtion will admit of two ſolutions; that is, two different courles 
in the ſame quarter of the compaſs, and two latirudes may be found from the 
ſame data, each correſponding pair of which will give an an{wer to the queſtion. 
In order to determine which of the latitudes thus found is that which is wanted, 


it will be neceſſary to know either the latitude come-to, or the courle lteered, 


within certain limits. This is the caſe in the example given by M. BEZOour. 


4. According to the above limit for the diſtance, the courſe cannot be to- 
wards the Equator, But, if the diſtance be greater than twice the above arch, 
the courſe may be in any quarter of the compals, while the diſtance does not 
exceed the diſtance of the given place from the pole towards which the thip is 
(ailing, multiplied by the ſecant of the courſe, the radius being ſuppoſed unity. 


The limitations in the 2d, and 3d articles, and in the firſt part of the 
fourth article, have been given upon the ſuppoſition that the diſtance between 
the place of departure and the place of arrival 1s a portion of a great circle of 
the Earth; which is always lets than the arch of a loxodromick curve lying 
between the ſame places. But, when the diſtance of the two places is not great, 
the difference between the faid portion of a great circle and the ſaid arch of a 
loxodromick curve will be but a {mall quantity ; and therefore, the above limi- 
tations will, in thoſe caſes, anſwer nearly in the loxodromick hypothetis, 
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DEMONSTRATION 
OF THE PRECEEDING RULES, 


Fig. 1. 
jP 


- 


Let AB, fig. 1, be a por- 
tion of the Equator equal to 
the given difference of lon- 
gitude, A the place failed 
trom, and PA, PB, two me- 
ridians meeting in the pole P. 
Let the hypotenuſe AC, of 
the riglit- angled ſpherical tri- 
angle ABC, be equal to the 
given diſtance; hence C will 
be near the place come-to, 
and BC us latitude, nearly : 
to find which, we have the 
following analogy. 


As coſine AB: coline ac :: R: coſine 36e. 
ſecant diff. of long. x coſine diſtance 


Hence coſine lat. = - 


In this determination of the meaſure of BC, the diſtance A C has been 
ſuppoſed to be a portion of a great circle of the ſphere, which (as has been 
already obſerved, ) is the ſhorteſt diſtance between any two places on its ſurface. 
But the diſtance, as given in the Problem, is an arch of a loxodromick curve; 
and conſequently (face the diſtance between any two places, reckoned on a 
rhumb- line, is greater than the portion of a great circle contained between the 
fame two places,) the latitude thus found will exceed the truth. 


Again, let the given place be not ſituated upon the Equator, but at any 
other point, as D ; and let the angle DPG be = You to the given difference of 
longitude. Now, DE being the given diſtance, GE will be the latitude required, 
nearly.” Let DF be a perpendicular from the point D, to the meridian P G. 
Then, in the right-angled ſpherical triangle DF P, 


R : coline DPG : tangent DP tangent FP, 


That is, &: coſine diff. of long. :: cotan. given lat.: cotang. G r. 
coline diff, of long. x cotang. given lat. 
R 


Hence cotang. 6F = 


„ 
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Again, in the ſpherical triangles DPF, DEF, 


Coſine DP :; coſine DE:: coſine FP: cofine FE. 
That is, fine lat.: cofine diſt. :: fine GF : cofine FE. 
Whence coline FE — coſecant lat. x coſine diſt. x fine Gy 


K* 


Let fig. 2d repreſent a figure in MERCATOR 's ſail- 
ing, in which AC is the given diſtance, AB the dif- 
ference between the given and computed latitudes, 
and the angle BAC the courſe; to find which we 
have the following analogy : 


AC AS 3 --K. --3 cot 


Diff. of lat. * radius 


Hence, cofine courſe = 
VDiſtance 


Alſo, AD is the difference, or the ſum, of the me- 
ridional parts of the given and computed, or ap- 
proximated, latitudes, according as theſe latitudes 
are of the ſame, or of a contrary, denomination ; and 
DE 1s the difference of longitude. 


Now R: tangent A 2} 1 


» p 

8 

F 

* 

1 

* 

= 
-$ 
* 

1 

A 
# 
BY 
1 'S 
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4 a> 4 


— 


| r, diff, of lat. . courſ 
Hence, Diff. of longitude = ä 


R 


= > 4 ** 


. 


The ſimpleſt method has been followed in the above demonſtration. We 
now proceed to ſolve, by the preceeding Rules, the different Examples that 


have been given to this Problem. 


r 


898 Ss 7 
ASS S 


* 


| 


J. 


7 6 „ at g 
* 4 P 
* 4 — 4 


The EXAMPLE given by WILLEBRORDUS SNELLIUS in his 


Tipuys BATAvVUs. 


LET a Ship ſet out from a point in the Equator, and proceed on ſome loxo- 
dromick line for a- diſtance of 800 ſea miles, and then have varied her longi- 
tude by 50® 197“: It is required to find the courte ſhe has followed, and her 


latitude of arrival. 


THE Solution given by SNELL to this Example is already re-printed in this already given 
Volume, pages 170, 171, and 172, and therefore it is unneceflary to repeat it in this Vo- 


Vol. IV. Oo 
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here. We ſhall therefore proceed to ſolve it by the preceeding rules. It will, 
however, be proper to premiſe, that the diſtance given in this Example is ex- 
preſſed in Dutch miles, fifteen of which are equal to one degree; and, therefore, 
the diſtance in nautical or geographical miles is 3200, or in degrees 53? 20, 


— Pn 


SOLUTION OF SNELLIUS'S EXAMPLE. 


12. 


This Ex- | 

ample ſolved Difference of longitude - 50 190 ſecant - 0. 1948092 
by the Pre- i - - - - 2 — - fi * 6 8 
——— Diſtance 53 20 coſine 9.776089) 


Computed latitude F „ 20S » coſine 9. 9708989 


Hence, the difference of latitude is 1244. 487, and the meridional difference 
of latitude 1272.6. 


Diff. of lat. 1244.48 7 30949906 
Diſtance <- +» 23200 3.505150 


Approx. courſe 67 & 49/76 - ne 9. 4898400b/ꝰ + * tangent ©.3745505 
Meridional difference of latitude - - 1272.6 - > 3.1046919 


Firſt approx. diff. of longitude %% NS; 3-4792424 


Given difference of longitude > 6:2» 0 
Firſt error VVV 4.38 
Diff. of longitule 3019 3.4798631 
Diſtance - 3200 3.505150 3.505 1 50 
2d appr. courſe 7038 13% fine 9 eoſine 9.5 205498 tangent o. 4541633 
Approx, diff. of latitude 1060. 962 HD Hh 778230600 


Meridional diff. of latitude 8 „„ 420) 


Second approx. diff. of longitude — 3068.11 „„ 977 
Given difference of longitude - - 3019, 


Second error - - * 49.1 I 
Firſt error — © - "Rp 4.38 
JE — 


— —_- __a- 
Now, As the ſum of the errors - 53.49 — » 17282526 
Is to the firſt error LS. 54 4-38 0.0414741 
So is the diff. of the comp. la. © 183.525 + 2:.2636952 


To the firſt correction of lat. . 1.1768967 


Firſt computed latitude 20% 44 29% 
Correction of latitude — — - — — 15 14 


» — 


Latitude come to nearly * - * * 5 29 27 3 | 


» 
— 
oo 
O 
N 
co 
, 
1 


Since 
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Since one of the errors is very conſiderable, the latitude thus found will 
not be exact; and, therefore, in order to obtain accuracy, it will be necetlary 
to repeat the operation, uſing the above-found latitude as a part of the data. 
Hence, the difference of latitude is 1229.458, and the meridional difference ot 
Jatitude 1250.54. 


Diff. of latitude - - 1229.458 - 3.0897139 
Diſtance „ 3.505 160 


3d approx. courſe 67% 24 20%” coſine g9.5845639g - tangent o. 3807542 
Meridional difference of latitude 1256.84 =» <- 3.0991763 


3d approx, difference of longitude „ „ 019647 _ - - - _ap__ 


Given difference of longitude -. 2 ee ns 
Third error - — — - - + 47 
Second error ia: „ ĩ EN 4.38 
Sum - . - - - - — 4-85 
As 485 8: 447 :: 15011 : 1! 2904 nearly 


True latitude very near 20 30 5 * 


And 4.85 : 47 :: 17! 30%. 4 : 1 42% nearly 
Third approx. courſe . 67 24 20 


True courſe very near - 657 22 38 


If the operation be again repeated, the error of the above reſults will ſcarcely 
exceed 3 ſeconds. In order to confirm the truth of the above determination of 
the courſe and latitude come-to, we ſhall, from theſe data, compute the diſ- 
tance and difference of longitude; and, if they agree with the given diſtance 
and difference of longitude, it will be evident that the quantities above found 
muſt be exact. 


Courſe 67 22! 38“ « ſecant 0. 4149204 = - . tangent 0.3801491 
Dif. of lat. - LENT | 3-0902299 Mer. diff, of lat, 1250. 1 - 3.0997152 


Diſtance - = 420% * 3Z-5051503 - Diff. of long. 3019. 3.4793643 


Now, ſince theſe agree with the given diſtance and difference of longitude, 
the courſe and latitude come-to are therefore determined with ſufficient exact- 
nels. SNELL1VUs finds the courſe to be 65? 267, and the latitude come-to to be 
20* 27 40”, See above, page 172. 
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IT. 
MR. BOUGUER'S METHOD OF SOLUTION. 


no, THIS Problem is Bovever's ſixth general Problem of Navigation, and is | 
method of expreſſed as follows, in page 292 of his Trait de Navigation, 8vo. edit. by 


Solution. M. DE LA CAILLE, printed at Paris in the year 1781. 


On connoit la difference en longitude et les lieues de diſtance : on veut de- 
couvrir le rumb de vent qu'on a fuivi, et trouver la latitude d'arrivee. 


ExEMPLE. On eſt parti de 40? 45” de latitude Nord, et de 15 deg. de 
longitude, On a couru 60 lieues entre le Nord et PEſt, et on eſt arrive par 
17* 15 de longitude. , On demande le rumb de vent, et la latitude d'arrivee. 


Nous ne pouvons reſoudre ce Probleme que par approximation. La dif- 
ference en longitude eſt de 2* 15', Je ſuppoſe qu'on eſt arrive par 42 deg. de 
latitude, on aura 41* 22' pour le premier moyen parallele ſuppoſe ; et, re- 
duiſant les 2* 15” en lieues Eſt, on en trouvera 334, qu'il faut faire convenir 
avec les 60 lieues de diſtance, et il viendra 49+ lieues au Nord, valeur de 
228“ de difference en latitude. On aura donc 43* 13% pour la latitude 
d'arrivèe; et comme elle differe de celle que nous avions ſuppoſee, 1] faut faire 
une ſeconde tentative. | 


Nous prendrons 43* 13“ pour la latitude darrivee : nous aurons 41* 59” pour 
ſecond moyen parallele ſuppoſe. Nous reduirons les 2 15” de difference en 
longitude en lieues Eſt, et il nous. viendra 33 lieues, que nous ferons convenir 
avec les 60 de diftance. Nous trouverons 50 lieues au Nord, ou 29 3o' de 
difference en latitude, ce qui nous donnera 43* 156“ pour nouvelle latitude 
darrivee, Mais comme elle nous feroit trouver un troiſieme moyen parallele 
ſappoſe qui ne differeroit pas du ſecond, nous devons regardet 43* 15” comme 

la vraie latitude d'arrivee, et le rumb de vent ſera le NE +N, 


As BoucutR performs this Problem by repeated ſuppoſitions for the latitude 
come: to, the operation muſt, therefore, be very tedious; and, ſince he reſolves 
it upon the principles of middle-laticude failing, it is evident, his final reſult 
will not be accurate unleſs the given quantities be very ſmall. | 


3 SOLUTION OF BOUGUER'S EXAMPLE. 
lis example | 
ſolved by the Ag the place failed-from is not in the Equator, this Example muſt therefore 
prices be performed by the ſecond part of the rule. © 
Diff. 


rules. 
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Diff. of long. 20 15” . coſine 9.9996650 - Diſt, 30 - coſine 9.9994044 


Latitude left 40 45 - cotan, 0,0646665 - - - coſecant o. 185 2466 
Arch ſirſt 40? 46” 187.7 cotan. 0.0643315 „ fine - 9.8149456 
Arch ſecond 2 28 9. - - - . coſine 9.999 5960 
Comp. lat. 43 14 27.7 - Mer. parts 2882.91 
Latitude left 40 45 — Mer. parts 2681.76 
Dif. of lat. ] 2 29 27.7 - Mer. diff. lat. 201.15 2. 3035200 

or 149 27/7 , - 2.1745298 
Diſtance - 180. . - 2.2552725 


Firſt approx, courſe 339 51/ 58// - coſ. g.9192673z + tangent 9.8267962 
Approximate difference of longitude - - 1344995 +- - 2.1 303102 


Now, fince the computed difference of longitude agrees with that given, 
within one two-hundredth part of a minute, it may therefore be ſaid to be 
exact ; and this example may be ſaid to have had nearly a direct ſolution. 
Hence the true latitude of the place arrived at, in round numbers, is 4 N. 
and the courſe N. 337 52“ E. or N. E. by N. nearly. This latitude agrees 
within half a minute with Bovcuzr's ; but as his courſe is N. E. N. it is 
therefore three-fourths of a point greater than that in the above ſolution, 


III. 
MR. ROBERTSON'S METHOD OF SOLUTION. 


[As given in his Elements of Navigation, vol. II, page 172, fourth edition.) 


FRN O 


Given One Latitude, Diſtance, and Difference of Longitude---Required 
the Courſe, and the preſent Latitude, 


$0-L 


1. Find the meridional diſtance to uſe as a firſt departure. When the en 
. . * obert tons 

courſe is towards the Equator, augment this meridional diſtance for a ſecond method of 

departure; if towards the Pole, diminiſh 1t for a ſecond departure. Let the Solution, 

firſt departure be altered about a fifth, or ſixth, of itſelf, for a ſecond de- 

parture. 


2. With 


GY 5 . Fl — % * — 1 
„„ es ce In 


8 — >. <a. 
. 


—— — 2 


4 
, 


* 
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2. With the given diſtance, and theſe departures, taken ſeparately, in or. 
der; find the reſpective courſes, and differences of latitudes. And hence the 
preſent latitudes and meridional differences of latitude. 


3. To each courſe and reſpective meridional difference of latitude, find a 
difference of longitude. 3 

4. Between each of theſe differences of longitude, taken in order, and that 
given, take the two differences; which call the firſt and ſecond errors. Take 
the product of the firit departure by the ſecond error, and the product of the 
ſecond departure by the firſt error. - 

5. If the two differences of longitude, found by the 3d article, were both 
too great, or both too ſmall ; let the difference of the {aid two products be 
divided by the difference of the errors, and the quotient may be taken for the 
true departure. But, if the two differences found were one too great, and one 
too ſmall ; let the ſum of the ſaid products be divided by the ſum of the ſaid 
errors, and the quotient may be taken for the true departure. | 


6. With the true departure and diſtance, find the true courle and difference 
of latitude. 


R E M A R K. 


This method of RoßgERTSOx's is alſo founded upon middle-latitude failing, 
and the remaining part is performed by MgercarToR's failing. It may allo be 
obſerved that, in the caſe when the ſhip is ſailing towards the Equator, if the 
augmented departure exceeds the diſtance, the rule fails: | 


3 lis ExAMrrz. A ſhip from the latitude of 37* N. having failed for ſome days 
on — on a direct courſe in the N. W. quarter, finds that ſhe has run 1027 miles, and 
has made 790 miles of difference of longitude : Oa what courſe did ſhe ſteer, 
and what latitude has ſhe come to ? 
With radius * and the difference of longitude 790, find a mer. diſtance, 
(631,) which being diminiſhed by about its 4th, or by 100, gives 531. 
Then 631 and 531 may be taken for the firſt and ſecond departures. 
The diſtance 1027, and theſe departures, give the courſes 37" 45”, and 315, 
and alſo the differences of latitude 814 and 883, or 13* 34 and 14* 43“. 
Hence the ſuppoſed latitudes are 50* 347, and 51* 43”; and the meridional \ 
differences of latitude will be 1135 and 1245. | 
With 1135 and 1245, taken with the courſes 37* 45, and 31*, the differences 
of longitude are 879 and 748. 


And 879 — 790 = 80, the firſt error, too great : 
Alſo 790 — 748 = 42, the ſecond error, too ſmall. 
The ſum of theſe errors is 131, the diviſor. 


* This ought to be, With the given latitude. | 
Y Now 
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products is 73701. 
Then 73761 131 gives 563 for the true departure. 


With the diſtance 1027, and departure 563, the courſe is N. 335 15 W. 4 


The difference of latitude is 860 m. = 14* 20' N. 
And the preſent latitude is 51* 207 N. 


—c ———_—_— . = __ — . 


Now 631 Xx 42 = 26502; and 531 x 89 = 47259; the ſum of theſe | 


SOLUTION OF ROBERTSON'S EXAMPLE. FE. 
nd his | 
Diff, of long, of coſine 9.9884303z - Diſt 159 7” coſine 9.9$03250 Example 1 
i ſolved by the 

Latitude «0 : cotan. 0.1228856 . 5 coſecant o. 2 206370 preceeding $ 
Arch firſt - 37 44 10's cotan. O.1113159 - - fine 9g.78677510 | 
— 1 

Arch ſecond 13 36 31 „„ - coſine 9. 9876330 q 
Comp. latitude 51 20 41 + — Mer. parts 3601.81 I 
Lat. left . 27 -.6 © - Mer. parts 2392.63. l 
5 14 20 41 4 - M. diff. of lat. 1209.18 - 3-0824909- : 
Dif of it. {or 41s - — 2-9348476 | 
Diſtance Eo So MM” 3-0115704 3 
Firſt approx. courſe 33 3' 49% — cof, 9g.9232772 — tangent 9.8 135747 : 
0 

Firſt approx. difference of longitude - . 787.165 — - 2.896063;6 ; 
Given difference of longitude - - — 790. ! 
Firſt error - - - - —2.335 
Hence the computed latitude is a little greater than the truth; therefore, let 

a new latitude be aſſumed a few minutes leſs, as 51* 18. | 
Aſſumed lat. 51* 18” - Mer. parts 3597-50 | 
Given latitude 37 © — Mer. parts © 2392.63 | 
— - | 

Diff. of lat. ſ 14 18 » Mer, diff. of lat. 1204.87 — - 2.0809 404 | 
858 = - 283.9334873 4 

Diſtance — 1027 — . 3-0115704. 
Second approx. courſe 330 20 16”F' - coſ. 9.9219169 . tangent 9.3181116 1 
Second approx. difference of longitude - - 792.596 . 9.89905 20 4 
Given difference of longitude - . | 

Second error - - — — + 2.596 
Firſt error . — — — — 2.835 
Sum => * ” Y » £4431 


Computed 
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Computed latitude - 51 20 41” 5 - Firſt approx. courſe 33* 37408 
Aſſumed latitude 0 - Second approx. courſe 33 20 16,8 
Difference W555 41. 5 - Differencgse = 16 27.3 
Now, As $431 3: 2.335 : 2 qr's. : 1 24%3 
Computed latitude - =- 51 20 41.5 
True latitude 7 0080545. 2 
mas, As $431 3 2-$26 :: 16 293 684 
Firſt approximated courſe - 33 3 49-5 
True courſe . - „ % . 


2.5. —e.—....ñß;5d ß ͤ md— . !. 


IV. 
Ecerfon's MR. EMERSON'S METHOD OF SOLUTION. 
ſirſt rule for 
3 [L As given in his Mathematical Principles of Geography, &c. page 141.) 
blem. 
— ———D__ 


r L E M. 


One Diſtance and Difference of Longitude being given, to ſind 
the other Latitude. 


1. Aſſume any angle for the courſe, as near as you can gueſs, by the circum- 
ſtances of the queſtion. From this find the difference of latitude, making— 


As radius a 

To the diſtance, 

So the coſine of the courſe 
To the diff. latitude. 


2. Both latitudes being had, find the difference of longitude thus — 


As radius 

To the tangent of the courſe, 
So the mer. diff. of latitude 
Jo the difference of longitude. 


3. If the longitude found, differs from the longitude given, as it generally 
will, correct the courſe, by making it greater or leſs, as there is occaſion; then 
find the latitude, and then the longitude again. Repeat the operation till the 
longitude agrees with that given. But when you come near the matter, you 
may find the courſe truly from two trials, by the rule of falſe. 5 

| r 
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Or thus, 


the departure. 


2. Find the ſum and difference of the departure and diſtance ; take the 
logarithms of the ſum and difference, and add them together ; half the ſum of 
theſe logarithms is the log. of the difference of laticude. Again, 


3. Say, as meridional diff. of latitude: proper difference of latitude :: dif- 


ference of longitude : departure more exact. 


Repeat the 2d and zd articles over and over, always with the laſt departure 
and difference of latitude, till at laſt you get the ſame difference of latitude 


twice; and this is the true difference of latitude, whence you may get the other 


latitude exact. 


XR B M A N X. 


EMERSON's firſt method is according to Mercartor's failing; and in his 
ſecond method, both middle-latitude ſailing and MERGATORꝰs failing are made 
uſe of. The numerous repetitions he deſires to be made, will render his methods 
very tedious. He has not given an example to illuſtrate his rules; the reader 
may, however, perform any of the preceeding or following examples by them. 


CC 


V. 


MR. LYONS'S METHOD OF SOLUTION. 
{ As given in the Nautical Almanack for 1772 *. 


PN 


A Ship ſails from a given Latitude, and having ſailed a certain number 
of Miles, has altered her Longitude by a given Quantity ; to find 
the Courle ſteered. | 


8 C 3-8; 


ADD together the log. coſine of the 2 latitude, and the log. of the dif- 
ference of longitude in minutes; and from that ſum ſubtract the log. of the 
diſtance, the remainder is the fine of the approximate courſe. 


* As Mr. Lyoxs ſays, this Problem was propoſed by. Dr. Har Ex, it would therefore appear 
that he had not ſeen Huzs's Geography, nor Sxvrrr's Tiphys Batavus. 
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1. Say, as radius: coſine given latitude :: difference of longitude 3 to Ems fon's 
ſecond rule, 


20. 
Lyons's 


method of 


Solution, 


REY S 3 * = - 2 * * 2 8 * = 
ö 


„ ITED ——— 


| 
| 
q 


21. 
Applied to 
an Example. 
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In the Traverſe Table find the given latitude among the degrees, and the 
difference of longitude among the diſtances: half the correſponding departure 
will be rhe firſt correction cf the courie in minutes; and is to be ſubtracted 
from the approximate courſe, if the given latitude is the leſſer of the two; 


otherwiſe to be added to it. 


In Table A, find the firſt correction in the firſt column marked Arch; and in 
the column which is marked at the top with the number of degrees contained in 
the complement of the approximate courie, find the correſponding number of 
In the jame 


DR. MACKAY's COMPARISON OF THE DIFFERENT 


minutes: this number of minutes will be the fecond correction. 


Table, find the difference of longitude in the firſt column; and in the column 
which is marked at the top with the number of degrees contained in the courte, 
find the correſponding number of minutes; and raking ſuch a part of it as is 
marked under the given latitude in Table B, fuch part will be the third cor- 


rect ion. 


The ſecond and third corrections ſubtracted from the approximate courſe, 
corrected by the firſt correction, will leave the true courſe. 


E X AMP I. E. 


Let a ſhip fail 272 miles northwards from the latitude of 46* 20” N. till (he 


TABLE A. TABLE B. 
„ 10 | 20% | 302 | 40® | 50? | Co? | 70? | 8090 || Lat. 
e vlidgl CJ. 0 4 
— —— 4 2} 1}.1jjoj of 10 15 
nns no 20 [ ++ 
irn 30er 
57430 231611 85 2 of 40 | ＋ 
— | 39] 22 |] 161} 12 3} 7] 3] off co 1 
7 145 79 | 44 30 2115 9 4 © || 60 rj 
8 190 | 92 | 55 | 40 | 28 | 19 | 12 [| 6 | off 750[+ ＋ 
80 7 
90 5 


has altered her longitude 4: it is required to find the courſe. 
Coſine latitulde 46“ 2000 
Log. diff. of longitudde 9 


Log. diſtance - 5 a = 272 So 


Approximate courſe «- « 379 32 - 


In the Traverſe Table, the departure belonging to the diſtance 240, and 
courſe 46* 20, is 174, the half of which, to wit, 87", or 1 27', is the firſt 
| correction. 


- 9.83914 
- 2.38021 

12.21935 

2 2.43457 

ſine 9.78478 
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correction. In Table A, with 1, and 52% the complement of the courſe, 
find 1', the ſecond correction: with 4* and 37 we find 11, *th of which 
(Table B) is 35, the third correction. 


Approximate courſe 37 32 — 1727 — 4 = 36* r' the true courſe, 


SOLUTION OF LYONS'S EXAMPLE. 


Diff, of long, 4 &f coſine 9.9989408 - Dilt. 4 32“ coſine 9.9996392 Ay a 
Latitude = XX. - cotan, 9.9797797 - - coſccant 0.1406401 ſameExample 
| * folved by the 
Arch firſt - 46 24 11.2 cotan. 9.9787 205 - fine 9.898642 former rules. 
Arch ſecond 3 35 50 3 - - . - coſine 9g.9991435 
Comp. latitude 50 o 1.2 — Mer. parts 3474.78 
Given lat. - I 02 - Mer, parts 3144.43 
Diff of lat. { 3 40 x - M. diff. of lat. 4330.35 - 2.5189743 
or 220 1.2 - 2.3424622 
Diſtance — „„ TT” 2.4345689 
Firſt approx. courſe 360427 - coſ. 99078933 tangent 9.864470 
Firſt approx. difference of longitude - - 240.116 — - 2.3804213 
Given difference of longitude - - - 240. 
Firſt error - . - — + 116 


The computed latitude is hence too little by a very ſmall quantity: let there- 
fore 50? O be the aſſumed latitude. 


Aſſumed lat. 80 of 30 Mer. parts 3475.27 
Given latitude 46 20 © Mer. parts 3144.43 
Dif. of lat. 3 40 30 Mer. diff. of lat. 330.84 = - 2.5196180 
or 220! 30/! - - 2.3434086 
Diſtance - 272 . - 2.434c53g 
Second approx. courſe 35® 50 21,7 —coſ. 9.9098397 . tangent 9-3586931 
Second approx. difference of longitude - - 238.955 - 2.37$3161 
Given difference of longitude - - - 240. 
Second error - - - . — 1.045 
Firſt error - n n - + .116 
Sum - - - - - 1,161 
P p 2 Computed 


3 
: 
4 
, 
. 
j 
| 
b 


3 \ i A. 
Bezout's At page 107, of the above-mentioned Treatiſe, Bzzour expreſſes himſelf, 


Remarks on ,,,: * | 
this Problem, With regard to this Problem, as follows. 
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Computed Jatitude - 50 © 1”".2 - Firſt approx. courſe | 36* of 42”, 
Aſſumed latitude = 50 o 30.09 Second approx, courſe 35 50 21.7 


— z 


— — 


Difference 55 a 10 20.3, 


Now, As 1.161 ; .,116 :: 280.8 s 2.8 
Computed latitude we 3. 50 0 1.2 


True latitude e 50 0 4 
f _—_ 5 . wad 3 tr 2” 
; Firſt approximated courſe - 36 o 42 
True courſe . . - 35 59 40. BY 


. —— —-—̃ ———— —. —— 


. 
M. BEZOUT'S METHOD OF SOLUTION. 


[As given in his Traite de Navigation, (printed at Paris in the year 1781,) being 
the ſixth volume of his Cours de Mathematiques.. 


— Ts EIS ann 


Nous pourrions ajouter ici une fixieme queſtion, qui ne differe de la prece- 
dente qu'en ce que le rumb de vent y eſt inconnu, et les lieues de diſtance, 
au contraire, ſont ſuppoſees connues. Elle a également pour objet de faire 
conclurre la latitude, de Ja longitude. Mais l'uſage n'en ſeroit pas auſſi 
ſur, parce que l'incertitude ſur la meſure du fillage eſt plus grande que ſur 
celle du rumb de vent, D'ailleurs, cette queſtion ne pouvant etre reſolue que 
par approximation, nous n'en dirons rien ici. Au reſte, ceux qui dEfireront ſęa- 
voir comment on peut re{oudre cette queſtion, le trouveront vers la fin de cet 
ouvrage. 


Again, at page 300, he gives the following formula for this purpoſe ; in 
which #2 is the latitude ſailed- from, m + 9 the latitude come-to, à the courle, 
2” the difference of longitude, J the diſtance expreſſed in leagues, 4g the cor- 
rection of the hatuude come-to, which is ſuppoſed to be known nearly; and 
dz the difference between the given difference of. longitude, and that which cor- 


1 2 >; reſ ponds to the courſe and difference of latitude known nearly. The formula is 

18 rm 

for i — 3/dz fine 24 coſine a coſine (m + g) 4, . 7 
- ip * 2 — og er d'on, ſays M. Bez our, connoiflant a 


peu-pres le rhumb de vent et la latitude, on pourra calculer la correction dg 


qu'on doit faire X cette latitude a-peu-pres connue, en mettant pour à et 9 
leurs 
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leurs valeurs a-peu-pres connues, pour 2 la difference de longitude qui repond 
aux valeurs a-peu-pres connues de à et de 9, et pour dz la difference entre la 
difference de longitude donnee, et celle qui repond à la difference de latitude et 
au rhumb de vent a-peu-pres connus. 


Par exemple—Suppoſons qirerant ey 42 237 de latitnde Sud * et 10? 
de longitude, on ait fait 864 lieues entre le Sud et Eft, et qu'on ſoit actuelle- 
ment dans un lieu dont la longitude eſt 72% 53%. On eſtime avoir couru au 
S. E. 6* 500 E. et ere arrive par la latitude de 69*; on demande de confirmer- 


ou de rectifier cette eſtime. 


Si la latitude et le thumb eftimes etoient exacts, la difference de longitude 
ſeroit de 63 30, qui excede celle qu'on connoic de 387; j ai donc dz = — 38“, 
2 = 3811, a = 51® 5o', et m + q =. 69®, = 2592 ſubſtituant ces va- 
leurs, on trouve 47 = 136 = 2* 16”; donc la latitude d'arrivee, corrigee, elt 
de 71* 16", | 

Pour connoitre fi cette corredtion eſt ſuffiſante, avec cette nouvelle latitude 
darrivee, je calcule le thumb de vent et la difference de longitude ; je trouve 
a = 48* 2+, 2 = 3763“. Donc la difference de longitude qui réſulte de la 
correction precedente eſt moindre de 107 que la difference de longitude donnee ; 
on @ donc dz = + 1c; ſubſtituant ces valeurs comme ci-defſus, dans celle 
de 4g, on trouve % = — 22%, Donc la latitude d'arrivee, corrigee de nou- 
veau, eſt 70% 54. Se calcute de nouveau le thumb et la difference de longi- 
tude z. et je trouve 48 387 pour le rhumb, et 37717 ou 622 514 pour la dit- 
ference de longitude. ll y a donc encore une minute et demi de moins fur la 
longitude. Je fais donc dz = + 1+; et ſubſticuant cette valeur et celles 
qu'on vient de trouver pour 4 et pour x j'ai enfin @a = 48* 5o' et m + q = 
70? 49”; qui fatisfont. 


__———————— ...———·˙cf¶ —— 


SOLUTION OF BEZOUT'S EXAMPLE. 


Diff. of long. 62 53* = coſine 9.6587780 - Diſt. 43% 12' - coline 9.8627088 
Latitude 42 23 cedtan. 0.0397233 =» - - AColecant 0.171283) 
Arch firſt 63 27' 34.8 cotan. 9g.6985013 8 fine = 9.95 16386 
Arch ſecond 14 39 27. - — - — 0 . coſine 9g.9556311 
Latitude 7 »- ( 

Or 3 


* Bezout makes this . Nord,” but, from the given quantities in the Example, it is evident it 
muſt be South. If a ſhip from latitude 42® 23/N. fails between the South and Eaſt, and arrive at 
a latitude greater than that ſailed- from, that latitude muſt be South; and to arrive at latitude 69® 8. 
the diſtance run muſt exceed 2227 leagues, although ſhe ſhould fail upon a meridian ; but the given 
Gitance is only 864 leagues, 


Since 


"= 
Applied to 


an Example. 


26. 
The gene 
ral rule ap- 
plied to his 

Example. 
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27. ; . 
By which it Since the ſum and difference of arches, firſt and ſecond, are, each of them, 
is ſhewn to greater than the latitude ſailed- from, two different Solutions may therefore be 


— 3 obtained to this example. And, ſince the latitude ſailed- from, and the other 


Rs, given quantities, are very conſiderable, the difference between the lengths of 
the correſponding arch of a great circle and that of a loxodromick curve will 
allo be conſiderable. Hence, the greateſt of the computed latitudes will be con- 
hderably greater than the truth, and the leaſt latitude much leſs. We ſhall 
firſt perform the firſt of theſe Solutions, or that in which the greateſt latitude is 
that wanted, and then the other :—and, in order to contract the work, let the 

5 latitude come-to be aſſumed equal to 717. 
q | | 

CE bs Aſſumed latitude 719 of - Mer. parts 6145.70 

— general Given latitude 42 23 - Mer. parts - 2812.76 

rule. — — 

Diff. of lat. f 28 37 - Mer. diff. lat. 3332-94 3-5228275 
or 1717 - -= 3-2347703 | 
Diſtance - 2592 - — $3.41363;0 
Firſt approx. courſe 48? 3o/ 54.3 - coſ. 9.8211353 — tangent 0.0534220 
Firſt approximate difference of longitude - - 3769.20 3-5762495 
Given difference of longitude ES . 3773. 
yyy ufo 23.20 : 


As this aſſumed latitude is too great, let therefore 70® 50” be aſſumed. 


Second aſſumed lat. 70® bo - Mer. parts G115.1t 
Given latitude - 38 323 - Mer. parts 2812 76 
Dif. of latitude 0 28 279 Mer. diff. of lat. 3302.35 - 3-5188231 
or 1707 . - 3+2322375 
Diſtance - 2592 - — - 3-4136350 | 
Second appr. courſe 48? 48' 32/5 = Ccoline 8.8186025 - tangent 0.0579147 
Second approx. diff. of longitude - 3773-44 - - 83 3.767378 
Given difference of longitude - - 3773. 
Second error - - — + 444 
Firſt error - - - — — 3.20 
Sum . - 3-64 
Firſt aſſumed lat. 71 0% - =- Firſt approx. courſe 480 30/ 54 
Second - 70 50 E Second . =» 43 48 32 
Difference = 10 * Difference + 17 38 


As 3-64 1 o44 :: 10% + 1 12/1 
Second aſſumed latitude - 9040 


70 51 12 


True latitude @ 75; — 
As 
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As 3.64 4 : 1/38% : 27 BY 
Second approx. courſe 48 48 32 
True courſe - 48 46 24 


Bezovr finds his latitude 2/4 leſs, and his courſe 3'+ greater than the above 


determination. 


Again, for the ſecond ſolution ot: this example, let 54” 10“ be taken for the 


aſſumed latitude. 


Aſſumed latitude 54 100 0 
Given latitude 42 23 
Diff. of latitude ENS 
or 77 = 
Diſtance - - - 2592 


Firſt approx. courſe 74 10' 166 


Fir? approx, diff. of longitude =+ 
Given difference of longitude - 


Firſt error - a a 


Mer. diff, of lat. 


- Coline 9.4357844 - 


28, 
The ſecond 
Solution of 
the ſame Ex- 
ample. 


3881.69 
2812.76 


— — — — 


1068.93 8 


* 2.849494 
„ 8446350 


Mer. parts 
Mer. parts 


30289493 


tangent 0.5474274 
3-5763767 


. 


- . 2.69 


Hence this latitude is too little; let therefore the ſecond 


Aſſumed lat. be 5 207 - 
Given latitude 42 23 - 
Diff, of latitude { "IEG : 
or 717 - 
Diſtance V 
Second approx. courſe 73* 56 297% 


Second approx. difference of longitude 
Given difference of longitude 


Second error - — 
. Firſt error _ 5 


Difference « * * 


Firſt aſſumed latitude - 54 107 


Second aſſumed lat. 54 20 


Difference - 10 


3898.89 
2812.76 


Mer. parts 
Mer. parts 


Mer. diff, of lat. 1086.04. + . 
2.8555192 
3-4130359 


— — — —U—ſ- ́— 


- coſine 9.4418842 = 


3-0358455 


tangent o. 5408296 


- "<0. « ; CS 
7 
„ — 0.1 
- - © — 2.69 
e 2.59 
. Firſt approx. courſe - 74 10! 16/7,6 
— Second approx. courſe 73 56 29. 
. Difference RS 3 47.6 


Sa; B02 6499 23 40 06-7 af 


Second aſſumed latitude -« = 54 20 © 
True latitude «+ 54 20 23 8. 
Ank As a9 T «a 

Second approx. courſe . 1 
True couritie 8.73 55 57 E. 


VII. SOLU- 


, 
i 
f 
| 
p 
| 
þ 
| 
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VII. 
SOLUTION OF BARON MASERES' FIRST EXAMPLE. 
[See page 33d of this Volume. ] 


————— — —  —  — — — —  — — — —  —_—— ___ 


29. | J. By Rog ERTsON's Method. 

Baron Ma- | 
—— IN the Traverſe Table to the latitude 51* 18”, taken as a courſe, and the 
tenivted to difference of longitude 786, or its aliquot part, in a diſtance column, the cor- 
be ſolved by reſponding difference of latitude 491”, is the meridional diſtance; io which, 
Robertſon's One-: ſixth part of it being added, becauſe the ſhip is approaching towards the 
Foe, 8 Equator, gives 573, for a ſecond departure. But this ſecond departure is 
Bu this greater than the given diſtance 564 ; that is, one of the legs of a plane triangle 
method fails. is greater than the hypotenuſe ; which is abiurd. T herefore this Example can- 


not be ſolved by RoBERTSOx's rules. 


5 II. By the General Rule. 


The ſame Diff. of long. 139 6 . ¹ coſine 99885482 Diſt. 924. coſine 9.904 1289 


1 8 Latitude - 51 18 - cotan. 9.9037144 - 333 coſecant o. 1076658 


general rule. Arch firſt - 6-3 07 cotan. 9.8922626 - - - fine 9.8967 393 


Arch ſecond - 44218 5 - 2 ceoſine 99985340 

Computed latitude 47 19 48 - Mer. parts 3231.83 

Given latitude 5118 - Mer. parts 3597-50 

Dif. of latitude 358 12 - Mer. diff, of lat. 365.67 = A 2.5630893 
or 238 12 SS ns” 2.3769418 


Diſtance - - 564 EM - 2.7512791 


— ——— — 


Firſt approx. courſe 65 13/2 coſine 9. 6256627 - tangent 03316751 


. _ 


Firſt approx. diff. of longitude - - . 784.8 10 - 2.894764 
Given difference of longitule . 786. | 


Firſt error Eo . - — 1.190 


The computed latitude is hence too little ; let therefore another latitude be 
aſſumed two minutes greater, or 47* 21” 48”, 


Aſſumed 
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Aſſumed -latitude 47 21” 48” Mer. pars 3234.79 
Given latitude 51 18 © Mer, parts 3597.50 


— ms —ͤ —U—)— — 


Ditf. of lat. 3 86 12 Mer. diff. of lat. 362.71 — — 245595595 
or 236 12 2. 3732799 
Diſtance — 564 - - 2.7512791 
Second approx. courſe 650 14” 29% 4 coſ. 9.6220008 — tangent o. 3361239 
Second approx. difference of longitude - - 786.472 - 2.8956834 
Given difference of longitude - — - 736. 
Second error - - . - + 0.472 
Firſt error — — - — — 1.190 
Sum - — — * 1.662 


Computed latitude - 4719 48” - Firſt approx. courſe 6” 1* 
Aſſumed latitude - 47 21 43 - Second approx. courſe 65 14 29.4 


— 


Difference „ 2 - Differenee += 13 26.2 


Then, As 1.662 : 1.19 :: 3'0” 2: 1 235%9 or 17 26" 
Computed latitude %% >: 


True latitude . 47 21 14 
And, Av 1,662 2: 1.19 :: 13 26'2 1 9 37 
Firſt approximated courſe . 1 
True courſe . - 8. 65 10 40 W. 


The latitude thus found agrees with that obtained by a different proceſs, 


within about half a minute; and the courſe, within three minutes. The reſults 


of the former method are given in page 47. 


The ſecond example given by Baron MaskRES, in page 60, is the ſame as 
M. Bovever's which has already been ſolved. We, therefore, now proceed 
to ſolve the Baron's third example, which is given in page 95. In that example 
the latitude failed-from is 5* N. the diſtance is 564 miles between the South 
and Weſt, and the difference of longitude is 324.904 = 5? 24 54 24. 


vor. IV. Q g Diff, 


„„ „ ͤ - MK WW Wea 
= 


* 


2254 — So tg —— L—— — 
= 


K 


1 


K 


f 
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32+ R - , 
The Baron's Dif, of long. ge 24 54".24 coſine 9.9980575 Dit. 5 24% coſine 9.9941289 
third Ex- Latitude SIR cC.otan. 1.0580482 . - Coſecant 1,0597040 
ample per- 5 — , 
formed by the Arch firſt - 5 1 20 Fr cotan, 1,0561057 . - fine 8.9422237 
new rules, x | | 
Arch ſecond 7 42 34 8 - - — coſine 9.99605 66 
Comp. latitude 2 41 134 ler. parts 161.20 
Given late 5 - Mer. parts 300.38 
M. diff. of lat. 461.58 2.6642470 
Diff. of lat. 461 13% . 2,0639124 
Diſtance - W 2.751279 


Firſt approx. courſe 35® 8' 14:5 ol. 99126333 - tangent 9.8474419 
Firſt approx. difference of longitude . - 324.854 „ i 5116889 
Given difference of longitude - - - 324-904 
Firſt error - - - . — 0.05 
Diff. of Jong. 324-994 - = 2.517551 
Diſtance - 564 > 2.751270 2.752791 
2d approx. courſe 35 100 280.8 fine 9.604760 coſine 9. 9124345 tangent 9.8 480415 
Approx, diff of lat. 7 41 0.78 = 461,013 2.6637136 
Latitude ſailed- from 5 - Mer. parts 300. 38 
Latitude come-to 2 41 0.78 Mer. parts 161.07 
Mer. diff, of latitude 461.43 — -2.6641246 
Second approx. diff. of longitude „ 325.212 — . . 2.5 121651 
Given difference of- longitude 5 „1 
Second error „„ + 0.308 
Firſt error F — 0.050 
S bo < -» 0.358 


Firſt computed latitude - 2 4113/72 


Firſt approx. courſe = 35 8/147 


Second computed lat. 2 41 0.78 . Second approx. courſe 35 10 28.8 
. Difference . 12.94 1 Difference — 2 1441 
Now, As 358 : 0 12.94 : 17.80 
Firſt computed latitude 341 43.72 


True latitude - - - 


And, As 358 : 05 5: 
"Firſt courſfe =« 


True courſe 


3 141 2 


— 2 41 11.92 


— 358 14.7 


18.7 


8. 35 8 33.4 W. 


C O N- 
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CONCESSION 


We have now concluded our Compariſon of the different Methods that have 
been propoſed by other writers for ſolving the preceeding Problem, with a new 
Method which we have given for the ſame purpoſe. The firſt part of the ap- 
proximation by this new method, generally gives the required latitude very 
near the truth: and when the place failed-from is near the Equator, and the 
other given quantities are ſmall, this method gives fometimes almoſt an exact 
folution ; as the required terms may in theſe caſes be found true to the differ- 
ence of a ſingle ſecond : Whereas, in the operations for ſolving the different 
Problems in the various failings in Navigation, it is uſual, and always thought 


ſufficiently exact, to bring out the required terms within only a minute of the 


truth. Again, when the given place is conſiderably diſtant from the Equator, 
and conſequently an aſſumed latitude becomes neceſſary; we may obſerve, 
that, when the ſhip is ſailing towards the Equator, the computed latitude will 
be leſs than the true latitude, but that, when the ſhip-is receeding from the 
Equator, it will be greater ; and conſequently there can be no great difficulty, 
or danger of committing a great error, in theſe cafes in fixing upon an aſſumed 
latitude—that is, a latitude may be readily aſſumed which will. be very near the 
true latitude, Thoſe who peruſe theſe different methods attentively, will find 
that every poſſible caſe may be ſolved by the rules we have given; and that 
theſe rules will alſo diſcover the ambiguity of thoſe examples which admit of 
two ſolutions,. which is-not done in any of the other methods. And one of the 
other methods, namely, Mr. Roß ERRTSOx's, (as has been already obſerved,) 
fails in the caſe in which the ſhip is ſailing towards the Equator, when the aug- 
mented departure is greater than the given diſtance. 


To thoſe who incline to examine or perform the preceeding operations, it 
will be neceſſary to mention that the Tables uſed in theſe calculations were 
TAVvTOR's and SHERWIN's Logarithmick Tables, and the Table of Meridional 
Parts for the Sphere, given in the Connoiſſance des Temps pour Pannee 1793, by 
M. pz MEenDoza, a Captain in the Spaniſh Navy. And to ſuch perſons the 
writer of this paper will venture to predict, that, by the time they ſhall have 
gone through theſe ſeveral operations, they will not fail to have diſcovered, 
even without intending it, various contractions and limitations of them, by 
which the labour of performing them might have been leſſened; but which the 
Vriter did not think it neceſſary to point out on this occaſion, becauſe it was his 

intention to abide ſtrictly by the rules he had laid down, Alſo, in drawing up 
theſe rules, he uſed, what appeared to him to be, the ſimpleſt methods, or thoſe 
which would be moſt generally underſtood, and he wholly rejected ſome other 


methods which might eaſily have been deduced both from the ſame and from 


different principles. 
Aberdeen, March, 
1796. 
Qq 2 A DIS. 
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DISSERTATION 


ON THE 
RISE AND PROGRESS 


OF THE 


MODERN ART OF NAVIGATION. 


T has been much diſputed, to whom the world was obliged for the mari- Of the Ma- 
ner's compaſs. A late 7alian writer indeed contends, after many *, that riner's Com- 


the honour of the invention is due to Flavio Giga of Amalfi in Campania, who 
lived about the beginning of the 14th century *, though others ſay it came 
from the Eaſt, and was earlier known in Europe. However that may be, it is 
certain, this wonderful diſcovery gave riſe to the preſent art of navigation ; 
which ſeems to have made ſome progreſs during the voyages, that were begun 
in the year 1420, by Henry Duke of Vice. This learned Prince, brother to 
Edward King of Portugal, was particularly knowing in coſmography, and ſent 
for one maſter James from the iſland of Majorca, to teach navigation, and to 
make inſtruments and charts for the ſea 5, 


Theſe voyages being greatly extended, the art was improved under the ſuc- 
ceeding monarchs of that nation. For Rederic and Jeſeph, phyſicians to King 
John the Second, together with one Martin de Bohemia, a Portugueſe, born 1n 
the iſland of Fayal, ſcholar to Regiomontanus, about the year 1485, calculated, for 
the uſe of the ſailors, tables of the Sun's declination, and recommended the 
aſtrolabe for taking obſervations at ſea *, 


3 Suitable to that verſe of Panormitana, 
Prima dedit nautis uſum magnetis Amalphic. 


2 See Signor Gregorio Grimaldi's Diſſertation on this ſubject, in the Memoirs of the Ziruſean Aca- 
demy of Cortona, Tom. iii. p. 193, printed at Rome in 1742. 

Hiſtoire des Mathetmatiques, par M. Montucla, a Paris, 1758. 

* Mariane Hiſt, Hiſpan. lib. xx. cap. 11. and lib. xxvi. cap. 17, AMoguniie, 1605, _ 

5 Decados d' Aſia par J. di. Burnos, lib. xvi. 1552. 


* Mafeii Hiſtor, Indic. lib. i. p. 6. printed at Florence in 1588. T 
lie 
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The famous Chriſtopher Columbus is ſaid, before he attempted the diſcovery of 
America, to have conſulted Martin de Bobemia, with others, and during the 
courſe of his voyage to have inſtructed the Spaniards in navigation“; for the 
improvement of which art, the Emperor Charles the Fifth afterwards founded a 

lecture at Seville. 


Of the varia- The variation of the ſea-compaſs could not be long a ſecret, Columbus, on 
tion of the the 14th of September 1492, obſerved it, as his ſon Ferdinand aflerts 3, though 
. ,. others ſeem to attribute that diſcovery to Sebaſtian Cabot * And as this varia- 
5 99" tion differs in different places, Gonzales d'Oviedi found there was none at the 
Azores 5; where ſome geographers have thought fit in their maps to make their 
firſt meridian to paſs through one of thoſe iſlands; it not being then known, 

that the variation altered in time. | 


The Croſs The uſe of the Cro/5-Staff now began to be introduced amongſt the Sailors. 
Staft. This very ancient inſtrument being detcribed by John Werner of Nuremberg, in 
A. D. 1514+ his Annotations on the firſt book of Ptolcmy's Geography, printed in 1514, he re- 

commends it for obſerving the diſtance between the Moon and ſome Star, in 
John Werner, order thence to determine the longitude. Werner ſeems to have been the 
A. D. 1522. greateſt geometer as well as aſtronomer of the time. In 1522, he publiſhed a 
tract, containing a ſpecimen of the conick ſections, with ſome ſolid problems; 
and alſo he there determined the preceſſion of the equinox more exactly than it 

had been done by any before him. 


But the Art of Navigation till remained very imperfect, from the conſtant uſe 
of the plane- chart; the groſs errors of which muſt have often miſled the mariner, 
eſpecially in voyages far diſtant from the Equator. Its precepts were probably 
at firſt only ſet do vn on the earlieſt ſea-charts, as that cuſtom is continued to 
this day; and larger directions have been uſually premiſed by the Dutch, to 
collections of their charts called Magoner's, from the name of the publiſher ; 

alſo by many affected titles, ſuch as Fliery- Columns, Sea-Beacons, Mirrors, At« 
laſſes, &c. 


Peter de At length there were publiſhed in Spaniſh two treatiſes, containing a ſyſtem 


_— of the Art, which had a great vogue; the firſt by Pedro de Medina at Valladolid, 


La Hiſtoria general y natural de las Tndias par Gonzalles de Miedo, en Sevilla, 1535. And 
Deſcriptione de las Indias Occidentale, de Antonio de Herrera, en Madrid, 1601. 

* Haclkluyt, in the dedication of his firſt volume of Voyages, printed in 1599. 

3 In Columbus*s life written in Spaniſh, which is now become very ſcarce ; but it was printed in Ja- 
lian at Yenice in 1571. ; 

+ See Livio Sanuto's Geographia, at the ſame place in 1585 ; Dr. William Gilbert, de Magnete, Lon- 
don, 1600; and Purchas's Pilgrim, in 1625, vol. I. . 

5 Cabot, a Yenian by birth, firſt ſerved our King Henry the ſeventh, then the King of Spain, 
and, laſtly, returning to England, he was conſtituted grand pilot by King Edward the Sixth, with 
an annual ſalary of above 1H0 pounds. Of this famous navigator and his expeditions, many writers 
have made mention, both foreigners and Englifh, as Peter Martyr, Ramuſeo, Herrera, Holinſped, 
Lord Bacon, and particularly Hack/zyt and Purehas, in their Collections of Voyages. 

* Opera Matbemalica, at Nuremberg, in quatto. 


in 
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in 1545, called Arte de Nauegar; the other at Seville, in 1556, by Martin Cortes, xlatin Cone 
with this title, Breve Compendio de la Sphera, y de la Arte de Navegar con nuedos tes. 


Inſtrumentos y Reglas. The author of this laſt tract ſays, he compoſed it at 
Cadiz in 1545. | 


Theſe ſeem to have been the-oldeſt writers who had fully handled this ſub- 
ject; for Medina, in his dedication to Philip, Prince of Spain, laments, that 
multitudes of ſhips daily periſhed at ſea, becauſe there were neither teachers of 


the art, nor books whereby it might be learnt; and Cortes, in his dedication, 


boaſts to the Emperor, that he was the firſt who had reduced Navigation into 
a compendium, enlarging much on what he had performed“. 


Medina gave ridiculous directions, how to gueſs at the place of the horizon, 
when it could not be ſeen ; and he likewiſe defended the errors of the plane- 
chart, and advanced againſt the variation of the magnetic needle the ſame fort 
of abſurd arguments as Ariftotle and his followers had brought to prove the im- 
poſſibility of the Earth's motion. But Cortes briefly and clearly made out the 
errors of the plane chart, and ſeemed to reflect on what had been ſaid again(t 
the variation of the compaſs, when he adviſed the mariner rather to be guided 
by experience, than to mind ſubtle reaſonings. Beſides, he endeavoured to ac- 
count for this variation, by imagining the needle to be influenced by a magnetic 
pole (which he called the point attractive) different from that of the world; and 
this notion has ſince been farther proſecuted by others. 


However, Medina's book, being perhaps the firſt of its kind, was ſoon tranſ- 
lated into Malian, French, and Flemiſb', and ſerved for a long time as a guide 
to the navigators of foreign countries. 


But Cortes was our favourite author; a tranſlation of whoſe work by Mr. 
Richard Eden was, on the recommendation of that great navigator Mr. S'epher 
Burrough, and the encouragement of the Society for making diſcoveries at ſea, 
publiſhed at London in 1561: which underwent various impreſſions , whilſt 
the Engliſh tranſlation of Medina's work, though made within twenty years after 
the other, ſeems to have been neglected, notwithſtanding the encomiums be- 
ſtowed on it by Mr. Jehn Frampton, the tranſlator, 


A ſyſtem of Navigation at that time conſiſted of ſome ſuch particulars as theſe : 
An account of the Plolemaic hypotheſis, and the circles of the ſphere ; of the 
roundneſs of the Earth, its longitudes, latitudes, and climates, and the eclipſes of 
the luminaries; a kalendar ; directions how to find the prime, epact, &c. and, by 
the laſt, the Moon's age, and thence the tides ; a deſcription of the ſea-compatls, 


The learned Don Nicolo Antonio, in his Bibliotheca Hiſpanica, printed at Rome in 1672, Tom. i. 
p. 323, puts down a book, intitled, Tradado de la Sphera y del marear con el regimento de las cliuras, 
written by Franciſco Falero, a Portugzeſe, and printed at Seville in 1535 ; but perhaps there is a 
miſlake in the date. He alſo mentions an edition of Cortes in 1551. 


The Halian and French tranſlations were printed in 1554, the firſt at Venice, the other at Lyons; 
the Flemiſh edition, I have ſeen, was at Antwerp in 1580 ; perhaps it had been printed before, 


3 In the latter editions ſome miſtakes in the tranſlation are corrected, 
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not forgetting the load-ſtone, with ſomething about the variation, called its 
north-eaſting and nortb. cceſting, for the dilcovering of which by night as well 
as by day, Cr/es ſaid, an initrument might eaſily be contrived ; tables of the 
Sun's declination for four years“, in order to find the latitude, from his meri- 
dian altitude; to do the fame thing by the ſtars called the guard-flars in the north, 
and by thoſe called be crofters in the ſouth; of the courſe of the Sun and Moon; 
the length of the days; of time and its diviſions; to find the hour of the day, and, 
by the nocturnal, that of the night; and, laſtly, a deſcription of the ſea-chart ; 
on which to diſcover where the ſhip is, they made uſe of a ſmall table, that 
ſhewed, upon an alteration of one degree in the latitude, how many leagues 
were run on each rumb, together with the departure from the meridian. Be- 
ſides ſome inſtruments were deſcribed, eſpecially by Cortes; as, for inſtance, an 
inſtrument for finding the place and declination of the Sun, with the days and 
place of the Moon; and certain dials, the aſtrolabe and croſs- ſtaff, with a com- 
plex machine to diſcover the hour and latitude at once. 


And after this manner the Art continued to be treated, though from time to 
time improvements were made in it by the following authors. 


Gemma As Werner had propoſed to find the longitude by obſervations on the Moon; 
1 "ES ſo Gemma Friſius, in a tract intitled De Principiis Aſtronomiæ et Coſmographize, 


printed at Autwerp in 1530, adviſed, for the ſame purpoſe, the keeping the time 
by the means of {mall clocks, or watches, then, as he ſays, lately invented. He 
alſo contrived a new fort of croſs ſtaft, which he deſcribes in his treatiſe De 
Radio Atronomico et Geometrico, printed at the ſame place in the year 1545; and, 
in his additions to Peter Apian's Coſmography, he gives the figure of an inſtru- 
ment which he calls a Nautzcal Quadrant, and repreſents it as very uſeful in Na- 
vigation, promiſing to write largely on the ſubject. Accordingly, in an edition 
he made anne 1553, of his above-mentioned book de Principiis Atronomiæ, &c, 
he delivers ſeveral nautical axioms, as he calls them ; which, with ſome alterations, 
were repeated by his ſon Cornelius Gemma, in a poſthumous piece of his father 
on the Univer/a! Aftrolabe, publiſhed in 1556. Gemma Friſius died in 1555, 
aged 45 years. | 


Dr. Cun- With us Dr. William Cunuing bam, in his Coſmegraphical Glaſs, printed in 
vingham. 1559, amongſt other things, briefly treats of Navigation, and eſpecially ſhews 
A. P. 559- the uſe of the Nautical Quadrant, and beſtows much praiſe on that inſtrument. 


Peter Nunez, But a greater genius than any of theſe undertook this ſubject. For the famous 
or Nonius. mathematician Pedro Nunez, or Nouius, fo early as 1537 publiſhed a book written 
. D. 2557. in the Portugueſe language, to explain a difficulty in Navigation propoſed to him 
by the commander Don Martin Alphonſo de Suſa; which was thirty years after 
printed at Bal, in Latin, with the addition of a ſecond book, and che whole in- 
titled de Arte et Ratione Navigandi; in which he both truly and learnedly expoles 
the errors of the plane-chart; and alſo gives the ſolutions of ſeveral curious 


Cortes ſets down the places of the Sun for a twelvemonth, with an equation - table to correct 
thoſe places, ſerving for many years to come ; and alſo another table to find the Sun's declination 
from lis longitude being given. 

Aſtro- 
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Aſtronomical Problems, amongſt which is that of determining the latitude from 
two obſervations of the Sun's altitude and the intermediate azimuth being 
given. He alſo delivers many ufeful advices about the Art of Navigation, 
particularly how to perform its operations on the globe. He obſerved, that, 
though the oblique rhumbs are ſpiral lines, yet the direct courſe of a ſhip will 
always be the arch of ſome great circle, whereby the angle with the mert.hians 
will be continually changing; and conſequently that all that the ſteerſman can 
here do in order to preſerve the original rhumb, is to correct theſe deviations as 
ſoon as they become ſenſible. But thus the ſhip will in reality deſcrthe a courſe 
ſomewhat different from the rhumb-line intended; and therefore the ſteerſman's 
calculations for aſſigning the latitude, where any rhumbtline crofſcs the ſeveral 
meridians, will be in ſome meaſure erroneous. He alſo again ſets down his me- 
thod of dividing a quadrant by concentric circles, which he had deſcribed in his 
ingenious treatiſe 4e Crepuſculis, printed in 1542, and which he ſuppoſed to have 14 
been practiſed by Piolemy. There were alſo other tracts of his contained in this | 4 
edition of this work: but another and ſtill more compleat edition of his Lazy i 
works was made by himſelf at Coimbra, in 1573. His treatiſe of Agebra, written 
in Spaniſh, was printed'at Antwerp ſix years before. : 


In 1577 Mr. William Bourne publiſhed his Treatiſe *, intitled, 4 Regiment yy. WW. 
for the Sea, which he defigned as a ſupplement to Cortes, whom he frequently Bourne. 4 
quotes, Beſides many things common with others, Bourne gives a table of the A. D. 1577, 18 
places and declinations of thirty-two principal ſtars, in order to find the lati- [ 
tude and hour; as alſo a larger tide-table than that publiſhed by Mr. Leonard | 
Digges, in 15567, He ſheus, by conſidering the irregularities in the Moon's 
motion, the errors of the ſailors in finding her age by the epact; and alfo in SE: 
their determining the hour from obſerving upon what point of the compals the 1 
Sun and Moon appeared. He adviſes, in failing towards high latitudes, to keep | | 
the reckoning by the globe, as in thoſe latitudes the plane-chart errs moſt. He 
deſpairs of our ever being able to find the longitude by any inſtrument, unleſs 160 
the variation of the compals ſhould be cauſed by ſome ſuch attractive point as f 


Cortes had imagined, though of this he doubts. And, as he had ſhewn how to ii 
find the variation of the compaſs at all times, he adviſes mariners to keep an H 


account of the obſervations, as uſeful to diſcover thereby the place of a ſhip ; 
which advice the famous Simon Stevin proſecuted at large in a treatiſe publithe.l 
at Leyden in 1599, intitled Portuum inveſtigandorum Ratio, metaphraſto Hugone 
Grotio ; the ſubttance of which was the ſame year printed at London, in Engithh, 
by Mr. Edward Wright, intitled The Haven, finding Art. 


But the moſt remarkable thing in this ancient tract is, the deſcribing the Of the Log 4 
way our fajlors eſtimated the rate a (hip made in her courſe, by an inftrument A. P. 1607. . 


The admirable diviſion now ſo much in uſe is a very great improvement of this; ſo that when 
the famous Dr. Edmund Halley, the Royal Altronomer, revived that by adapting; it to his Mara! 
Arch, fome body here named it A Noni, in which he has been followed by many. 

* He had ten years before publiſhed what he calls Rules of Navigation, x5 appears from his A 

. z:anac, printed in 1571. 

In his Treatiſe, intitled, A Prognoflication everlafling, fo). 22. 

r 2 called 


Michael 
Coignet. 
A. D. 1581. 
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called the /og. This was ſo named from tlie piece of wood, or log, -that: floats 
in the water, while the time is reckoned during which the line to which it is 
faſtened is veering out. The author of this device is not known; and I find no 
farther mention made of it till the year 1607, when it is faid to have been made 
uſe of in an Eaſt- India voyage, of which an account is publiſhed by Purchas ; but 
from that time its name occurs in other voyages that are publiſhed in Purchas's 
collections. And henceforward it became famous, being taken notice of, both by 
our own authors, and by foreigners; as by Gunter in 1623, Svel/ius in 1624, 
Metius in 1631, Oughtred in 1633, Herigone in 1634, Saltonflall in 1636, Norwood 
in 1637, Fournier in 1643; and indeed by almoſt all the ſucceeding writers on 
Navigation, of every country. And it continues to be- ſtil] in uſe as at firſt, 
though attempts have been often made to improve 1t, and other contrivances 
propoſed to ſupply its place. Many of theſe have ſucceeded in quiet water, but 
have proved uſeleſs in a troubled Sea. 


A following edition of this book was reviſed by the author, where, in the 
preface, he ſets forth the groſs ignorance of the old ſhip-maſters, repeating ſome 
of che inſipid jeſts they made ule of to juſtify their want of knowledge in their 
art, Amongſt the additions, he enlarges on the account of the log-line. And 
at the end ſubjoins an Hydrographical Diſcourſe touching the five ſeveral Paſſages 
into Cathay. | 


Bourne publiſhed other tracts, as one called Inventions or Deviſes, where he 
deſcribes a method by whee/-work of meaſuring the velocity of a ſhip at ſea, 
which artifice he attributes to one Mr. Humfrey Cole. 


At Antwerp, in 1581, Michael Coignet, a native of the place, publiſhed a 
ſinall treatiſe, intitled, ſruction nouvelle des Points plus excellents et neceſſaires 
touchant I Art de Naviguer *, This ſerved as a ſupplement to Medina, whoſe 
miſtakes Coignet well expoſed. He there ſhewed, that as the rhumbs are ſpirals, 
making endleſs revolutions about the poles, numerous errors muſt ariſe from 
their being repreſented by ſtraight lines on the ſea-charts ; and expreſſed his 
hopes of diſcovering a rule to remedy thoſe errors; ſaying, that moſt of the 
ſpeculations delivered by the great mathematician, Peter Nowius, for that pur- 
poſe, were ſcarce practicable ; and therefore, in a manner, uſeleſs to ſailors. In 
treating of the Sun's. declination, he took. notice of the gradual decreaſe in the 
obliquity of the ecliptic, a point long diſputed, but now ſettled from the theory 
of attraction. He alſo deſcribed the croſs-ſtaff with three tranſverſe pieces, as 
it is at preſent made, which he acknowledged to be then in common ule 
amonglt the mariners ; but he preferred that of Gemma Friſius. He. likewiſe 
gave {ome inſtruments of his own invention, which are now quite laid afide, ex- 
cept perhaps his nocturnal. As the old ſea-table, mentioned above, erred more 
and more 1n advancing towards the poles; he fet down another to be uſed by 
ſuch as ſailed beyond the both degree of latitude, At the end of the book is 


2 It had been publiſhed in Flemiſb; but the French edition is the fulleſt. Coignet died in 1623, 
leaving many 3 manuſcripts. See Valeri Andree Bibliotheca Belgica, printed at Louvain 


in 1643. ; 
delivered 
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delivered a method of failing on a parallel of latitude by means of a ring: dial, 
and a 24 hour glaſs; on which the author very much values himſelf, 


The fame year Mr. R-bezrt Norman * publiſhed a diſcovery, he had long be- 


Of the dip- 


fore made, of the dipping of the magnetic needle, in a fmall pamphlet, called ping of the 


The Nute Attraftive, where he ſhews how to determine its quantity; and in N 


agnetick 


cedle. 


ſpeaking of the loadſtone, he diſputes againſt Cortes notion, that the variation Robert Nor- 
of the compals was cauſed by a point fixed in the heavens, contending that it man. A. D. 
ſhould be ſought for in the earth, and propoſes how to diſcover its place. He 381. 


alſo treats of the various ſorts of compatles, ſetting forth at large the dangers 
that mull ariſe from the then prevailing practice of not fixing, on account of 
the variation, the wire directly under the fower-de-luce ; as compaſſes made in 
different countries have it placed differently. Bourne indeed had warned againſt 
this abuſe, and there are many things common to both authors. 


To Norman's piece is always ſubjoined, Mr. William Burrough's Diſcourſe f 


William 


the Variation of the Compaſs cor Magueticall Needle. The author had been a Burrough. 


famous navigator, having uſed the fea from fifteen years of age, and for his merit 
was promoted to be Controller of the Navy by Queen Elizabetb . He ſhews 
how to determine the variation ſeveral ways, ſetting down many obſervations of 
it made by an azimuth-compaſs of Norman's invention, but improved by him- 
ſelf, He demonſtrates the falſhood of the rules commonly uſed, to find the la- 
titade by the guard- ſtars. He particularizes many errors in the then ſea- charts, 
occaſioned by the neglect of the variation; adding, But of theſe coaſtes (towards 


the north,) and of the intwarde partes of the countries of Ruſſia, Muſcovia, &c, 1 


bade made a perfef plat and deſcription, by myne owne experience in ſundrie voiages 
and travailes, bothe by ſea and lande to and fro in thoſe partes, which J gave to her 
Majeſtie in anno 1578. And laſtly, he juſtly finds fault with Cognet's inſtru- 
ment, called a nautical hemiſphere ; but ſpeaks too ſeverely againſt the writers of 
Navigation, concluding thus, 


But (as I baue already ſufficientlie declared,) the cumpas ſheweth not alwaies the 
Pole of the worde, but varieth from the ſame diverſly, and in ſayling deſcribeth circles 
accordyngly. Whiche- thing, if Petrus Nonius, and the reſt that hav? written of 
Navigation, bad joinilie conſidered in the tradtation of their rules and inſtruments, 
then mig bt they ba ve been. availeable to the uſe of Navigation ; but they perceivying 
the 1\fficultie of the thyng, and that, if they had dealt therewith, it would have utterly 
everwhe'med their former plauſible conceits, with Pedro de Medina (who, as it 
appeareth, bavyng ſome ſmall ſuſpicion of the matter, reaſoneth very clerkly, that it is 
noe recefſary that ſuch an abſurdity as the Variation ſhould be admitted in ſuch an 
excellent art as Navigation is) they have all thought beſt to paſſe it over with filence. 


The opaniards too continued to publiſh treatiſes of the Art: and particularly Roderico 
an excellent Compendium by Roderico Zamorano was printed at Sæville in the year Zamorano. 
158; ; which is written clearly and with brevity, not being incumbered with A. P. 1385. 


: He is commended for an excellent Artiſt by our authors, as Bourne, Burrough, Sir Humſrty 
Gilbert, Hues, Potter, Blundeville, Wright, and Dr. Gilbert. 


* Hackluyt's Voyages, Vol. i. p. 417. Printed in 1599. 
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ſuch idle ſpeculations as abound in Medina and Cortes, The author was Royal 
Lecturer at Seville, and contributed much to the reforming the ſea-charts; as 
we are told by his ſucceſſor, Audres Garcia de Ceſpedes, who allo publiſhed a 

Treatiſe of Navigation at Maarid, in 1606. 


LargeGlobes As globes may be very ſerviceable for the mariner, Mr. Edward Mullincus 
made by Ed- ſet forth, in 1 592, at the charges of Mr. William Sanderſim, a merchant“, a pair of 
_ —_— globes much larger than thoſe exhibited in the year 1541 by the famous geo- 
15922 grapher, Gerard Mercator, On the terreſtrial one were deſcribed many new-gi- 
covered countries; and the ſeveral voyages made round the world by Sir Francis 
Drake in 1577, and by Mr. Thomas Cavendiſh in 158, with the progreſs Sir Mar- 
tin Frebiſher had made towards the north in 1576, to a place called his $!rarts, 

were traced out on it. 


Robert Hues Theſe globes were accompanied with a tract deſcribing their uſes, written in 
e of Engliſb; but in 1594 Mr. Reb2rt Hues publiſhed a more elaborate work on the 
A. D. 1594. ſame ſubject in Latin; wherein, amongſt others, he ſolves by the globe the 
problem of determining the latitude from two obſervations of the height of the 
Sun, when the time between the two obſervations is given *; and in the laſt part 
of his book he performs the uſual queltions in Navigation, premiſing a very ſen- 
fible diſcourſe on the Rhumb-lines, where he refutes the error of Gemma Friſius, 
who had aſſerted, that they met in the poles. At the concluſion he highly praiſes 
a treatiſe of Mr. Thomas Hariot, hoping it would be ſoon publiſhed, in which 
that author kad treated of this ſubject upon geometrical principles, with great 
ſagacity and judgement. But all the manuſcripts of that great mathematician 
were loſt, except his Artis Analytice Praxis, which was publiſhed in the year 
1631, ſome years after his death; in which tract that idea of the generation of 
algebraick equations ane from another by multiplication, which has ſince been 


very generally followed, was farſt advanced. 


Hues was a perſon of letters, and beſides had been far at ſea, Amongſt other 
curious particulars, he gives a good account of the attempts that had been 
made at various times to meaſure the Earth. In the Epiſtle to Sir Malter Raleigh 
he takes an occaſion to enumerate the many diſcoveries of our mariners in very 
different parts of the world. His book was received with great applauſe, and 
has been indeed a pattern for ſuch as afterwards handled the ſame ſubject. It 
has been often printed abroad, particularly in 1617, with the notes of Fob: 
Jaac Pontanus, who omitted the Epiſtle and the mentioning of Hariot. How- 
ever, from this mutilated edition it was tranflated into Exgliſb by one Mr. Fob: 
Chilmead, M. A. of Chriſt Church College, Oxford, and publithed at London in 1039. 


j _—_— Amongſt our ſailors, none were more famous than Captain Jh Davis *, who 
John Davis, . | | 
A. D. 1594 gave 


This Mr. Sanderſon was much reſpected for his knowledge as well as for his liberality to inge- 
nious men. 
This problem has been diſcuſſed by Dr. Henry Pemberton, in the Philoſophical Tranſactions, 
Vol. li. part 2d. 1760, p. gio, where he has alſo given ſome improvements in Trigonometry. 
There is an account of Hues and Hariot in Anthony Wood"s Athen. Oxon. Vol. i. printed in 1721, 
as being both members of that Univerſity, 
Several of his voyages are in Hacllayt's and Purchas's collections. He and Captain Abraham 
Kendal are greatly praiſed by Sir Robert Dudley, in his Arcano del Mare, as keeping a perfect reckon- 
ing 
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gave name to the Straits he diſcovered ; and great matters were expected from 
his long experience and ſkill. In 1594 he publiſhed a [mall treatiſe, intitled, 
The Seaman's Secrets, This is writ with brevity, though ſomewhat pedantically, 
and was eſteemed in its time, an eighth edition being printed in 1657 ; fo it 
ſeems to have ſupplanted Cortes. Davis treats of plane failing, calling it beri- 
xental, and ſets down the form of keeping a reckoning at ſea. He likewiſe 
fhews how to ſail by the globe, and boaſts of what he intended to do; much 
commending great-circle-ſailing, without deſcribing it, as alſo what he calls 
paradexal; that is, by a projection on the plane of the Equator with ſpiral 
rhumbs, ſaying, he will. publiſh a chart for that purpoſe. But above all, he 
extols the uſe of calculations in the cates of Navigation, and promiſes to handle 
that ſubject, 


At the end of the book is given the figure of a ſtaff of his contrivance, to 
make a back obſervation, Of this the author is ſo vain as to ſay, Then which 
inſtrument (in my cpinien) the ſeaman ſhall not finde any ſo good, and in all clymates 
of fo great certaintie, the invention and demonſtration whereof, I may boldly challenge 
to appertain unto my ſelſe Cas a portion of the talent which God hath beſtowed upon 
me) I hope without abuſe or offence to any. | 


This inſtrument ſeems to have for ſome time been in uſe ; for Adrian Metius, 
in his treatiſe, intitled Afronomie Inflitutio, printed in 1605, gives a figure of 
it from an original in the poſſeſſion of M. Frederic Hautman, governor of Am- 
boyna. But it ſoon yielded to one of a more commodious form, which is now 
commonly called Davis's Quadrant; as if it was alſo of his invention, and that 
perhaps only becauſe a back obſervation is made by both inſtruments ; fo the 
quadrant itſelf was at firſt ſtyled a Sa and Back-Staff.. 


The famous traveller Signor Pietro della Valle in going, in the year 1623, 
from Ormus to Surat, as a paſſenger on board an Exgliſb veſſel, obſerved that 
great uſe was made of this quadrant by the ſeamen : and from this circumſtance, 
(as the inſtrument was quite new to him, ) he takes occafion, in his account of 
his voyages, to ſhew its uſe very diſtinctly, and ſays, the feamen told him, that 
it had been lately invented and was called David's Staff from its author. Alſo 
Captain Charles Saltonſtall, in his Navigation, deſcribes it under the name of a 
Back-Staff; and in Captain Themas James's famous voyage for dilcovering a 
north-weſt- paſſage, begun in 1631, amongſt the many inſtruments which he 
carried along with him, are mentioned two of Mr. Davis's Back-/ſtaves, which 


were doubtleſs theſe quadrants. . 


ing by the way of longitude and latitude ; in proof of which Sir Robert has there given us two of their 
Fournals, This Sir Robert Dudley was a natural ſon of the great Earl of Leicefler, Queen Elizabeth's 
tavourite, and had commanded, in 1594, a fleet againſt the Spaniards ; but retiring to Florence, he 
aſſumed the titles of Duke of Northumberland and Earl of Warwick, His Arcano was printed at that 
place in two volumes, in 1646 and 1647. 

It is called by the French Quartier Anglois. 

2 David Staff, che in lingua Ingleſe vale à dir legno di David: Viaggi, Part 3. Letter 1. @ Roma. 
This author not only praiſes the Captain Nicholas Woodcock, and other officers, but alſo the common 
ſailors, for their care and ſkill ; and ſays, the Portugueſe loſe great number of ſhips for not being fo 
exact in their obſervations as the Zngi/h, c 
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Contemporary with Davis was Mr. Richard Polter, who, it is ſaid, had been 
a principal maſter on board the Royal Navy, He wrote a very ſmall book, in- 
titled, The Pathway to Perfect Sailing, where, from an obſervation he made in 
1.586, he would infer*, that different load-ſtones communicated different de- 


grees of variation to the magnetic needle, and therefore deſpiſes the publiſhing 


obſervations of that kind, as needleſs. His book was not printed till 1644 ; 
and. it did not deſerve to be publiſhed at all, as it abounds with miſtakes, and 
is written fantaſtically, obſcurely, and arrogantly. f 


But all this while the plane chart, notwithſtanding its errors were frequently 
complained- of, continued to be followed; as its uſe is eaſy, and ſerves toler- 
ably well in ſhort voyages, eſpecially near the Equator. . 


However, a way to remedy theſe errors had, for ſome time, been inquired 
after. And Gerard Mercator ſeems to be the firſt, who conceived the means 
of effecting this, in a manner convenient for ſeamen, by continuing to repre- 
ſent both the meridians and parallels of latitude by parallel ſtraight lines, as in 
the plane-chart, but gradually augmenting the diſtances between the degrees of 
latitude in advancing from the Equator towards either Pole, that the rhumbs 
alſo might be extended into ſtraight lines, ſo that a ſtraight line drawn between 
any two places, laid down in this chart by their longitudes and latitudes, ſhould 
make an angle with the meridians, expreſſing the rhumb leading from one to 
the other. But, though Mercator, in 1569, ſet forth an univerſal] map thus 
conſtructed , it does not appear upon what principles he proceeded ; probably, it 


was by obſerving, in a globe furniſhed with rhumbs, what meridians the rhumbs 


paſſed at each degree of latitude. That he knew not the genuine principles, I 
ſhall make evident; our countryman, Mr. Edward Wright, was certainly the 
firſt who diſcovered them. 


Fright inſinuates, but without ſufficient grounds, that this enlargement of 


the intervals between the parallels had been ſuggeſted before by Cortes *, and 


even by Ptolemy himſelf. h 


As to Cortes, he ſpeaks of the number of the degrees of latitude, and not of 
the extent of them: for his expreſſion amounts to no more than this, “that the 
degrees of latitude are to be numbered from the Equator, and conſequently that 


 -both northwards and ſouthwards from that line the numbers affixed to them muſt 


continually increaſe ; and from any place having latitude (ſuppoſe Cape S/. Viu— 
cent in Spain, which is his inſtance) the degrees of latitude will be denoted by 


numbers increaſing towards the Pole, and decreaſing towards the Equator,” He 


had before expreſsly directed, that they ſhould be all equal by meaſurement 
on a ſcale of leagues adapted to the map. 


* Perhaps he ſhould have thence concluded that the variation altered, which was afterwards found 
to be the caſe. 

See his life, written by his intimate friend, Cualterus Ghymmins, which was prefixed to an en- 
larged edition of his Alas, publiſhed at Duiſburg, in 1593, by Rumoldus his ſon, a year aſter his 
father's death. Gerard Mercator was born in 1512. 

3 Sce the 2d chapter of Wright's book. 


Part zd. cap. 2d. fol. 58. 
The 
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The paſlage in P/olemy *, referred to by Wright *, does indeed relate to the 
proportion between the diſtances of the parallels and meridians, but contains no 
ſhadow of Mercator's icheme : for, inſtead of propoſing any gradual enlarge- 
ment of the diſtances of the parallels in a general chart, that paſſage relates only 
to particular maps, and is more diſtinctly explained in the firſt chapter of his 
laſt book ; where he adviſes explicitly not to confine a ſyſtem of ſuch maps to i 
one and the ſame ſcale, but to plan them out by a different meaſure, as occaſion 
ſhall require, with this only caution, that the degrees of longitude ſhould in 
each bear, in ſome mea{ures that proportion to the degrees of latitude, which 
the magnitude of the reſpective parallels bear to a great circle of the ſphere; 
and ſubjoins, that in particular maps, if this proportion be obſerved in regard 
to the middle parallel, the inconvenience will be not great, though the meri- 
dians ſhould be ſtraight parallels to each other; wherein his deſign is plainly no 
other, than that the maps ſhould in ſome ſort repreſent the figures of the coun- 
tries they are drawn for. Mercator, (who drew maps for Piclemp's tables *,) un- 
derſtood him in no other ſenſe, thinking it an improvement not to regulate the 
meridians by one parallel, but by two ; one diſtant from the northern, and the 
other from the ſouthern extremity of the map by a fourth part of the whole 
depth; whereby in his maps, though the meridians are ſtraight lines, they are 
generally drawn inclining to each other towards the Pole, 
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But Mercator's univerſal map, mentioned above, though the author deſigned 
it for the benefit of ſailors, was fo far from being readily adopted, that ſome of 
the moſt ſkilful amongſt them objected to its uſefulneſs. Thus Mr. Burrough 1 
ſays of it—By augmenting his degrees of latitude towards the poles, the ſame is more ©. 
Atte for ſuche to beholde, as ſtudie in coſmographie, by readyng authours upon the lande, ky 
then to bee uſed in Navigation at the ſea. 


And Mr. Thomas Blundeville, in his Briefe Deſcription of Univerſal Mappes and Thomas 
Cardes, firſt printed in 1589, gives an account of this map, obſerving that Bar- Blundeville, 
nardus Puteanus, of Bruges, had publiſhed, in 1579, one altogether like it. And, X. D. 1589. 
though Blundeville is fo particular as to ſet down numbers expreſſing the diſ- 
tances between every two parallels of latitude in thoſe maps, yet he ſeems to 
ſlight them, by ſaying, that no better rules chan thoſe given by Plalemy can be 
deviſed. But this is ſo far from being true, that what is delivered by that antient 
geographer about the conſtruction of a general map, is a very indifferent perform- 
ance, altogether unworthy of the author of the Amageſt, and not in the leaſt cor- 
reſponding with the ſagacity ſhewn in two treatiſes on the P/aniſphere and Ana- 
lemma, which the Arabians have handed down to us as compoſitions of Ptolemy *. 


1 Geograph. lib. ii. cap. 1. 

2 In an advertiſement ſet down on his univerſal map, at the end of his ſecond edition of his book; 
and in this miſtake he has been followed by others. 

3 In an edition he made of Ptolemy*'s Geography, in 1584. 

: Theſe were publiſhed by Fed, Commandinus, one at Venice, in 1518, the other at Rome, in 
2 562, 
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Maginus alſo, at the end of his Geographia Univerſa, (the former part of which 


A. D. 1596. js a tranſlation of Prolemy's) firſt printed at Venice, in 1596, mentions this map 


of Mercator, and even gives a ſketch of it; but ſeems to have no diſtinct con- 


ception of the author's deſign. | 

That Merrator's map was not rightty deſcribed, is manifeſt from the num— 
bers given by Blundeville; and that he was ignorant of a genuine method of 
dividing the meridian, appears from a paſſage in an account that was publiſhed 


of his life, where the writer ſays, that Mercator often aſſured him, that this ex- 
- tending a ſphere into a plane anſwered to the quadrature of the circle, fo that 


nothing ſeemed to be wanting to make it a juſt ſolution of that celebrated 


Problem, but the demonſtration. 

However, though they did not perfectly underſtand the principles of this map of 
Mercator, yet our authors about this time began to entertain favourable thoughts 
of it; which might, perhaps, be owing to a report that then prevailed, that 
the learned and accurate Mr. Mrigbi was about to treat of tat ſubject. For Dr. 


Dr. Thomas Thomas Hocd, to the firſt edition he made, in 1592, of Bourne's Regiment, added 


Hood, A, 


D. 2 Dialogue of his own, called The Mariner's Guide, written only to ſhew the uſe 


of the plane-chart, where he acknowledges and ſets forth its errors, and highly 

raiſes Mercator's, ſaying, he had compoſed a treatiſe concerning it; but the 
indiſtin& account he gives thereof, ſhews it would not be this author's lot to 
render it fit for the uſe of Navigation. And Mr. Blunde ville, in the following 
editions of his above-mentioned tract, omitted the commendation he had given 


of Ptolemy's method of delineating an univer/al map. 
Mercator's ſcheme was not indeed contrived for repreſenting the parts of a 


country in a juſt proportion to each other; but is appropriated to the uſe of 


mariners, who ſail upon rhumbs by the guidance of the compaſs : and our 


Mr. Edward countryman, Mr. Edward Wright, brought it to perfection“, by diſcovering a 


yp 


true way of dividing the meridian. Of this diſcovery Mr. Mrigbi ſent an account 


* 3594+ from Caius College, in Cambridge, (of which College he was then a Fellow,) to 


his friend the above-mentioned Mr. Blundeville, containing a ſhort table for thar 
' purpoſe, with a ſpecimen of a chart ſo divided, together with the manner of di- 
viding it: All which Blungeville publiſhed, in 1594, amongſt his Exerciſes, in that 
art of them which treats of Navigation * ; where he has well delivered what had 
5 before written on that Art; inſomuch that his book was long in great repute, 
a ſeventh edition of it having been printed in 1636. To the ſecond edition, ano 
1606, and the following ones, was added his former diſcourſe of univerſal maps. 


In 1597, the Reverend Mr. William Barlowe, in his Navigator's $ufpiy, gave 


— I demonſtration of this diviſion, as communicated by a friend; faying, This 


Barlowe „ 


A. D. 1597. manner of carde has been publiquely extant in print theſe thirtie yeares at leaſt *; but 


a cloude (as it were) and thicke miſte of ignorance doth keepe it hitherto concealed : 
And ſo much the more, becauſe ſome who were reckoned for men of good knowledge, 


Some of our modern writers have ſaid, Mercator took the hint from I/right : but that is a mil- 
take; for Mercator's map was publiſhed thirty years before J/right's book, who frequently refers to 
it, See Edward Sherburn's trauſlation of the firit book of Maniliut, in 1675, p. 86. 


* Chap. 29. 4 He ſhould have ſaid 28 only. ; 
2 
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bave by glauncing ſpeeches (but never by any one rea ſon of moment) gone about what 
they could to diſgrace it. 


This, book of Barlowe's contains deſcriptions of ſeveral inftruments for the 


uſe of Navigation, the principal of which is an azi/muh-compaſs, with two up- 
right ſights" ; and, as the author was very curious in making experiments on the 
loadſtone, he diſcourſes well and largely on the fea-compals; and till farther 
handles that ſubject in a tract he publiſhed ſome years after, intitled, Magneti- 
cal Advertiſements, 


At length, in 1599, Mr. Migbt himſelf printed his famous treatiſe, intitled, Edward 
The Correction of certain Errers in Navigation, which had been written many Wright's 


S * . . 
years before; where he ſhews the reaſon of this diviſion , the manner of con- 


ſtructing his table, and its uſes in navigation, with other improvements: A 
book, as Dr. Halley ſays, well deſerving the peruſal of all ſuch as deſign to uſe the 
ea *. | 

In the preface, Vrigbt complains of the obſtinacy of our mariners, for not 
liking an improvement 1n their Art, ſaying, that they were like thoſe whole 1g- 
norance Maſter Bourne had expoſed, repeating Bourne's very words“. 


Though this great improvement in Navigation by H/7ight has been embraced 
and followed by all proper judges ; yet ſome undiſcerning perſons have of late, 
even amongſt us, found fault with it: as one Henry J/il/on, by a propoſal for a 
curvilinear ſea- chart, in 1720; and one Mr. Feſt, of Exeter, in a poſthumous 
piece, printed in 1762, But their cavils have been ſufficiently obviated ; thoſe 
of the firſt by Mr. Haſelden, in his Mercator's Chart, and in his Reply, both 
printed in 1722; and thoſe of the ſecond, by Mr. William Mountaine, in the 
Philoſophical Tranſactions, Vol. LIII. p. 69. Anno 1763. 


In 1610 Mr. Fright publiſhed a ſecond edition of this valuable work, and 
dedicated it to Henry, Prince of Wales, his royal pupil“, with the addition of 
ſome new improvements: particularly, he propoſed an excellent way of determin- 
ing the magnitude of the Earth ; and at the ſame time recommended very judi- 
ciouſly the making our common meaſures in ſome ſettled proportion to that of a 
degree of a great circle on its ſurface, that they might not depend any longer on 
the uncertaia length of a barley-corn. 


Many of theſe inftruments are in the Arcano del Mare, together with the demonſtration above- 
mentioned, 

2 Maps with their meridians thus divided, had been publiſhed at Amferdam by Jodocus Hondiut, 
who, when in Londen, working as an engraver, learnt the manner of doing it from Mr. Wright's 
ws ny the fourth chapter of which he had tranſcribed into one of his maps. Hondius after- 
wards in his letters, both to Mr. Briggs, and alſo to Mr. Wright, begged pardon for not _ ac- 
knowledged the obligation. See Nabe preface; where he complains of Hondiut's proceeding, 
and farther relates, how his book, (a copy of which had been preſented to the Earl of Cunber- 
land,) had like to have come out under the name of a famous navigator, whom, from ſome circuin- 
ances there mentioned, I imagine to have been Abraham Kendal. 

3 Phileſophical Tranſactions, for 1696, Ne 219. 

See above, page 308, lines 16 and 17. : 

5 In 1657 a za edition of this book was publiſhed by Mr. Joſeph Mo von; in which the dedication 
to Prince Henry is unadviſedly left ont; and at the end is added, by the editor, the above-mentioned 
Haven-finding Art, as alſo Hright's univerſal map, improved by the diſcoveries made ſince his time. 
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A. D. 1599. 
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Some of his other improvements were as follows: 1ſt, The Table of Lati- 
tudes for dividing the meridian, computed to minutes; whereas before it was but 
to every tenth minute, and the ſhort table ſent by him to Blundeville to degrees 
only: 2dly, An Inſtrument, he calls e Sea-rings; by which the variation of the 
com paſs, the altitude of the Sun, and the time of the day, may be determined readily 
at once in any place, provided the latitude be known: 3dly, The correcting 
the errors ariſing from the excentricity of the eye in obſerving by the croſs-ſtaff: 
4thly, A total amendment in the Tables of the declinations and places of the 
Sun and Stars from his own obſervations, made with a ſix- foot quadrant, in the 
years 1594, 95, 96 and 97: and, sthly, A ſea-quadrant, to take altitudes by a 
forward or backward obſervation, and likewiſe with a contrivange for the ready 
finding the latitude by the height of the pole-ſtar, when not upon the meridian, 
And that his book might be the better underſtood by beginners, he has, in this 
edition of it, ſubjoined a tranflation of the above-mentioned Zamoranos's Com- 

 pendium ; in which he has cortected ſome miſtakes in the original, and added a 
large table of the variation of the compaſs obſerved in very different parts of the 


world, to ſhew that it is not occaſioned by any magnetical pole. 


This excellent perſon was allowed fifty pounds a year (no inconſiderable ſum , 
at that time of day) by the Eaft-India Company, for reading a lecture on Na- 
vigation. He alſo formed a project for conveying water to Loxdon ; but was pre- 
vented from executing it by deſigning men : which is frequently the cafe, Whilſt 
he led a ſtudious and retired life in the Univerſity of Cambridge, his reputation 
was ſo far known, that Queen Elizabeth granted, in 1589, a diſpen/aticn for his 

abſence from the Univerſity, to the end that he might accompany the Earl of 
Cumberland in the expedition to the Azores; as I have been informed by Sir James 
Burrough, Maſter of Cains College, (of which Mr. Wri hit had formerly been a 
fellow,) a gentleman of fine taſte in architecture, as appears from ſome of the 

new buildings in Cambridge, which render the older buildings in the fame place 
a diſgrace to that famous ſeat of learning, which has produced many great men, 
as, (to mention here only mathematicians) AMrigbt, Briggs, Oughtred, Dr. Pell, 
Fofter, Horrox, Bainbridge, Biſhop Ward, Dr. Wallis, Dr. Barrow, Rooke, Sir 
Jaac Newton, Cotes, and Dr. Brook Taylor. 


Wright's improvements on Mercator's chart became ſoon known abroad. 


Simon Ste- In 1608 were publiſhed the Hypomnemata Mathematica of the above men- 
vin. A. D. tioned Simon Stevin, compoſed for the uſe of Prince Maurice. In the part con- 
4608. cerning Navigation, the author, having treated of ſailing on a great circle, and 

ſhewn how to draw mechanically the rhumbs on a globe, ſets down H/right's 
two tables of latitudes and of rhumbs, in order to delcribe thoſe lines more ac- 
curately ; and in an appendix he commends Hues, ſhews a miſtake committed 
by Nonius in relation to the rhumbs, and pretends to have diſcovered an error 
in Wright's latter table; but Mrigbt himſelf, in the ſecond edition of his book, 
has fully anſwered all Stevin's objections, demonſtrating that they aroſe from 
his groſs way of calculating. | 
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And, in 1624, the learned Willebrordus Snz/livs, Profeffor of the Mathema- Willebror- 
tics at Leyden, publiſhed his Typhis Ba, a Treatiſe of Navigation on dus Snellius, 
Wright's plan, written ſomewhat obſcurely. In the introduction are praiſed A. D. 1624» 
Nonius, Mercator, Stevin, Hues, and Wright. But ſince what had been per- 

formed by our artiſts on this ſubje& is not there particularly declared, as are 

the improvements made by the others; it has happened that ſome have attri- 

buted Mrigbt's principal diſcovery to this author. Thus ert Girard, who, 
in 1634, publiſhed a French tranſlation of Sins Works, with notes, in one f 
of them obſerves, that Snelllus had calculated, what he calls, Table Can nice ii 
Parallelorum, to minutes as far as 70 degrees; whereas right had fet forth, in a 
1610, ſuch a table, ſo calculated to 89 degrees 59 minutes; notwithſtanding 
which, M. de Lagny, in the Memoirs of the Royal Academy of Sciences at 
Paris for 1703, treating of the Carried Chart, ſays, Cet Millebrerd Snellius 
qui en eſt Pinventeur, But the French writcrs now acknowledge our countryman, 
IlVright, to have been its author“. ' 


© ww wew IÞ a Re za 4 * 
2 


Snellius was followed in Holland by Adrian Melius, in a treatiſe, intitled, Pri- Adrian Me- 
mum Mobile, printed at Anſterdam, in 1631; and in France, by the learned tius. A. D. 1 


Peter Herigone, in his Curſus Mithematicus, where, in the dedication of the 1631, : 1 
Peter Heri = 
9 


— 


fourth tome to the Muſhal B :/-mpiere, the author ſays, Artem nadigandi in cenſu one. 
Mathemalics non epiſucte plerigue n:ftrim ; neque ſane in hunc ordinem aſcribi me- 4 
ruit, quandiu cacd tartim naitarum praxi celebrata eſt; nunc vero, an, inventis | 
tabulis loxodromicis (quas nos priviien Galiis exhibemus) fermam certam firmaſque #4 
leges acceperit, fine injurid omitti non poteſt. But to return to our countryman— 


Mr. Wright, in the 12th. chapter, having ſhewn how to find the place of a 
ſhip on his chart, obſerved, the fame might be performed more accurately by 4 
calculation; but conſidering, as he ſays, that the latitudes, and eſpecially the | 
courſes at ſea, could not be determined fo preciſely, he forbore ſetting down 
particular examples; as the mariner may be allowed to fave himſelf this trouble, 
and only mark out upon his chart, when truly conſtructed, the ſhip's way after 


the manner then uſually practiſed, {1 


e 2 
F 2 


However, in 1614 ˙ Mr. Raphe Handſan, among his nautical queſtions, ſub- Bf. Ralph, 
Joined to a tranſlation of Piti/cus's Trigcnometry, ſolved very diſtinctly every caſe Handſon. 
of Navigation, by applying arithmetical calculations to J/right's table of lati- A. P. 1514, 
tudes, or of meridional parts, as it has fince been called. 


And beſides, though the method J/right diſcovered for determining the Of finding 
change of longitude by a ſhip failing on a rhumb, is the adequate means of - change of 
performing it; Handſon propoſed two ways of approximation for that purpoſe, ongitude, 
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In 1617 had been publiſhed his Erato/henes Batavus, where is given an account of his meaſur- 
ing the Earth. 

8 c't qu'on appelle les cartes riduites, invention admirable, de la quelle on eft redevable a | 
Edouard Wright, quoigu%on Pait ſouvent atiribute a Mercator, Hilt, de Acad, Royale des Sciences, | 
An. 1753. p. 275. 

It was reprinted in 1630. 
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without the affiſtance of J/7igh!'s diviſion of the meridian line. The firſt was 
computed by the arithmetical mean between the co- ſines of both latitudes; the 
other by the ſame mean between their ſecants, as an alternative, when Wright's 
book was not at hand, though this latter is wider from the truth than the firſt; 
and farther he ſhewed by the foreſaid calculations, how much each of theſe 
compendiums deviates from the truth, and alſo how erroneouſly the computations 
on the principles of the plain-chart differ from them all. | 


There 1s another method of approximation, by what 1s called, the Middle 
Latitude *; which, though it errs more than that by the arithmetical mean be. 
tween the co- ſines, yet, being leſs operoſe, is the only one now uſed by our 
ſailors; notwithſtanding the arithmetical mean between the logarithmick co- 
fines, equivalent to the geometrical mean between the co- ſines themſelves, had 
been ſince propoſed by Mr, John Baſt *, which in high latitudes is ſomewhat 
preferable. 


The computation by the middle-latitude, will always fall ſhort of the true 
change of longitude ; that, by the geometrical mean, will always exceed it; but 
that, by the arithmetical mean, will fall ſhort in latitudes above 45 degrees, and 
exceed in leſſer latitudes. However, none of theſe methods, when the change 
in latitude is ſufficiently ſmall, will deviate greatly from the real change in lon- 


gitude. 


About this time Logarithms * began to be introduced into the practice of 
the mathematicks; and as they are of excellent uſe in che art of Navigation, 
we (hall here ſay ſomething about their original. 


Theſe were invented by Fohn Napier, Baron of Marcbiſtoun in Scotland, as 
appears from his treatiſe, intitled, Miriſici Logarithmorum Canonis Deſcriptio, firſt 

rinted in 1614*. Soon after, the author communicated to Mr. Henry Briggs, 
Profeſſor of Geometry at Greſham College in London 5, another form of loga- 
rithms ; with which Mr. Briggs was ſo well pleaſed, that he immediately ſet 
about computing a very large table of them, which he publiſhed in 1624, with 
his Arithmetica Logarithmica*®, But in the mean time, as a ſpecimen, he printed, 
in 


3 Gunter's works, firſt printed in 1623. 

2 About 1630, in a dialogue which was publiſhed after the author's death, in an appendix to the 
Pathway to Perſed Sailing. Baſſet had been a teacher of Navigation at Chatham, and well made out 
what he undertook, to wit, * that a ſhip would return to the place it departed from, by failing on 
the ſame rhumb,” contrary to what Fuller and others had maintained. At the end of this diſcourſe, 
he applies his compendium to the three principal problems in ſailing. 

3 The foundation of logarithms is a property of two ſerieſes of numbers, one in arithmetical, the 
other in geometrical proportion; which property is declared by Archimedes in his Arenarius. 

In 1619 was made, after the author's death, a ſecond edition, with his farther improvements in 
Spherical Trigonometry. 

5 He was in 1619 appointed by Sir Henry Saville, his profeſſor of geometry at Oxford, 

Adrian Vlacg made an edition of this book at Tergon, in 1618, where the table of logarithms 
was continued by him to one hundred thouſand numbers, though the logarithms themſelves are 


but to ten places, whereas - Briggs's book they were to fourteen, Some copies of Ylacg's tables 
were 
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19 
1 
he S * 


in 1617, a few copies for his own uſe and that of his friends, of + very ! 
one, not exceeding a thouſand natural numbers. 


Henry 
Br: vgs. A. Do 


1019. 


From this table Mr. Edmund Gunter, Mr. Briggs's colleague in Aſtronomy, Edmund 


computed one of artificial fines and tangents to every minute of the quadrant; G 


which he publiſhed in 1620, being the firſt of its kind *, And when he made 
an edition of his works three years after, both thele tables were ſubjoined to 


his book. 

There he applied to Navigation, according to Fright's table of meridional 
parts, as well as to other branches of the mathematicks, his admirable Ruler ?, 
on which were inſcribed the logarithmick lines for numbers, and for fines and 
tangents of arches. He alſo greatly improved the Sector * for the lame purpoſes. 
And he ſhewed how to take a back-obſervation by the croſs-(laff, whereby the 
error, ariſing from the excentricity of the eye, is avoided ; deſcribing likewiſe 
an inſtrument of his invention, named by him 4 Croſs-Bow, for taking; al- 
titudes of the Sun or Stars, with ſome contrivances for the more ready col- 
lecting the latitude from the obſervation “. 

The diſcoveries relating to the logarithms were carried to France by Mr, 


Edmund Wingate, who, going to Paris in 1624, publiſhed in that city two ſmall ug, & 
tracts in French 5, and dedicated them both to Gaſton, Duke of Orleans, the A. 


King's only brother. In the firſt he teaches the uſe of Gunter's Ruler; and in 
the other, he teaches the uſe of the tables of logarithms and artificial fines and 
tangents, as modelled according to Napier's laſt form, which he attributed to 
Briggs, But this was a miſtake ; as appears from the dedication of Napier's 
Rabdologia, printed in 1616, and from what Mr. Briggs himſelf ſaid in che pre- 
face of his Arithmetica Logarithmica, 

The Reverend Mr. William Oughtred projected this Ruler into a circular 


unter. 
A. D. 1 620. 


Edmund 


William 


arch, ſhewing fully its uſes in a treatiſe firſt printed in 1633, intitled, The Oughtred. 
Circles of Proportion; where, in an appendix, are well handled ſeveral important & P. 1033. 


points in Navigation. It has been made in the form of a Sliding Ruler, See 


Seth Partridge's uſe of the double ſcale, in 1662. 


were purchaſed by our bookſellers, and publiſhed at Lendon, with an Exgliſb explanation premiſed, 
dated 1631. 

1 Jlacg alſo publiſhed, at the fame place, in 1633, his Trigonometria Arificialis, with tables of 
logarithmic ſines and tangents to every tenth ſecond of the quadrant, Y/acg's tables have a great 
reputation for their exactneſs, as have amongſt us Sherwwin's tables, the erl. edition in 1706, and 
Gardiner's edition of the ſame tables in 1742. M. de Foxtenelle, in the Hiltory of the Academy of 
Sciences for 1717, commends an edition of Ylacg's ſmaller tables, made at Lyons, in 1670, as does 
M. de la Lande, in his Aſtronomy, printed at Paris, in 1764, tables publiſhed there in 1760. 


* This Ruler is ſo conſtantly in the practice of our artiſts, that it has got the name of The 


Gunter. 


3 The uſes of a Sector had been ſhewn by Dr. Robert Hood, in a tract he publiſhed in 1998. 


4 This ingenious perſon died in 1626, aged 45 years. His works have been ſeveral times re- 
printed with ſucceſſive additions; the 3 edition was made in 1636 from his own manuſcript ; 
then from thoſe of Mr. Samuel Fofter, Profeſſor of Aſtronomy at Greſtam College, again by Mr. 
Henry Bond, and Mr. William Leybourn. The fulleſt and laſt, being the fifth, was in 1073, 


s Theſe were afterwards printed at London in Zngli/h with improvements. 
| Az 


« 1624, 
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As by the logarithmick tables all trigonometrical calculations are greatly fac. 

litated ; ſo the firſt author, who, I find, has applied them to the caſes of ſail- 

Thomas ing, was Mr. Thomas Addiſon, in his treatiſe, intitled, Arithmetical Navigation, 

Addiſon. printed in 1625. He allo gives two traverſe tables with their uſes, the one to 
A. P. 1625. quarter points of the compals, the other to degrees. 


Henry Gel- Mr. Henry Gellibrand, Mr. Gunter's ſucceſſor at Greſham College, publiſhed 

librand. 6 his diſcovery of the changes in the variation of the compaſs, in a ſmall quarto 

* pamphlet, intitled, 4 Diſcoumſe Mathematical on the Variaticn of the Magnetical 
Needle, printed in 1635. This extraordinary phenomenon he found out by com- 
paring the obſervations made at different times near the fame place by Mr. 
Burrough, Mr. Gunter, and himſelf, all perſons of great {kill and experience in 
theſe matters. And this diſcovery was ſoon known abroad“; for father Atha— 
naſius Kircher, in his treatiſe intitled Magnes, firſt printed at Rome in 1641, 
ſays, our countryman, Mr, John Greaves, had informed him of it, and then 
gives a letter of the famous Marinus Merſennus containing a very diſtinct ac- 
count thereof. Gellibrand had been famous for the part he bore in the Trigons- 
metria Britannica of his deceaſed friend Mr. Briggs, which was printed in 1633, 
at Tergou, under the care of Adrian Vlacg. Cellibrand allo, in 1635, publiſhed 
in Engliſh an Inſtitution Trigonometricell. 


Richard In 1631 Mr. Richard Norwood had publiſhed an excellent treatiſe of Tyigono- 
Norwood. metryy, adapted to the invention of logarithms, particularly in applying Na- 
A. D. 1631. pier's general canons *, The author having, as he ſays, acquired his know- 

ledge in the mathemaricks at ſea ?, eſpecially ſhewed the uſe of trigonometry 
in the three principal kinds of Navigation. And towards the farther improve- 
ment of that Art, he undertook a laborious work for examining the diviſions of 
the log-line. 


As altitudes of the Sun are taken on ſhip-board, by obſerving his elevation 
above the viſible horizon; to collect from thence the Sun's true altitude with 
correctneſs, Vrigbi obſerves it to be neceſſary, that the dip of the horizon be- 
low the obſerver's eye ſhould be brought into the account; which cannot be 
calculated without knowing the magnitude of the Earth, Hence he was led to 
propoſe different methods for finding this; but complains, that the moſt effec- 
tual one was out of his power to execute; and therefore he contented himſelf with 
a rude attempt, which was in ſome meaſure ſufficient for his purpoſe : and the 
dimenſions of the Earth, deduced by him, correſponded ſo well with the uſual 
diviſions of the log-line, that, as he did not write an expreſs treatiſe on Navigation, 


* In the Hiſtory of the Royal Academy of Sciences, at Paris, for 1712, p. 19, it is ſaid by M. 
de Fontenelle, that the learned Per Gaſſendi was the principal diſcoverer of this property; but Ga/- 
ſendi himſelf acknowledged that he had before received information of Gellibrand's diſcoveries. 
Gafſend, Oper. vol. ii. p. 152. Lugd. 1658. 


> A very advantageous report of it was made by M. Mariotte at a meeting in 1668, of the Aca- 
demy. Du Hamel, Hiſt. Acad. Scient, p. 51. 1701. 


3 From a ſailor he became a teacher, ityling himſelf before his books, A Reader of the Mathe- 
maticks in London, 
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but only meant to corze& ſuch errors as prevailed in general practice, the log- 
line did not fall under his notice. But Mr. Norwood, in order to regulate this 
inſtrument upon genuine principles, put in execution the method which Mr. 
Mrigbt had recommended, as the moſt perfect, for finding the dimenſion of the 
Earth, with the true length of the degrees of a great circle upon it; and, in The mea- 
1635, actually meaſured the diſtance between Lenden and Yort; from which, and furement of a 


'H 
from the altitudes of the Sun in the Summer-Solſtice, obſerved on the meridian 3 9 
: 


at both places, he found a degree on the great circle of the Earth to contain \G,.. 
367,196 Engliſh feet, (which are equal to 57300 French fathoms or toiſes,) which 

is very near the true length of it; as appears from many meaſures of a degree 

that have been made ſince that time. 


Of this affair Mr. Norwood gives a full and clear account in his treatiſe, Norwood's : 
called The Seaman's Practice, which was firſt publiſhed in 1637. There, with Scaman's | 
vnaffected modeſty, he apologizes for the hardineſs of a private perſon's under- Prattice. 
taking ſo difficult a taſk ; and very cautiouſly points out the true reaſon why ſo A. D. 1937. | 
great a mathematician as Sxellius had failed in bis attempt. He alſo ſhews vari- | 4 
ous uſes of his diſcovery, particularly for correcting the groſs errors hitherto com- 
mitted in the diviſions of che log- line. But ſuch neceſſary amendments have been 1 
little attended to by the ſailors; whoſe obſtinacy in adhering to inveterate miſ- 4 
takes has been always complained of by the beſt writers on Navigation. | 


Farther, Mr. Norwood likewiſe there deſcribes his own excellent method of 
ſelling down and perfetting a Sea-Reckoning, uſing a traverſe-table for that purpoſe; # 
which method he had followed and taught for many years : and befides, he ſhews | 
how to rectify the courſe, by taking into conſideration the variation of the compaſs; 
as alſo how to diſcover currents, and to make proper allowance on their account. 


This treatiſe and his treatiſe on T7igonometry were continually reprinted, as the 
principal books for learning the Art of Navigation ſcientifically. What he had 
delivered in theſe two books, and eſpecially in the latter of them, concerning 
this ſubject, was contracted as a manual for failors, in a very ſmall piece, called 
his Epitome ; which is a very uſeful performance, and has gone through num- 
berleſs editions. 


No alterations were ever made in The Seaman's Prallice, till in the 12th edi— 
tion, (printed in 1676, after the author's deceaſe,) there began to be inſerted, 
at page 59, the following paragraph in a ſmaller character [About the year 
1672 Monſieur Picart has publiſhed an account in French, concerning the meaſure 
of the Earth, a breviate whereof may be ſeen in the Philoſophical Tranſactions, 
No. 112, wherein he contludes one degree be centain 365,184 Engliſh feet, nearly 
agreeing to Mr. Norwood's experiment. ] And this advertiſement is continued in 
the ſubſequent editions, as I find it in one printed ſo lately as 1732. 


Norwood's meaſure therefore, though it was not known to the great Sir Z/azc 
Newton in his youth, was not buried in oblivion, on account of the confuſions 
occaſioned by our civil wars, as M. de Voltaire has been pleaſed to ſay *; on 
the contrary, it has been conſtantly commended by 6ur writers oa Navigation : 


" Elemens de la Pliloſoplie de Newton, chap. xviii. printed at Pari. in 1738. 
Vol. IV. T 


as, 
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as, for example, by Mr. Henry Bond, ſoon after its publication, in a note at page 
107 of the Seaman s Kalendar, (which ancient book he reprinted and improved, 
whoſe uſe, through numberleſs editions, is continued amongſt our ſailors to this 
day ;) and by Mr. Henry Phillips, in his Geometrical Seaman, in 1652, and in 
his Advancement of Navigation in 1657; and by Mr. John Collins, in his Navige- 
tion by the Plane Scale, in 1659; and by the Reverend Dr. John Newton, in his 
Mathematical Elements, in 1660; and by Mr. John Seller, in bis Practical Nav: - 
gation, in 1669; and by Mr. Jeba Brow, in his Triangular Quadrant, in 1671. 

And in the Pti's/ophica! Tranſafions for 1676, No. 126, there is given a 
very particular account cf it. Nor had it eſcaped the royal notice; for when 
King James, in 1690, honoured the Obſervatory at Paris with a viſit, he in- 
formed the gentlemen, then preſent, of this meaſure of the Earth ; and upon 
their acquainting his Majeſty how that had been determined by M. Picard, the 
King withed the two mealures might be compared together“. 


But * that it was not commonly known in France” is no wonder, ſeeing that 
Engliſh books were not then ſo much inquired aſter as at preſent, by that 
polite and learned people. | 


Thus, for example, in the Journal des Spavans for December 1666, it was ob- 
ſerved of Dr. Hooke's Micrographia, qu'il eſt 6crit en une langue que peu de perſounes 
entendent ; but, of late years, in the ſame Journa! for February 17 50, it is ſaid 
of the Engliſh tongue, that it was we langue que tous les vrais ſavans devroient 
ſavoir, And now, as Norwood is taken notice of in the latter editions of Sir aac 
Newton's Principia, his name and merit are become almoſt univerſally known. 
Inſomuch that a particular account of his meafure is given by M. de Maupertuis, 
in the preface to his Treatiſe of the figure of the Earth, printed at Paris in 1738; 
wherein he deſcribes his method of determining the length of a degree on the 
Earth in Lapland; and Norwood is likewiſe mentioned by two learned Spaniſh 
ſea-ofticers, Don Jorge Juan and Don Antonio PUlloa, in the account of their 
voyage printed at Madrid in 1748; which voyage had been undertaken for the 
ſame purpoſe of diſcovering the true length of a degree of latitude, they having 
been appointed to accompany the French mathematicians who were. ſeat out by 
the King of France to meaſure ſuch a degree near the Equator. 


Henry Bond. About the year 1645 Mr. Bond publiſhed, in Norwood's Epitome, a very 
A. D. 1645. great improvement in Hrigbt's method, by a property in his meridian line, 
| whereby its diviſions are more ſcientifically aſſigned, than the author himſelt 
was able to effect; which was from this theorem, That theſe diviſions are ana- 
logous to the exceſſes of the logarithmick tangents of half the reſpective lati- 
tudes, augmented by 45 degrees, above the logarithm of the radius. 


This he afterwards explained ſomewhat more fully in the third edition of 
Gunter*s works, printed in 1653; where, after obſerving that the logarithmick 
tangents from 45 upwards, increaſe in the ſame manner (as he expreſſes it, 
that the ſecants added together do, if every half degree be accounted as one 
whole degree of Mercator's meridional line; his rule for computing the meri- 
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dional parts appertaining to any two latitudes (ſuppoſed on the ſame fide of the 
Equator) is laid down to this effect; To take the logarithmick tangent, reject- 
ing the radius, of half each latitude augmented by 45 degrees, and dividing 
the difference of thoſe numbers by the logarithmick tangent of 45* 30”, the 
radius being likewiſe rejected, and the quotient will be the meridional parts 
required, expreſſed in degrees. And this rule is the immediate conſequence 
from the general theorem, That the degrees of latitude bear to 1 degree (or 
60 minutes, which in Hrigbt's table ſtands as the meridional parts for 1 de- 
grce,) the ſame proportion as the logarithmick tangent of half any latitude aug- 
mented by 45 degrees, and the radius neglected, to the like tangent of half 
a degree augmented by 45 degrees, with the radius likewiſe rejected. 


But here was farther wanting the demonſtration of this general theorem, 


which was at length ſupplied by that great mathematician, Mr. James Gregory gory. 
of Aberdeen, in his Exercitationes Geometrice, printed at Loixdin in 1668 ; and A. P. 1668. 


ſince more conciſely demonſtrated, together with a ſcientific determination of 


the diviſor, by Dr. Halley, in the Philoſophical Tranſacliaus for 1695, No. 219, Dr. Edmund 
from the conſideration of the ſpirals into which the rhumbs are transformed in Halley. 
the ſtereographic projection of the ſphere upon the plane of the equinottal ; *** 


which the excellent Mr. Roger Cotes has rendered ſtill more ſimple, in his Lo- 
gometria, firſt publiſhed in the Philoſophical Tranſactions for 1714, No. 388. 


It is moreover added in Gunter's book, that, if , of this diviſor (which 
does not ſenſibly differ from the logarithmick tangent of 45® 1' 30“ curtailed 
of the radius) be uſed, the quotient will exhibit the meridional parts expreſſed 


in leagues : and this is the diviſor ſet down in Nerweood"s Fpitome. 


After the ſame manner the meridional parts will be found in minutes, if 
the like logarithmick tangent of 45* of 30“ diminiſhed by the radius be taken, 
that is, the number uſed by others being 12633, when the logarithmick tables 
conſiſt of eight places beſides the index. 


This Mr. Bend, who introduced ſo uſeful a diſcovery into the Art, was a 
teacher of the mathematicks in London, and employed to take care of and im- 
prove the impreſſions of the current Treatiſes of Navigation. In an edition of 
the Seaman's Kalender, p. 103, he declared, he had diſcovered the longitude, by 


having found out the true theory of the magnetic variation; and to gain credit of the V.. 
to his aſſertion, he foretold, that at London, in 1657, there would be no varia- riation of the 
tion of the compaſs, and from that time it would gradually increaſe the other Magnetick 
way, which happened accordingly, Again, in the Philoſophical! Tranſaftions for om 


1668, No. 40, he publiſhed a table of the variations for 49 years 40 come. 


T his joyful news to all ſailors acquired Mr, Bond a great reputation; inſo— 
much that the Treatiſe he had compoſed, called The Longitude found, was, in 
1676, publiſhed by the ſpecial command of King Charles the Second, and 


: See Mr. Perkins's Treatiſe Navigation, in Vol. I. of Sir Jonat Moore's New Syflem of the 
Mathematicks, p. 208, printed at London in 1681. Perbins's book was publiſhed by itfelf the year 
following, under the title of the Saman's Tutor. 
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uſhered into the world with the approbation of ſeveral of the moſt eminent 
mathematicians of that time ?. | 


But it was ſoon oppoſed, there being publiſhed at Londen, a book, in 1679, 
called The Lengitude not found, written by one Mr. Beckborrow. And, indeed, 
as Bond's hypotheſis did not in any wiſe anſwer its author's ſanguine expecta- 
tions, the famous Dr. Hal ey again undertook this affair; and from a multitude 
of obſervations he was induced to conclude, that the magnetic needle was in- 
fluenced by four poles. His ſpeculations on this ſubject are delivered in the 
Philoſophical Tranſactions for 1683, No. 148, and for 1692, No. 195. But this 
wonderful phenomena ſeems to have hitherto eluded all our reſearches. 


However, that excellent perſon, in 1700 publiſhed a general map, on which 
were delineated curve lines expreſſing the paths, where the magnetic needle 
had the fame variation. This was received with univerſal applauſe *, as it may 
lead to ſome diſcovery in ſo abſtruſe an affair, and at preſent be uſeful on many 
occaſions in determining the longitude. The poſitions of thefe curves will in- 
deed continually ſuffer alterations; but then they ſhould be corrected from time 
to time; as they have been for the year 1744, and the year 1756, by two in- 
genious perſons, Mr. William Mountaine and Mr. James Dedſon, Fellows of the 
Royal Society. The latter dicd not. long after he had been choſen, for his 
merit, mathematical maſter at Chriſt's Hojpital in London. a 


Of the Mon- Dr. Halley alſo gave, in the Philoſophical Tranſactions for 1699, No. 183, a 
ſoons. Diſſertation on the Monſoons, containing many obſervations very uſeful for all 
| ſuch as ſail to the places that are ſubject to thoſe winds, 


The true principles of Navigation having been ſettled by right, Nertocod, 
and Bond, many authors amongſt us trod in their ſteps, making tome little im- 
provements. It would be impoſſible to enuinerate each particular. Of the 
writers already mentioned, Phillips and Collins, in the title-pages of their books, 
declare what they aimed at; Phillips allo in his tract, called the Advancement of 
Navigation, recommends a pendulum inſtead of a halt-minute glaſs, to eſtimate 
the time the log-line is running out. He alſo propoles to do the ſame thing 
by wheel-work. Beſides, in the Philoſophical Tranſactions for 1668, No. 34, he 
delivers a better method to determine the tides than what was commonly prac- 
tiſed ; for which purpoſe Mr. John Flamſteed, the Royal Aſtronomer, gave till 
more perfect directions in the ſame Trauſactions for 1683, No. 143; and he like- 
wiſe firſt ordered a glaſs. lens to be fixed on the ſhade-vane, in what is called 
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In the Philoſophical Tranſactions for the ſame year, No. 130, it is ſaid, the Lord Brounker's 
name was inſerted by miſtake, | 


2 It is particularly commended in the Hiſtory and Memoirs of the Royal Academy of Sciences 

at Paris, for the years 1701, 1705, 1706, 1708, and 1710. See alſo Mr. Robins's Reflections in 

his Introduction to Lord Anſor's Voyage round the World, made in 1743, &c. as allo in the ninth 
chapter of the firſt book, and cighth of the third, 
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Davis's quadrant *, which contrivance Dr. Robert Hick, Profeſſor of Geometry 
at Greſham College, had before thought of *. 


Seller's Praftical Navigation, though without demonſtrations, has the rules of S. fer, 
ſailing in the different kinds, as performed by calculation, by the plane-ſcale, p,agical Nas 
by the gunter, and by the finical quadrant, with various other matters relative ien. 
to the Art; as alſo the uſe of the azimuth-compaſs (as now modelled,) the ring- &. P. 1669. 
dial, tue ſea- ring, the croſs- ſtaff, Davis's quadrant, plough, nocturnal, inclinatory 
needle and globe, together with all the neceflary tables; the whole being de- 
livered in a manner fo well adapted to the general humour of mariners, that it 
has undergone numberleſs editions: the laſt, I have fern, was in 17393 but 
ſome late writers ſeem to have abated the run of this book. 


As in failing eſpecial regard ought to be had to the lee-way a ſhip makes, ſo Ofthe Lee- 
many authors have touched upon this point; but the allowances uſually made wayof a Ship. 
on that account are very particularly ſet down by Mr, 7% Buckler, and pub- 
liſhed in a ſmall tract firſt printed in 1702, intitled, 4 New Cunpendium of the 
whole Art of Navigation, wruten by Mr. William Jones. 


We ought not here to paſs over in filence the very uſeful invention of Dr. Of artificial 
Gawin Knight, which is the making artificial magnets, that are of greater efficacy Magnets. 
than the natural ones. Though the Doctor has not thought fit to reveal his 
ſecret ; yet others have found it out, who have made it public, particularly 
the Reverend Mr. John Micbel, of Qucen's College, Cambridge, and Mr. Jobn 
Canton; the firſt in a treatiſe of Artificial Magnets, printed in 1759; the other 
in the Philoſophical Trantactions, vol. XLVII. Aun. 1751. 


The Earth being now univerfally agreed to be not a perfect globe, but a or the Sphe-- 


ſphero-eid, whoſe diameter at the poles is ſhorter than any other; the Rev. Dr. ro-eidal Fi- 
Patrick Murdoch publiſhed a tract in 1741, where he accommodated J/ight's gure of the 
failing to ſuch a figure; and Mr. Colin Maclaurin, Profeſſor of Mathematicks in Earth. 

the Univerſity of Edinburgh, the fame year, in the Philoſophical Tranſactions, No. 

461, gave a rule to determine the meridional parts of a ſphero-eid, which ſpecu- 

lation he farther proſecutes in his book of Fluxions, printed at Edinburgh, in 1742. 


Though Sir Jaac Newton in his Principia, (which was firſt printed in 1686,) 
had demonſtrated from the theory of gravity, that this mull be the real form of 
the Earth, as it revolved about an axis; yet, in the year 1718, M. Caſſini again 
undertook from obſervations to ſhew the contrary, and that the Earth was a {phe- 
ro- eid, having its longeſt diameter paſſing through its poles *; and, in 1720, M. 


See the above-mentioned Perkins's Navigation, page 250. 

2 See the Biſhop of Rochefier's (Dr. Thomas Sprat's,) excellent Hiſtory of the Royal Society in 
1667, pag. 246 and Hool's Poſthumous Works, publiſhed by Richard Waller, Eſq. in 1705, p. 557. 

3 In the Memoirs of the Royal Academy of Sciences at Paris, his father in 1701, and he in 1713, 
attempted to prove that the Earth was an oblong ſphero-eid. 


M. John Bernoulli in his Eſſai d'un⁰tͤ Nouvelle Phyſique Celeſte, printed at Paris in 1735, triumphs | 
over Sir Iſaae Necuten; vainly imagining theſe precarious obſervations could invalidate what Sir 


I/aac had demonſtrated. | 
de Mairau 
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de Mairan advanced arguments, ſuppoſed to be ſtrengthened by geometrical de- 
monſtrations, to farther confirm M. Caſſini's aſſertion. But in the Philoſophical 
Dr. Deſagu- Tranſactions for 1725, No. 386, 387, and 388. Dr. Deſaguliers publiſhed a diſſer- 
liers. tation, wherein he made appear the weakneſs of the reaſoning, and the 1nfuth, 


A. D. 1725» ciency of the obſervations, as they were managed, to lettle fo nice an affair, 


He there alſo propoſed a proper method for adjuſting this point, when he ſays, 
F any conſequence of this kind could be drawn from aftual meaſuring, a degree of 
latitude ſhould be meaſured at the Equator, and a degree of longitude likewiſe mea- 
ſured there ; and a degree very northerly, as for exampl:, a whole degree might be 
actually meaſured upon the Baltick ſea, when frozen, in the latitude of fixty degrees, 
There, according to M. Caſſini's laſt ſupp:fition, a degree? would be 56653 toiſes ; 
whereas at the Equator it would be of 58019 toiſes, the difference being 1366 toiſes, 
about the two and fortieth part of a degree; which muſt be ſenſible : and likewiſe 
the degree of longitude would according to him be of 568 17 toiſes, leſs by 1202, or 
the for/y-eighth part, than à degree of latitude at the fame place. 


On this admonition, in 2735, were ſent from France two ſets of mathemati- 
cians, members of the Royal Academy of Sciences; one towards the Pole, the 
other to the Equator ; in order to meaſure at each place the length of a degree 
on the meridian. The report they brought home quite overſet what had been 
urged in favour of the oblong figure; a degree towards the north, in the lati- 
tude of 66* 20“ being found to contain about 57438 toiſes, and near the Equa- 
tor but 56750. 


This unwelcome news cauſed again a degree to be meaſured in France, which 
at length came out to be conſonant with thoſe which had been brought from 
very diſtant parts of the world. Thus theſe mathematicians confirmed by pain- 
ful obſervations, what Sir Jaac Newton had, as M. de Maupertuis uſed to lay, 
determined in his elbow-chair ; Sir Jaac making the length of a degree under 

the Pole to be 57382, and at the Equator 56637 toiſes. And perhaps no ob- 
ſervations can be exact enough to determine this matter more preciſely. 


But I will now mention ſome of the foreign writers on Navigation. 


: At Rome, in 1607, came forth a treatiſe, intitled, Nantica Mediterranea, 
Italian and g . 1 . . 
French wri- Written in Halian by Bartolomeo Creſcenti, the Pope's engineer. The author 
ters on Navi- miſſes no opportunity of expoſing the errors of Medina ; but ſcarce gives any 
Yation, thing of his own, except a machine to ſerve to meaſure the way a (hip has made. 


As the Jeſuits have treated of moſt branches of learning, ſo this Art has 
not been beneath their conſideration ; the three following authors having been 
of their ſociety. | 


Father At Paris, in 1633, Father George Fournier publiſhed an Hydrography, prin 
George Four- cipally relating to Navigation. The autbor would fain perſuade ns, that a na- 
= A. P. tive of Dieppe was the firſt perſon that had corrected the plane- chart; and that 
* the Hollanders bad learnt of the French the art of making charts ſo corrected ; 

whereas charts ſo corrected had been engraved long before at Amferdam by 
Jodocus Hondius and others. 
= Fohn 
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John Baptiſt Riccioli, in his Geographia & Hydrographia Reformata, printed at Riceiok. 
Bologna in 1661, inſerts a Treatiſe of Navigation, collecting his materials from A. D. 1661. 
almoſt every writer, as he does in his 4/mageft and Chronology, which is indeed. 
the chief merit of his works. 


Father Claudius Francis Milket de Chales, a learned Jefuit, wrote on this ſub- Father de 
je& after a more maſterly manner, both in his Cur/us Mathematicus, firſt printed Chales. A. D. 
at Lyons in 1674, and in a French Treatiſe, publiſhed in 1677, intitled, L'Art. 7 
de Naviguer, demontre par Principes. | 

Theſe three authors, beſides treating of the different kinds of ſailing, abound 
in methods for taking of altitudes, finding the variation, and eſtimating the 
way a ſhip makes, &c. They allo deſcribe a machine reſembling that of Cre/- 
centt, Riccioli gives a very faulty meaſure of the Earth, made by himſelf ; and 
Dechales adviſes the uſe of a pendulum in reckoning by the log-line, as allo of 
wheel-work for the ſame purpoſe, as Phillips and Cole had done before. 


But there were writers in France between Fournier and Dechales. As in 1666, Monſieur 
and the following years, had been printed at Dieppe ſeveral tracts, handling G. Denys. 
different parts. of Navigation, compoſed by M. G. Denys, which have been often A 
reprinted. | | 

And, in 1671, the Sieur Blonde! Saint Aubin publiſhed a book, called, L*Art de M. Blondel 
Naviguer par le Quartier de Reduction, deſcribing an inſtrument * much in uſe Saint Aubin. 
amongſt the French ſailors, by which may be performed, as by the ſinical qua- A. P. 1671. 
drant, the operations of Navigation, though not much more ſpeedily than by 
the Traverſe Table, and not near ſo accurately. He alſo publiſhed, in 1673, 
his Tyr de la Navigation, where the Art is well treated of, particularly by 
calculations. 

M. Savérien in his Marine Digtionaty, printed at Paris in 1758, ſays, that M. M. Daſſier. 
Daſſier ſeems to have been the firſt of the French writers that ſhewed the uſe of 3 P. 1683. 
Gunter's ſcales | *chelles Angloiſes | in his Pilote expert, printed in 1683. 


At Paris, ten years after, was publiſhed the firſt part of a magnificent work, 
intitled, Le Neptune Frangois, by order of the French king, conſiſting of ſea- Le Neptune 
charts, according to Mrigbt's ſcheme, made from the lateſt obſervations, and Frangois. 
reviewed by Meſſrs. Pere, Caſſiui, and others. As this contained the charts of *+ P. 1693. 
Europe only, there were added others of different parts of the world, printed the 
ſame year at Auſterdam. The whole was preceeded by a diſcourſe of M. Sau- 
veur, who had formed ſome of the charts, where he ſhews how to perform the 
problems of Aſtronomy and Navigation by ſcales; which diſcourſe had been 


publiſhed by itſelf at Paris, in 1692, | 
M. Jobn Bouguer compoled by authority his Traits Complet de la Navigation, Mr. John 


firſt printed in 1698, which was well received, as containing moſt of the prac- Bouguer. 


tices then known; and Father Pezenas, Jeſuit and Royal Profeſſor of Hydro- 5 7 
ather Pe- 


graphy at Marſeilles, publiſhed there, in 1733, a tract, called, Elimens de nas. A. J. 


Pilotage ; and at Avignon, in 1741, a larger work, intitled, Pratique du Pilotage. 1733. 


It is only a kind of ſkeleton of Wright's univerſal map. T 
his 
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This author ſhews how to find the meridional parts by the 4riificial Tangerts, 
an old diſcovery amongſt us, declared fo long ago as 1645, in Norwo4d's 
Epitome ; he alſo has been induſtrious in tranſlating teveral of our mathematical 


books into French, . 


I. Peter But, in 1753, M. Peter Bouguer, ſon of the former, publiſhed a very elaborate 
Bouguer. treatiſe on this ſubject, intitled, Muveau Traits de Navigation; which is written 
A. P. 1753. ſenſibly, the author being an excellent mathematician, and famous for other 

productions. He there gives a variation-compaſs * of his own invention, and 
attempts to reform the log, as he had done in the Memoirs of the Academy of 
Sciences for 1747. He is alſo very particular in determining the lunations more 
accurately than by the common methods, and in deſcribing the corrections of 


the dead reckonings. 


M. ge la The excellent aſtronomer, M. de 12 Caille, in 1760, made an edition of M. 


Caille. A. D. Bouguer”s book, which he ſomewhat abridged and improved. 


1760. . $54 yy . 
M. le Mon- In 1766, at Paris, came out a treatiſe, with this title, Ag, du Pilotage: 


mer. A. D. diviſé en deux parties. Cu on traite principalement des Amplitudes, des Loxcdromies, 
1766. dans Phypothiſe de la Sphere et de Spheroide, des martes, des variations de Paiman. 


The former part of this book was firſt publiſhed in 1693. Here the whole 
is improved by M. le Monnier. | 


Spaniſh Though the Spaniards were the earlieſt writers on Navigation, yet they were 
5 — o de very backward to adopt its improvements. Indeed Antonio de Naiera publiſhed 
Naicra A. D. at Liſbon, in 1628, a treatiſe, intitled, Navegacion efpeculativa y practica; where, 
1628. though the author rectifies the tables of the Sun and Fixed Stars from Tyco 

Brabe's obſervations, he proceeds no farther in the theory of Navigation than 
what had been advanced by Nonius, as followed by Ceſpedes. But of late, in 

3 1712, was printed at the ſame place, Arte de Navegar ; por Manuel Pimenttl ; 
N D. where is ſhewn the uſe of Mrigbt's chart, which, in imitation of the French, the 
1712. author calls Charta Reduxida. He likewiſe deſcribes Davis's quadrant, and 

mentions Nerwoed and Picard's meaſures of the Earth. In 1757 was printed at 

Cadiz, a Treatiſe, intitled, Compendio de Navegacion para el uſo de los Cavelleres 
Guardias Marinas, written by the ingenious gentleman mentioned above, Don 

Don Jorge Forge Juan. This is a good performance, delivering very diſtinctly the ſeveral 
Juan. A. D. parts of the Art, as now improved. Some things are here omitted, that uſually 
1757s occur in books on this ſubject; but for the knowledge of ſuch particulars, re- 
ferences are made to tracts compoſed expreſsly for the uſe of the ſociety of 


gentlemen deſtined for the ſea- ſervice. 


Bouguer and Jorge Juan, deſcribe and commend the method of dividing in- 
ſtruments for taking of angles, publiſhed by Peter Vernier, in a treatiſe, intitled, 


— 


» Many of theſe ſorts of compaſſes have been propoſed at different times: and, particularly, by 
M. Buache, in the Memoirs of the French Academy of Sciences for 1752, page 377; by Captain 
Chriflopher Middlton, in the Philoſophical Tranſactions, No. 450, Ann. 1738 ; and by Dr. Knight, 
as improved by the ingenious Mr, John Smeaton, ibid. No. 495, Ain. 1750, 


La 


* 
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La Conſtruction, &c. du quadrant nouveau, printed at Bruſſels, in 1631. This 
diviſion, (an improvement of Curtizs's, as that of Fererius is of the diviſion 
by diagonals *) readily flows from the firlt Temuma of Cluvius's Treatiſe on the 
Aſtrclabe *, as has been obſerved by P#zenas, in a book he publiſhed at Avignon 
in 1702, intitled, Aftronomie des Niarins. 


As to their treating of ///-ight's chart, I mentioned above Snellius and Metius. 
To an edition, in 1665, of Ylacy's ſmall tables of logarithms, &c. is added, by 
Abraham de Gruel, a table of meridional parts, of which he explains the uſe, with 
other parts of Navigation, in his Courſe of Mathematics, written in Dutch, and 
printed at Amfterdam, in 1676, as had been done by John Viret, in his Flambeau 
reluiſant, ed Threſor de la Navigation, at che fame place, in 1677. 


The Dutch are great navigators, and have been famous for their Atlaſes, before Dutch au- 
which they uſually publith Treattfes of Navigation, as has been already obſerved. thors. 
The oldett I have ſeen of theſe, was publiſhed at Leyden in 1584, intitled, 4 
Spiegel der Zee-Vaert, (or Mirror of Navigation,) by Lucas Fanſs Waghenaer. 1 
In their later Atlaſſes there is deſcribed an inſtrument to be uted after the man- 
ner of Davis's quadrant, but in which, inſtead of circular arches, are ſubſtituted 


. — — . Nr 1 * 4 — 


ſtraight lines. 1 

Notwithſtanding all the improvements hitherto mentioned, the /ea-reckonings, 1 
though kept by perſons that were deemed very ſkilful mariners, have been often | 9 
found widely different from the truth. But this often happens through negli- bs 
gence, as I have heard Dr. Halley, who had uſed the fea, fay. 4 

Theſe errors would be avoided, if from time to time the latitude and longi- of finding it 
rude could be determined. The firſt is generally obtained by the meridian the Latitude, 1 
altitude and declination of the Sun being given. The declination is got by the i 
help of tables of the Sun, with an eaſy trigonometrical procels. uk 

The firſt could not be very exact, before the famous Kepler had determined | s 


the true form of the Earth's orbit 3. Hence were fabricated his Tabulæ Rudolphing. 
After theſe tables of Kepler, thoſe of Mr. Thomas Street were in great requeſt “. 
But they now yield to thoſe of Dr. Hallo“; which, however, will want to be 
corrected hereafter : For, as Sir Jaac Newton has ſhewn that all bodies mutually 
attract one another, the Earth will be diſturbed in its motion by the actions of 
{ome of the other planets. 


To find the longitude is a much more difficult affair. For this end, at pre- Of finding 
ſent, the ſocieties of learned men in Europe offer, from time to time, rewards the Longi- | 
to ſuch as ſhall beſt treat of particular ſubjects in Mathematicks or Phyſicks. tude. " 
Some of theſe have been relating to Navigation, when Poleni, Bernoulli, Bougner, 4 


| 2 See Mr. Rol ins's Mathematical Tracts, where theſe diviſions are largely treated of. 
Firſt printed at Reme, in 1693, 
3 In his treatiſe de Motu Martis, in 1609. 
In his Afronomia Carolina, in 1661. 
In 1719, many years after their conſtruction. 
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and others have obtained the prizes. And, it is hoped, this encouragement may 
contribute to the advancement of the Art. j 

Eclipſes of the Moon were uſed of old; and Kepler recommended thoſe of 
the Sun as preferable *, | 


The ſatellites of Jupiter were no ſooner diſcovered by the great Galileo“, than 
the frequency of their eclipſes recommended them for this purpole ; and, 
amongſt thoſe who attempted this ſubject, none were more ſucceſsful than Sig- 
nor Dominic Caſſini, | 


This great aſtronomer, in 1688, publiſhed at Bo!vgna tables for calculating 
the appearances of their eclipſes, with directions for finding thence the longi- 
tudes of places; and being invited to France by Lewis the Fourteenth, he there 
publiſhed correcter tables in 1693. But the mutual attractions of the ſatellites 
on one another rendering their motions exceſſively irregular, the tables ſoon run 
out; inſomuch, that they require to be renewed from time to time, which is 
performed by ingenious perſons, as Dr. James Pound, Dr. James Bradley *, M. 
Caffini the fon, and M. Peter Wargentiin * ; ſo that now many of the common 
Aimanacks ſet down when theſe eclipſes happen throughout the year. 


Mr. Nevi! Maſtelyne, the Royal Aſtronomer, has publiſhed annually, ever 
fince 1767, by order of the Commiſſioners of the Longitude, a Nautical Al- 
manack, and Aſtronomical Ephemeris, containing not only the eclipſes of the ſa- 
tellites, but alſo many other tables, to enable the mariner to determine the lon- 
gitude. The ſame thing has been attempted likewiſe in che Connoiſſance des Temps, 
eſpecially for theſe latter years, by M. de la Lande. 


The large reward granted by the Britiſh Parliament for a practical way of diſco- 
vering the Longitude at fea, has put many upon the ſearch ; inſomuch that ſeveral 
idle and abſurd ſchemes have been offered by ignorant and wrong-headed men. 
But the perfecting the methods propoſed long ago by Jobn Werner and Gemma 
Friſius, we at preſent to engage the attention of the publick. 


The theory of the Moon, though much amended by the noble Tycho Brabe 
and Mr. Jeremy Horrox *, was found to be inſufficient to anſwer this end, But 


: Tabule Rudolph, printed at Din in 1627, cap, xvi & xxxil. 
2 In his Syderexs Nuncius, firſt printed at Venice in 1610. 


3 He ſucceeded Dr. Halley as Aſtronomer Royal at Greenwich, where he made a complete ſet of 
Aſtronomical Obſervations, which, as they are very accurate, it is hoped will not be loſt, He be- 
came famous on publiſhing an account of an apparent motion in the fixed ſtars, which was imme- 
diately exhibited by the great mathematician Dr. Brook Taylor, according to the exact theory of 
the Earth's motion, See Mr, Robins's Mathematical Tracts, vol. II. page 276. 

* Wargentin's tables are much eſteemed z they were firſt publiſhed at Stockholm, in the Ada Socie- 
tatis Negiæ Scientiarum 2 for the year 1741; but there has ſince that time been a ſecond edi- 
tion of them, more correct than the former, made from a new copy of the author's, at Paris, in 
1759, by Me la Lande, 

This great genius died in 1641, ſcarce 23 years old. See his Opera Poſthuma, publiſhed by the 
famous Dr. John Wallis at London, in 1673. Horrox ſirſt obſerved the Tranſit of Vent over the 
Sun, in 1639. He wrote an account of this Phenomezon, which was publiſhed by the great aſtro- 


nomer Hevelins, at Dantzic, in 1661. 
| the 
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the cauſes of her various irregularities having been diſcovered by Sir Iſaac 
Newton, and her theory thence improved beyond expeQation, gave great hopes 
of ſucceſs; which are now increaſed by the farther improvements made on his 


principles by M. Euler and others ; as they have enabled Mr. Tobias Mayer of Mayer's Lu- 
Gottingen, to compoſe at length tables agreeing to the Moon's motion in every nar 
part of her orbit, with very furprifing exactneſs. And this ingenious perfon * 


has left behind him tables ſtill more exact, for which the Parliament have re- 
. warded his widow, as alſo Mr. Euler. Thele tables were publiſhed in 1770, 
by Mr, Maſtelyne. | 


As to the method of Gemma Friſius, M. Huygens was perſuaded it might be 
accompliſhed by his inventions of pendulum-clocks and watches ; a deſcription 
of the firſt of which he publiſhed in a ſmall tract, printed at the Hague, in 1658, 
and of the ſecond, as improved, in the Journal des Scavans for the month of. 
February, 1675. And great expectations of ſucceſs had been raiſed from ſome trials 
made in a voyage with theſe watches of the firſt conſtruction, by Major Holmes; 
an account whereof is given in the Philoſophical Tranſactions, Aun. 1669. Bur 
the various accidents thoſe movements are liable to, ſoon cauſed that way to be 
laid aſide, 


Notwithſtanding which, the ingenious Mr. Jobn Harriſen has, for many years 


paſt, employed himſelf in contriving a machine, that ſhall be free from all 


imaginable inconveniencies ; and his endeavours have been ſo well approved-of 
by gentlemen of the greateſt knowledge in theſe ſubjects, that the commiſſioners 
for the longitude have thought fit to allow him ſome gratifications for his pains. 
He has been fince farther conſidered, upon diſcloſing the internal ſtructure of 
his inſtrument 3, and he (till perſeveres in puſhing for the whole reward. 


The difficulty of making obſervations at fea with ſufficient exactneſs, was Of making 
feared to be unſurmountable ; but attempts have been made to overcome it. In Obſervations 


Tables. 
D. 1770. 


the Hiſtory of the Royal Society, at page 246, is mentioned an invention in at Sea. 


theſe words: A new inſtrument for taking angles by reflection, by which means the 
eye at the ſame time ſees the two objects both as touching the ſame point, though diſtant 
almoſt to a 1 which is of great uſe for making exact obſervations at ſea. 
A figure of this inſtrument, drawn by Dr. Hoek, the inventor, is given in the 
Doctor's poſthumous works, with a deſcription, at page 503. But here as one 
reflection only is made, it would not anſwer the purpoſe, However, this was 
at laſt effected by Sir Jaac Newton, who communicated to Dr. Halley a paper 
of his own writing, containing a deſcription of an inſtrument with two reflec- 
tions, which ſoon after the Doctor's death was found among his papers by Mr. 
Jones, who, communicated it to the Royal Society ; and it was publiſhed in the 
Philoſophical Tranſactions, No. 465, Am. 1742. 


Com. Societ. Reg. Gottingen/. tom. II. p. 283. 
* See his Eulogium in the Nova Ada Eruditorum for March 1762. 


3 May got a machine be produced that ſhall anſwer to the words, but not to the intention of the 
act of parliament ? That act was procured by Whifton and Ditton, two very weak men; and their 
project was treated with the utmoſt ſcorn, 
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How it happened that Dr. Halley never mentioned this in his life-time, is 
very extraordinary; ſeeing that John Hadley, Eſq had deſcribed, in No. 430, 
Ann. 1731, an inſtrument grounded on the ſame principles, which is fo well 
_efteemed, that our ſhops abound with them, accommodated with Fernier's di- 
viſion, as they are made by our moſt {kilful workmen ; and they are now in gene- 
ral uſe amongſt the ſkilful ſeamen of moſt of the maritime nations, 


Of zune Though Medina's method for finding the place of the horizon was abſurd ; 
the Horizon yet, for this end, ſeveral plauſible ones have been propoſed by ingenious per- 
al Sea. ſons, as Meſſrs. Elton, Hidley, Godfrey, and Leigb; and that chiefly by apply— 

ing a level to Davis's quadrant. Their devices are deſcribed in the Philoſo. 
phical Tranſactions for 1732, 33, 34, and 37. And, laſtly, an Horizontal 
Top, invented by the late Mr. Serſon, (who was unfortunately loſt at ſea on board 
the Viſtory man of war,) has been approved-of, and publiſhed by Mr. Smeaton 
in the Philoſophical Tranſactions, vol. X{ZVII. for 1752, part ii. page 352. 


Some methods uſed for obtaining the place of the horizon, and of obſerving 
with Mr. Hadley's Reflecting Sector, are deicribed by Mr. Robertſon, in his Ele- 
ments of Navigation ; which treatiſe has deſervedly inet with the approbation of 
the publick. | 


Thus, have I endeavoured to trace out the principal ſteps by which the Art 
of Navigation has adyanced to its preſent height ; nor witkcut hopes that the 
attempt may not prove. altogether unacceptable to thoſe, whoſe buſineſs or 
curioſity lead them to be acquainted with this very uſeful brauch of the Ma- 
themaricks : on the ſucceſsful practiſing of which depends, in an eſpecial man- 
ner, the flouriſhing ſtate of our country. 


=_ 


This Diflertation, written at firſt by deſire, is now reprinted with alterations. 
Though I may be thought to have dwelt too long on ſome particulars not 
directly relating to the ſubject; yet, I hope, that what is ſo delivered, will not 
be altogether unentertaining to the candid reader. As to any apology for hav- 
ing handled a matter quite foreign to my way of life, I ſhall only plead, that 
when very young, I lived in a ſea-port town, which made me eagerly deſirous of 
8 acquainted with an Art that could enable the Mariner to croſs the wide 
and pathleſs ocean with ſecurity, and arrive at his deſired harbour. 
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1 Mr. Hadley being well acquainted with Sir J/aac Newton, might have heard him ſay, Hool's 
propoſal could be perfected by means of a double reflection. However, Mr. Hadley, being a very 
ingenious perſon, _ have hit on the ſame thought, as well as Mr. Godfrey of Penſylvania; to 
whom the invention of this admirable inſtrument has been aſeribed by ſome gentlemen of that colony: 
This is not the only caſe, wherein different perſons have produced ſimilar inventions. 


Lindon. ' JAMES WILSON. 
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CONCERNING 
THE CONSTRUCTION OF A TRIANGLE, 
BY MEANS OF A CIRCLE ONLY, 


Though the Properties of its Sides lead to an Equation of the Tenth Order ; 


PROPOSED AND SOLVED 


BY JAMES GLENIE, ESO. 


LATE A LIEUTENANT IN THE CORPS OF ENGINEERS, 
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Concerning the CONSTRUCTION of a TRIANGLE, by means of a Circle only, 
though the Properties of its Sides lead to an Equation of the Tenth Order ; 


Propoſed and Solved by Fames GLenis, La. late a Lieutenant in the 
Corps of Engineers, 


— 


PR OB L E M. 


Article 1. O the given line BC, as a baſe, to deſcribe, by drawing only 

right lines and circles, a triangle B AC, of which the perpen- 
dicular altitude thall be equal to half the baſe BC, and the ſides of which, to 
wit, AB and AC, ſhall be of ſuch magaitudes that the ſum of their cubes ſhall 
be equal to three times the cube of the baſe BC, 


CON. 
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CONSTRUCTION, M JAMES Grenier, £/7. 


— — — - 


Biſect the baſe B © in the point D; and from D draw the right line DE at 
right angles to B C, and equal to three times DC; and prolong the ſaid line 
DE on the other fide off BC to the point G, fo that DC ſhall be to DG in 
the ſame proportion as DE is to DC, or that DC ſhall be equal to three 
times DG. Then biſeR the line EG in the point K ; and, with K as a center, 
and KE, or KG, as a radins, defcribe a circle. Then, becauſe DC is a 
mean proportional between ED and DG, the two ſegments of the diameter EG, 
It is evident that the circumference of this circle will paſs through the point C, 
and conſequently through the oppoſite point B, which is at the fame diſtance 
as C from the diameter EG. In the next place, from the point D in the dia- 
meter E G, take the line DF equal to DC; and from the point F draw the 
line FA parallel to the baſe BC and meeting the circumference of the circle 
_ECGB in the point A. And, laſtly, from the point A draw the right lines 

AB and AC to the extremities of the given baſe B C. 


Then will the triangle ABC be the triangle required, or the triangle of 
which the perpendicular altitude FD is equal to half the bafe BC, and of 
which the two ſides AB and AC are of ſuch magnitudes that the ſum of their 
cubes ſhall be equal to three times the cube of the given bale BC, QR. r. 


— 
* . 


DEMONSTRATION. 


— Imam 


Art. 2. For, in the iſt place, the perpendicular altitude of this triangle, to 
wit, D F, is, by the conſtruction, equal to D C, or halt the bafe BC; which 
is the firſt condition required in the Problem. 


And, 2dly, the ſum of the cubes of the two ſides A B and A C will be equal 
to three times the cube of the baſe BC; as may be (hewn in the manner fol- 
lowing. 

Let DC, or half the baſe BC, be denoted by the letter 2. And we ſhall 
have BC = 2a, and conſequently BC? (= 2aÞ, = 84, and z3BC* (= 3 x 8a) 
= 244, We muſt therefore ſhew that AB* + AC? will be equal to 2449. 


Art. 3. Now let the right line AH be drawn at right angles to the baſe B C, 
produced, and meeting it in the point H. | | 


Then, becauſe ACH and ABH are right-angled triangles, having a right 
| angle 


, 
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angle at H, we ſhall, by El. 1, 47, have ABT = BH! + AH! = BH! + 
DF! = BH! + DC? = BH! + as = BD + DH) + as = BD! + 2BD 
x DH + DHY + 42 = aa + 2a x DH + DHY + aa = 2aa + 2a x 


DH + DHY = 249 + 2a x DH + FAT = 2aa + 22 x FA + FA! = 
(by the nature of the circle,) 244 + 24 x FA + EF x FG = 244 + 24 * 


FA + EF x FD + DG = (by the conſtruction,) 244 + 24 x FA + 2FD 
x TDT = 240 +24 x FA+24X@+— = 240 + 2a x FA + 


wx £=am tax Fae Wn, 2a x FA + E=E + 

8aa — = == v8 _ 144% fy ar __ 
2a K N + — = Þ+ 24 K, = + 240 X So = 
2 + 248 X 24 = = tt . fg Git = A d ge EEE 
+ e , Therefore AB will be = , 
and conſequently AB* will be = a x — * — 3 


And we ſhall have AC? = (by El. 1, 47,) AHT + CHY = DC? + CH! 
= aa + CH! = aa + DH — DC}! = as + FA - DC? = aa + FAT 
- 2FA x DC + DC? = aa + FAT — 2DC x FA + De? = aa + FAY 
— 24a X FA + aa = 2aa + FAT — 2a x FA = 2a + = — 24 x FA 


= 24% + = = 20 x V =o Wmur xe x2 me D 
x3 X 4/8 x24 — 8aa 96 

= 244 N- = 246 2 = 248 + — - 4a X —= 
* 7 V3 + 7 3 Tr - MF 

= += —aaxLL=E —aaxZE = aa x . There- 


"14 — , 


: 2 * 
fore AC will be = @ N 77 


Le „ N 
3 . 


and conſequently AC? will be = a x 


Therefore AB? + AC? will be . N „ TER YT $8 


„ +=) 
3 7 ” e 
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14 + 22 ;. 12 ＋ 2 „ 4T2 12 T2z2 Xx 8612 


Art. 4. Now 


3 Ns 3 5 
12 T2 K JAN JZ N LI 2 __ 12+2X2X4/2X /3+2 _ 2A LL 
3 85 1 * 3 s 
Therefore STE ill be = —.—— = 2 + 5. And conſequently 


AB, or a X e, will be = 4 x |2 + 55 and A B' will be = 


And in like manner . is = eee 
8 2—=2X/4X/2xX4/3+2 e e i _23= v2 
35 3 3 5 3 5 
Therefore I 7 will be = — 2 =2 — = And conſequently 
AC, or a * ELD will be = „ x|2 — 5. and AC“! will be = 
ä 
8 8 8 v3 3 34/3 
. RE DE” 124/2 , 6 Xx 2 24/2 
Therefore AB + AC? will be = a x* 3 + g Þ + 
3 CES  BX2 24/2 _ , SN3, ONS _— 
WIN _—* V 1 
a XxX 16 +4 +4 = 244, org x 84, or 3 x BC. q. E. D. 


RRR rr rr ——————— 


A SC HO LI U MN. 
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Art. 5. In the courſe of the foregoing demonſtration it was ſhewn that AB?, 


+ 4/96 2 
or aa X —— was equal to aa * 6 + v2) „and conſequently that AB, 
/ 6 
or 4 X , or the ſquare root of aa * . was equal to 
( 72 f | 
a X 2 + 5 But it may be aſked, how, when we had found AB? to be 


equal to aa X —— 


» We came to diſcover that AB, or the ſquare-root of 
aa X 
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14 + 4/96 * 
* would be equal to 4 *. + J or that the ſquare. root of 


the fraction — would be the binomial quantity 2 + = Now this 


might have been diſcovered in the following manner. 


An Inveſtigation of the Binomial Square- Root of the Fraction + 


— — 


Art. 6. In the firſt place we may obſerve that the fraction 


14 + 4/96 - 
3 
LXLEETER ow SLES X AM 


{= 


— x(7 + 24. Therefore the 


3 3 3 
ſquare-root of the fraction — will be = = x + . We vill 


therefore now ſeek for the ſquare root of the binomial quantity 7 + 24 
which may be found in the following manner. 


Art. 7. In the firſt place we may obſerve that, if the binomial quantity 
7 + v/ 24 has another binomial quantity for its ſquare-root, (which is not the 
caſe with every ſuch binomial quantity as 7 + 24, of which one member 
is a ſurd quantity, or the ſquare-root of a non- ſquare number,) one member at 
leaſt of the faid binomial ſquare-root muſt be a ſurd quantity, or the ſquare-root 
of a non- ſquare number. And we cannot be certain before-hand that both the 
members of ſuch binomial ſquare-root will not be ſuch ſurd quantities. But 
we are ſure that both the members of ſuch binomial ſquare-root cannot be ra- 
tional numbers: for, if they were ſo, their ſum, or the whole of the ſaid bino- 
mial ſquare- root, would alſo be a rational number; and ſo would its ſquare ; 
and conſequently it could not be equal to the binomial quantity 7 + 24, 
which is an irrational quantity. It is therefore certain that either one, or both, the 
members of the ſaid binomial quantity, which 1s equal to the ſquare-root of the 
binomial quantity 7 + 4/24, muſt be ſurd quantities. Let the greater of the 
two members of this ſuppoſed binomial ſquare-root be called x, and the leſſer 
be called y, fo that x + y ſhall be equal to the ſquare-root of 7 + 24. 


Then will xx + 2xy + (which is equal to the ſquare of x + y,) be equal 
to 7 + V/24. 


Now, whether x and y are, both of them, ſurd quantities, that is, ſquare- 
roots of non- ſquare rational numbers, or only one of them is a ſurd of that 
kind, and the other is a rational number; their ſquares xx and yy muſt, in both 
caſes, be rational numbers, Therefore the ſum of theſe ſquares, or the quan- 
tity xx + Y, mult alſo be a rational number. Let us therefore ſuppole = 

X22 this 
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this ſum is equal to 7, or the rational member of the binomial quantity 
7 + V 24, to which the whole trinomial quantity xx + 2xy + yy is equal, and 
conſequently that 2xy, or the remaining part of that trinomial quantity, is equal 
to 4/24, or to the ſurd member of the ſaid binomial quantity 7 + V 24. 
This ſuppoſition is not inconſiſtent with any thing before ſuppoſed ; and it ſeems 
likely to enable us to find the values of x and y, of which we are in ſearch. 


Art. 8. Now, if xx + yy is equal to 7, we ſhall have xx = 7 — . And, 
becauſe x is ſuppoſed to be greater than y, it follows that xx mult be greater 


than yy, and conſequently greater than half of xx + yy, or than half of 7; and 
yy will be leſs than half of xx + yy, or than half of 7. | 


Further, ſince 2xy is = 24, the ſquare of 2xy will be equal to 24; that is, 
4xxyy will be = 24 ; and conſequently xxyy will be (= =) = 6, and xx will 


be = ©. 
* 
But it has been ſhewn that xx is = 7 = . 
Therefore — will be = 7 -, and conſequently 6 will be = 7yy — }*, 
Therefore (ſubtracting both ſides from * or the ſquare of +) we ſhall have 


. . 4 0 4 
Wn 0 = = 4 e. 8 W 
or L 7 . Therefore, (extracting the ſquare- roots of both 


ID 4 
ſides,) we ſhall have — = — — yy, and conſequently — + yy = — and 
* — — — — — = 1. Therefore 9, or the ſquare- root of yy, will be 


equal to the ſquare-root of 1, that is, to 1 likewiſe ; and xx (which is equal to 
7 — ,) will be = 7 — 1 =6, and conſequently x will be = \/ 6. 


Therefore x + will be = V6 + , or the ſquare-root of the binomial 
quantity 7 + V 24, will be = 6 + 1, no A 


Art. 9. Now © that V6 + 1 is truly the ſquare- root of the binomial quan- 
tity 7 + V/24” will eaſily appear by ſquaring it. For the ſquare of 1/6 + 1 
is 6 T 26 +1 (SJ +2/6=7+V4xV6=7+V (4x0) 
= 7 + V24- . k. b. . 


o 


Art. 10. Since the ſquare-root of the binomial quantity 7 + 4/24 is = 
6 + 1, the ſquare- root of — — (which has been ſhewn, in art, 6, to be 


— — 
— 
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2 * V V24) will be = 22 * /6+1(= LEE 4L x1 


ee yds + — 
. 77 . E. I. 


An Inveſtigation of the Binomial Square-Root of the Fraftim LL By 4 


— 


Art. 11. In like manner we may inveſtigate the ſquare-root of the fraction 


14 - x of which we ſhall find to be 2 — = This may be done as follows. 


The fraction ELD is = = R Vi, and con- 


ſequently the ſquare root of 1 — — will be = = x the ſquare root of the 


binomial quantity 7 — V24. We muſt therefore endeavour to find the ſquare- 
root of 7 - V 24. 


Art. 12. Now let x = y be ſuppoſed to be equal to this ſquare-root. And 
we ſhall have xx — 2 + yy (= x -) = 7 — V24. 


Further, let xx + yy be ſuppoſed to be = 7, and conſequently 2xy to be 
= V24. 


Then will xx be = 7 — yy, and 4xxyy will be = 24, and conſequently xxyy 


will be (= =) = 6, and xx will be = — 


Therefore 7 — yy will be = =, and 7yy — y* will be = 6, and = 


Hy vill be 2 e , or — py + 5* will 


13 2 = Therefore — — yy will be = =, and — will be = —— + „. 
and yy will be = =_ — — = = = 1. Therefore y, or the ſquare-root of yy, 


2 2 


will be equal to the ſquare root of 1, that is, to 1. And xx (which is equal to 
7 — ) will be 2 7 — 1 = 6. Therefore x will be = Vb, and x — y will 
be = 4/6 — z that is, the ſquare-root of the binomial quantity 7 — W24 


will be = 6 — 1. Q: E. I. 
Art. 13. 


; 
i 
3 


ES . z 2 3 
- -— "LE A, 2 ba 
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Art. 13. Now © that 6 = 1 is truly the ſquare-root of the binomial 
quantity 7 — 4/24,” will eaſily appear by ſquaring it. For the ſquare of 
6—1i6—2v6 +1(=7T-2/6=7T-/4xV6 = 7 — 
VAX 6 = 7 4. Q. E. D. 

Art. 14. Since the ſquare- root of the binomial quantity 7 - 24 is = 


6 — 1, the ſquare-root of the fraction = (which has been ſhewn in 


3 
art, 11 to be = = * Vi Nn will be = Lz x [V6 —1 = —— 
o 
_ 3 9 3 Q. E. I, 


Obſervations on the foregoing Metbods of Inveſtigating the Square-Roots of Irrational 
Binomial and Reſidual Quantities, ſuch as 7 + V24 and 7 — V24. 


— — — —— 
* Art. 15. When the quantity of which the ſquare-root is ſought is a reſidual 
quantity conſiſting of two members, the one rational, and the other irrational, 
and the irrational member is leſs than the rational one, and is ſubtracted from 
it, (as is the caſe with the reſidual quantity 7 — 24, or, in general, with 
the reſidual quantity A — VB, ) the two ſuppoũtions made above, to wit, iſt, 
that x — y, or the difference of two other quantities denoted by x and y, is 
equal to the ſquare-root of ſuch given reſidual quantity A -V, and, 2dly, 
that xx + Y, or the ſum of the ſquares of the ſaid two other quantities, is 
equal to A, or the rational member of the ſaid given reſidual quantity, will al- 
ways be poſſible, or compatible with each other, 


For, if we ſuppoſe the greater quantity x to be at firſt equal to /A —YÞB, 
or the ſquare- root of the given reſidual quantity A — V, and the leſſer quan- 
tity y to be at firſt equal to o; and we further ſuppoſe the quantity x to increaſe 


gradually from its firſt magnitude, to wit, \/ (A — vB, ad infinitum, and the 
quantity y to increaſe gradually at the ſame time from o ad infinitum, and the 
increments received by y to be always equal to the contemporary increments 


received by x; it is evident that x — y, which is at firſt equal to A — y/B 


— o, or {A — V, will continue always of the ſame magnitude, notwith- 
ſtanding the increaſe of both x and y, and therefore will be always, as at firſt, 


equal to A — VB. And in the courſe of this increaſe of x and y from 


[A- VB and from o ad infinitum, it is evident that xx will increaſe from 
* ; A — 
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A- Bad infinitum, and that yy will increaſe from o ad infiritum. Therefore 
«„ + yy will increaſe gradually at the fame time from A - B + o, or 
from A - VB, ad infinitum, and conſequently will, at ſome point of time 
during its increaſe, become equal to any given quantity whatſoever that is greater 
than A — VB. But A is greater than A = VB. Therefore the quantity xx + yy 
will, at ſome point of time during its increaſe from A - VB ad infinitum, be- 
come equal to A. And conſequently the ſecond ſuppoſition, to wit, that 
xx + yy is equal to A, or the rational member of the given reſidual quantity 
A -Z, is compatible with the firſt ſuppoſition, to wit, that x - is equal 


to (A = VB, or the ſquare- root of the ſaid given reſidual quantity A - VB; 
or, in other words, it is poſſible for two quantities, x and y, whereof x is the 
greater, to exiſt, that ſhall be of ſuch magnitudes that the exceſs of x above y 


ſhall be equal to /{A — VB, or to the ſquare-root of the given reſidual 
quantity A— VB, and that the ſum of their ſquares, or the quantity xx + yy, 
ſhall be equal to A, or the rational member of the ſaid given reſidual quan- 
tity, . E. p. 


Art. 16. And the like two ſuppoſitions will alſo be compatible with each 
other in the caſe of a given binomial quantity, as 7 + 24, or, in general, 
A + + B, when the rational member A is greater than the irrational member 
B; but not otherwiſe. 


For, whatever be the magnitudes of x and y, the ſum of their ſquares will 
always be greater than twice their product, or xx + yy will always be greater 
than 2xyy. Therefore, to the end that xx + yy may be equal to A, and 2xy to 
B, it is neceflary that A ſhould be greater than YB. And, if we attempt 
to find the ſquare- root of a binomial] quantity A + B, when A is leſs than 
B, by making theſe two ſuppoſitions, to wit, 1ſt, that x» + y is equal to 
the ſquare-root of A + vB, and, 2dly, that xx + yy is equal to A, we ſhall 
be ſure to come to a concluſion that will point out the incompatibility of theſe 
two ſuppoſitions with each other, or the impoſſibility of the ſecond ſuppoſi- 
tion, to wit, that xx + yy is equal to A. 


Thus, for example, if we endeavour to find out the ſquare- root of the bino- 
mial quantity 3 + 4/24; and, with this view, we denote the ſaid ſquare- root 
by the binomial quantity x + y, and then make the ſecond ſuppoſition above- 
mentioned, to wit, that xx + yy is equal to 3, and conſequently that 2% is 


equal to / 24, we ſhall have xx = 3 — yy, and qxxyy (z) = 24, and 
X (= =) = 6, and xx = — Therefore 3 — yy will be = = and 


3 — 3+ will be = 6. But 2yy — „ is = 3 — l x yy, which (by Euclid's 
Elements, Book 2d, Prop. 5,) can never be greater than the ſquare of half the 
quantity 3, of which 3 — yy and yy are the component parts, that is, than the 


ſquare of —, or than 71 or than 2 + _ which is much leſs than 6, There- 


fore 
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fore the equation 2yy — y* = 6 is an impoſſible equation. And conſequently 
the ſuppolition from which it is derived, to wit, © that xx + yy is equal to 3,” 
is a falſe ſuppoſition, 


Art. 17. But, ſo long as A is greater than YB, the two ſuppoſitions that 
„* + y is equal to the ſquare-root of the binomial quantity A + VB, and that 
xx + yy is equal to A, will be poſſible ſuppoſitions, or will be compatible with 
each other, though the exceſs of A above YB ſhould be ever fo ſmall; of 


which the binomial quantity 5 + 24 may afford us an example. 


For, if we ſuppoſe x + y to be equal to the ſquare-root of the binomial 
quantity 5 + 24, and xx + yy to be equal to 5, and conſequently 2xy to be 
equal to / 24, we (hall have xx = 5 — yy, and 4xxyy = 24, and conſequently 


* 0 (= =) = 6, and xx = — Therefore 5 _ will be = — and 


conſequently 5yy — y* will be = 6, and * — 5 — y* will be = 4 — 6, 


or —+ 5yy T will be = * — SY = — Therefore (extracting the 


ſquare- roots on both ſides,) we ſhall have — — = — and — = — +3, 
: g 5 = 2. Therefore y will be = V, and xx (which 


Is equal to 5 — ,) will be = 5 — 2 = 3, and conſequently x will be = V/. 
Therefore x + y, or the ſquare-root of the given binomial quantity 5 + N 24 
will be = 3 + V2. . . 1. 


Art. 18, Now © that 3 + V 1s truly the ſquare- root of the binomial 
quantity 5 + 24, will eaſily appear by ſquaring it. For the ſquare of 
g TV is 3 T2NVIZX V2 ＋ 2 (=; +246 +2 = 5 + 2/6 


E5+Y/4X+/6=5+sv[4X6)=;,+v24. B. . 
End of the Obſervations begun in Art. 15. 


Art. 19. Hitherto we have only ſet forth and demonſtrated Mr. Glenie's 
elegant conſtruction of the foregoing Problem, and, in the Scholium ſubjoined 
to the demonſtration of that conſtruction, have given an explanation of the 
methods by which, in the courſe of that demonſtration, we diſcovered the 


a 6 — 4 
{quare-roots of the two fractions and — to be the quantities 


2 * = and 2 — 5 which were neceſſary ſteps of the ſaid demonſtration: 


and we afterwards added to the ſaid Scholium ſome uſeful obſervations relating 
to 


3 
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to the extractions of the ſquare- roots of irrational binomial and reſidual quan- 
titics, fuch as A B and A — 4B. But we will now undertake the 
more arduous taik of directly ſolving Mr. Glenie's Problem without the help 
of his conſtruction, And with this view it will be convenient to ſtate the 
Problem over again in the following terms. 


Problem concerning the Conſtruction of a certain Triangle, the Baſe and perpendi- 
cular Altitude of which are given, and likewiſe the Proportion of the Sum of the 
Cubes of its Sides to the Cube of the given Baſe. 


— 


Art. 20. To find the two fides AB and AC of a triangle ABC, fig. 2, of 
which the bale BC is given, and of which the perpendicular altitude 1s equal 
to half the baſe. BC, and the two fides AB and AC are of ſuch magnitudes 
that the ſum of their cubes is equal to three times the cube of the baſe BC. 


F 7 A "5 3 
» 3 

| 85 

Th 1 * -—""_ T 


Before we enter upon the ſolution of this Problem, or the inveſtigation of the 
lengths of the ſides A B, A C, of the ſaid triangle ABC, it will be proper to 
ſhew that a triangle of this deſcription, or of which the ſides are fo related to 
the baſe, is poſſible. This may be ſhewn as follows. 


A previous Demonſtration that it is poſſible for a Triangle with the Properties 
deſcribed in the Cenditions of this Problem to exiſt, 


Let the given baſe BC be biſected in the point D. And at D draw the 
line DF at right angles to the baſe BC and equal to half BC. Then will 
DF be the perpendicular altitude of the triangle fought. 


SOt IV. - 0: y From 
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From F draw the lines FB and FC to the extremities of the baſe B C, and 
likewiſe draw the line FG parallel to the baſe BC. Then, ſince DF is the 
perpendicular altitude of the triangle fought, it is evident that the vertex A of 
the ſaid triangle mult lie fomewhere in the right line FG. 


Now let us firſt inquire whether F is the vertex of the ſaid triangle, that is, 
whether the point A co-incides with the point F, or whether the ſum of the cubes 
of FB and FC (the two ſides of the triangle FB C,) is equal to three times 
the cube of its baſe B C. 


Now the cube of the baſe BC is equal to 8 times the cube of D C, or half 
the baſe. Therefore, if F is the vertex of the triangle ſought, the ſum of the 
cubes of FB and FC ovght to be equal to three times 8D C?, or to 24D C?, 
But the ſum of rhoſe two cubes is equal only to4 x VIX DC, or to 4 * 
1.414, 213, &c x DC, or to 5.656,852, & x DC*; as may be ſhewn in 
the following manner. | 


By El. 1, 47, FC? is = FD? + DC? (= DC? + DC?) = 2DC?, and 


FB! is = FD? + BD? (= BD? + BD? = 2B D?) = 2D CF. Therefore 
FC is = DC x /2, and FC' is = DC x 24/2; and FB is allo = 
DC x Ha, and F B' is = DC' x 29/2. Therefore FB* + FC? is (= 
DC x 2V2 TDC X 2 Vi) DC X 4 DC* X 4 X 1.414, 213, 
&c = 5.656,852, &c x D C'. . E. b. | 


Therefore FB + FC? is leſs than 24DC?, and conſequently the triangle 
FBC is not the triangle required. 


Now let us ſuppoſe the point A to move from the point F along the line FG 
(which is parallel to the given baſe BC,) towards the diſtant point G. Then 
it is evident that the line AB will continually increaſe, from being equal at firſt 
to the line FB, ad inſinitum; and conſequently the cube of the line AB will 
alſo increaſe ad infinitym. Therefore the ſum of the two cubes AB and AC 
(which, when the point A co-incided with the point F, was equal to 5.656,852, 
&c x DC3,) will alſo increaſe from the ſaid firſt magnitude, 5.656,852, &c 
x DC3, ad infiaitum, and conſequently will, at ſome point of time during its 
ſaid increaſe, become equal to any quantity that is greater than 5. 656, 8 52, &c 
x DC?; and therefore it will, at one point of time, be equal to 24DC?. It is 
therefore poſſible for a triangle to exiſt which ſhall have the property required 
by the conditions of the Problem, or of which the two fides A B and AC ſhall 
be of ſuch magnitudes that the ſum of their cubes ſhall be equal to 24DC?, 
(or 3 x 8DC?, or 3BC?,) or three times the cube of the given baſe BC. 

| Q. E. b. 


Art. 21. But the diſcovery of the point A in the indefinite line FG, from 
which if we draw the lines AB and AC to the extremities of the given baſe BC, 
the ſum of their cubes ſhall be equal to three times the cube of the given baſe 


3 
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BC, or to 24 times the cube of D C, or of half the baſe BC, is a matter of 
great difficulty. The following method of diſcovering it by means of an Alge- 
braick inveſtigation, (which ſeems to be the moſt obvious that can be taken,) 
will bring us to an equation of the tenth power, But, before we enter upon 
this inveſtigation, it will be proper to make another attempt towards fixing the 
limits of the poſition of the point A, or the vertex of the propoſed triangle 


ABC. | 


From the point C draw the line CE at right angles to the baſe BC, and 
meeting the line FG (which is parallel to B C,) in the point E. And from 
the point E draw the right line EB to the other extremity B of the given baſe 
BC. And let us inquire whether the triangle EB C, ariſing from this conſtruc- 
tion, will anſwer the conditions of the Problem, or whether the ſum of the 
cubes of EB and EC will be triple, or more, or leſs, than triple, of the cube 
of the baſe BC, or will be equal to, or greater than, or leſs than, (3 x 8DC?, 
or) 24-times the cube of D C, or of half the ſaid baſe. 


Now EC is (= DF) = DC, and conſequently EC! is = D C'. And, 
by El. 1, 47, EF is = EC! + BC? (= DC? + BC? = DC* bes 
= DC? + 4DC?) = ;DC?; and conſequently EB is = DC x V3, and 
therefore E B* will be = DCI x VS (= DC x 5 x 2.236,067, &c) 
= 11.180,335, & X DC*. Therefore EB + EC? will be = 11.180, 335, &c 
x DC? + DC? = 12.180, 335, &c x DC*; which is leſs than 24D C', or 
zB C'. And therefore the triangle EB C will not anſwer the conditions of the 
Problem, and the point A, or the vertex of the triangle ABC, which has 
the property required, will not co-incide with the point E, but will he ſome- 
what beyond the point E towards the point G, ſo as to make the line AF be 
greater than the line EF, and the line A B be greater than E B, and the ſum 
of the cubes of AB and AC be greater than EB* + EC, or 12.180,335, 
& x DC. f 


Art. 22. Now let the baſe BC be produced indefinitely on the ſide of C to 
the point I. And let the point A, taken by conjecture in the line FG ſome- 
what beyond the point E towards the point G, be ſuppoſed to be the vertex of 
the triangle ſought; and from A draw the right lines AB and AC to the ex- 
tremities of the given baſe BC; fo that AB and AC ſhall be ſuppoſed to be the 
ſides of the ſaid triangle. And from the ſame point A draw the right line AH 
at right angles to the line BCI, and meeting it in the point H. Then, it 
is evident, if we can aſcertain the length of the external line C H, lying be- 
tween the point H and the given point C, or the nearer extremity of the 
given baſe BC, we ſhall be able to determine the poſition of the point A, and 
conſequently the lengths of the lines AB and AC of the triangle required by 
the Problem. 


Yy2 An 
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An Algebraick Inveſtigation of the Length of the Line C H. 


——  __ 


Art. 23. Now to inveſtigate the length of this line C H, let us denote it 
by the letter x; and let the line DC, or half the given baſe BC, be denoted 
by the letter a. 


Then will BC be = 2a, and BH, or BC + CH, will be = 2@ + x 
and conſequently BH? will be = 24 + xi? — 44a + 4gax + xx. And AH 
(which is = FD = DC) will be = a, and conſequently AH? will be 
= 44. 

Therefore AH? + BH? will be = 4a + 44a + 4% Þ+ xx = 5a þ+ 4a 
+ xx, A H? + CH? will be = aa + xx. 


But, by El. 1, 47, AB! is = AH! + BH?Y, and AC? is = AH! + CH. 


Therefore A BY will be = 5aa + 4ax + xx, and AC? will be = aa + xx 
Therefore A B will be = 4/5aa + 4ax + xx, and AC will be = yaa + xx. 


Therefore AB? will be = 5aa + 4ax + =\*, and A C* will be = 24 + . 


But, by the conditions of the Problem, AB + AC“ is = 38BC (= 
3 K 12D Ch = 3 x 8D C. = 24D C') = 244. 


3 3 
Therefore 54% + 4ax + xx + aa + ** will be S 2445. 
Therefore, ſquaring both 22 of this 1 4 "pur we ſhall have 5aa + Jar + xx\* 


+2X am e + ml 1 + aa + * = 5749. 


Art. 24. Now the cube of 5aa + 4ax + xx is the . quantity 
125a* + 3004%s + 315a%* + 184 + 63a¹ u + 12ax* + x*, as will appear 
by the following multiplications, 
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gaa + 4axn + ax 
56aa + 4ax x 
25a* + 20a + Sax 
+ 208% + 164*%x* + gax? 
+ x + a” 4 


254 + goa's + 264% + 8a + * 
54% + 44x + ax 


1254 + 2004%x ＋ 1304a%* ＋ 40] + gaax* 
+ 1004%Y + 1604%* + 10449%* + 32% + gax* 
+ 250%* + 40a + 20 + Sa + of 


1254 + 3ooa*s + 3154%* + 1846 + ga! + 12ax% + a“. 
And the cube of az + xx is 4 + 34%* + 3a + af, 


? 2 

s X 66 + ** + 
3 

—ůů «+ : — 

az . xx}* will be = 2 54a ＋ 4a + Xx) X aa + Xxx y | 1254" -- 

3004%r + 315% + 1840 + 634.9 + 1201) ＋ * + 4 + 3a] 8 + 34 * + x& 


Therefore 5a + 4a + xx\* L 2 X 5aa + 4ax + A 


: Z 
=2 X $5aa + 4% + xx) X aa + xx) + 1264* + 3003's + 3184%* + 
1844*x* + 664*x* + 124x5 + 2. 


But it has been ſhewn that 528 + 4ax + xx" +2 x gaa + 4x + ax} 
3 33 
X aa + xx) X aa + * 18 = 576a5. 


3 3 
Therefore 2 & 5aa + 4ax + xx X aa + xx\ + 1264 + goods + 
3184#x* + 1840%* + 66 + 2a + 2x* will be = 570a® ; and (dividing 


3 3 
all the terms by 2) 542 + 4a + xx} X aa + ax) + 634 + 1504%x + 
I59a%* + 9 e + 334*x* + Ga + „ will be = 2884*, and conſequently 
(ſubtracting 634 + 15046%x + 1594%* + 924%x* + 334*x* + G + & from 


both ſides,) we ſhall have 5 + 4ax + xx\ X aa + xx) = 2254* —1504% 
— 1594%x* — 9 ae — 33a — bax* — 4“. 


Art. 25. Now let both ſides of this equation be ſquared. The ſquare of 


aa + 4ax + xx). X aa + xx) , (which forms the left-hand fide of this equa- 


tion,) is = gan + 4ox + xx\* X aa + * = the ſeptinomial quantity 
1254 + 300a%r + 31 5 + 1844%* + 634*%x* + 12 + * x the qua- 
drinomial quantity 4 + 3a*x* + zar + „, which product is equal to the 
following compound quantity, conſiſting of ſixteen terms, to wit, 1254 + 
3004"'y + G“ + 108:14%* + 13834 + 14646%%* + 12604%* + 
8889%x? + 507%" + 220%? + 6ba*x'* + 12ax*t + x*; as will appear by 
the following multiplication, 

12 5⁴ 
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2.40Ja18t T, 
2 + 13071 + 179701 + revogs +gx,v1 Sr argrogrg| grovgotior + gwpgdbigt + argml fog] + gxgvool'lg +,x,vofo'l6r— x,,vooS ge ,virgtol 


_ —_— n 
— —_— 


a3 +n*99 Tief +grewe6 + se +xwo5r þ+grgurrr = 
u Lip +ox*e?9] +67evg61 +grgvz5S rue + gxgvoob + grivoSttt — 
ib + xrevgbi + gravbgol + xvgfof+gryplbzts + grivosbt+ T rr 
67,076 +grgvrSS + xovgfot + gx ,vhghtg + gx,mgrgt1 +,xm00g*%t 1+ gxgvool for — 
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— 
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Therefore we ſhall now have 1254 + 300, ＋ 6g0a"%r* + 1084a%* + 
13834%x* + 146447 + 12604%* + 8884%x! + :07a%x* + 2204%x? + b6a*x"* 
+ 12 + * = 50,62 54'* — 67, cob — 49 0504'%* + 6,3008%*? + 
38,0314"x* + 36,4504"'x* + 20,3084%Xx* + 8,2304%x! + 2,51 1a + 500434? 
+ 1024*'x'"*? + 124 + *. 

In this equation we may obſerve that the two terms 12ax* and x are found 
on both ſides of the mark of equality, and with the fame ſign + prefixed to 
them. They will therefore counterbalance each other, and conſequently may be 
left out of the equation without affecting the equality of its two oppotice ſides, 
And then the ſaid equation will riſe only to the 10th power of x, and will be 
as follows, to wit, 1254@"* + 300 + 6907"%* + 1,084a%X* + 1,3834 + 
1,464t⁵ + 1, 60a + 8884%% + 5074%* + 22 + bba'x? = 
50, 2 5a — 67, 00a — 49,050a%* + 6, 300 + 38 0314%%* + 
36,45 + 20, 308 4˙4 + 8, 280a˙ X“ + 2,5114 ＋ 580% + 1024%x*, 


Art. 26. Now let the two terms 67, 00a X and 40, f be added to 
both ſides of this equation. And we (ſhall then have 1254“ + 6%, Soo 
+ 49, 0a + 1084 * + 13834˙/ + 1464 + 12604%* + 888a¹ 7 
++ 507a%x" + 2207, + 66 = 50, 6234 + 6, 300 / + 38,03 14 
+ 36,4564 + 20,3084%x* + 8, 2804 u + 2,5114 + 5804%x9 + lo“. 


In the next place let the terms 125a'*, 10844%?, 13834*x*, 1464474, 12604*%* 
8884*x", 5074*x", 2204*x*, and 664*x'*, be ſubtracted from both ſides of the 
equation. And we ſhall have 67, 800 + 49,740a"%* = 50,5008 + 
5,2164%* + 36,6484"x* + 34, 99 2a¹ + 19, 048 + 7,3924%x? + 20044*%"* 
+ 3604%? + 364*x?; and conſequently (dividing all the terms by aa,) 
67, 800 + 49,740 ͤ = 50,5004"? + 5,216a%* + 36,6484%* + 34,9924*%x* 
+ 19,0484 ˙ + 7, 39249 + 20044*x* + 360 + 36x"*; and (by ſub- 
tracting the terms 5, 216 ͤOand 36,6484%*, and all the following terms on 
the right-hand fide of the equation, from both ſides of it,) we ſhall have 
67, 80a + 49,7404"x* — 5,2164x? — 36,6489%* — 34,9 2 — 19,0484%*® 
— 7,30 2a — 20044*x* — 360ax? — 36x'? = 50,5004"?; and (by dividing 
all the terms by 4,) we ſhall have 16,9 50 + 12,4354's* — 1,30447x* — 
9, 1624 — 8,7483 — 4,7620%* — 1,848 ˙ “ — golds? — 90a — 
gx'* = 12,62 f. By reſolving this equation we (hall di!cover the value of x, 


or CH, from which we may derive thoſe of a« + xx, or AC?, and of 5aa 


+ 4ax + xx, or ABY?, and conſequently thoſe of AC and AB, or the ſides 
of the triangle ABC which we are required to deſcribe. E. 1. 


Anc iber 


1 
1 
0 
| 
| 
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Another Methed if cbtaining the foregoing Equation for determining 
the Value of x, or CH. 


— — — — 


Art. 27. As the foregoing algebraick computations are very long and in- 
tricate, and there may therefore be ſome ground for apprehending that ſome 
arithmetical errors may have been committed in the performing them, it will, 
I think, be prudent and expedient to have recourſe alſo to another method of 
obtaining the final equation above-mentioned, to wit, the equation 16,9 504% + 
12,4384 1, 30447 — 9,1624%* — 8,7484 — 4,7620%*" — 1,848.7 
— FO — goax? — ga? = 12,6254", by which the value of x, or CH, 
is to be determined; to the end that no doubt may remain concerning the a - 
curacy of the ſaid equation, and its fitneſs for determining the value of x, or CII. 
Now this equation may likewiſe be obtained in the following manner. 


Art. 28. Let AB be put = y, and AC = 2. 


Then, by the conditions of the Problem, we ſhall have 3 + 2˙ = 24. 
Therefore (ſquaring both ſides,) we ſhall have )“ + 2) + 2* = 57645, 
and conſequently 29y%2* = 5764* — y* — 2*, and (by ſquaring both tides,) 
43*2* = 331/764 — 11524% — 11524%* + 2) + y* + 2", and (by 
ſubtractiag 255 from both ſides,) 257% = 331,764 — 11524% — 11624“ 
+y* + a, and (by adding 11524") + 115242" to both ſides,) 2y*%* + 
1152400 + 1:524%* = 331,7764* + y* + 2", and (by ſubtrafting y'* + 2 
from both ſides,) 2y*z* + 11524%* + 115248%* — 5 — 2 = 331,767 


Art. 29. Now let as + xx be ſubſtituted in this equation inſtead of zz, to 
which we have ſeen above that it is equal. And we ſhall have 2y* x aa + x:|* 
+ 115249 + 112% & a + ax — 95 — 4a + W = 331,7764" ; that is, 
2 X % + 3a - + 34'x* + x* + 11324995 + 11523 Xx 
7 + za + 3% ＋ 7 5 — 42 Galt — 150'x* — 20a⁰ I 54%," 
— Care — K will be = 331.7764", or 29* „ % + 3% + 34 + a®)+ 


11524% ＋ 11524 + 34502%X* + 34560%x* + 11520%* — 0 — 8 
6a — 184% — 204%* — 1506%x" — ba*x'? — & will be = 331,76 


or, if we place the terms that involve the powers of y before the reſt, we 
ſhall have 


29 Xx e + 3m + ga'a* + of 

+ I1528% — yt | 
+ 11524* + 34564"%* + 34564".t 
— a — Car — 15a 


+ 11524%x#* — 154 — Ga — x? 


- 


| = 33 1,776", 


— 200 x* 
Gr 
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c er 
+ 11 524% — y* 
+ 11514 + 3450 + 34414%x* 
+ 11324%* — 150%" 64x09 — K | 


> = 24363968”. 


Art. 30. Now let 5a ＋ 4ax + xx, (which has been ſhewn to be equal to 


A BY, or yy,) be ſubſtituted inſtead of yy in this equation, And it will then 
be as follows, to wit, 


2 X 5% + Jar + xx X a* + 3a + g + © 
+ 1152 * 4 X 5aa + 44x + xx)* — Ha + Aar + xi) 
+ 11514* + 340 + 3441“ + 11324%" 


2.10 


— I 50*x* — Ga — *. 


= 331,764 


or 2 X 125a* + 3004%x + 3154a%* ＋ 184 + 634%x* + 12ax* ＋ * 
x a + zal + 3a*x* + ® 
+ 11524" X 1254* + 3004's + 315% + 184a⁰⁰⁰ + 634*a* + 12ax* + ** 
—(5aa + 4ax + a + 1,1514 + 3, 450 * ＋ 3,4410%*+ 1, 1324 — 1 fa 
— 6a — 4 = 331, (al, or (if we multiply the ſeptinomial quantity 12 5 
+ 3004*%x + 315a*%x* + 1844 63a + 12ax* + & into the quadrinomial 
quantity a* + 3a*x* + gal + x*) 2 X the compound quantity 125a** + 300 
+ GO + 1,0844%*+ 1,3834'x*+ 1,4644"x*+ 1,2604%*+ 8884 + 507%" 
+ 2204*%x* + Gar + 124 + x**, conſiſting of thirteen terms, + 1,1 524* 
Xx the ſeptinomial quantity 1254* + 30 + 31 5a%* + 1844%* + 634%x* + 
124 + * 6544 + 4ax + * + 1,1514 ＋ 3,4504%x* + 3,4414%x*+1,1324%x* 
— ga — Gar, — * = 331,7764®, or (if we multiply the firſt compound 
quantity, conſiſting of thirteen terms, into 2,) 250 + boog?ts + 1,380a"%* 
+ 2,1684%* + 2,7664"x+ + 2,9284"x* + 2,5204%* + 1, G6 + 1,0 14a 
* + 24ax"* + 2x'* + 11526" x the ſeptinomial quan- 


+ 4404*%x*? + 1324's 
tity 125 + goca's + 315a%* + 18449%x* + 634'x* + fz + x 

fa + qgax + * + 11514* + 3, 450 + 3, 441 + 1,1320%* — 
15% — G- — Xx = 331,77 6a, or (if we multiply the ſeptinomial quan- 
tity 12 540 + Zooa'x + 3154%x* + 1844%* + 63a ²· ＋ 12% + x* into 
11524) 250 + G τ + 1, 380aꝗᷓ + 2,1684%* + 2, + 2,4284"x* 
+ 2,520a*%x* + 1,776‘ + 1, 14s ＋ 4404%x? + 1324*%%? ＋ 24a + 
24 + 144,0004** + 345, 6 + 362,8804*%r* + 211,968 + 72, 57 Ga 
+ 13,8 24% + 1,1524] — fa + dar + xx)* ＋＋ 1, 1314 + 3,450“ + 
3,4414 + 1,1322 — 15% — 6 an — XK = 331, a“, or (if we place 
the terms that involve the ſame powers of x near each other,) 

„ 2 2 


2 304 
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250 + OO + 1, 380a x® | 
+ 144,0004"* + 345, 60 * + 362,8804"% 
+ 1,151 + 3.450 XK 


+ 2,1684%* + 2,766 -þ 2,9 28x 

+ 211,9684%* + 72, 57/68 ＋ 13,8240/x* 
| + 344410x* \ 2 

= 331,776 

+ 2,520a*x* + 1,77645x) + 1,0140%" 19 8 0 

+ 1,1523 * — 13% ＋ 4404's 

+ 1, 1324 * 5 

+ Iz + 24ax"" + 2x" 


— 


ꝗ—ä—d Garx““ —— 4 *2 
— 54 + Ada ＋ wx) * 15 


or (by making the proper additions and ſubtractions,) 145, 4014 + 346,2004"'sx 
+ 367,7108%* + 214, 1364˙nn + 78,78 34%* + 10,7524'x* 4. 4, 8044 o+ 
1,77645%x + 9994%x* + 4404%* + 1260*x"* + 24% + x** — 9 + 4ax + xx 5 
= 331,776a", or (ſubtracting 145,4014"* from both tides of the equation,) 
345,2004"% + 367, / lo + 214, 136% * + 78,78 3abx + 16,75 u + 
4,8044%" + 1,7% Ca + 9999%* + 440 + 126m ＋ 24a r + K* 


= ſgae + dar F x8} = 186,3 54. 


Art. 31. We muſt next raiſe the trinomial quantity 5a + 4ax + xx to the 
fixth power, 


Now the cube of this quantity has already been ſhewn to be 12 54 + 3004's 
+ 315a%x* + 1840%x* + 634*%x* + 12ax* + x* Therefore its fourth power 
will be 62 fa + 2000 + 29004a%* + 2480 + 13564%* + 4960%® 
+ 1168 + 16ax' + *; and its fifth power will be 312 5 + 12,5004% 
+ 23,125a"%x* + 26, 00a + 19,6504%* + 10, 424 + 3, 9 30a + 
10404%? + 1854%x" + 20a + *“; and its ſixth power will be 15,6254" + 
75,0004"x + 168,750a"*%x* + 233, ooo + 225,37 34 + 156, 20a + 
80,996a%* + 31,3444 + 9, Olga + 18804%* + 27% ＋ 244% + 
K 72. = 


Art. 32. Therefore the laſt equation will now be as follows, to wit, 


346,200a""'s + 36), 10a. + 214,1364% 
— 75,000"'y — 168,7504"\* — 235,0000%" 


+ 78, 783a x ＋ 16,7321 + 4, 80 4a 
— 225,375 — 166, 20a — 80, 99 


+ 1% C‘ + ggga's* + 440 + 126 u 
— 31, 3444 — 9, ol Fa — 1,8804 — 270 


+ 24a r + K* : 


— 24a r — K* — 15,6254 = 186,3754"*, or (by making the pro- 
per 
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per ſubtractions,) 271, 200 u + 198,960 * — 20,864a7¹ — 146,50 24e“ 
— 130,968 2˙¹⁹ — 76, 19 2 ' — 29, 56849 — 8016 * — 144 — 
Then * 2 15, 6254 = 186,375a*; and (adding 15,62 fa to 
both ſides,) we ſhall have 271, 200 ͤ＋ 198,9600"%* — 20, 8 4a˙ 

146,59 24 * — 139,968 47 — 76,192 — 29,5684%x7 — 3,0164 — 
1440 — 144a . = 202,0008"* ; and (by dividing all the terms by 23) 
we (hall have 271,2004% + 198,960 —. 20,8644'2* — 146,59 2454 — 
139,9084%x* — 76,1924%* — 29,5684 — 8,0 164. — 14404? — 144x"9 
= 202, ooo; and (by dividing all the terms by 2,) 135,600a% + 99,4804*;? 
— 10, 432470 — 73,2964%x+* — 69,9844*%x* — 38, 0%, — 14,7847 — 
4,0980%x* — 72 — 721+ 101, oc; and (by dividing all the terms 
by 8.) 16,9500% + 12,435 — 1, 30447 — 9, 1024 — 8,7484%x* — 
4,7 62a — 1,848a*%x? — 50 14˙ — goax? — gx? = 12,62 fa; which is 
tae ſame equation we obtained above, in art, 26, by the former method of 
proceeding. We may therefore now be confident that no arithmetical miitakes 
have been made in any of the operations by which this equation has been ob- 
tained, and conſequently that it truely exprelles the relation between the given 


. BC . — 
line a, or DF, or —, and the unknown line CH. And therefore by reſolv- 


ing the ſaid equation 16,9 5 + 12, 435% — 1, 30447 — 9, 1628“ — 
8,7484˙&* — 4,7024 — 1,848 — s O' — o — g = 12,6254" 
we may determine the length of the ſaid line CH, and conſequently che 
poſition of the point A, (in which the ſaid line meets the line FG,) or the 
vertex of the triangle A BC, and the length of its two ſides AB and AC. 


. 


A Method of Reducing the foregoing Equation of the Tenth Order 
to a Quadratick Equation, 


Art. 33. By ſubtracting the abſolute, or known, term, 12,62 54, of this 
equation from both ſides of it, we ſhall transform 1t into the following equa- 
tion, 16,950a% + 12, 435 — 1,3044%x* — 9, 1624˙⁰4 — 8,7484 — 
447 24% — 1,8484*%" — gola'x' — goax? — gx? — 12,6254 = o, or 
— 12,62 5a + 16,9 50% + 12,43 5 — 1, 304a⁴8 — g,1624%* — 
8,748 a X — 4, 7624˙ — 1,8483 — 50A — goax? — ga = O. Now 
the compound quantity — 12,62 54“ + 16, 9 50 + 12, 43 5 % — 1,3044"x? 
— 9, 1624˙⁵ 4 — 8,748 — 4,62 — 1,8483 - — 50o14'x3 — 90a 
— gx"? 1s diviſible by the compound quantity — 25254 + 3604's + 14040%x"* 
+ 16404%x* + 978a%* + 4084%x* + 1244%x* + 24ax% + 3x* without a 
remainder, and the quotient of ſuch diviſion is the trinomial quantity 544 — 
bax — 3xx; as will appear by performing the ſaid diviſion, which will be 
as follows. 

222 The 
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Now this equation may be reſolved as follows. Add to both ſides of it the 
54a 


quantity as ; and we ſhall have xv + 24 + aa = 12 + 46 2 


3 3 
= _ and conſequently, (extracting the ſquare-roots on both ſides,) x + 4 
2 


78 7 8 2 
* _ 2 vc LEES = ax BEL =a x = ) = ax X24 


9 


2 2 — . 
and x = 4 Ole obs a a = 3 9 that is, x, or 


: : Ws 4/24 = 3 — 243 
the line CH, will be = 4 X : „or = FD x "Pads Qs 1 


24—64/24+9 


3 
33 = 04/24 0 3 11 — 24/24 = a4. X 11— 4/4 Xy/24 1 


9 3 - 
11 — AA X 24) * 24 N — . and conſequently aa + ax = aa + aa X 


3 
_ — 96 | — on 
— (= + aa * = aa X — LL) = a9 * , 


that is, AC! will be = aa x Aud AB?, or 5aa + gaz + arc, 


Art. 34. Since æ is = 4 X . 5 we ſhall have ax = aa X 


(= 68 X 


(= 5aa =þ 4aa 


£4=3 + a5 Ez 
3 3 


will be = ga + 44 * 4 * Zi e 


— — 6 
x = - 44% x 
— 96 — — 
HD il. + = + 4aa * — — g =» a8 if . LY + 440 X 


= 6s K 2 _— + aa X — — — = aa X 


= 4646 'X 


2 X 796 —- 12 
3 


T ga X 


1 ous 6 
= a X 6 — - . e - * Therefore AC, or the 
: : = io 14 — ol 
lefler ſide of the triangle ABC, will be = a x VN _ or a X == 


and AB, or the greater fide of the ſaid triangle, will be = a Xx E. 


a/I14 + e 
or a X * Q k. 1. 


Art. 35. Theſe two values of AC and AB will anſwer the condition of the 
Problem. For the ſum of their cubes will be equal to three times the baſe 
BC of the triangle ABC; as may be thus demonſtrated, 


Since AC is = 8 X * — 22 and AB is = a x U «Et we ſhall 


have 


24 3 


2 
— 


4 [0 
1 
- 10 { 
i 
„ 
% 
/ i 
= 1 
MAY 
I” v 
"* | 
4 Ul 
: 4 
p * 
|» 
=_— 
} 
0 
" 
7 n 
5 
q ' 
1 4 
U 
. 
F 
© i 
* Ul 
= 
{ bt 
"A 
1 * 
. yl 
= 
4 * 
= , 
** : 
9 
* 8 
1 
17 
1968 
3 8 d 4 
4 19 * 
4 - 
ar 
*Z 
8 i 
* \ * 1 
L % 9 
A. - 
0 
0 q | 
p 4 
6 
__ 
a » 
. y 
«PT | 
. if 
iF + 
7 
1 
1 
' 
4 F 
i 4 
0 4 
0. 
4 d 
9 
* 1 
+ * F U 
i In 
1 
bp T1 | 
| * 
"2.3 
ET 
175 9 
: S + F . 
4 * 
1 
2 » 
"$1 At 
e 
1.788 
7 4 
+ 
— 
4 "Ui 
N 4 
. 
1 
4 a * 
7 
1 
0 » : 
7 
ma 
1 1 
'vE 
* 
0 y 
U 4 * 
Ft T.13: 
2. 4 [i 
NH 1 
o 1 * 
d 1 
= 
7 W. 
* 1 
1:46. 
\ Us 
91 
' 7 I; 
2 By * 
1 
' 14 
9 
| J 
of 
TY 
e 
4 4; 


Fare > 


* 


* <5 h 
A : — c 
7 => EzERRS” 5 — 
I OO. > + =4 K 
— „ — * —_— 
by — —= I _ 


—_— P IE 


and A B' will be = & x 2 + 2} (= w x 
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have AC? = 44 x('4 * (=p x (4 5 = 4 X — _ x oh. JIN 


_- x E=2/32/+2 6 NN EE 

I2—2X2X4/3X4/2 5 2 = aa * — = aq „ 22 _ 
3 3 3 

and conſequentl Ae. 224,42 = 19 S 4 * 2 8 
* 4 v3 ( 3 Vs) v3 


and we ſhall have AB? = aa X SEEN 
12 + 24/3 X 4/8 + 2 I2 + 24/3 N VAX 4/2 + 2 Fg 


= 88 YN g = 0a -X . = 
ee. 
8 LV XL "OI 
and conſequently AB = a x ＋ — * aN 2 3 
Therefore A C* will be = @& x | — 77 => X 
2 2 8 yz 24/2 
Y 1 _— * 34/3 
8 . 2 * 38 
3 A n 


8 v2 ST Os bs 12/2 2/2 
6 +..37%' 4 X 1 3 . 7 


3 
3 p. enz , 38y2. 
— r e g n 
and conſequently AC? + AB? will be = 45 x [12 — 7 + 4 X |12 + 5 
| 1 | 
ini = „ „ 24 = 244 2 3 x b&* = 3 x 24% = 3 x BC. 
q. E. b. 


A Remark on the Reduction of the foregoing Equation of the 10th Order to a 
Quadratick Equation by the long Algebraick Diviſion performed in Art. 33. 


— — ————— _ 


Art. 36. We have now compleated the ſolution of Mr. Glenie's Problem, 
and found the magnitudes of the external line C H and of AC and AB, the 


two ſides of the triangle ABC, (which we were required to deſcribe,) without 
any 


, 
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any mention of Mr. Glenie's conſtruction. But I muſt freely confeſs that it 
has not been done without the help of that conſtruction, though no mention 
has been made of it: for it was by the means of that conſtruction that I dif- 
covered that the compound quantity — 12,62 5 + 16,950a% + 12,43 5a 
— 1, 304 — 9, 1024.4 — 8,7484%s* — 4,7624 — 1,8483 — Ol 
— goax? — gx"? was diviſible without a remainder by the trinomial quantity 
gag — bax — 3xx, and that the quotient of that diviſion would be the com- 
pound quantity — 2,5234 + 3609s + 1, 4044 + 1,6404%x? + g78a*x* 
+ 408 + 124% J. 24ax7 + 344; from whence it followed that, if the 
ſame compound quantity — 12,62 % + 16, 9 50 + 12,43 5 — 1, 30 4a² 
— 9,162 — 8,7484˙4“ — 4, 7 %“ — 1,8483 — 5019 — goa“ — 
9 was to be divided by the compound quantity — 2,5254 + 36 + 
1,4044%x* + 1, 640 + 9g784%* + 408 + 124% + 24 + 33%, 
the quotient would be the trinomial quantity 54 — bar — Zu, as we have 
found it to be in art. 33. Nor do I yet Know of any method of diſcovering 
with certainty, & priori, and without the previous knowledge of Mr, Glenie's 
conſtruction, that the compound quantity = 12,625 + 16,9 50 + 
12,435 — 1, 3044 — 9,1624%+* — 8,7484%x* — 4,7624 — 1, 848 & 
— sol — goa — g“ is diviſible without a remainder by the trinomial 
quantity 5a — bax — gxx, We might, however, have conjectured with a 
great appearance of probability, that the ſaid compound quantity — 12,6254"? 
+ 16,9 504a%% + 12,43 54% — 1, 3044“ — 9,1624%* — 8,7484%x* — 4, 7624˙5 
— 1,8483 — 50a — gon — ge was divifible by ſome trinomial 
quantity of which the firſt term was gaa, and the laſt term was 3xx, becauſe 
— 12,6254", (or the firſt term of the ſaid compound quantity,) is diviſible 
by 5aa, and — gx", (or the laſt term of the ſaid compound quantity,) is di- 
viſible by 3xx, But how to diſcover, or even to form a conjecture, what will be 
the numeral co-efficient of ax in the middle term of ſuch trinomial quantity, 
(if there be any ſuch trinomial quantity by which the ſaid compound quantuy 
may be divided without a remainder,) I know not. 


—— 


Art. 37. The quadratick equation 3xx + 6ax = 5aa, or xx + 24 = 
5 (to which we reduced the foregoing Problem in art. 33 by means of the 


long algebraick diviſion therein ſet forth,) may be conſtructed geometrically, or 
by drawing only right lines and circles, in the following manner, as well as by 
the before-mentioned very elegant Conſtruction given us by Mr. Glenie. 


A Geo- 
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A Geometrical Confiruftion of the Quadratick Equation 3xx + 6ax = gaa, or 
xx + 24x = = reſulting from the foregoing Algebraick Solution of My, Glenie's 
Problem, | 


fig. 3. 


With the line BC, or 24, or the given baſe of the propoſed. triangle, as a 
diameter, deſcribe the circle BFCB (fig. 3;) and at the point C, or the ex- 
tremity of the diameter, or baſe, BC, draw the line CK touching the circle 


in C, and of ſuch a length that its ſquare ſhall be equal to Ty „or five third 


parts of aa, or D C7; which may be done by Euclid's Elements, Book 2d, 


Prop. 14th. Then, from the point K draw the line K DL, paſſing through D, 
the center of the circle, and meeting the circumference of the circle in the 


points L and M, of which M lies between K and D. And from the center D 
of the ſaid circle draw the line D F at right angles to the line B C, or the baſe 
of the propoſed triangle, and meeting the circumference of the circle in F; 
which, being a radius of the circle, will be equal to the radius DC, or to half 
the ſaid baſe BC; and from the point F draw the line FG parallel to the 
ſaid baſe BC. Then let the baſe BC be prolonged towards the point I to the 
point H, ſo that the line C H ſhall be equal to the line MK. And from the 
point H draw the right line H A at right angles to C H, and meeting the right 
line FG (which is parallel to BCH),) in the point A. Laſtly, from the point 


A draw the two lines AB and AC to the two extremities B and C of the 
given 
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given baſe BC. Then will the line CH be equal to the line x in the equation 
xx + 24x = 5 and the triangle ABC will be the triangle ſought, or that 
of which the perpendicular height will be equal to half the bate B C, and of 
which the fides AB and AC will be of ſuch magnitudes that the ſum of their 
cubes ſhall be equal to three times the cube of the baſe BC. . k. r. 


DEMONSEFRATION: 


—— 


Art. 38. For CIT + 24 x CH is = CH? + BC x CH = CHI + 
2DC x CH = (by the conſtruction,) KM + 2DC x KM = (by the na- 
ture of a circle,) K Mf + 2DM x KM = KM? + LM x KM = 
KM + LM x KM = KL x KM = (by El. 3, 36,) CK! = (by the 


conſtruction,) 15 = xx + 2ax, Therefore CH muſt be equal to x. 
| Q. E. b. 


And in the triangle ABC the perpendicular altitude A H is equal to DF, 
or DC, or half the baſe BC; which is the firſt condition of the Problem. 
And AC! is (= AH! + CH? = (by art. 34,) 4 + 0a K — = *. 
+ aa X — =& — and AB! is (= AH? + BH? = 
aa + 24 + M = aa + 44a + 4ax + Xx = ga + 4ax + xx) = (by art. 34,) 


an X . Therefore (by what has been ſlicwn above in art. 35, AC* 


will be = a Xx 12 8 and AB? will be = 4 xli2 + =; and con- 


34/3 3723 - 
F 4 iz 4 38? 8 
ſequently AB + AC? will be (= @* x 12 + 5 + i Xx 18 5 


= 12 7 Nn X 8a = 3 x 24) = 3BC>; 
which 1s the ſecond condition of the Problem. Therefore the triangle ABC 
will be the triangle required, . k. v. 


A. Obſervaticns 


Vor. IV. 
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Obſervations on the Reduction of the Equation of the 10th Order, (obtained by the 
foregoing Algebraick Inveſtigation of the Value of x, or CH,) to a Quadratick 
Equation by means of the Operation of Diviſion performed in art. 57. 


Art. 39. The reduction of the equation of the 1oth order, (obtained in 
art. 26 and 32, as the reſult of our inveſtigation of the value of x, or CH, 
to a quadratick equation by means of the long algebraick diviſion performed 
in art. 33, is agreeable to the common practice of all modern writers of Algebra 
from the time of Harriot and Des Cartes, (whoſe works on Algebra were pub- 
liſhed in the years 1631 and 1637,) down to the preſent time. But it never- 
theleſs appears to me to be ſomewhat obſcure and unſatisfactory; becauſe, by 
bringing all the terms of the equation to the ſame fide of the mark of equality, 
and thereby making them become equal to nothing, the long compound quan- 
tity, conſiſting of eleven terms, that.is to be divided by the other compound 
quantity conſiſting of nine terms, is a quantity equal to nothing. Now fuch + 
quantity, it may be objeQed, 1s no quantity at all, but a mere non-entity, and 
is conſequently incapable of being either multiplied or divided, and no juſt or 
certain concluſion can be drawn from any ſuch operation that may ſeem to have 
been performed upon it. This objection ſeems to be at leaſt plauſible ; and 
therefore I will now endeavour to ſtrengthen the concluſion obtained by the ſaid 
operation of Diviſion (which concluſion we have ſeen to be a true one, and to 
anſwer the conditions of the Problem,) namely, * that the quotient, 32a — Ca 
— 3xx, of the ſaid diviſion is equal to nothing, or that gxx + 6ax is equal to 5a, 
or that the value of the unknown quantity x may be determined by the quadra- 
tick equation zxv + 6ax = gaa,” by ſome further and plainer reaſonings. 


A Proof of the Exattneſs of the Operation of Diviſion performed above in Art. 33, 
' by multiplying the Diviſer in the ſaid Operation into the Quotient that was ob- 
tained from it, | 


Art. 40. Let the compound quantity = 2, 52 54 + 3604's + 1, 4044 + 
1,6404%x* + 9784%* + 408a*x* + 1244 + 244x" + gx, which is the di- 
viſor in the aforeſaid long operation of diviſion, (and which does not appear 
from any thing that has been proved in the foregoing articles to be neceſſarily 
equal to nothing, but may perhaps be equal to ſome real quantity, by the 
ſuperiority, in point of magnitude, of the ſum of the eight terms which are con- 
nected together by the ſign +, to the fingle term 2, 5254, which has the ſign — 
prefixed to it,) be multiplied by the trinomial quantity 5a@ — bax — 3x8, 
which was the quotient of the former operation of diviſion. Then, if the laid 
former operation of diviſion was rightly performed, the product of this multi- 
plication ought to be the former dividend, to wit, the compound quantity 
— 12,6252" + 16,9 0 + 12,4354 — 1,3044%x* — g,1620%* — 
$,7484%x* — 4, 762 evg — 1,8489%x7 — gola*x* — goa — qr. Now this 
multiplication. may be performed as follows: | 


2 4 . * : — — — 
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to be equal to nothing. Therefore this remainder muſt alſo be equal to no- 
thing, and conſequently the product of the multiplication of the compound 
quantity M by the binomial quantity 6ax + 3ax, which was ſubtracted from 
the other product of the multiplication of the ſame compound quantity M by 
the ſingle term 34a, muſt be equal to the ſaid other product; and conſequently 
the binomial quantity 6ax + 3xx, which was the multiplicator of M in one 
of theſe multiplications, muſt be equal to the ſingle quantity 5aa, which was 
the multiplicator of M in the other multiplication. CG... Dc 


Art. 43. If we denote 6ax by the letter B, and 3xx by the letter C, this 
reaſoning may be expreſſed more conciſely as follows : 


The product of the multiplication of the compound quantity M by the bi- 
nomial quantity B + C, being ſubtracted from the product of the multipli- 
cation of the ſame quantity M by the ſingle quantity A, leaves a remainder 
that conſiſts of eleven terms that are exactly the ſame, and with the ſame ſigns 
+ and — prefixed to them, as the eleven terms of the compound quantity 
that was the dividend of the operation of diviſion performed above in art. 33, 
and which we know to be equal to nothing. Therefore the ſaid remainder will 


alſo be equal to nothing; that is, the quantity A x M E C. x Mis So. 
Therefore the quantity B + C| x M muſt be = the quantity A x M, and 


conſequently B + C muſt be = A, or 6ax + 3xx muſt be = 5aa. 
; Q. E. D. 


This reaſoning ſeems to be liable to no exception. 


Art. 44. Hitherto we have obtained the value of the line C H, or x, or of 
the root of the final equation 16,9 504% + 12,435 — 1, 3044 — 9, 1624⁰ * 
— 8,7484*x* = 4,7624%* — 1,848 — g0149*x' — goa — gx"? = 12,6254", 
only by reducing the ſaid equation to the quadratick equation 5a@ — 6ax — 3xx 
= ©, or 54a = bar + zx, or zur + Gar = gaa, or xx + 2ax = 1 by 
means of the long algebraick diviſion performed in art. 33; and to that diviſion 
] confeſs I was led by the previous knowledge of Mr. Glenie's conſtruction of 
the Problem, and that I do not know any certain way, independently of that 
previous knowledge, of diſcovering the novinomial quantity that was taken for 
the diviſor in it. I will therefore now proceed to ſhew how we might arrive at 
a pretty near value of x, or the root of the ſaid final equation, without re- 
ducing it to a quadratick equation, and without any reference to, or aſſiſtance 
from, the foregoing conſtruction of the Problem by Mr. Glenie. 


A _Reſo- 
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A Reſolution of the final Equation 16,9 goa%s + 12,435 — 1,30447x3 — 
9,1624"%x* — 8,7484%x* — 4,62 — 1,8484*x" — 5014*%x* — goa — gx"? 
= 12, 62a, (obtained by the foregoing Algebraick Inveſtigation of the Value of 
the line x, or CH, in fig, 2,) by Mr. Raphſon's Method of reſolving Equations. 
by Approximation. | 


— . — — 


Art. 45. It has been ſhewn above, in art. 21, without any reference to 
Mr. Glenie's conſtruction of the Problem, that the line AF, in fig. 2, will be 
greater than the line EF, or that A, the vertex of the triangle ſought, will be 
beyond the point E, and conſequently that the line AH drawn from the faid 
vertex at right angles to the line Bl, or the baſe BC produced, and meeting it 
in H, will lie without the ſaid triangle ABC, and that the line BH will be 
greater than the baſe BC, and the line CH will lie without the ſaid triangle. 
But how much the line BH will exceed the baſe BC, or how great their differ- 


ence CH, or x, will be, in compariſon of the given line DC, or — or a, in 


order to make AC + AP? be equal to 3BC?, according to the ſecond condi- 
tion of the Problem, is what ſtill remains to be determined, and may be deter- 
mined by reſolving the equation 16,9504% + 12,43%“ — 1,3044%* — 
9, 1624⁵“˙ — 8, 748a˙* — 4,762 — 1, 8484 — 50a — goa — gx"* 
= 12,623. We muſt therefore now endeavour to reſolve this equation. 
Now, in order to reſolve this equation by Mr. Raphſon's method of approxima- 
tion, (which I conceive to be the beſt method of reſolving it that can be taken,) 
it will be expedient to begin our operations by making ſome conjectures con- 
cerning the value of x, that may lead us gradually to a diſcoverv of a tolerably 
near value of it that may be made the baſis of a further approach to its true 
value by Mr. Raphſon's method. And with this view I ſhall, firſt, ſuppoſe x, 


or CH, to be equal to a, or DC, or _ and compute the values of the lines 


AC and AB reſulting from that ſuppoſition, in order to diſcover whether the 
ſum of their cubes will be greater than, equal to, or leſs than, 244*, or 3 x 


84%, or 3 X 24], or 3BC?, or three times the cube of the given baſe BC, 


Art. 46. Now, if x, or CH, is = a, we ſhall have ACT (= CHY + Al 
= AH! + AH? = 2AHY? = 2DC1) = aaa, and conſequently AC = a x 
I, and AC! (= Sf 2/2 = M n N 1.414 &c = & XxX ns 


= 2.428 &c X 4; and we ſhall have AB! (= BH + AHY = BC + Cn)! 


＋ AH? 
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+ AB! = DC + CHY + pc? = DC + Ber + DC! = Def + 
DC? = g9DC! -+ DC? = 1oDCY) = 10aa, and conſequently AB = a x Vid, 
and AB* (=  X 10 x Vio = 4 x 10 x 3.1622 &c) = a x 31.622, 


&c. Therefore AC? + AP? will be (= 2.428 &c X 4˙ + 31.622 &c x 45) 
= 34.050, &c X 45; which is greater than 24«*, or 3BC?*. Therefore the 
true value of x, or CH, muſt be leſs than a, or AH. 


We will therefore, in the ſecond place, ſuppoſe x, or C H, to be = —) or 
0.5 X @. 


Upon this ſuppoſition we ſhall have xx, or CH?, = _ or 0.25 X a. 


Therefore AC? will be (= CH? + AH? =o.25 * aa + aa) = 1.25 X ada; 
and conſequently AC will be (= V1. 25 x a) = 1.118 & x a, and AC? 


will be (= 1.118 &c)* x &) = 1.397, &c Xx &*; and AB! will be So 


BH! + AH? = UT CH)! + AH! =25+0.3Xa" + 4 xa) 


+ aa + 2.5) x aa + aa = 6.25 X aa + aa) = 7.25 & aa; and conſe- 
quently AB Af be (= v7.25 x a) = 2.692 &c Xx a, and AB? will be 
(= AB x AB! = 2.692 &c x @ X 7.25 &c X 44 = 2.692 & Xx 
7.25 x 4˙ = 19.517, &c Xx 4. Therefore AC* + AP? will be (= 1.397, 
&c „ & + 19.517, &c x &) = 20.914, &c & ; which is leſs than 
244*, or "tak Therefore the true value of x, or CH, muſt be greater than 


AH 
2 


—, or — or o. 5 X 4. 
This laſt value of AC3 + AP), to wit, 20. 974 &c Xx a, (which reſults 


from the ſuppoſition that x, or CH, is equal to =, or — or o. 6 X 4, ) 18 
but little greater than 20a, or 5 X 24a, or — X 244, or 5 ſixth parts of 


the value of AC? + AB? when x is the value ſought, We will therefore now 
ſuppoſe, in the 3d place, that 0.5 x @ is about 5 ſixth parts of the true value 
of x, and conſequently that the ſaid true value is = 0.6 X a, 


Now, upon this ſuppoſition, we ſhall have xx, or C Hf, = 0.36 x aa, and 
ACY (= CH! + AH? = 0.36 x 4a + aa) = 1.36 X aa, and conſequently 
AC (= v1.36 X a) = 1.166, &c X a, and AC* (= 1.36 x aa X 1.166, 
&c Xx 4) = 1.585, &c x 4; and we ſhall have AB! (= BH! + AH7 = 
BC + CHY? + AH? = 24 + 0.6 X a|* + aa = 2. x % + aa = 6.76 
X aa + aa) = 7.76 Xx aa, and conſequently AB (= 75.76 x a) = TS 

: c 


— — — — 


MR. GLENIE'S PROBLEM, 359 


— 


it ©: * 


&c Xx a, and AB* (= 7.76 X aa X 2.785, &c x a) = 21.611, &c X &, 
Therefore AC + AB? will be (= 1.585, &c X & + 21.611, &c Xð 4˙0 = 
23.196, &c Xx 4; which is ſomewhat leſs than 244%, or 3BC?*. Therefore the 
true value of x, or CH, muſt be ſomewhat greater than 0.6 x a. But their 
difference cannot be great, hecauſe 23.196, &c x à differs ſo little from 2445. 
We will therefore take 0.6 x a for our firſt near value of x, or the baſis of our 
approximation to a more exact value of it according to the directions of 
Mr. Raphſon's method. 


m — * 22 A 
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Art. 47. Since x is ſomewhat greater than 0.6 x a, let us denote their dif- 
ference by the letter z, or ſuppoſe » to be equal to the binomial quantity 0.6 
x a + 2, and let this quantity be ſubſtituted inſtead of x in the terms of the 
equation 16,9504% + 12,4354'x* — 1, 3044 — 9,1620%* — 8,7480%x* — 
4,7 ba. — 1,8484*x" — 5014 — goax? — gx? = 12,6254", omitting all 
thoſe members of the ſeveral powers of the binomial quantity 0.6 X 4 + 2 
which involve any higher powers of z than its ſimple power, or 8 itſelf, agree- 
ably to Mr. Raphſon's directions. This ſubſtitution may be made in the fol- 
lowing manner : 


Since x is = 0.6 Xx a + 2, we ſhall have 


* (S o. 6 X 4 ＋ 2] S o. X 4˙ +2 x 0.6 X 42 x 2 + &) 
= 0.36 x aa + 1.2 X az + &c, 


and & ( O. xXa+25=06Xx4a*+3g x o. x 4 X 2 + & 
= 0.216 X a + 3 X 0.36 x &z + &c) 
= 0.216 X & + 1.08 x a*2 + &c, 


and &“ (So. X 4 ＋ 2 S o. Xx a“ +4 X O. X α x2 + & 
0.1296 X 4 + 4 X 0.216 Xx a2 + &c) 
0.1296 x a* + 0.804 x 4 + &c, 


and s (= 5:6 5 a +25 = O. X 4 +5 X o. X A x2 + & 
0.077,70 x 4 + 5 X 0.1296 X 4 + &c) 
0.077,70 x a + 0.6480 Xx a + &c, 


and * (= O. Xx 4 ＋ 2 = o. X a) ＋ 6 X o. 6 X A x2 + & 
= o. 046,6 56 X 4 + 6 X 0.077,76 Xx 4 + &c) 
= 0.046,656 x 4 + 0.466,56 x 4 + &c, 


F 
4 5 
4.0 
— : 
. 
4 * 
1 
| 4 
vi p 


and ? ( 0.6 X 4 ＋ 2 = O. X 4 ＋ / X o. X 4 x2 + & 
= . 027, 993, 6 X a + 7 Xx 0,046,636 * a*z + &c) 
= 0.027,9943,6 X 4 + 0.326,592 X a ＋ &c, 
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and & (= o. X 4 ＋ 2 = o. X 4 ＋ 8 x 0.6 * a X 2 + &c 
= 0.016,795,16 K 4 + 8 X o. 027, 993,6 X a + &c) 
o. 016,796, 16 * & + 0. 223,948,8 x a + &c, 


and 4 (= 6.6 N 4 ＋ Z G N 4 +9 X C. X 4 x 2 + &c 
= 0.010,077,696 X 4 + 9g X o. 016,796, 16 X f + &c) 
= o. o10, 77, 696 X 4 + 0. 151,165, 44 X 4˙ + &c, 


if and * (= O N 2 T z) = O. N A +10 x 0.6 x K 2 + &c 
1 = o. oo, o46, 617,6 X 4 + 10 X o. 010, 77, 696 X a% + &c) 
= 0.006,046,617,6 X 4 + o. 100, 776, 96 X 4 + &c. 


Therefore 16,9 So will be (= 16,9 50a X 0.6 X 4 + 2 = 16,9504? X 
0.64 + 16,9504? x 2) = 10, 170.0 x a + 16,9504*2 ; 


and 12,4354%x* will be (= 12, 43 54 X 0.36 X 44 + 1.2 X az + &c 
= 12,43 5 X 0.36 x 4˙ + 12,4354" X 1.2 x az + &) 
= 4,476.66 x 4 + 14,922 X 4˙ + &c, 


and 1,30447x* will be (= 1,30447 x 0.216 x & + 1.08 X a*'z + &c 
= 1, 3044 X 0.2164* + 1, 3044“ Xx 1.08 X 4˙ + &c) 
= 281.664 X 4 + 1,408.32 x 4% + &c, 


and 9,1624*x* will be (= 9,1624* * 0.1296 X a* + 0.864 x az + &c 
= 9, 1624˙ X 0.129644 + 9, 1624˙ x 0.864 X 4˙ + &c) 
= 1,187 x 4 + 7,915. 9684˙ + &c, 


and 8,74845%x* will be (= 8,7484* X 0.077, 76 X 4 + 0.6480 x a*2 + &c 
= 8,74845 X 0.077,76 X 4 -þ 8,7484* x 0.6480 X 4 + &c) 
= 680.244, 48 x a + 5, 668.7040 X 4 + &c, 


and 4, 624%* will be (= 4,7624* x o. 040, 6 5% x 4 + . 400, 5% x a2 + &c 
= 4,7624* X 0.046,656 x 4 + 4,7624 x 0.466,56 X a2 + &c) 
= 222.175, 872 X 4 + 2, 221.768, 2 x 4 + &c, 


and 1,848 will be (= 1,8484 x 6.027993, X 47 + 0.326, 592 X a*z + & 
= 1,8484“ Xx o. 027, 993,6 X 47 + 1,8484 x o. 326,92 x 4 + &c) 
= 51.731.064 x 4 + 603.542,16 Xx 4˙ + &c, 


and 5014*x* will be (= 5014* x 0.016, 796, 10 x 4 + . 223,948, 80“ + &c 
| EE = 5014* Xx 0.016,796,16 X & + 501 x 0.223,948,84'2 + &c) 
| | = 8.414,876,16 x 4 + 112.1i98,348,84*% ＋ &c, 


and 


MR. GLENIE'S PROBLEM, 371 


and goax? will be (= goa X 0.010,077,690 X 4 + 0.151,165,44 K a'z + &C 
S 9o@a X 0.010,077,696 X 4 + goa Xx 0.151,165,44 X 4 + &c) 
= 0.906,992,640 x a + 13.604,889,60 X 4 + &c, 


and gx" will be (= 9 X 0.006,046,617,6 x 4 + 0.100,776,90 x 4% + &c 
= 9 X 0.006,046,617,6 x 4 + 9 X 0.100,776,96 X 4˙ + &c) 
= 0.054,419,553,4 X 4 + 0.906,992,64 x 4a + &c. 

Therefore the whole compound quantity 16, 9 504% + 12,4354%x* — 1,73044%x* 
— 9,1620*x*— 8,7484*%x* — 4,7624%* — 1,8484*%x? — fo — goar? — gx"? 
will be equal to the following ſet of quantities involving the powers of à and 2, 
to wit, | 


$.414,876,16 Xa? — 112.198,348,8 X 4˙ — &c 
0.906,992,040 X 4 — 13.604,889,60 x 4˙ — &C 
0.054,419,558,4 X 4 — 0.996,992,64 K 4˙ — &c, 
that is, to the quadrinomial quantity 
14, 646.660, ooo, ooo, o X a? + 31, 872.000, ooo, oo X 42% + & c 

— 2, 432.191, 704, 358,4 X 4 — 17,945. 002, 967, 4 X 4 — &c, 
or to the binomial quantity 
12, 214. 468,295,641, X 4 + 13,9 26.997, 032, 96 X 4 + &C. 


10, 170 x 4“ + 16,950 _— 
+ 4,476.66 X 4a? + 14,922 X 49% + & 
3 281.664, Xx 4 — 1,408.32 X 4 — &c 
— 1,187.000 Xx 4 — 7,915.908 X a% — &C 
— 680.244,48 xXx 4 — 83, 668.704, o X n — &c 
— 222.17 5,872 Xx 4 — 2,221.758,72 X 4 — &c 
— 51.731, X 4 — 603.542, X 4 — &C 


But the compound quantity 16,9 504% ＋ 12,43 5 — 1, 303447 — 9,1624%* 
— 38,7484] — 4,7 624 — 1,8484 — 5014 — goa — gx? is = 
12,6254. 


Therefore the binomial quantity 12, 214.468, 295, 641, Xx 4 + 13,926. 
997, 32, 96 X 4% will alſo be = 12, 62 54a. And conſequently 13, 926.997, 
032,90 x a: will be (= 12,6254 — 12, 214.468, 295,641, x a?) = 
410.531,04, 358, 4 Xx 4%, and (dividing both ſides by a?,) 13, 926.997,02, 96 
410.531,704,358,4 X 4 

1 3,920.997,032,90 
= 0.029 X a, Therefore x, or 0.6 * 4 + 2, will be = 0.6 X 4 + 0,029 X a 
= 0.629 X a, or nearly 0.63 X 4. Q. E. 1, | | 


x 2 will be = 410.531,704,358,4 Xx a, and z will be = 


Art, 48, We will now ſubſtitute 0.63 X @ inſtead of x in the compound 
3B2 quantity 


= — _ 
= * = 2 LEED i = I 2a „ * - . = 2 _ a 
— — . a ISS > . — — Gſ — — : _ 25 = 2 — — : — — 
- A So — N — 2 - > Ba * - * + 1 — IS - - 
- — — . — — 
' — — x 
"= Ws 4 7 LE : "4s 2 s + 2a 3 2 —— — 
fo — n * 7 — - a - — — * 23 ol 
* . _- 4 - - 
wr — 2 „ % R —— 4 o <Y 


— 
hw ON Za K.. 24 1 


* 
1 
| 
" 
| 
„ 
\ 
. 
| 
1 
k 
" 
6 
1 
Ws || 
» 
1 
4 
vt 
i'% 
I” 


— * 
ww. — PE. 


. AZ, 
IT * >. i a, 


E 
e 


- 5 W 5 2 S bs 1 
7 ͤ¶——T—T— HEY; > - 


— art SIE. BD DS —— - - — 


— * 
a _ 7 
E >= = - 
£5, 420888 + 


372 MR. GLENIE'S PROBLE u. 


quantity 16,9 50 + 12, 433% — 1, 30 4a — g,1624%\x* — 8,7484 — 
| 4,7624%* — 1,848 — 5014˙ — goa — ge, in order to dilcover whe- 
, | ther the value of that compound quantity reſulting from ſuch ſubſtitution is 
| greater, or leſs, than the abſolute term, 12,625a*®, of the foregoing equation. 
This ſubſtitution may be made as follows: 


If x be = o. 63 Xx &, we ſhall have 
xx = 0.396,9 x aa, and x* = 0.250,047 X a, 
and x* = o. 157,529, 61 Xa, and x* o. o99, 243, 654,3 X 4, 
1 5 and x* = . 062, 623, 5%“, 2 Xx 4, and & = o. 039,389, 806, 3 X a7, 
| and & = 0.024,815,578,0 x 4, and x? = 0.015,633,814,1 X a', 
and x**= O 009,849, 302,9 x 4D. 


Therefore 16,9504% will be (= 16,9504? x 0.63 x a) 
| . = 10,078.50 x &*?; 
| and 12,4354'x* will be (= 12, 4354 X o. 396,9 x @*) 
5 | = 4:935-451,5 X 40; 
| and 1,30447%x* will be (= 1,3044” X 0.250,047 x 4) 2H 
= 326.061,288 x a; | X 
and 9, 1624 will be (= 9,1624* X 0.157,529,61 X 4 
= 1443. 286, 286,82 x 4 
and 8,7483 ˙* will be (= 8,7484 X o. o99, 243,654, 3 X 4 
= 868.183, 487,8 16,4 x a; 
and 4, 76 2 will be (= 4, 7624 a 0.062,523,502,2 * &®) 
= 297.736,917,476,4 X 4 
and 1,8484%x? will be (= 1,8484* x 0.039,389,806,3 X a?) 
| = 72.792, 362, 42, 4 Xx 43 
and 50], will be (= 501 X o. o24, 8 15, 578, Xx 4% 
= 12.432, 604, 578,0 x a"; 
and goax* will be (= goa x o. 015, 633, 8 14, 1 Xx 40 
1.40), o43, 269, x 4 
and gx"? will be (= 9 x o. oo, 849, 302, 9 Xx 4 
= o. o88, 643,726, 1 x 4D. 
And conſequently the whole compound quantity 16,950a% + 12,4354 * 


— 1,3044x* — 9, 1624˙4 — 38, 748% — 4, 62 — 1,848˙ — 5014's 
— 9a — gx** will be _ to the following ten quantities, to wit, 


10,678. 
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and conſequently to the binomial quantity 15,613.9515 X * — 3,022.363, 
-64,741,5 Xx 4“, or to the ſingle quantity 12, 591.587, 735, 258,5 X a; 
which is ſomewhat leſs than 12,62 54, or the abſolute term of the equation 
16, 95 + 12,4354'x* — 1, 30a — 9,1624%* — 8,7489%x* — 4, 62 
— 1, 848 a Wu“ — Ola — goax? — 9? = 12, 6254. Therefore 0.63 X 4 
muſt be leſs than the true value of x in the ſaid equation. a. It 1. 


” "= R jd —_# of p 7 - 
_ * * — 
+ TD x * * 3 4 * 


10, 678. 5000 Xx &? — 326.061, 288, 00, 0 X 4 
+ 4,935-4515 x4 — 1, 443.286, 286,820, X 4“ 
— 868.183, 487,8 16,4 X a? 
— 298.112, 058, 489,6 X 4 | 
— 72.792,362,042,4 X 4 I 
— 112.432, 604, 5/8, X a | 
— 1.407, 043,269, X 4 [ 
— o. 088, 643,736, 1 X 4%, | 


1 


* 


2 


Art. 49. In order therefore to obtain a more exact value of x or the root 
of this equation, let us ſuppoſe x to be equal to 0.63 * 4 + 2, and let us 
ſubſtitute 0.63 X 4 + z inſtead of x in the equation 16, 9 5 + 12,43 5a * 
— 1,3044'x* — 9,1624%x* — 8748 — 4, 7624 — 1,8484 K — 5014's* 
— goax? — gx'* = 12, 6254; which may be done in the manner following : 


_——— —— — — 
BE. 3 2 ASE 
Fo. -—— —» WV - 


„„ 


Since x is = 0.63 + 2, we ſhall have 


xx (= 0.63 Xx 4 +2)* = 0.63 x 4 + 2 X 0.63 Xa X 2 + &c) 
= 0.3969 X a* + 1.26az + &c, 


and à (= 0.63Xa +2) = 0.63 x 4% + 3X 0.63 N A n + &c 
= 0.250,047 X 4 + 3 X 0.3969 X & * 2 + &c) 
= 0.250,047 x 4˙ + 1.1907 X az + &c, 

and à (= o. 63 Xx a +2)* = 063 Xa + 4X 0.03 Xa x z + &c 


= 0.157,529,61 X 4* + 4 X 0.250,047 X & x 2 + &c) 
= 0.157,529,61 X a* + 1.000,188 & a2 + &c, 


and x* (= 0.63 X a +2} = 0.63 X a] + 5 X 0.63 Xx 4 Xx z + &c 
= 0.099,243,054,3 & 4 + 5 X 0.157,529,61 Xx 4 Xx 2 + &c) 
= 0.099,243,054,3 x 4* + 0.787,648,05 X 4 + &c, 


and * (= 0.63 Xa+2z2)* = 0.63 x a* + 6 X 0.63 Xx x z + &c 
= 0.062,523,502,2 x 4 + 6 N 0.099,243,654,3 & & X z + &c) 


= 0.062,523,502,2 x 4 ＋ 0.595,461,925,8 & 4 + &c, 
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and x? (= 0.93 Xa+2) = 0.63 x a)” + 7 X 0.63 x d X2 + & 
= o. 039, 389, 806, 3 X a4. + 7 X 0.062,523,502,2 X 4 X 2 + &c) 
= o. 039, 389, 806,3 x 4 + o. 437, 664, 515, 4 x 4 + &c, 


and , (= 0.63 T N = 0.63 x a] + 8 X 0.63 x a)” X2 + &e 
= 0.024,815,578,0 X a* + 8 X 0.039,389,806,3 & & * 2 + &c) 
= 0.024,815,578,0 Xx a" + 0.315,118,450,4 Xx d'z + &Cc, 


and * (= 0.63 Xa +2)? = 0.63 xa + 9 x 0.63 xa) Xx 2 + & 
= 0 013,633,814, 1 x 4 + 9 x 0.024,815,578,0 X a'z + &c) 
=.0.015,033,814,1 x 4 + 0.223,340,202,0 Xx 4 + &, 


Eee 5. o. 0 Xx 4 ＋ 9 = oh X a] + 10 X 0.63 X X 2 + & 
o. oo, 849, 302, X a? + 10 X o. 015, 633,814, 1 & 42 4 &c) 
= 0.009,849,302,9 X 4 + 0.156,338,141,0 x 4 4 &c. 


Therefore 16, 9 504% will be (= 16, 950 X 0.63 X a + 2 
= 16, 9 5 X 0.63 Xx a + 16, 9 50a X 2) 
= 10, 678. 50 + 16,9 504*2, 


and 12, 435 will be (= 12, 4354 X 0. 3969 , + 1.20 X az + Kc 
= 12,4354" X 0.5969a* + 12,4354* X 1.2642 + was 
= 4935-45154? + 15,668.10a%z + &c, 


and 1, 30 4a will be (= 1,3044” X 0.250,047 X & + 1.1907 X r + &c 
= 1,3044” X 0.250,047 Xa“ + 1, 3044“ Xx 1.1907 X 4˙2 + &c) 
= 326.06 1,2884 + 1552.67284% + &c, 


and 9, 162 will be (= 9,1624* N 0.157,529,01 X @* + 1. O00, 1884˙ + &c 
= 9,1624"X0.157,529,61 X 4. + 9,1624* X 1.000,188 X az + &c) 
= 1443-286,286,82 X 4 + 9163.722,456 X 4 + &c, 


and 8,7484*x* will be (= 8, 7484˙ x 
0.099,243,654,3 X 4 + 0.787,048,054*%: + &c | 
= 8,7484* X 0.099,243,054,3 X 4 + 8,7484* X 0.787,648,05 X az + &c) 
= 868.183,487,816,44" + 6890.345,141,40 & 4% + &c, 


and 4,762a*%x* will be (= 4,7624* X 
0.062,523,502,2 X 4 + 0.595,401,925,8 X 4s + &c = 
4,7624* X 0.062,523,502,2 X @* + 4,76244 X 0.595,461,925,8 X 452 + &c) 
= 297.736,91, 4b, a + 2,835.589,090,059,60 & 4 + &c, 


and 
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and 1,8482%x? will be (= 184847 * 
0.039,3%9,800,3 X42 + 0.437004,515,44"Z + &c = 
1,8484˙ X 0.039,339,806,3 X 4“ + 1,848 X 0. 437,664, 5 15, 442 + &c) 
= 72.792, 362, 42, 4 X 4 + 808.804, 024, 459, X 4˙ + Kc, 
and 50 1a˙¹ will be (= 30 14˙⁷ X 
O. O24, 8 15, 578, Xa + 0.315, 118,450, X a'z + &c = 
50 14˙ X o. o24, 8 13,57 8, X 4 + 50: X © 315, 118, 450, 4 X 4 + &c) 
= 12.432, 604, 578, X 4 + 157.874, 343, 650, 4 X 4 + &c, 


and goax? will be (= goa X 
0.015,033,814,1 X 4 + 0.223,340,202,0 Ka + &c = 
902 X 0.015,633,814,1 X 4 + goa X 0.223,340,202,0 X 4 + &c) 
= 1.407,043,209,0 X 4 + 20. 100, 618, 180, X 4˙ + &c, 


and gz" will be (Sg X 0.009,849,302,9 & 4 + 0.156,338,141,0 X d*2 + & 
= 9 X 0.009,849,302,9 Xa + 9g X 0.156,338,141,0 Na + &c) 
= 0.088,643,726,1 X c + 1.407,043,269,0 X a% + &c. 


And conſequently the whole compound quantity 16,9504% + 12,43 5a*x* 
— 1,3944%x* — 9, 1624˙* — 8,7484%x* — 4,624 — 1,8484 — OA 
— goax? — gx"? will be equal to the following compound quantity, conſiſting 
of twenty terms, to wit, | 


10, 678. 50 X 4 + 16,950 X 4˙² 
4,93 5.4515 X 6" + 15,668.10 X + &c 
326.061,288 * * — 1,5 52.6728 X 42 — & c 


1443.286, 286,82 X 4 — 9,163.7 22,436 X 4 — & 
868.183,48 7,9 16, 4 X 4 — 6,890. 345, 141,40 X 4 — & 
297.736,97, 476, X 4 — 2,835. 589,690,659, X 4 — &Cc 

72.792, 362, 42, 4 X a — 808.804, 024, 459,2 X a4 — &C 
12.432, 604, 578, X 4% — 157.874, 343,650, 4 X 4 — & 
1.407, 43,269, X a — 20.100,618,180,0 X 4a%z — &c 
0,088,043,726,1 X a? — 1.407,043,269,0 Na — &c, 


4 


that is, to the quadrinomial quantity 
15,613.9515 X 4 + 32,618.100,c00,000,0 X 4 + &c 
— 3.02 1.988, 633,728,3 X 4 — 21,430.516,117,718,2 X az — &c, 


or to the binomial quantity 
12,591.962,866,271,7 x a“ + 11,187.583,882,281,8 x 4. 
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But the ſaid compound quantity 16,9 504% + 12,43 Fa — 1,304 ⁷⁵ꝓ⁸ ü — 
9, 624 — 8.7484 — 4, 7624˙ũ = 1,8484 — 50 14˙2˙ = goar* — gx" 
is = 12,625. 


Therefore the hinomial quantity 12,9 1.962, 866, 271,7 x 4 + 11,187.58, 
$82,281,8 x a' will alſo be = 12,6254”. And conſequently 11,187.583, 
882,28 1,8 x a% will be = 12,62 54 — 12,591.962,866,271,7 x 4 = 
33-037,133,728,3 x a? 
11,187.58 3, 882, 281,8 x a? 


33.037, 133,728, 3 x a, and conſequently 2 will be = 


— 33.037,133, 728,3 X 4 
11, 187.583, 882, 281,8 


will be = 0.63 X a + 0.002,95 X 4 + 0.632,95 X 8. Z. 1. 


= 0,002,95 Xx 3. Therefore x, or 0.63 x 4 + 2, 


The four firſt figures, 0.6329, of this value of x are exact, its true value 
a/24 = 3 4-898,979,485,5 Kc — 3 1.898,979,485,5 Ke 
3 


= = a X 
3 3 


a * o. 632,993, 161,8 &c, or 0.632, 993, 161,8 &c x a, as has been ſhewn above 
in art. 33. 


being a X 


Art. 50. That o. 63 2,95 X @ is pretty nearly equal to the true value of x in 
the foregoing equation 16, 9 5 ˙ + 12, 435. — 1, 304a¹ꝛë — 9g,1624%#* — 
8,7484 — 4,62 — 1,8483˙7 — 5014*%x* — goax? — gx“ = 12,6254" 
will appear by ſubſtituting it inſtead of v in the compound quantity that forms 
the lefr-hand fide of that equation. This ſubſtitution may be made as follows: 


If x is = 0.632,95 Xx a, we ſhall have 
xx = 0.400,625,702,5 X aa, and x* = 0.253,576,038 x a, 
and x* = 0.160,500,953 X &, and x* = 0.101,589,078 X «a, 
and x* = 0.064, 300,806 X 4, and x? = 0.040,699,195 Xx 47, 
and x* = 0,025,760,555 X a, and x* = 0.016,305,143 X 4, 
and x = O 010,320,349 X &@*. | 
Therefore 16,9 504% will be (= 16, 950 x 0.632,95 X 4) 
= 10,728.502,50 Xx 4“, 
and 12,43 54*x* will be (= 12, 43 5 x 0.400,625,702,5 X 4) 
= 4981.780,610,587 X a, 
and 1,30447x* will be (= 1,3044” x 0.253,576,038 X 4) 
= 330.653, 153,552 x a“, 
and 9, 1624 will be (= 9, 1624 x o. 160, 500, 953 X 4 
= 15470. 509, 731,386 x a“, 
and 8,7483 will be (= 8,7484* x 0.101, 589, 78 x 4) 
= 888.701, 254, 344 X 4, 
and 
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and 4,762a%x* will be (= 4,7624* x 0.064,300,806 x a*) 
306. 200, 438, 172 X 4, 
and 1,8483 will be (= 1,8484“ x o. o40, 699, 195 X 4) 
= 75.212, 112,360 X a, 
and 5014 will be (= 5o14* X o. o25, 760,58 X 4) 
= 12.906, 037,35 X a“, 
and goax? will be (= goes x o. 016, 305, 143 X 40) 
= 1.467, 462,870 Xx 4%, 
and gx"? will be (= 9 x o. o 10, 320, 340 Xx 4a") 
= 0.092,383,000 Xx a®, 
Therefore the whole compound quantity 16,9 5%, + 12,435 — 
1, 30447 — 9,1624%* — 8,7480%x* — 4,7624%x* — 1,8480*x — 5014 — 
goa — gx"? will be = 
10,728.502,50 „ 4% — 4330.663,153,552 X 4 
+ 4.981.780, 610,587 x 40 — 1, 470. 509, 731,386 x 4 
888.70 1, 254,344 X 4 
306. 200, 438,172 X 4 
75.212, 112,360 x 4 
12.906, 37, o55 Xx a“ 
1.467, 462,870 x 4 
o. 092, 883, 60 x a? 


= 15, 10.283, 110,587 x 4 — 3, 085. 753,072,799 X 4. 

= 12,624. 30,037,788 X 4 which differs by leſs than 4. or 14, from 
12.625 x 4, or the abſolute term of the equation 16,9504% + 12,43 5 — 
1,3044"'x* — 9,1624*%x* = 8,7484 — 4,7624%* 1,8483 — gOLd's* — 
goax? — gx? = 12,6254"*. Therefore 0.632,95 x 4 mult be very nearly equal 
to the value of x in the ſaid equation. Q. E. b. 


Art. gr. If we continue this approximation to the value of x one ſtep fur- 
ther, by ſuppoſing x to be equal to o. 632,95 x 4 + 2, and ſubſtituting this 
binomial quantity 0.632,95 x @ + 2 inſtead of x in the terms of the equation 
106, % ＋ 12,4334 — 1,3044%x* — 9, 1624˙ — 8,7484 — 4,7624%* 
— 1,848 a ’ — 5014*%x* — goax? — g = 12, 62 fal, we ſhall find z to be 
= 0.000,043,15 X a, and conſequently x, or 0.632,95 & 4 + K, to be = 
0.632,95 X 4 + o 000,043,15 X a, or 0.632,993,15 X 4; which is exact in 
the firſt ſeven figures 0.632,993,1, the more accurate value of it being 


* 808 86, & — , .8 485, & _ 
22 Ne Kerl 25 80 e er ELLE * a,) or 


0.632,993,161,8 &c x 4. This ſubſtitution may be made as follows : 
VoL. IV, 3 Cc BE If 
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If x is = 0.632,95 X 4 + 2, we ſhall have 
a (= O. 632,95 xa + 2)* = 0.032,95 * + 2 x 0.632,95 + ax2 + &c) 
= © 400, 623, 70 , aa + 1.265,90 X az + &c, 


and x! (= 0.632,95 xa +2)* = 0.632,95 x 4 ＋ 3 x 0.032, 95 * 4. * 2 + &c 


= 0. 253,57 6,0384 + 3 & o. 400, 62 f, 702, 34 x Z + &c) 
o. 253,576, 384 + 1.201, 877, 107, ga + &c, 


and x* (= O. 632,95 x a + 2)* 6.632,95 x 4 + 4x o. 032,95 * 4 x 2 + & 
= o. 160, 300, 9834 + 4 x o. 253, 576, 384“ x * + &c) 
= o. 160, 300, 9534 + 1.014, 304, 1524˙ + &c, 


and x* (= o. 632, 95 xa ＋ 2 = 0. 032, 95 x 4\* + 5 x o. 632, 95 x a)* x 2 + &c 
= o. 101, 689, 78a + 5 x 0.160,500,953 x 4 x 2 + &c) 

| = 0.101,589,0784* + o. 802, 504, 76842 + &c, 

and & (= 0.632,95 x @ + 2)* = 0.632,95 x a® + 6x o. 632,95 * l x 2 + &c 
= o. o64, 300, 86 + 6 x 0.101,589.0784* x z + &c) 
= o. o64, 300, 8064 + o. 609, 334, 46842 + &c, 


and x? (= o. 632,95 x 4 + 2)” = 0.632,95 x 4 + 7 x o. 632, 95 x4\* x 2 + & c 
= 0.040,699,1954” ＋ 7 x 0.064,300,806 x a* x 2 + &c) 
= o. o40, 699, 19534 + o. 450, 105, 6424 + &c, 
and * (= o. 632,95 * 4 ＋ e = 0.632,9;x4\* + 8 * 0.632,95x * 2 + & c 
= 0.025,760,555a" + 8 x o. o40, 699, 198 + &c) 
= 0.025,760,5554" + 0.325,593,5604's + &c, 
and & (= o, 632, 95 * 4 + J = 0.632,95 x4)* + 9x 0.632,95x0)* x & + &c 
= 0.016,305,143a* + 9 x 0.025,760,555a* x 2 + &c) 
= 0.016,305,1434* + o. 231, 844, 995 + &c, 
and & (= 0.632,95 * 4 + D = 0.632,95 x@\"® + 10x 0.632,95x4)*x 2 4 &c 
| == 0.010,320,3404"* + 10 x 0.016,305,1434? x 2 + &c) 
= 0.010, 320, 340 + 0.163,051,4304% + &c. 


Therefore 16,9504% will be (= 16,9504? x O. 632,95 x a + 2 = 16,9504? 
x o. 632,95 x @ + 16,950 x 2) = 10728. 0, o + 16,9504 ; 


and 12, 43 5 will be (= 12, 435 x O. 400, 625, 70a, 544 ++ 1.265,90 x a2 + &C 
2 12,4354" x o. 400, 62 f, 0244 + 12, 43 54 x 1.265, 90 x az + &c) 
= 4,981. 780, 610, 58 74 + 16, 741.466, 50 x 4 + &c; 
and 
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and 1,30447x* will be (= 1, 3044“ x 
0. 253,5 70, 38a + 1.201,87), 10), gaax + &C 
= 1, 304a“ x o. 2 53, 576, 384 + 1, 304“ x 1. 201,877, 107, 3a + &c) 
= 330.663, 153, 55 24 + 1, 567.247, 748, 1 80a˙e + &c; 
and 9, 1624˙* will be (= 9,1624* * 
0. 160,500,953a* + 1.014,304,i 52a's + Nc 
= 9,1624* x o. 160, 5300, 9534. + 9,1624* x 1,014,304,1524% + &c) 
= 1,470.509,731,3864” + 9,293.054,040,0244% + &c; 
and 8,7484%x* will be (= 8,74845 x 
o. 101, 589,07 84 + o. 802, 504, 768 + &c 
= 8,7484* x o. 101, 689,784 + 8,7484* x 0.802,504,765a%z + &c) 
= 888.701,254,3444”* + 7,020.311,684,2204% + &c; 
and 4, 762m will be (= 4, 7624. x 
©.064,300,8064* + o. 609, 534, 468 + &c 
= 4,7624* x o. o64, 300, 864. + 4,7624* x o. 609, 534, 4684 + &c) 
= 306.200,438,172a"* + 2,902.603,136,6164% + &c; 
and 1,8484*x? will be (= 1,8484* X 
o. o40, 699, 1954 + o. 450, 105,642 + &c 
= 1,8484“ x o. O40, 699, 1954“ + 1, 8483 x o. 450, 105, 6424˙² + &c) 
= 75.212, 112, 3604 + 831.795, 226, 4164˙²² + &c; 
and $OId x" v will be (= Fort x 
0:025,760,5554* + 0.325,593,5604'2 + Nc 
= Foa x 0.025,760,555a" + gold* x o. 325, 593, 56 + &c) 
= 12.906,37, 5 54 + 163.122,373,560a% + &c; 


and goa will be (= goa x 0.016,305,1434* + 0.231,844,9954's + & 
= 9oa x o. 016, 305, 1434 + goa x o. 231,844, 99 5 + &c) 
= 1.467, 462, 8 70a + 20.866, 049, 5 + &c; 


and qx will be (= 9 x o. 010, 320, 3404 + 0. 163, 05 1, 4304˙ + & 
= 9 o. o10, 320, 3404 + 9 x 0.163,051,4304% + &c) 
= 0.092,8843,060a"* + 1.467,462,8704% + &c 


Therefore the whole compound quantity 16,9 f + 12,43 54 * — - 1,3044 > 
— 9,1624*%x* — 8,7489%x* — 4,7624˙ — 1,8489*x" — 5010's" — goa — 
xo will be = 11 


3 C2 15,728. 
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4 10,728. 502,500,0004"* + 16, 9 50.000,000,0004% + &c ? 
4,98 1.780, 610, 58 74 + 15,741 466,500,0004%2 + &c 
330.663, 153,552 — 1, 567.247, 748, 1804 — &c 
1,470. 509, 731, 3864 — 9, 293.0 54, 640, 62 44 — &c 
888.701,24, 3444 — 5, 020.311, 684, 2204˙2 — &c x 
306. 200, 438, 1724 — 2,902.603,136,6164% — & c 
75.212, 112,360 — 831.795, 226, 4164˙ — &c 
12.906, 37, 554 — 163.122, 373,56 — &C 
1.467, 462, 8 70a — 20. 866, 049, 5 0 — &C | 
0.092,88 3,0604'? — 1.467, 462,8 70%˙⁰Dͤ — &c | 


4+ LEFUIETFYFS+ 


15, 10.283, 110, 5874 + 32,691.466,500,0004% + & c 
3,08 5. 753,072, 99a — 21, 800. 468, 322, 036Ʒ — & c 
= 12, 624.530, 037, 7884 + 10, 890.998, 177, 964a⁊. 

But that compound quantity is equal to 12, 62 fa. 


Therefore 12,624. 5 30, 37,7884 + 10, 890.998, 177, 964 will. alſo be 
equal to 12, 62 354. And conſequently 10, 890. 998, 177, 964aↄ will be = 
12,62 54 — 12,624. 5 30, 37,7884 = . 469, 962, 2 124“, and 10, 890.998, 177, 


[| 
puny 
| 


b — . — 0.469,962,212 
964z will be = 0.469,962,212 x a4, and z will be = ena * 4 
= o. ooo, o43, 15 X 43 and x, or o. 632, 95 X @ + 2, will be = o. 632,95 X 4 
＋ o. ooo, o43, 15 Xx 4 = 0.632, 993, 15 X 4. 2. E. I. 


Art. 52. Having now found the value of x, or CH, to a conſiderable degree 
of exactneſs by reſolving the equation 16,9504% + 12,435 —— 1, 3044 — 
9,1624 — 38,7484 — 4,7624%* = 1,8483 ͤ — FO A — goa — gs? 


= 12,6254” itſelf, without reducing it (as at firſt,) to a quadratick equation 


by the above-mentioned operation of diviſion, we will compute, from the ſaid 
value of x, the correſponding values of the lines AC and AB, or the ſides of 
the propoſed triangle ABC, and then find the cubes of the ſaid values, and 
add the ſaid cubes together, in order that it may appear that their ſum is very 
nearly equal to 244?, (or 3 & 87, or 3 x 24, or 3BC?,) or three times the 
cube - the given bale BC, agreeably to the ſecond condition of the foregoing 
Problem. | 


Now we have ſeen above that ACT is (= AH + CH?) = aa + xv, and 
that AB! is (= AHY + BHY) = 5ag + 4ax + xx, and conſequently that AC 
is = vas + xx, and that AB is = aa + 4ax + xx, We mult therefore 


compute the values of theſe expreſſions 4/ aa + xx and V 5aa + qax + xx, 


upon a ſuppoſition that x is = 0.632,993,15 X @; which may be done as 


follows: ö 
Since 


MR. GLENITE'S PROBLEM. 381 


Since x is = o. 632, 993, 15 X a, we ſholl have xx (= o. 632,993, 15% x aa) 
= 0.400,680,327,946,922,5 x aa, and 4ax (= 4a x 0.632,993,15 Xx a) = 
2.531,972,60 x aa, and conſequently aa + xx (= aa + o 400,680,327,946, 
922,5 * aa) = 1.400,680,327,946,922,5 x aa, and 54a + 4ax ＋ xx (= 54a 
+ 2.531,972,60 x aa + 0.400,680,327,946,922,5 x 44 = 7.531,972,60 x a2 
＋ 0.400,680,327,946,922,5 x aa) = 7.932,652,927,946,922,5 x aa. There- 
fore AC, or Va + xx, will be (= 1.400, 680, 327, 940,922, x 4) = 


1.183, 503, 41 * a, and AB, or aa + 4ax + xx, will be (= 7.932, 652, 


927,940,922, Xx a) = 2.816, 496,569 x a. Therefore AC“ will be (=: 


1.183.503, 41) x a) = 1.657, 709,893 x 4, and AB! will be (= 

2.8 16,496, 569% x a) = 22.342, 289, 740 x 4, and conſequently AC? + AB? 
will be (= 1.657, 709, 893 x 4˙ + 22.342, 289,40 x 4˙)0 = 23.999,999, 633 
„ 45; which is very uy equal to 24@?, or 3BC?, agreeably to the conditions 
of the Problem. Therefore 1.183,503,41 x 4 and 2.816,495, 569 x 4 will be 
very nearly equal to the true values of the ſides AC and AB of the triangle 
ABC, which we were required to deſcribe, E. b. 


We have therefore now compleatly ſolved the foregoing Problem, propoſed 
above in art. 20, without the help of Mr. Glenic's Conſtruction. 


Further Obſervations on the Equation 16,950a%% + 12,43 5 — 1, 3044 — 
9,1624"%x#* — 8,4784%x* — 4,7624%* — 1,8483˙* — 50 la — goax? — 
io = 12, 625, obtained by the foregoing Algebraick Inveſtigation of the 
Value of the line x, or CH. 


— — 


Art. 53. The value of x that has been obtained in the preceeding articles, 
to wit, 0.632,993,15 Xx a, is not, however, the only root of the equation 
16,9504% ＋ 12, 4354 — 1, 30 4a — 9, 16244 — 8,7484%* — 4,762 
e 1,8484%x? — Ol — goax? — gx? = 12, 62 5a, to which we have 
been led by the foregoing algebraick inveſtigation of this Problem. But ir 
will have another root that will be greater than 0.632,993,15 Xx a, and will be. 
nearly equal to 0.79 Xx 4; as we ſhall now proceed to ſhew. 


If we ſuppoſe the line x to increaſe gradually from o ad infinitum, it is evi- 
dent that all the terms of the compound quantity 16,9 504% + 12,4354'x* — 
1,30447x* — g,1624%* — 8,7484%x* — 4,7624%* — 1,8484 — 504 — 
goax? — gie will increaſe gradually from o ad infnitum ; and it is alſo evi- 
dent that, in the beginning of ſuch increaſe, and while x 1s only a ſmall part 


of a, the two firſt terms, 16,950a% and 12,4354"x*, of the ſaid compound 
quantity 


— — — — 2 
i 
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quantity will be greater than all the following terms of it, and that they will 


exceed them in a very great proportion, inſoinuch that the ſum of the ſaid two 
firſt terms will be greater than the ſum of all the following eight terms, and 
in a very great proportion ; and that, the ſmaller x is taken, the greater will be 
the proportion in which the ſum of the ſaid two firſt terms will exceed the ſum 
of the ſaid following eight terms. But this ſuperiority, in point of magnitude, 
of the ſum of the ſaid two firſt terms over the ſum of the following eight 
terms, will not always continue during the increaſe of x from o ad infinitum ; 
but the ſum of the ſaid eight terms will gradually gain ground upon the ſum of 
the ſaid two firſt terms, and will, at ſome point of time during the increaſe 
of x, become equal to the ſum of the ſaid two firſt terms, and afterwards will 
be greater than the ſaid ſum, and will continue to exceed it ever after, and 
will exceed it in a ratio that will continually grow greater and greater as x in- 
creaſes ad infinitum, Theſe things being admitted, Your ſeem to be too evi- 
dent to need a proof,) the particular magnitude of the line x at the inſtant 
that the ſum of the laſt eight terms of the ſaid compound quantity, (which, in 
the foregoing equation, are all marked with the fign —, or are ſubtracted 
from the two firſt terms, 16, 9 50 and 12, 43 54'x*, of the ſaid compound 
quantity,) becomes equal to the ſum of the two firſt terms of it, may be found 
by reſolving the equation 16,9504% + 12, 435% = 1,3044x* + 9, 1624 
+ 8,7484%x% + 4,762 + 1,848 + OI + goa + gx, or (di- 
viding all the terms by x,) the equation 16,9504? + 12, 4354 ͤ = 1,3044"x* + 
9,1624%* + 8,7484%x* + 4,7624%* + 1,848 + 5014%x! + goax* + g“, 
or (ſubtracting 12,435 from both ſides,) the equation gx? + goax* + 5019" 
+ 1,8484%x* + 4,7024*%x* + 8, 7484 + 9,1624%* + 1,3044%x* = 12,435 
= 16, 9 50. Now the root of this equation will be ſomewhat greater than a. 
For, if we ſuppoſe x to be equal to a, the compound quantity gx? + goax* + 
Soi + 1,8484%* + 4,7624%* + 8,7484%x* + 9,1624%* + 1,3044 — 
12,4354*x will be (= 94? + goa? + 501 + 1,8484% + 4, 7624 + 8,7484" 
+ 9,16249 + 1,3043 — 12,4354 = 26, 4244 — 12,4354") = 13,9894? ; 
which is ſomewhat leſs than 16,9 50a, or the abſolute term of the ſaid equa- 
tion, and conſequently a will be ſomewhat leſs than the true value of x in the 
ſaid equation. And, if we ſeek further for the value of x in this equation, we 
ſhall find it to be a little leſs than 1.031 x 4. For, if 1.031 X à be ſubſtituted 
inſtead of x in the ſaid compound quantity gx + goax* + FO + 1,8489%x* 
+ 4,762a%* + 8,7484 ¹ * + 9,1624 + 1,3049%x* — 12,43 5 K, it will make 
the ſaid compound quantity be equal to 17,004.514,200,729 x a?, which ex- 
ceeds 16,9 50a, or the abſolute term of the ſaid equation, by leſs than 5%, 
or the 3o8th part of the faid abſolute term. I ſhall therefore conſider the root 


of the ſaid equation as being equal to 1.030 x 4, or 1.03 Xx a, or @ + 195 X 8. 
And conſequently, when x is equal, or nearly equal, to a + 785 x a, the 


compound quantity gx? + g + SOA“ + 1,8489%* + 4,7629%* + 
$,7484*x* + 9,1624%* + 1,3044%x* — 12,4354"x will be equal to 16,9504?, 
and therefore (multiplying both ſides into x) the compound quantity gn + 

: : goaaꝰ 
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g0ax? + 50 14˙˙ + 1,8484 + 4,7624%* + 8,7484%x%* + 9,1629%x* + 
1,30447x* — 12,4354'x* will be = 10, 9 5%, and (adding 12, 43 5a to both 
fides,) the quantity gx”? + goar? + golds? + 1,8489%x! + 4, 62e + 
8,7484%x5 + 9,1624%* + 1, 04a will be = 16,9 30 + 12,435, and 
(ſubtracting 9&4 + goa + 5014%s* + 1,8489%" + 4,62 + 8,7489%r" 
+ 9,1624*%xk* + 1,30447a* from both fides,) the compound quantity 16,9 50“ 
+ 12,4354%x* — 1, 3044 — 9, 1624˙4˙ = 8,7484%4* — 4,7024%* — 1,8484*%x? 
— 5014*x* — goa — gx will be = o. It appears therefore that, while x 


increaſes from o to 1.03 x a, or 4a + ==, the ſaid compound quantity will 


have increaſed from o (to which it is equal when æ is equal to o,) to ſome cer- 
tain quantity, and have decreaſed again from that quantity to o. And hence 
it follows that the ſucceſſive increments of the ſum of the two firſt terms, 
16, 9 50 and 12,4354'x*, of the ſaid compound quantity, (from which two 
terms all the following eight terms of it are ſubtracted,) will, during the in- 


creaſe of x from o to 1.03 Xx a, or @ + — * a, be, firſt, greater, and, af- 


terwards, leſs, than the contemporary increments of the ſum of the ſaid follow- 
ing eight terms, 1, 304a'x', 9,1624%*, 8,7484%*, 4,762, 1,848“, 5014's", 
goax?, and gx'?, And the greateſt magnitude of the whole compound quan- 
tity 16,9 0% + 12,435 — 1,g30447%%8* — g,1620%* — 8$,7480%x* — 
4,762a%* — 1,8484%x” — 50 la — goax? — , or of the exceſs of the 
ſum of the two firſt terms of the ſaid quantity above the ſum of the eight fol- 
lowing terms of it, will be that which it has when the infinitely ſmall increment 
of the latter ſum 1s equal to the contemporary increment of the former ſum. 


Now, if &, or the letter x with a point placed over it, be put for the infi- 
nitely ſmall increment of x, the contemporary increment of the former ſum, or 
the binomial quantity 16,9 50 + 12,4354*x*, will be (16,9 5 “ x XN + 
12,43 54 X 2xX, or) 16, 9 5 + 24,8704*xx ; and the contemporary incre- 
ment of the latter ſum, or of the octinomial quantity 1,3044%x#* + 9,1624*%* 
+ 8,7484%x* + 4,7624%x* + 1,848 + 5014*%* + goax? + &, will be 
(1, 3044“ x 3x*%X ++ 9,1624* x 4x%X + 8,7484* X 5x*% + 4,7624* x GY 
+ 1,8484* X 7 + 5014* x S + goa Xx T＋ 9 x lox% =) 
3,9 1247 ＋ 36, 648 ses + 43,7400*x*%X + 28, : + 12,9360%x*X 
+ 4,0084*x'%7 + 810ax*X + goax?®X. Therefore, in order to find the above- 
mentioned greateſt magnitude of the foregoing compound quantity, we muſt 
ſuppoſe the increment 3, 912 - + 36, 648 j29ſ z! + 43, 40 q + 
28,87 2 ＋ 12,936 + 4,0084*x'Xx + 810ax*X + gox*z to be equal 
to the increment 16,9 5 + 24,8704*x#, 


Now let all the terms of this equation be divided by x. And we ſhall have 
3,912a'x* + 36,648 a ** + 43,7404%x* + 28,5724%* + 12,936 + 
4,0084*x? + 810ax* + gox? = 16,95049 + 24, 8 70 K Therefore (ſub- 
tracting 24, 8 70 from both ſides,) we ſhall have 3,9124'x* + 36,6484%* + 
43, 40a * + 28,5724%* + 12,9364%x* + 4,0084'x! + 81 + gox? — 

24, 8 70a 
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24,870a*%x = 16,9504?, or (placing the terms that involve the higher powers 
of x before thoſe which involve its lower powers,) gox? + 810ax* ＋ 4,0084*x? 
+ 12,9364%x* + 28, % 24 + 43,7404%x* + 36,6484%* + 3,9 1247 — 
24,870a%s = 16, 950; and (dividing all the terms by 6,) we ſhall bave 15x? 
+ 135ax* + 6684*x" + 2,1564%x* + 4, 762 + 7, 29044 + 6, 1084˙* + 
65 — 4, 1454 = 2,82 549. | 3 


Therefore the compound quantity 16, 9 % ＋ 12, 4354 — 1, 30 4a¹ — 
9,1624 — 8,748 * — 4,762 — 1,8483 — 50 la¹ — goa — gr"? 
will have arrived at its greateſt magnitude when x is equal to the root of the 

equation 15x? + 135ax* + 6684*%x? + 2, 156a⁰ + 4,62 + 7,2904%* + 
6,1084%* + 6524%x* — 4,1454's = 2,82 549. | 


Art. 54. Now the root of this equation will be found to be nearly equal to, 
but ſomewhat leſs than, 0.7177 x 4. For, if x is ſuppoſed to be equal to 
0.7177 X a, the compound quantity 15x? + 135ax* + 6684*x? + 2,1560%* 
+ 4,762a4x* + 7,2904%x* + 6, 1084˙* + 6524'x* — 4, 1454 * will be found 
to be (= 5,803.788,796,899 X 4 — 2,974.866,500,000 x 4 = 2,828, 
921,296,899 x 4, which is leſs than 2,829 x 4, and therefore exceeds the 
quantity 2, 82 54, or the abſolute term of the ſaid equation, by leſs than 449, 
or leſs than the 7o6th part of the ſaid abſolute term. And conſequently 
0.7177 Xx @ muſt be very little greater than the true value of x in the ſaid 
equation. Therefore (by what has been ſhewn in art. 53,) 0.7177 X @ will 
be very nearly equal to the value of x at the time that the compound quantity 
16,9504%x + 12,4354 — 1,30447x* — 9,1624%x* — 8,7484 — 4,7624%* 
— 1,848 — 5014*x* — goax? — gx** (during the increaſe of x from o to 


1.03 Xx a, or a + 185 x a) becomes a maximum, or arrives at it's greateſt mag- 


nitude; and conſequently the greateſt magnitude of that compound quantity 
will be that value of it which will ariſe from the ſubſtitution of 0.7177 x 4 
inſtead of x in the ſeveral terms that compoſe it. 


Art. 55. Now, if we ſubſtitute 0.7177 Xa inſtead of x in the ſeveral terms 
of the compound quantity 16, 950 + 12,4354 v — 1,30407%x* — 9, 162% “% 
— 8,7484*%x* — 4,762 — 1,8484 — goid'x* — goax? — & , we (hall 
have | 


16,9504% (= 16,9504% X 0.7177 X a) = 12,165.0150 x &@*, 


and 12,43 54*x* 12, 4354 * 0.7177] X a = 12,4354 * o. 515,093, 29 X 4) 
= 6, 405. 185, 61, 15 Xx 4, 

and 1, 30 4a (= 1, 3044 X o. 7 17h X 4˙ 1, 30447 X o. 369, 582, 454 X 4) 
= 481.935, 520,016 x a”, | 

and 9,1624*%x* (= 9,1624* X 0.717714 X 4 = 9,1624* X 0.265,249,327 X 4) 


= 2, 430.2 14.333, 97% X 4 
and 
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and 8,748 X (= 8,74845 X 0.7177) X a = 8,7484* X o. 190, 369,441 X 40 
= 1,66 5.3 51,869,868 x 4“, 
and 447624%* ( 4,7624 X o. 7177 0 2 4,7624 * o. 136,628,147 x &*) 
= 6c50.624,226,014 Xx 4, | 
and 1,8484 (= 1,8484* X o. 717% X 47 = 1, 8484“ Xx 0,098,058,021 & «") 
= 181.201, 222, 808 X 4“, 
and 5014˙* (= 5014“ x 0.7177!" x & 5014 x o. oo, 376, 241 x a) 
| = 35.258,496,741 Xx 4%, 
and goa (= goa X 0.7177)? Xx 4 = goa Xx 0.050,509,028 x 4% 
= 4.545,812,520 X 4, | 
and gr (= 9 X 0.71771? xXx a? = g x 0.036,250,329 & 4 
= © 326,252,961 Xx 4 
and conſequently the whole compound quantity 16,9504% + 12,4354%x* — 
1, 304a¹ — 9, 1624 — 8,7484%x5% — 4,7624 — 1,8484 ˙ * — 5014˙ — 
goa — gx? will be = 
12,165.0150 Xe” 
+ 6,405.185,061,15 X 4 


481.935,520,016 Xx 4 

25430214, 333,974 & * 

1,665.35 1,869,868 x 4 ; 
650.623,236,014 X a 
181.201,222,8038 Xx a" 
35.258,496,741 Xx 4 

4-545,812,520 X 4 
0.326, 252,961 X 4 0 
= 18, 570. 200, o6 1, 150 & 4 — 65, 449.456, 744, 902 X a"? 
= 13,120. 743,3 16, 48 x 4, or, very nearly, 13,1214“. 


We may therefore conſider 13, 12 14“ as the maximum, or greateſt magnitude 
of the compound quantity 16,9504% + 12,435 — 1,3044%#* — 9, 1624 
— 8,7484*%x5 — 4,7 za — 1,8483 — 5014*%x* — goa — gx*?, to which 
it will have increaſed from o while x increaſed from o to 0.7177 X a, and 
from which it will decreaſe again to o while x increaſes further from 0.7177 X 4 


3 
01.03 X a, or 4 +— X 4. 1. 1. 


Art. 56. Since, while x increaſes from 0.7177 X @ to 1.03 * 4, the com- 
pound quantity 16,950a% + 12,43 5a — 1, 3044 — , 162%“ — 
8,7484%x* — 4,62% — 1,848 4˙ — 5019%x* — goal — 9 decreaſes 
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from 13,1214"* to o, it follows that it muſt, at ſome one inſtant of time during 
its ſaid decreaſe, become equal to any quantity whatſoever that is lefs than 
13,1214”, and conſequently that it muſt, at ſome one inſtant of time during its 
ſaid decreaſe, become equal to the quantity 12,6254, which is the abſolute 
term of the equation 16, 9 50 + 12,4354%* — 1, 304a˙⁷ — , 1624 — 


8,748 — 4% C zu — 1,848 a˙ — 50 la — goax” — g = 12,6254"; 
and therefore there will be ſome value of x, greater than 0.7177 X a, that, 
being ſubſtituted inſtead of x in the compound quantity 16, 9 5 + 12,43 54%* 
— 1,3044"x* — 9, 162 — 8,7489%x* — 4,7620%* — 1,848 — 5014*x8 
— goax? — gx", will make the ſaid compound quantity be equal to 12,6254", 
or the abſolute term of the ſaid equation, or, in other words, will be a root of 
the ſaid equation. We may therefore conclude that the ſaid equation will have 
two roots, of which the leſſer will be equal to 0.632,993,15 X a, (as has been 
ſhewn in the foregoing articles,) and the greater will be greater than 0.7177 X a, 
but leſs than 1.03 Xx 42. This root we will now proceed to inveſtigate, 


Art. 57. Now, if the greater of theſe roots were as much greater than the 
middle quantity 0.7177 X @ as the ſaid middle quantity is greater than the 
leſſer root o. 632, 993, 15 X a, or (nearly) 0.6330 x a, the ſaid greater root 
would be (= 2 X 0.74177 X a — 0.6330 X 4 = 1.4354 X 4 — 0.6330 X a) 
= 0.8024 Xx a. But when x is become greater than 0.7177 X a, the incre- 
ment of the octinomial quantity 1,3044%x* + 9,1624%* + 8,748 + 
4, za + 1,8484%" + 5ord'a* + goax? + qx is greater than the con- 
temporary increment of the binomial quantity 16, 9 50 + 12, 4354 and 
is continually increaſing while x increaſes from 0.7177 X à to 1.03 x 4. 
Therefore, while x increaſes from 0.7177 x à to 0.8024 x a, or receives an 
increment equal to the exceſs of 0.7177 Xx 4 above 0.6330 x a4, or the leſſer 
root of the equation, the compound quantity 16, 9 5 + 12,4354 — 
1,30447x* — 9,1624%* — 8,7484%x* — 4, 7G — 1,8480%%" — 5014˙ — 
o — gx", or the excels of the binomial quantity 16,950a%x + 12,4354*x* 
above the octinomial quantity 1,30447%x* + 9,1624%* + 8,74845%x5 + 4,7624%* 
+ 1,8484%x? + 5014*%** + goax? + ge, will be diminiſhed by a greater 
quantity than that by which the quantity 13, 1214 (which is the greateſt poſſible 
magnitude of the ſaid compound quantity 16, 9 50 + 12,43 54%x* — 1, 3044 
— 0,1624%x* — 8,748 — 4, 2 — 1,8484*%x) — ;014*x" — goax? — 
go, and is its value at the inſtant that x is equal to 0.7177 Xx a,) exceeds 
the quantity 12,62 54, or the abſolute term of the equation 16, 9 5 + 
12,43 5% — 1,3044%x* — 9,1624%* — 8,484 — 4,7620%* — 1,8489%" 
— 50 raοο — goax? — gx"? = 12,6254", and therefore will be leſs than 
12, 62 34, or the abſolute term of the ſaid equation. Therefore the value of * 
at the inſtant of time at which the ſaid compound quantity 16, 9 5 + 
12,435 — 1, 3044 — 9, 1624˙ — 8,484 — 4,7620%® — 1,8484*x" 
— $014*x* — goax? — gx** is become a ſecond time equal to the quantity 
12,6254, mult be leſs than 0.8024 x a; or, in other words, the greater root 
of the equation 16,9504% + 12,43 5% — 1,3044%* — 9g,1620%* — 8, 7484 


— 4,7024*%x* — 1,848 — 5014*x* — 90a — gx = 12,6254" mew 
: els 
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leſs than 0.8024 X a. We will therefore ſuppoſe it to be equal to 0.79 X a, | 
and will now proceed to ſubſtitute 0.79 x @ inſtead of x in the ſaid compound 1 
quantity 16, 9 5%, + 12,43% — 1, 04a — 9, 162% — 8,7484 — 1 
437 02e — 1,8487 _ 50 14. — goa — gx“, in order to diſcover how | F 
nearly the value of the ſaid compound quantity reſulting from the ſaid ſubſti- 
tution will approach to the abſolute term, 12,62 5a, of the foregoing equation, 
and whether it will be greater, or leſs, than the ſaid abſolute term: after which 
we may make further approaches to the true value of æ, or the greater root of 
the ſaid equation, in the manner directed by Mr. Raphſon. 


Art. 58. Now, if we ſuppoſe x to be = 0.79 x a, we ſhall have 
xx (= 0.79 X a}* — 0.79Þ N &} = o624r x 8, 
and i? (=T79 N = 0:79 x . = 0.493,039 X 4, 
and-.a* (= 0:79 N a* = 0.791* x a*) = 0.389,500,81 X 4%, 
and a* (= 0:79 x 45 ="0:79)} x 4) = 0.307,705,639,9 X a, 
and x* (= 0.79 x a\* = 0.79)* x 4˙%0 = 0.243,087,455 X 4“, 
and * (= 0.79 N = 0.79)” x a7) = 0.192,039,089 Xx a“, 
and x* (= 0.79 x a\* = 0.79! Xx 40 = 0.151,710,880 X a“, 
and * (= 0.79 X 2% = o. 79 x 49) = o. 119,8 51,95 X 4, 
and * (= 0.79 x 4. = g Xx a) = 0.094,082,760 X 4a. 
Therefore 16, 9 o will be (= 16, 950 X 0.79 X 4 
= 16,950 X 0.79 x ) = 13,390.50 x 43 
and 12,4354" x* will be (= 12, 435 Xx 0.6241 x 4 
= 12,435 X 0.6241 x 4 = 7760.6835 x *; 
and 1,30447x* will be (= 1,3044” Xx 0.493,039 Xx 4 
= 1,304 X 0.493,039 X 4% = 642.922,856 x 4 
and 9, 1624˙* will be (= 9, 1624˙ X 0.389,500,81 X 40 
= 9,162 X o. 389, 500, 81 x 4 * 3, 568.606, 42 1,22 x 4 
and 8,748 a * will be (= 8,7484 x o. 307, 705, 639,9 X a5 
| = 8,748 X o. 307, 705, 639, X 4“ = 2,691.808,937,845 Xx a"; 
and 4, 7 G24 ¹ will be (= 4, 762 x o. 243,087, 455 x a5 
= 4,762 X o. 243,087, 455 x 4 = 1, 157.582, 460, 710 x 4 
and 1, 8483 X will be (= 1,8484* X o. 192,039, 89 X a7 
= 1,848 X o. 192, 039,89 x 4 = 354.888, 236,472 x 4 
and Fo 1a“ will be (= 501 x o. 151,710,880 x 4 
= 501 Xx 0.151,710,880 x a?) = 76. oo, 150, 880 X 4; 
3D2 and 
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and goax? will be (= 90 X 0. 119,8 51,595 X a | 
S 90 & 0.119,851,595 X 4j = 10.786,643,550 x a"; 
and gx"? will be (= 9 Xx 0.094,682,760 x 4 = 0.852,144,840 X 4. 


Therefore the whole compound quantity 16,9504% + 12,43 5an — 
1,3044"x* — 9,1624%x* — 8,748 — 4,7624%* — 1,8480% — 5014˙ — 
goa — g& will be = 

13,390.50 X a“ 


| 642.922,856,000 wa” 
| + 7,760.083,5 x a? 


3,568.606,421,220 Xx a 
2,091.808,937,845 X 4 
1, 157.582, 460, 10 X a | 
354.888, 230,472 Xx 4 | 
76.007,150,880 Xx 4” 
10.786,643,550 XxX 4 | 
0.852,144,840 Xx a"? 


= 21,151.183,5 Xx 4 8,503.454,851,517 X 4 
= 12,647.728,648,483 & 4; which is a little greater than 12,62 5a, or 
the abſolute term of the equation 16, 9 5 + 12,43 5 — 1,3044 — 
9,1624"x* = 8, 7484 K — 4,762a%" — 1,8483 — 5019*%x* — 90 — gx" 
= 12,6254", Therefore (by what has been ſhewn in art. 53, 54, and 55,) 


0.79 Xx à will be a little leſs than the true value of the greater root of that 
equation, 


4 


Art. 59. In order therefore to find a nearer value of this root, we will now 


ſuppoſe 0.79 x @ + 2 to be equal to it, and will ſubſtitute o 9 x @ + z 
inſtead of x in the terms of the ſaid equation, and will then reſolve the tranſ- 


formed equation reſulting from this ſubſtitution, in the manner directed by 
Mr. Raphſon. This may be done as follows : 


Since x is = 0.79 X @ + 2, we ſhall have 


xx (50.79 X 4 + 2} =0.79 X 4 +2 X 0.799 X 4 X 2 + & 
= 0.791* x 4 + 1.58 X az + &c) 
= 0.6241 Xx & + 1.5842 + &c, 


and x? (= 0.79 x 8 + 25 = 0.79 X a + 3 X 0.79 * ' X 2 + &c 
= 0.79P X 4 + 3 x 0.62414 Xx 2 + &) 
= 0.493,039 X & + 1.87234%2 + &c, 


and * (= 0-79 X a +2) = 0.79 NA +4 X 0.79 x @* Xx z + & 
= 0.79\' X & + 4 X 0.493, goa x & + &c) 
= 0.389,500,814* + 1.972, 156% + &c, 


and 
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and * (= 0.79 X 4 ＋ D) = 0.79 Na +5 N 0.79 X a Xx 3 + &c 
= 0.79 X 4 + 5 X 0. 389, 500, 814 X z + &c) 
= o. 30,05, 639, 94 + 1.947,504,054% + Ke, 
and * ( 5.7 X 4 +2)* = 0.79 N a* +6 x 0.79 N x z + &c 
— 0.791 X 4 + 6 x o. 307, 703, 639, 9a Xx 2 + &c) 
= . 243,087, 45 54 + 1.846, 233,839, 4a + &c, 
and x? (= 0.79 X 4 ＋ 27 = 0-79 x 4% + 7 X 0.79 X %% X 2 + &c 
_ 0.791 X 4a + 7 X o. 243, o87, 4554 X 2 + &) 
| | = O. 192,039,894“ ＋ 1.701, 612,18 5 + &c, 
and * (= 0.79 X a +2)* = 0.79 x 4 + 8 X 0.79 Xa * 2 + &c 
= 0.79 x a* + 8 X 0.192,039,0894' X z. + &c) 
So. 151, 10, 8804“ + 1.536,312,7124'z + &c, 
and a* (=0:79 Xa +2)” = 0.79 x ah +9 x 0.79 x @* X 2 + Ke 
= 0.79P x a* + 9 Xx 0. 151,710, 8804“ x z + &c) 
= . 119,851, 595 X 4 + 1.365, 398, 204 + &c, 
E 10 X 0.79 X I X 2 + &c 
= = 0.791" * 4 + 10 N 0.119,851,5695a* x 2 + &c) 
= o. o94, 682,760 + 1.198,515,9504% +4- &c. 


Therefore 16,9 50 will be (= 16,9 50 X o. 79 Xa + 2 


= 16,9504" X 0.79 X @ + 16,9508? X 2 = 16,950 X 0.79 X 4" 


+ 16,9504%) = 13,390.50 X a? + 16,9594? z 

and 12,43 5 47% will be (= 12,4354 X O. 62414 + 1.5% T &c 
= 12,4352 X 0.62414* + 12, 4354 X 1.582 + &c) 
= 7, o. 08 354“ + 18,047.30 X &z + &c; 


and 1,304a'x? will be (= 1,3044” X 0.493,039 X 4 + 1.87234 + &c 
= 1, 30447 X. o. 493, 394 + 1,3044” X 1.87234*2 + &c) 
= 642.922,8 564 + 2441.49 24˙ + &c; 


and 9, 1624 will be (= 9, 1624 X 0. 389, 500,8 14 + 1.972, 150 + &c 
= 9, 16247 X o. 389, 500, 8 14“ + 9, 1624 X 1.972, 1564˙ + &c) 
= 3,568.606,421,22a" + 18, 068.893, 2724 + &c, 
and 8,7484*a* will be (= 8,7484* Xx 
0.307,705,639,94* + 1.947,504,034% + &c 
= 8,7484* X 0.307,705,639,5a* + 8,7484* X 1.947,504,054%2 + &c) 
= 2, 691.808, 937,845 + 17,036. 765, 429, 404 + &Cz 


and 
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and 4,762a%* will be (= 4,7624* X 
O. 243,08 7, 455 + 1.840,233,839,44% + & 
= 4,7624 X o. 243, 087, 45 54 + 4, 6244 X 1.846, 233, 839, 48 + &c) 
= 1, 157.582, 460, 10a + 8, 791.763, 543, 222, 842 + &c; 
and 1,8484% will be (= 1,8484 X 
0. 192,039, 894 + 1.701, 612, 18 5 + &c 
= 1,8484* X . 192,039, o8 9a“ + 1,8484 X 1.701, 612, 18 54 + &c) 
= 354.888, 236,472 + 3, 144.579, 3 17, 8804 + & c, 
and 5014*x* will be (= 501 N | 
0. 151,710, 80a + 1.536,312,7124'2 + &c 
= 5014* X o. 151, 10, 8804. + 501d" X 1.536, 312, 1247 þ+ &c) 
= 76.007,150,880a? + 769.692,668,7124% + &c; 


and goa will be (= 90 X o. 119,851,594 + 1.365,398,0200'z + &c 
= goa X o. 119,851, 5954 + 90a X 1.365,398,0204'2 + &c) 
= 10. 7 86,643, 550 + 122.885, 821, 8004 + &c; 


and ga”? will be (= q X 0.094,082,760a®* + 1.198,515,9504% + &c 
= 9 No. o94, 682,766 + 9 X 1.198, 515,9 50 + &c) 
=. 8 52, 144, 8404 + 10. 786, 643, 550 ˙ + &c. 


Therefore the whole compound quantity 16, 9 50 α + 12,43 5¹ — 
1,30447x* — 9, 162 — 8,7483 ͤů — 4,62 — 1,8480% — 5014˙ — 
goax? — gx"* will be = 


F 13,390.50 X 4 + 16,950 X 4˙² 5 
| + 7.760.683, 5 X a® + 18,647. 30 X a2 + &c 
— 642.922,856 X 4? — 2, 441.479, 2 X 4 — & 


— 3,3568. 606, 42 1, 2 X 4 — 13, 068.893, 272 X 4% — &c 

— 2, 69 1.908, 937,845 X a? — 17.036.765, 429, 40 X 4 — &c 
— 1,137.58 2, 460, 10 X a — 8, 791.765, 543,222 X a% — & 
— 334.888, 236,4 X a” — 3, 144.579,31, 880 X az — & 
tuck 76.007,150,880 X a? — 769.692,668,712 X a2 — & 
— 10.7 86,643, 550 Xa? — 122.88 5,821,800 X 4 — & c 
— o. 8 52, 144,840 X 4 ms 10.786, 643, 5 50 X 42 — & c 7 
4 1 21,151.183,500 X 4 + 33,597. 300, ooo, ooo X 42 + &c 
1 8, 503.454, 85 1,517 X a” — 50, 386.847, 896, 564 X 4 — &c 35 
= 12, 647.7 28, 648,483 X a"? — 13, 289.547, 896,64 X 42 &c. 


But 
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But the ſaid compound quantity is = 12,62 5. 


Therefore the binomial quantity 12,647.728,648,4834* — 15,289.547, 
896,564 & a will alſo be = 12,62 5. And conſequently (adding 1 5,289. 
547,890,5644% to both ſides.) 12.647 728,648,483 K will be = 12,6254" 
+ 15,289.547, 896,564 , ; and (ſubtracting 12,625 4 from both fides) 
15,289.547,896, 5044% will be = 22.728, 648,483 x 4% and (dividing both 
ſides by a?,) 15,289.547,896,654 Xx 2 will be = 22.728,648,483 x «, and z 
. 22.728, 648, 483 X @ 

” 15,289.547,896,564 
will be (= 0.79 X 4 + 0,001,48 X a) = 0.791,48 Xx a, or the greater root of 
the equation 16,9504% + 12,4354 — 1,5044%x* — 9,162 4%* — 8,7484%x* 
— 4,7024%* — 1,8484 — 5old'x? — goax? — ga”? = 12,6254 will be 
nearly equal to 0.791,48 X a. . E. I. 


= 0,001,48 X a, Therefore x, or 0.79 x 4 + 2, 


Art. 60. Now let 0.791,48 X @ be ſubſtituted inſtead of x in the com- 
pound quantity 16,9 5 + 12, 4354 * — 1,3044%x* — 9,1624%* — 8,7484*x* 
— 4,7624*%x* — 1,8484 — FO“ — goa — gx, in order to diſcover 
whether the value of it reſulting therefrom will be nearly equal to 12,62 5a“, 
or the abſolute term of the foregoing equation, and conſequently whether 
0.791,48 X a is nearly equal to the greater root of the ſaid equation, and to 
diſcover allo whether the faid reſulting value will be greater, or leſs, than the 
ſaid abſolute term, and conſequently whether 0.791,48 X @ is leſs, or greater, 
than the true value of the ſaid greater root. This ſubſtitution may be made 


as follows : 
If x is = 0.791,48 X a, we ſhall have 
ax (= 0791,48 X a* = 0.791,48Y X 4) = 0.626,440,590 X 4. 
and x* (= 0.791,45 X al? = 0 791,48)" X a) = 0.495,815,198 X 4}, 
and & (= 0.791,48 X a\* = 0.791,48\* X a*) = 0.392,427,812 X 4%, 
and & (= 0.791,48 =” = 0.791,48) Xa) S o 310,598,704 X 4, 
and x* (= . 791,48 X 4% = 0.791,48Y x 4 = 0. 245, 832, 09 X 4e, 
and x ( 0.991,48 X = 0.791,48) Na) = o. 194, 57 1, 6% X 47, 
and & (=0.791,48 X a}* = 0.791,49* X ) = o. 153, 999, 586 X 4, 
and * (= 0.791,48 X a)? = 0.791,48\? X 4®) = 0.121,887,592 X 4, 
and & (= 0.791,48 X M = 0.791,48)”* X a) = 0.096,471,591 X 4 
Therefore 16, 950 & will be (= 16, 950 X 0.791,48 X @) 
= 13,415.586,00 x 4 
and 12,43 54 & will be (= 12, 4354“ X o. 626, 440, 50% X a4“) 
= 7,789.788, 736,650 x a; 


aud 
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and 1, 304a'x will be (= 1,3044? * 0.49558 155198 * "I 
= 646.543,018,192 x 4 

and wake will be (= 9,1624* X . 392,427,812 X 4 
3,595.423,5 13, 544 X 4065 

and 8,748 a˙* will be (= 8,7484“ Xx o. 3 10, 598,764 x 40) 
= 2, 717.117,98, 472 & 4 

and 4, G2 will be (= 4,7624. x o. 243, 832,709 X a") 

= 1,170.65 5, 360, 258 X a 

and ä will be (= 1,8484“ x o. 194, 571, * a”) 
339.568, 449,856 x 4; 

and 5014'x" will be (= 50 x o. 153, 999, 586 4˙0̃ 
= 77.153, 792,586 x a; 

and goax? will be (= goa x 0.121,887,592 X #1 
= 10.969,883,280 Xx 4; 

and g will be (= 9 x 0.096,471,591 a”) 
= 0.868,244,319 Xx @*. | 


Therefore the whole compound quantity 16,9500% + 12, 43 54 — 1, 3044 
— 9, 1624˙˙ — $,7480%x* — 4,762 — 1,8484 — 5014˙ — goax? — 
9x"? will be = 
4 13,41 f. 586, oo, ooo x 4 — 646.543,018,192 Xx a; 
| + 7.789.788, 736,5 x 4 — 3,595. 423,613, 544 & 4 
— 2,717. 117,987, 472 X 4 
8 — 1, 170.653, 360, 258 X 4" | 
} — 359-568,449,856 x * f 

| — 77-153,792,590 X al. 
— 10.969, 883,280 Xx a 
— o, 868, 244, 319 X 4 


= 21,205. 374,736,650 X a“ — 8,57 8.300, 349, 507 X 4 

= 12, 627.074, 387, 143 X 4 which is very nearly equal to 12,62 gare, 
which it exceeds by only the ſmall quantity 2.074, 387, 143 & 4, or the bo86th 
part of 12,62 54**. 


Therefore 0.791,48 X @ muſt be very nearly equal to the true value of the 
greater root of the equation 16,950a% + 12,43 54 — 1,30447x* — 9, 1624 
— 8,74805%x% — 437 620%" — 1 848 ar — Fol — goax? — & = 
12,6254, but (by what is obſerved in art. 53, 54, and 55, ) will be ſomewhat 
leſs than the ſaid true value. Q. E. I. 


Art. 61. 
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Art. 61. In order therefore to obtain a ſtill nearer value of this greater root 
of the ſaid equation, we will now ſuppoſe it to be equal to o. 791,48 & @ + 2, 
and will ſubſtitute the ſaid binomial quantity 0.791,48 Xx 4 + 2 inſtead of x 
in the terms of the ſaid equation, and then will reſolve the transformed equa- 
tion thence ariſing in the manner directed by Mr. Raphſon. This may be 
done in the manner following : 


Since x is = o. 791,48 X 4 + 2, we ſha!! have 


xx (= 0.791,48 x a + 2)* = 0.791,48 x a\* + 2X 0.791,48 Xax2 + &c 


= o. 791, 480 X a* + 1.582,96 X az + &c) 
= 0.626,440,5904a* + 1.582,96az + &c, 


and & (= 0.791,48 x a + 2)* = 0.791,48 x a} + 3 x0.791,43 x a x 2 + &C 
= 0.791,48)* X a + 3 x 0.626,440,5904* x 2 + &c) 
= o. 493,8 16,1984 + 1.879,321,770a*s + &c, 

and * (= 0.791,48 x a + 2* = 0.791,48 x a\* + 4x 0.791,48 Kal x 2 + &c 
= 0.791,48)* x a* + 4 x 0.495,815,1984* x z + &c) 
= 0.392,427,8124* + 1.983,260,7924*2 + &c, 

and & (= 0.791,48 x 4 ＋ 5 = 0.791,48 K + 5 x 0.791,48 x 4\* x 2 + &c 
= 0.791,48\5 x & + 5 x 0.392,427,812 x 4˙ + &c) 
= 0.310, 598,76445 + 1.962,139,060a*%: + &c, 

and x (= 0.791,48 xa +2)* = 0.791,48 x 4 + 6x0.791,48 x a\* x 2 + &c 
= 0.791,48\* x 4 + 6 x 0.310,598,7644* x 2 + &c) 
= 0.245,832,7094* + 1.863,592,5844%23 + &c, 

and x" (= 0.791,48 x a + Y = 0.791,48 K t 7 x 0:791,48 xa\* x 2 + &C 
= 0.791,48)7 x 4 + 7 x 0.245,832,709 * a*x 2 + &c) 
= . 194,571,624 + 1.720,828,9634*% + &c, 

and x* (= 0.791,48xa+2\* = 0.791,48 K + 8 x 0.791,48 x a\7 x 2 + &c 
= . 791, 480“ x a + 8 x . 194, 37 1, 6724. x 2 + &c) 
= 0.153,999,586a" + 1.556,573,2764'2 + &c, 

and x* (= 0.791,48 x a + 21? = 0.791,48 x 4)* + 9 x 0.791,48 x a)* x 2 + &c 
So. 791, 48 x 4 + 9 * 0.153,999,5864* x 2 + &c) 
= o. 121,887,924“ + 1.385,996, 2744 + &c, 

and x** (=0.791,48 xa + 2”* = 0.791,48 x 4”? + 10x0.791,48 x a)? A. &c 

o. 791, 48)“ x 4 + 10 x o. 121, 887, 59 2a x 2 + Kc) 


o. o96, 471,59 1a + 1.218,87, 9 20a + &c. | 
Vor. IV, 3E Therefore 
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| Therefore 16,9504% will be (= 16,9504? x 0.79 i48xaÞz= 16,9504? 
* 0.791,48 x 4 + 16,950 x 2) = 13,415.586,004"* + 16,9 30 


and 12,43 5% will be (= 12,43 5 x 0.626,440, 5908* -F 1.582,964z + Kc 
= 12, 43 5% x 0.626,440,5904* + 12,435 x 1.582,96 4 + &c) 
= 7,789.788,736,6504" + 19,684.107,60 r + &c; 


and 1,3044%x* will be (= 1, 3044 X 
0.495,81 5, 19835 ＋ 1. 879,327,770 + IN 
= 1,3044' x 0.495,815,1984? + 1, 3044“ x 1.879, 321, 70% ＋ &c) 
= 646.543,018,1924"* + 2,450.635,588,0804% + &c; 


and 9, 1624 will be (= 9,1624" x 
0.392,427,8124 + 1.983,260,792a% + &c 
= 9,1624* x 0.392,427,8124* + 9,1624* x 1.983,260,7924% + &c) 
= 3,595-423,013,5444” + 18,170.635,376,3044% + &c; 


and 8,7484 will be (= 8.7484 x h 
0.310,598,7644* + 1.962, 139,060a*%Z + & 
= 8,7484* x o. 3 10, 598, 764 + 8,7484* x 1.962, 139, 6 + &c) 
= 2,717.117,987,4724” + 17,164.792,496,8804% + &; 


and 4,7624*%* will be (= 4,7624* x 
; 0. 245, 832, 7094 + 1.863, 592,5 842 + Kc 
8 4,7624 x o. 245, 832, 09a * 4,7624 * 1.863, 592,58 4˙⁊ T &c) 
= 1,170. 655, 360, 25 8a“ + 38,874.42, 885, oo 8a“ + &c; 


and 1,8484*%” will be (= 1,8484 X 
o. 194,571,724 ＋ 1.720, U 8, 96 3%7 + &c 
= 1,8484“ x o. 194, 571, % 24 + 1, 8484“ x 1.720, 828, 9634 + &c) 
= 359.568, 449,8 56 + 3, 180.091, 923, 624 + &Cc; 


and Sol will be (= 501A“ x 
5. 153,999,586 + 1.556,573,3700'2 + Kc 
= ol x o. 153,999, 586 + 5014 x 1.56, 573, 376⁴s + &c) 
= 77.153, 792, 586 + 779.843, 261,37 6ĩsg + &c ; 


and goax? will be (= go X 0.121,88, 59 24 + 1.38 5,996, 274K + Nc 
= goa * o. 121, 887, 924“ + goa * 1.385, 996, 2744 + &c) 
= 10.969, 883, 2 80a + 124.739, 664, 66 + &c; 


and 


, 
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and ge will be (= 9g o. 096, 471, 5914 + 1.218, 875, 920 + & 
= 9 x o. 096, 471, 5914 + 9 x 1.218,875,9204% + &c) 
= o. 868, 244, 3194 + 10.969, 883, 280 x 4% + &c. 


Therefore the whole compound quantity 16,y504% + 12,4354%x* — 1,3044"x* 
— 9,1624%* — 8,748 — 4,76024%* — 1,8484 — 5019 x* — goax? — 
gx'* will be = 


7 13,41 5.586, x a“ ＋ 16,950.000,00 Xx a + &c ? 
7,789.788,736,650 X a? + 19,684.107,60 x 4% + &c 
646.543,018,192 Xx 4% — 2,450.635,588,080 x 4 — &c 
3,595-423,013,544 Xx 2 — 18,170.635,376,304 X 4% — & 
2,717.117,987,472 X a? — 17,164.792,496,880 x 4% — &c 
1, 170.655, 360, 258 * 4¹0 — 8, 874.427, 88 5, oo8 Xx 48 — &C 4 
359-568,449,856 K 4% — $3,180.091,923,624 * 4 — & 
77.153, 792, 586 X a?  779.843,261,376 x 4 — & 
10.969, 883,280 Xx /n ũ — 124.739,64, 660 Xx 4 — &c 
o. 868,244, 319 & 4e — 10. 969,883, 280 x 4% — & | 


wy 21,205. 374,736, 650 K a? += 36,634.107,600,000 x 4 + &c } 
1 3,578. 300, 349, 50 X 4% — $0,756.136,079,212 x 4 — &c 


= 12, 627.074, 387, 43 4% — 14,122.028,479,212 Xx ae &c. 


But the ſaid compound quantity is equal to 12,62 5. 


Therefore the binomial quantity 12,62 7.074, 387, 143 X 4. — 14, 122.028, 
479,212 x 4˙ will alſo be = 12,6254 .. And conſequently (adding 14, 12 2. 
028,479,212 „ a to both ſides,) we ſhall have 12,627.074,387,143 X @"? 
= 12,6254 + 14,122.028,479,212 Xx 4; and (ſubtracting 12, 62 fa“ from 
both ſides,) we ſhall have 2.074, 387,143 Xx 4 14, 122.028, 479, 212 X a*z; 
and (dividing both ſides by a?) 2.074, 387, 143 X 4 14, 122.028, 479, 212 X 2, 


2.074, 387, 143 X 2 
and z = * o. ooo, 146,8 X 4. Therefore x, or o. 791,48 X 4 


+ 2, will be (= 0.791,48 Xx 4 + o. ooo, 146,8 x 4 = 0.791, 626,8 X a; 
or 0.791,626,8 X 4 will be a {till nearer value of the greater root of the equa- 
tion 16,950a% + 12,435 ꝓ — 1,3044%%* — 9, 1624˙ — 8,7483˙4⁰ — 
4,762a%* — 1,8484 ˙ — 50a — goax? — g = 12, 62 5 than that 
we had before obtained, to wit, o. 791,48 X a. . 


This value, o. 79 1, 626,8 X a, of the greater root of this equation is, pro- 
bably, exact in the firſt ſix figures, o. 791, 626, and, perhaps, alſo in the laſt 
figure, 8. But to determine this with certainty, it would be neceſſary to carry 
our approximation to the true value of this root one ſtep further; which, after 
the great length this ſolution has already run into, ſeems hardly worth our while. 
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Of the Relation of the greater Root, 0.791,626,8 a, juft now found, of the 
long Equation of the 10th Order reſulting from the Algebraick Inveſtigation of 
Mr. Glenie's Problem, to the Solution of another Problem that bears a greas 
Reſemblance to Mr. Glenie's Problem, 


— —— 


Art. 62. This greater root of the equation 16, 9 50 + 12, 435% — 
1, 30 4a — 9, 1624 — 8,7484 * — 4, — 1,8483 — 501A⁹,e: — 
goax? — ge = 12,62 5a“ is fitted to ſolve another Problem that has a con- 
ſiderable analogy to that which we have been here conſidering, namely, a 
Problem in which it ſhould be required to determine the vertex of another tri- 
angle upon the ſame baſe BC as the triangle ABC in fig. 2, and. of the ſame 
perpendicular altitude D F, but of which the fides ſhould be ſo much preater 
than the ſides of the triangle ABC, that the difference of their cubes (inſtcad 
of their ſum,) ſhall be equal to 2445, (or 3 x 84?, or 3 X 24\*, or 3 * BC) 
or three times the cube of the baſe BC, For, if in the line BCI we take 
the line Ch (as in fig. 4,) equal to this greater root, 0.791,626 X a, of the 
ſaid equation, and from the point þ draw the line Y at right angles to Ch, 
or BC, and meeting the line FG in the point a, and from the point @ we draw 
the right lines 2 B and à C to the extremities of the given bale BC, the ex- 
ceſs of the cube of à B, the greater fide of the new triangle aB C, above the 
cube of 4 C, its leſſer fide, will be equal to three times the cube of the baſe BC. 
This may be ſhewn in the manner following : 


2 


b 6 


Fig 6. 


/ 
1 


B H I T 


— 


Art. 63. Let the perpendicular altitude ah, or FD, of this triangle, which 
is, as * equal to half the baſe BC, be denoted, as before, by the letter a, 
and conſequently the baſe B C by 24; and let Ch, or the portion of the line 
BCI intercepted between the point C and the right line ah, which is drawn 
from a, the vertex of the new triangle aBC (of which the ſides aB and aC 
are of ſuch magnitudes that à B* = 4 C? is equal to 3BC3,) at right angles to 
BCI and meeting it in the point &, be denoted by the letter x. Then will 


C be (= ab? + CM) = ag + xx, and à Bf will be (= ab! + Bb! = 
ab1 
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ab1.+ BC + Ch! = aa + 2a + Y = aa + 4aa + 4ax + ws) = 
54G + 4a + Ax. 
Now let aB be put = y, and aC be put = z. 


Then, by the conditions of the preſent Problem, we ſhall have 5˙ = 2˙ = 
244*, Therefore (ſquaring both ſides,) we ſhall have y* — 23*%2* + 2* 57a“, 
and (adding 2y*z? to both ſides,) y* + 2* = 5764a* + 2y*z?, and (ſubtracting 
5764* from both fides,) 2 = 9 + 2* — 5764a*, and (by ſquaring both 
ſides,) h = y* + 2* + 2% — 11524% — 11524%* + 331,7764"*, and 
(by ſubtracting 25% from both ſides,) 2% = y* + 2* — 11520%% — 
11524%2* + 331,764, and (by adding 11524%* + 11524*z* to both fides,) 
2 + 11524% + 11524%2* = y* + 2* + 331,0, and (by ſubtracting 
5 + 2** from both ſides,) 2y*2* + 115245)* + 11524˙ — y* — 2* = 
331,776a*; which is the very ſame equation we derived in art. 28, from the 
former Problem. Therefore, if we ſubſtitute 44 + xx inſtead of zz, and 
5aa + 4ax + xx inſtead of yy, in this equation, as was done above in art. 29 
and 3o, we (hall ultimately come to the ſame equation as was obtained in 
art 32, by means of thole ſubſtitutions, to wit, the equation 16,9 504% + 
12,4354'x* — 1,3044%* — 9,1624%#* — 38,7484 — 4,7624%* — 1, 848a⁰ 
— 5014's — yoax? — ge = 12,62 5a", the greater root of which will give 
us the length of the line Ch, as we have already ſeen that the leſſer root of it 
has given us the length of the line C H. Qu. 1. Bo 


— ů ů —— — —_—_—____ —_ —_—_—_____— 


A Proof of the Relation of the ſaid greater Root, o. 791, 626,8 X a, to the Solu- 
tion of the ſaid Second Problem. 


Art. 64. Since aCT is = aa + xx, and aB! is = 5aa + 4ax + xx, it follows 
that aC will be = V + xx, and aB will be = V F + 4ax + xx. Now we 
have found that x is nearly equal to 0.791,626,8 x 4. Therefore 4ax will be (= 
44 X 0.791,626,8 X 4 = 4 X 0.791,626,8 X &) = 3.166,507,2 x a, and xx 
will be (= 0.791,626,8 x 4)˙ = 0.791,626,8)* x 4˙ = 0.626,672,990, 


478,244. Therefore aC?, or aa + xx, will be (= aa + 0.626,672,990,478, 


24 X a) = 1.626, 672, 990, 478,24 Xx 4˙, and aBY, or 544 + 4a + xx, will 
be (= ga + 3.166,507,2 x as + 0.626,672,990,478,24 X aa) = 8.793, 
180, 190, 478,24 Xx aa. Therefore aC will be (= Xx v 1.626,672,990,478,24) 
= 4 N 1.275,410,9, or 1.27 5, 410, 9 & 4; and aB will be (= A x 48.799, 
180, 190, 478,24) = @ X 2.965,329,6, or 2.965,329,6 x a; and W * 
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aC* will be (= acl x aC = 1.626,672,990,478,24 & aa X 1.27 5,410,9 X a) 


= 2.074, 676, 462 x 45, and aB* will be (= 4B x aB = 8.793, 180, 190, 
478,24 X aa X 2.965, 329,6 x a) 20.074, 677 490 x . Therefore aB? 
— aC* will be = 20. 074, 677, 496 x 4 — 2.074, 67 6, 462 Xx 4˙ = 24.000, 
001,034 X 4; which is very nearly equal to 2445, (or 3 x 8469, or 3 x 24P,) 
or 3BC*?; and conſequently the ſides aB; and C of the triangle aBC have the 
property required by the ſecond Problem. Therefore the greater value of & 
in the equation 16, 9 5 ＋ 12, 435% — 1, 3044 — 9,1629%* — 8,748 f 
— 4% 6 — 1, 8484˙ — 50la˙.¹ — goa — g = 12,6254"? now ap- 
pears to be the value of the line Ch, which determines the vertex a of the ſe- 
cond triangle aBC, which is required to be deſcribed in the ſecond Problem, 
and in which he difference of the cubes of the ſides aB and à C is equal to 
three times the cube of the baſe BC, juſt as the leſſer value of x in the ſame 
equation was the value of the line CH, which determines the vertex A of the 
firſt triangle ABC, which was required to be deſcribed in the firſt Problem, 
and in which he ſum of the cubes of the ſides AB and AC was equal to three 
times the cube of the ſame baſe BC. And thus the Problem is now compleatly 
ſolved by Algebra and Arithmetick, and all the difficulties relating to the final 
equation produced by it are ſatisfactorily anſwered, without the help of Mr. 
Glenie's Conſtruction. But ſtill | am at a loſs to conjecture by what artifice 
Mr. Glenie could diſcover that the ſaid final equation was capable of being re- 
duced by an operation of Diviſion from an equation of the tenth order to a 
quadratick equation, and thereby made capable of being conſtructed geometri- 
cally, or by drawing only right lines and circles. 


And further, I very much doubt whether the ſecond Problem, (which relates 
to the difference of the cubes of the ſides of the propoſed triangle,) can be con- 
ſtructed in the ſame manner as Mr. Glenie has conſtructed the firſt Problem, 
or by drawing only right lines and circles. 


| 


Further Obſervations, in Addition to thoſe contained above in Art. 39, 40, 41, 4% 
and 43, on the Reduttion of the foregoing Equation of the 10th Order (that was 
obtained by the Algebraick Inveſtigation of the Value of the line CH,) to a Quadra- 

tic Equation, by means of the Operation of Diviſion performed in Art. 33, 
page 356. ; 
— — — — 


Art. 65. It was obſerved above in art. 39, that a plauſible objection might be 
made to the diviſion of the long compound quantity = 12,62 54 + 16,9504% 
+ 12,4354%x* — 1,3044'x* — 9, 1624 — 8,7484%x* — 4,02 — 1,848" 
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— 5014 x* — goax? — gr“ by the compound quantity — 2, 52 f + zo 
+ 1, 404 + 1,6404%* + 9784a%* + 40848%* + 1244%x* + 24% + 3x", 
on account of the ſaid dividend's being equal to nothing, and conſequently 
being incapable of being either multiplied or divided. And hence, it was ob- 
ferved, a doubt might be entertained concerning the truth of the concluſion 
derived from it, to wit, that the trinomial quantity 54 — Ga — 3xx, (which 
was the quotient of the ſaid diviſion,) would be equal to nothing, or that 5 
would be equal to 6ax + Zxx, or that the quadratick equation gxx + G = 
5aa would be a true propoſition, And therefore ſome further and plainer 
reaſonipgs were made ufe of in art. 41, 42, and 43, to ſtrengthen the ſaid 
concluſion and eſtabliſh its truth ; which were grounded on the multiplication 
of the ſaid long diviſor, firſt, by the fingle quantity zaa, and, ſecondly, by the 
binomial quantity 6ax + 3xx, and on the ſubtraction of the ſecond of the pro- 
ducts thereby obtained from the firſt product; all which operations, being 
performed upon rea] quantities, or ſuch as had a finite magnitude, were evi- 
dently practicable. And the concluſion obtained in art. 42 and 43, by means 
of theſe reaſonings, to wit, that s was equal to 6ax + gxx, ſcems to have 
been fairly and juſtly proved. But I have fince thought of another method of 
proving the truth of the fame concluſion without having recourſe to thoſe mul- 
tiplications, and without ever mentioning any dividend that is equal to nothing, 
or of which the ſubtracted members are, together, equal to thoſe from which 


they are ſubtracted, and conſequently without giving any handle for making the | 


above-mentioned objection, This method I will now endeavour to explain: 


Art. 66, The final equation obtamed by the foregoing algebraick inveſtiga- 
tion of the value of the line CH, or x, was 16,950a% + 12,4354%a* — 
1, 304 — 8, 1624˙˙ — 8,7484 = 4, 624 — 1,8480%x — 5010%x* — 
goa — & = 12,6234. 


Add goax? + gx"* to both ſides of this equation; and we ſhall have 16,9504% 


+ 12,4354 — 1,30447%%* — 9,1624%* — 8,7480%* — 4, 7624 — 1,8484*x? 


— 5014*%x* = 12,6254"? + goax? + gx. 
Now let 12, 62 5a be ſubtracted from both fides of this equation; and we 


ſhall then have — 12, 62 54 + 16, 9 50 + 12, 435% % — 1, 3044 — 
9,1624˙˙ — 8, 7484˙ — 4, 7624˙ — 1,8484 — 50 la = goux? + g,. 


From the compound quantity — 12,62 54 + 16, 9 5 + 12,43 f — 
1, 30 4a — 9, 1624˙4 — 8,7484 — 4,7624%* — 1,8484 — golds, 
(which forms the left- hand ſide of this laſt equation, and which, for the ſake of 
brevity, we will call A,) let us now ſubtract the compound quantity — 12, 62 f 
+ 1,800a9x + 7,0204"%x* + 8, 200 ar + 4, 89 0a + 2, 0 40a + 620a%x*® 
+ 120 + 154*x*, which is the product of the multiplication of the forego- 
ing long diviſor — 2, 5284 + 360 + 1, 4044 + 1, 640 + 9784 + 
408a¹ u + 1244*%x* + 24a‘ + Zz, (which, for the ſake of brevity, we will 
call D,) into gaa, and which is conſequently equal to 5aa D; and the remain- 
der will be the compound quantity 15,1504% + 5,4154'x* — 9,5044%%* — 

14, 05 24 
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14,052a%* — 10,88 3¹ — 3, 382 1,9683 ** — 5$164*x", which we will 
call R. This remainder, together with the compound quantity that is equal to 
aa D, by the ſubtraction of which from the compound quantity — 12,625 + 
16,950a% + 12.435 — 1, 30 4a — 9,16204%* — 8,7484 — 4,7 62x 
— 1,848a˙ n — FOI4 X', or A, it was produced, muſt, from the nature of the 
operation of ſubtraction, be equal to the ſaid compound quantity A, from which 
the ſubtraction was made, or to the left-hand fide of the Jaſt equation. They 
may therefore be ſubſtituted inſtead of that compound quantity in the ſaid 
equation. And, if they are ſo ſubſtituted, the equation will be as follows, to 
wit, the compound quantity — 12,625 + 1,8004% + Y, 204 + 8,2004"z8 
+ 4,890a%4* + 2,0404%x* + 620a%* + 1209%" + 15a" together with the 
compound quantity 15,150a% + 5,4154'x* —= 9, o — 14,0520"x* — 
10,7884 — 5, 3824 — 1,9684% — 516˙ , will be = goax? + gx"? 
Now let the compound quantity 15, 1 S + 5, 418̊ . — 9, 04a — 
14,0524%x* — 10,7884%x* — 3, 38 24 — 1,9689%x — 5164*x* be ſubtracted 
from both ſides of the equation. And we ſhall then have the compound quan- 
tity — 12,6254”? + 1,800a% + 7,0204%x* + 8,20097%3 + 4, 8 90a + 
2,040a%* + b204%* + 1204%x + Ian = the compound quantity — 
15, 1 50 — 5,41 5 + 9,5044%x* + 14, 052 + 10,7884%x* + 5,38 24˙˙ 
+ 1,9684%x + 5164*x* + goa + , or 5aaD = — R + goax? + gx". 


Art. 67. Now both the ſides of this laſt equation may be divided by the 
compound quantity — 2, 5254 + 3604%x + 1, 404 + 1,6404%x* + 9784*x* 
+ 408˙ -» + 1244. + 244% + 3x*, or D, without a remainder ; and the 
quotient of the diviſion of the firſt, or left-hand, fide'of this equation, to wit, 
the compound quantity. — 12,62 54 + 1,800a% + 7,020a*x* + 8,2004'x* 
+ 1,8 90a + 2, 40a + G2 + 1204%? + 15d*x*, or gaaD, by the 
ſaid diviſor D, will be the ſingle quantity 54; and the quotient of the diviſion 
of the ſecond, or right-hand, fide of this equation, to wit, the compound quan- 
tity — 15,1504% — 3, 41 f + 9,5044%x* + 14,0524%* + 10,7884 + 
5538 2 + 1,9684%x" + 5164*x" + goax? + gx“, by the ſame diviſor D will 
be the binomial quantity 6ax + gxx. But, when two equal quantities are di- 
vided by the ſame diviſor, and there are no remainders to the diviſions, it is 
evident that the quotients of ſuch diviſions muſt be equal to each other, There- 
fore the ſecond quotient 6ax + 3xx muſt be equal to the firſt quotient 5aa, 
or the quadratick equation 6ax +' 3xx = 5aa, or 3xx + 6a = gaa, mult 
be a true Propoſition, E. b. 


Art. 68. The ſeveral operations of Multiplication, Subtraction, and Diviſion, 
_ have been mentioned in the two foregoing articles, may be performed as 
ollows : 
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= 0.791,626,8 x a. And that this quantity will be the root of this equation 
will be evident, without reſolving the equation, by ſubſtituting the ſaid quan. 
tity inſtead of x in the compound quantity 360 + 1,4044%* + 1,6404 
+ 9784*%x* + 4084'x#* + 1244*x#k* + 244 + z, which forms the left-hand 
ſide of the ſaid equation. For we ſhall find, upon making this ſubſtitution, 
that the value of the ſaid compound quantity reſulting from it will be very 
nearly equal to 2, 5 2549, or the abſolute term of the ſaid equation. This ſubs 


ſtitution may be made as follows: 


c 


If x be = 0.791,626,8 X a, we ſhall have 

xx (= 6.791, 620,8 K a = 0.791,626,8\* X 4˙ = 0.626,672,990 X 4, 
and x* (= 0.791,026,8 X 4) . 791, 626,8 X &) = 0.496,091,133 X 4, 
and x* (= 0.791,020,8 X 4)* = o. 791, 626, 8)“ X af) = 0.392,719,036 X af, 
and & (= 0.791,626,8 & 4) = 0.79 1,620, 8) N = o. 310,886,913 X a, 
and * (= . 791, 0206, 8 X 4) = 0.791,026,8)* XK a*) = o. 246, 106, 412 X 46, 
and * (= 0.79 1, 626,8 X a)? = 0.791, 626, 87 Xa) = 0.194, 824,431 X a, 
and * ( 6.791, 26,8 X % = 0.791,626,8\" X a") = o. 154, 228,240 X . 


Therefore 360 will be (= 36047 X o. 791, 626,8 & a = 360 X 
0.791,626,8 x &) = 284.985,648,0 x 4.3 
and 1,4044*%* will be (= 1,4044* * o. 626,672, 990 X 4 = 
1, 404 X o. 626, 67 2, 990 x 4 = 879.848,87, 960 x 4; 
and 1,6403 * will be (= 1, 640 X o. 496, 91, 133 x & = 
1,640 X o. 496, 91, 133 x 40 813.589, 458, 120 x a*; 
and 97 8a will be (= 9784 x o. 392,719,036 x 4˙ = 
978 x o. 392, 19,036 K a*) = 384.07, 217,208 X a* ; 
and 4089*%* will be (= 4084 x o. 310, 886,9 13 x 4 = 
408 X o. 310, 886,913 x 4.) = 126.841, 860, 504 x a* ; 
and 1244˙ will be (= 1244 X 0. 246, 106, 412 X 4 = 
124 X 0. 246, 106, 412 x 4) = 30.517, 195, 88 x 4. 
and 24a, will be (= 244 x 0. 194, 824, 431 X 47 = 
24 X 0. 194, 824, 431 x 45) = 4.675, 786,344 x 43 
and zu will be (= 3 x o. 1 54, 228, 240 Xx 4) 
= 0. 462, 684,720 Xx a5. 
Therefore the whole compound quantity 360 + 1, 40 44˙ + 1,640 + 
9% d + 408 + 1244 + 24%“ + 3x* will be = 
: | 284. 
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p 284.98 5, 648, oo0 
+ 879.848, 877, 960 
+ 813.589, 458, 120 


+ 384.079, 217, 208 4 
< + 126.841,860, 504 
+ 30.517, 195, 088 a 
: + 4-675,786,344 X 4 
5 + 0.462, 684,720 a® 


ww.» > # + +5 + Þ 
D 


= 2525,000,727,944 a“; which is very nearly equal 
to the abſolute term 2, 5254 of the equation 360 + 1,404 + 1,640 
+ 9784 ¹0 + 408 α.W + 1244x* + 24% + 34 = 25254. And conſe- 
quently the quantity o. 79 1, 626,8 x @ mult be very nearly equal to the root 
of that equation. "Ip 
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Art. 70. We have now gone through the ſolution of Mr. Glenie's Problem 
by two different methods ; namely, firſt, by reducing the long equation of the 
roth order reſulting from the algebraick inveſtigation of the value of the line 
CH, or x, to a quadratick equation by the diviſion of its terms, {brought all 
to the ſame fide of the mark of equality, and conſequently made to be equal 
to o,) by the long diviſor D, and then reſolving the ſaid quadratick equation, 
and likewiſe giving a geometrical conſtruction of it; and, ſecondly, by reſolving 
at once the ſaid long equation of the 1oth order by the help of Mr. Raphſon's 
method of approximation, without any previous reduction of it to a lower or- 
der. And both theſe methods of reſolution have undergone as full an exami- 
nation and explanation as I have been able to give them. And now, upon 
the whole matter, I muſt beg leave to obſerve that, though the ſecond method 
is much more laborious than the former, on account of the many tedious ſub- 
ſtitutions of different quantities inſtead of x, which it is neceſſary to make in 
the terms of the ſaid long equation of the roth power, in the ſeveral proceſſes 
that occur in it, before we arrive at the accurate value of x, or CH, which we 
at laſt obtained, to wit, 0.632,993,15 &Cc X a, yet I think it deſerves to be 
preferred to the former method, on account of the greater fimplicity and per- 
{picuity of the reaſonings made uſe of in it than of thoſe which are employed 
in the firſt method. For, in the ſaid ſecond method there is no obſcurity what- 
ſoever that attends our ideas and reaſonings in any part of it; but we, firſt, 
diſcover, (by a few eaſy trials ſuggeſted by the conditions ot the Problem,) 

that 
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that the value of x which we are ſeeking, or which is equal to the line CH in 
fig. 2, mult be. ſomewhat greater than o.6 x a, and then, by gradual ap- 
proaches to it's more accurate value, we find it, firſt, to be nearly equal to, but 
ſomewhat greater than 0.63 X a, and, ſecondly, to be ſomewhat greater than 
0.632, 5 X @, and, laſtly, to be very nearly equal to 0.632,993.15 X @; and 
afterwards, by clear and plain reaſonings on the courſe of the increaſe of the 
compound quantity of ten terms which forms the left-hand fide of the ſaid long 
equation, while x increaſes from 0.632,993,15 X 4 to 1.03 X 4, (contained 
in art. 63, 54, 55, 56, and 57,) we diſcover that the ſaid long equation muit 
have allo another root that is greater than 0.632,993,15 X a, and which mult 
alſo be greater than 0.7177 Xx a, but leſs than 1.03 x a; and, laſtly, by the 
application of Mr. Raphſon's method of approximation, we find the ſaid greater 
root to be very nearly = 0.791,626,8 Xx 4. And in all theſe reaſonings and 
proceſſes, though they are attended with a great deal of labour and calculation, 
there is no ſubtlety or ambiguity whatſoever : but in the former method of re- 
ſolving the ſaid long equation, by reducing it by a divifion to a quadratick 
- Equation, there is a ſort of myſterious obſcurity that runs through it, and which 
I am afraid I have not been able in-irely to remove, notwithſtanding the en- 
deavours I have uſed to do fo in ſome of the foregoing articles; at leaſt I mult 
confeſs I feel a cloud of that fort ſtill hanging upon my own mind. And 
therefore, as Clearneſs and Perſpicuity of Conception form, in my opinion, 
the great merit and beauty of the Mathematical Sciences, I am forced to give 
a preference to the ſecond method of reſolving the ſaid long equation above 
the former method of reſolving it. It is, however, often expedient, in ſolving 
Problems of difficulty, to have recourſe to methods of different kinds, obſcure 
ones as well as clear ones, to enable us to diſcover the value of the quantity we 
are ſeeking. But clear methods alone can be juſtly conſidered as /cientifick. 


Cope 


A Recapitulation of the Proceſſes of the foregoing Reſolution of the final Equation 
16,9 50 + 12,43 5%, — 1, 3044 — 9,1620%* — 8,7484 — 4,7624%* 
— 1,8489%) — 501d%x* — goa — g = 12,62 f, Creſulting from the 
forezoing Algebraick Inveſtigation of Mr. Glenie's Problem,) by the Second Method, 
or that which proceeds direfly to determine the Value of x in the ſaid Equation 
itſelf, without previouſly reducing it to an Equation of a lower Order by a Diviſion. 


Art. 71. As I have declared in the foregoing article that I prefer the ſecond, 
or direct, method of reſolving the long equation 16,9504% + 12,43 5a — 
1,3044%%* — 9g,1624%x* = 8,7483 - — 4, 762 ᷣ — 1,8484 — 5014˙² — 
goax? — g = 12,6254", (reſulting from the algebraick inveſtigation of 
Mr, Glenic's Problem,) to the other method of reſolving it, which is grounded 


wal 
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on a reduction of it to a quadratick equation by a diviſion of it by a long com- 
pound quantity conſiſting of nine terms; and, as the proceſſes uſed in this fe- 
cond, or preferable, method of reſolution are many and tedious, and intermixcd 
with the long numbers reſulting from the ſeveral arithmetical computations 
employed in it, it will, I conceive, be agreeable to the reader, that, before l 
conclude this diſcourſe, I ſhould recapitulate and ſet down the feveral procefles 
of this reſolution in a ſhort and ſummary manner, and to as to exhibit them 
all, as much as poſſible, in one view. This may be done in the manser fol- 
lowing : 


This independent reſolution of the foregoing long equation of the 19th 
power is begun in art. 45, page 367 ; and the firſt ſtep taken in it towards 
diſcovering the length of the line CH in fig. 2, (which is here denoted by x.) 
is to ſuppole it to be equal to a, or DF, the given altitude of the triangle 
ABC, and to try whether the value of the ſum of the cubes of the two ſides 
of the ſaid triangle, which reſults from ſuch a ſuppoſition will be greater, or 
will be leſs, than 244?, or three times the cube of the given baſe BC; and the 
reſult is, that the ſum of the cubes of the two fides of the faid triangle reſult- 
ing from this ſuppoſition will be = 34.050 x 4, which is greater than 2 45, 
or 3BC?, Therefore @ mult be greater than CH. 


We then ſuppoſed, in the ſecond place, (in art. 46, page 368,) that C H, 
or x, was equal to — and we tried what would be the value of the ſum of 


the cubes of the two ſides of the required triangle AB C upon this ſuppoſition. 
And we found that the value of the ſaid ſum upon this ſuppoſition would be only 


20.914 &c x @&*; which is leſs than 2445, or 3BC*. And thence we concluded 


that — or o. 5 X a, would be leſs than CH, or that C H would be greater 
than 0.5 X a. 


We then, in the 3d place, ſuppoſed x to be equal to — X a, Or 0.0 X 4, 


and tried what would be the value of the ſum of the cubes of the two ſides of 
the ſaid triangle reſulting from this ſuppoſition : and we found it to be 23.196 
&c X 45; which is but little leſs than 244% And hence we concluded that 
0.6 x a would be but little leſs than the true value of CH, or x, and would 
therefore be a proper quantity to be made the bafis of a further approach to the 
true value of CH, or x, in the foregoing long equation, by the rules of Mr. 
Raphſon's excellent method of reſolving equations by approximation. 


We then, in the 4th place, (in art. 47, pages 369, 370, and 37:,) ſubſti- 
tuted the binomial quantity 0.6 X 4 + 2 inſtead of * in the terms of the ſaid 
long equation, and found the new equation reſulting from ſuch ſubſtirution, 
(after omitting all the terms of it that involved any higher powers of 2 than it's 
[imple power, or 2 itſelf,) to be 13,926.997,032,96 X 4 = 410.531,704, 

358,4 
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410.531,704,358,4 „ a'® 

13,920. 997, 32, 90 a ? 
or 0.029 x 43 and conſequently «, or 0.6 x 4 + 2, to be = 0.629 x a, or, 
nearly 0.03 X-4. 


Me then, in the 5th place, (in art. 48, page g72,) ſubſtituted 0.63 x à in- 
ſtead of x in the compound quantity 16, 9 5 + 12,4354 — 1, 30447 — 
9,1624%a* — 8,7484%x* — 4,7624 — 1, 848a X“ — $010 s* oa — gx, 
which forms the firſt, or left-hand, fide of the foregoing equation of the 10th 
order, that we might thereby diſcover whether the value of the ſaid compound 
quantity reſulting from ſuch ſubſtitution would be greater, or leſs, than 12,6254", 
or the abſolute term of the ſaid equation: and we found that the ſaid reſult was 
= 12,591.587,735,258,5 Xx a'?, which is ſomewhat leſs than the ſaid abſolute 


258,4 x 4 by reſolving which we found 2 to be = 


term 12,6294. And thence we concluded that 0.63 Xx @ muſt be ſomewhat 
leſs than the true value of x in the ſaid equation. 


We then, in the 6th place, (in art. 49, pages 373, 374, 375, and 376, 
ſuppoſed x to be equal to the binomial quantity 0.63 x 4 + 2, and ſubſti- 
tuted the faid binomial quantity inſtead of x in the terms of the foregoing long 
equation, omitting all thoſe members of the ſeveral powers of the ſaid bino- 
mial quantity which involved in them any higher powers of z than the ſimple 
power, or 2 itſelf; and we found the new equation reſulting from ſuch ſubſti- 
tution to be 11,187.583,882,281,8 x 4% = 33.037,133,728,3 x 4; by 

33-037,133,728,3 & 4 
11, 187.583, 882, 281,8 x a? 


reſolving which equation we found z to be (= 


8 5 = 0.002,95 Xx 4. And hence it followed that x, or 


0.63 x 4 + 2, muſt be = 0.63 x 4 + 0.002,95 * 4 = 0.632,95 X 43 
which is a pretty near value of x, the four firſt figures of it, to wit, 0.6329, 
being exact. 


We then, in the jth place, (in art. 50, pages 376 and g77,) ſubſtituted 
0.632,95 x à inſtead of x in the terms of the compound quantity 16, 9 5 
+ 12,435 — 1,3044% — 9, 1624 — 8,7484 — 4,7620%* — 
1,8484 — 60129 — goa — ge, which forms the firſt, or left. hand, ſide 
of the foregoing equation of the 1oth order, that we might thereby diſcover 
whether the value of the ſaid compound quantity reſulting from ſuch ſubſtitution 
would be greater, or would be leſs, than 12,62 54, or the abſolute term of the 
ſaid equation: and we found that the ſaid reſult was = 12,624.5 30,037,788 
*, which differs by leſs than @**, or 14, from the ſaid abſolute term 12,62 54“. 
And we thence concluded that 0.632,95 x @ would be ſomewhat, though but 
very little, leſs than the true value of x in the ſaid equation. 


And we then, in the 8th and laſt place, (in art. 51, pages 377, 378, 379, 
and 380,) ſuppoſed æ to be equal to the binomial quantity 0.632,95 x 4 + 2, 
and ſubſtituted the ſaid binomial quantity inſtead of x in the terms of the fore- 


going long equation, omitting all thoſe members of the powers of the ſaid bi- 
| nomial 
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nomial quantity which involved in them any higher powers of 2 than its ſimple 
power, or 2 itſelf; and we found the new equation ariſing from ſuch ſubſtitu- 
tion to be 10, 890.998, 177,964 4 = 0.469,962,212 4% by reſolving which 
0.469,962,212 
10,899. 998,177,964 
And hence it followed that x, or o. 63 2, 95 X a + z, muſt be (= o. 632,95 
X a + 0.000,043,15 X42) = o. 632, 993, 1; X42; which is a very near value 
of x, the ſeven firſt figures of it, to wit, o. 632, 993,1, being exact. And, if 
we were to carry this proceſs of approximation to the true value of x one flep 
further, it would give us the ſaid value exact to about fifteen figures. 


* a) = 0.000,043,15 X &. 


equation we found z to be (= 


We then (in art. 52, pages 380, and 381,) derived from this value, 0.632, 
993,15 X a, of the line x, or CH, the correſponding values of / az + xx 


and / 5aa + 4ax + xx, or of the ſides AC and AB of the triangle ABC, 
which we were required to deſcribe; and found them to be equal to a X 
I. 400, 680, 327, 946, 922,5 and a X / 7.932,052,927,946,922,5 reſpectively, 
or to 1.183,503,41 Xx à and 2.8 16, 496, 55 x @ reſpectively ; the cubes of 
which are 1.657,709,893 x a and 22.342,289,740 x a*. And theſe cubes, 
being added together, were found to be equal to 23.999,999,633 & 45; which 
is very nearly equal to 244*, or 3BC?, agreeably to the conditions of the Pro- 
blem. And we thence concluded that 1.183,503,41 X @ and 2.816,496,569 X 4 
were very nearly equal to the true values of the tides AC and AB of the tri- 
angle ABC, which we were required to deſcribe. d. E. 5. 


And thus the Problem that had been propoſed before in art. 20, page 345, 
was compleatly ſolved without the help of Mr. Glenie's Conſtruction, and 
without reducing the equation of the roth order reſulting from the algebraick 
inveſtigation of the ſaid Problem, to an equation of a lower order, 


Art. 72. We then proceeded to make ſome further obſervations upon the long 
equation 16, 950 + 12,4354%x* — 1,3044%x* — 9,1624%* — 8,7484 — 
4,762a%x* — 1,8484%? — 5014%x* — goax? — ga" = 12,6254", which we 
had before reſolved, and of which we had found the quantity 0.632,993,15 
&c X a to be a root. And we ſhewed that this equation mult have alſo an- 


other root that would be greater than the former, and greater alſo than 0.7177 
X a, but leſs than à + 785 * a, or 1.03 X 4. This 1s ſhewn by juſt rea- 


ſonings on the neceſſary increaſe of the compound quantity 16, 9 5a + 
12,4354 — 1, 30 4a — 9, 1624 — 8,7483 — 4,2% — 1,8484%? 
— 5014*x* — goax? — gx“ from nothing to a certain magnitude, and the ſub- 
ſequent decreaſe of it from that magnitude to nothing, while x increaſes from 
o to 1.03 X a, Which is it's magnitude when the ſum of the eight terms 
1,3044%x*, 9,1624%x*, 8,7484%x*, 4,762a%"f, 1,8489%x", 5014*x", goax?, and gx"? 
of the ſaid compound quantity, (which are marked with the ſign —, or are 
ſubtracted from the two firſt terms 16, 9 5 and 12, 43 5%j , of the ſaid 
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compound quantity,) is become equal to the ſum of the ſaid two firſt terms 
16,9504% and 12, 433, from which they are ſubtracted. And it is further 
ſhewn that the greateſt magnitude, to which the ſaid compound quantity will 
have attained during the ſaid increaſe of x from o to 1,03 X a, is that which 
it has when the ſum of the infinitely ſmall increments of the eight terms 
1,30447x*, 9,162a%x+, 8, 7484, 4, G24, 1,8484%", 50 14˙ „ goax?, and gx“ 
is become equal to the ſum of the contemporary infinitely ſmall increments of 
the two terms 16, 90a and 12,43 F ; at which time x is, nearly, equal to 
0.7177 X a, and conſequently the ſaid compound quantity is equal to 
(13,120.743,316,248 X 4, or, nearly,) 13,1214, Theſe things are ſhewn 
in art. 53, 54, 55, and 56, pages 381, 382, 383, 384, 385, and 386. And 
from theſe articles it follows, that, while the ſaid compound quantity decreaſes 


from 13,1214 (which is greater than 12,625@'?, or the abſolute term of the 


foregoing long equation, ) to o, or the quantity x increaſes from 0.7177 x @ to 


1.03 Xx a, the ſaid compound quantity muſt become a ſecond time equal to 


12, 62 349, or the abſolute term of the foregoing equation; and it follows like- 


wiſe that the value of x at that time muſt be greater than 0.7177 x a, but 


leſs than 1.03 x 4; that is, in other words, the equation 16,9504% ＋ 
12, 435 K* — 1,3044'x* — 9,1624%x* — 8,7484 — 4,7629%* — 1,8480%" 
— 5014*x* — goa — gx'? = 12,6254"? muſt have a ſecond root beſides that 
already found, or, 0.632,993,15 &c Xx a, and that the ſaid ſecond root muſt 
be greater than 0.7177 X-4, but leſs than 1.03 x 4. And we then proceeded 
to inveſtigate the magnitude of the ſaid ſecond root in the following manner: 


Art. 73. By reaſoning on the comparative magnitudes of the increments of 
the binomial quantity 16,950a% + 12,4354a* and the oftinomial quantity 
1,3044)x* + 9g,1624%* + 8,7489%x* + 4, 62 + 1,8484 X + 501˙¹⁷ + 


gor + gx"* before and after x has attained the magnitude of 0.7177 x 4, 


(which is it's value when the ſaid increments are equal to each other,) we diſ- 
covered, that, when the compound quantity 16,9 50%, + 12,4354 — 
1, 30 4a = 9, 1624“ — 8,7483 — 4, 702 — 1,8480%x) — 5014 — 
goa — gx", after having been equal to 13, 1214 when x was equal to 
0.7177 X a, has decreaſed to 12,6234, which was it's magnitude when x was 
equal to 0.632,993,15 &c Xx a, or has undergone a decrement equal to it's in- 
crement during the increaſe of x from 0.632,993,15 &c X @ to 0.7177 X a, 
the increment of x during the time of the ſaid decreaſe of the ſaid compound 
quantity will be leſs than the former increment of x during the increaſe of the 
{aid compound quantity from 12,62 54 to 13,1214"? But that former incre- 
ment of x was from 0.632,993,15 &c Xx 4, to 0.7177 X a, and conſequently 
was equal to the excels of 0.7177 x à above 0.632,993,15 &c X a, or (nearly) 
above 0.6330 x a, that is, to 0.0847 Xx a. Therefore the increment of x 
during the time of the decreaſe of the ſaid compound quantity from 13,1214" 
to 12,625 will be lefs than 0.0847 x 4; and conſequently the magnitude of 
x at the time that the ſaid compound quantity becomes a ſecond time equal to 
12,2 5a. will be lels than 0.7177 x @ + 0.0847 Xx a, or than 0.8024 X a, 


or (neglecting the two laſt figures,) than 0.80 x a; or, in other words, the 
| | greater 
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greater root of the equation 16, 9 50 + 12,4354 ͤ — 1,3044x* = 9, 1624⁰ * 

— 8,7484%x* — 4, 70]: — 1,848, — 501] — goax? — gr = 

12,62 5a will be leſs than 0.80 X a. We therefore conjectured that it would 
be nearly equal to o. 79 x 4. 


And, ſecondly, when we had thus pitched upon 0.79 x à for our firſt con- 
jectural value of the greater root of the ſaid equation, we tried the truth, or 


juſtneſs, of our conjecture, by ſubſtituting 0.79 x à inſtead of x in the terms 


of the compound quantity 16,9 5% + 12,435“ — 1, 3044 — , 1624˙ 
— 8, 7484˙⁰˙⁰ — 4, 2 — 1,848 3˙“ — sO a“ — goa — gx, which 
forms the firft, or left-hand, fide of the ſaid equation, in order to fee how near 
the value of the ſaid compound quantity would approach to 12,62 fa“, or the 
abſolute term of the ſaid equation, and to diſcover whether it would be greater 
than the ſaid abſolute term, or leſs than it. And we found that the value of 
the ſaid compound quantity reſulting from this ſubſtitution was 12,647.728, 
648,483 X 4 which is a little greater than 12,62 54, or the abſolute term 
of the ſaid equation. And hence, as it had been before ſhewn, that while x 
increaſes from 0.7177 X a to 1.03 Xx 4, the faid compound quantity decreaſes 
continually from 13, 1214 to o, we concluded that 0.79 x à would be ſome- 
what leſs than the true value of the greater root of the ſaid equation. This 
ſubſtitution was made in art. 58, pages 387 and 388, 


We therefore, in the 3d place, (in art. 59, pages 388, 389, 390, and 3g1,) 
ſuppoſed x to be equal to the binomial quantity 0.79 x 4 + E, and ſubſti- 
tuted the ſaid binomial quantity inſtead of x in the terms of the equation 
16,9 50 + 12,4354%x* — 1,30447x* — 9,1624*%x* — 8,7489%x* — 4,7624%%x* 
1,848 a˙ — 501d'x* — goax? — gx? = 12, 62 54, omitting all thoſe 
members of the ſeveral powers of the binomial quantity 0.79 x @ + 2 which 
involved any higher powers of 2 than it's ſimple power, or z itſelf; and we 
found the new equation reſulting from ſuch ſubſtitution to be 15,289 547, 
896,564 a% = 22.728, 648,483 4 whence it followed that z was = 
22.728, 648,483 
15,289. 547,896,564 
will be (= 0.79 x 4 + 0.001,48 x 4) = 0.791, 48 x a, or the greater 
root of the foregoing equation will be nearly equal to 0.791,48 X 4. Q. E. 1. 


X a, or 0.001,48 x a. Therefore x, or 0.79 x @ + 2, 


We then, in the 4th place, (in art. 60, pages 391, and 392,) ſubſtituted 
0.791,48 Xa inſtead of x in the compound quantity 16, 9 5 + 12,43 Fa 
— 1,3044'x* — 9, 1624˙% — 8,7483 — 4, 762 u' — 1,848 r — god's? 
— 9goax9 — gx“, in order to diſcover whether the value of the ſaid compound 
quantity reſulting from ſuch ſubſtitution would be greater, or would be les, 
than 12, 6234, or the abſolute term of the foregoing equation, and conſequently 
whether 0.791,48 x @ was leſs, or was greater, than the true value of the greater 
root of the ſaid equation : and we found that the value of the ſaid compound 
quantity reſulting from that ſubſticution was 12, 627.074, 387, 143 x 4 which 
is greater than 12, 62 54, or the abſolute term of the foregoing equation, but 


36 2 | exceeds 


_ _ "2: = A 
2 S + 2 - = — F 5 _- * = — _ = — 
+=. | IS & . =. — - gy" ” 7 - 
- ao 4 — 2 = — + Vp -- "ES =_ £1 <” n——__— ” 
V — "4 4 A — — —- _ a 2 220 2 
- . *- "EE 


a. LEE —— 


| 

14 

1 

4 

ya 

if 

MM 
8 
1 
my 
94 
8 
"ms 
ny | 
; 1 
7 
"FB 
My 
1 

11 

} 


E=>=S3 * — = > — E 


——_— 
= "=? 
* — 


— 
8 


22 


——* 


— . 2 


> 8 — 2 = b — 
— — — -. => 
Ir oe nm” —_ r= wi. oa — . I 


* 2 0 f „ : 
* - = - — - _— 
9% % -n . aw. , ³7[Äͤ ce. , - ow» 
as > — = 1 


412 MR. GLENIE'S PROBLEM, 


exceeds it by only the ſmall quantity 2.074,387,143 Xx a“, or the 6086th part 
of 12,62 fa. And we thence concluded that 0.791,48 Xx 4 muſt be ſome- 
what, though a very little, leſs than the true value of x, or the greater root of 
the foregoing equation. 


Me then, in the 5th place, (in art. 61, pages 393, 394, and 395,) ſuppoſed 
x to be equal to the binomial quantity 0.791,48 Xx @ ＋ 2, and ſubſtituted 
the ſaid binomial quantity, inſtead of x, in the terms of the equation 16,9 504% 
+ 12,4354 — 1, 30 4a. — 9, 1623 — 8,7484%x* — 4,7624%x* — 1, 84817 
— 5014*x* — goax? — 9x? = 12,62 5, omitting all thoſe members of the 
ſeveral powers of the binomial quantity 0.791,48 Xx @ + 2 which involved in 
them any higher powers of z than it's ſimple power, or z itſelf; and we found 
that the new equation reſulting from ſuch ſubſtitution was 14,122.028,479,212 
Xx a = 2.074, 387,43 Xx 4; whence it followed that z was (= 
2.074,387,143 X 2 
14,122.028, 479,2 12 
will be (= 0.791,48 & 4 + o. ooo, 146,8 X a) = o. 791, 626,8 x a; that 
is, the greater root of the foregoing equation will be very nearly equal to 
. 791, 626,8 X a. . E. I. | 


= 0.000,146,8 x 4. Therefore x, or 0.791,48 x @ + 2, 


And this value of the ſaid greater root of the foregoing equation is, pro- 
bably, exact in the firſt ſix figures 0.791,626, and, perhaps, alſo in the laſt 
figure 8. And if we were to carry this proceſs of approximation to the true 
value of this greater root of the ſaid equation one ſtep further, by ſuppoſing x to 
be equal to the binomial quantity 0.791,626,8 x 4 + 2, and ſubſtituting the 
ſaid binomial quantity inſtead of x in the terms of the ſaid equation, it would 
give us the ſaid value exact to about thirteen figures. 


Theſe inveſtigations of the values of the two roots of the foregoing long 
equation of the 1oth order ſeem to be excellent illuſtrations of the utility of 
Mr. Raphſon's method of reſolving equations of high orders by approximation. 


N. B. The foregoing Problem of Mr. Glenie had been propoſed in The 
Ladies Diary for the year 1794, page 48, in the words following: 


In the Palace of one of the Perſian Kings, it is ſaid there was a triangular area, 
ſuch, that the cubes on two of the fides were, together, equal to thrice the cube on the 
third fide, (which was 200 feet in length,) and that the area itſelf contained 10,000 
ſuperficial feet. Suppeſing this to have been really the caſe, it is required to conſtruit 
the triangle by common, or plane, Geometry. | 


And in the Ladies' Diary for the year 1795, there were publiſhed Mr. Glenie's 
own Conſtruction of this Problem, (which has been given above in art. 1, 
page 333) and two other Conſtructions of it by other perſons. 


, End of the Examination and Inveſtigation of Mr. Guenit's Problem, 


AN 


IMPORTANT PROPOSITION 


CONCERNING 


The Aſymptotick Areas of an Equilateral Hyperbola; 


FROM WHICH IT FOLLOWS, 


That they are Logarithms, or Meaſures, of the Ratios of the Ordinates 


that bound them. 


Demonſtrated by the late Dr. WILLIAM RIDLINGTON, L. L. D. formerly 
Fellow of Trinity-Hall in the Univerſity of Cambridge, and Profeſſor of Civil Law 
in the ſame Univerſity. 
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OF THE 


ASYMPTOTICK AREAS OF AN HYPERBOLA. 


A PROPFESETLOR 


T ET DME. be the curve of an Equilateral Hyperbola, of which C is 

the center, and CAP Ba is an aſymptote. And let CA, CB, Ca, 
and CE be four portions of the ſaid aſymptote, of which the two latter, Ca and 
Ce, are to each other in the ſame proportion as the two former, CA and CB. 
And from the points A, B, a, and E, let the four right lines AD, BE, as, 
and be be drawn at right angles to the ſaid aſymptote CA Bas, and produced 
till they meet the curve of the hyperbola in the points D, E, 8, and :. Then 
will the mixtilinear, or aſymptotick, area ade 8, intercepted between the two 
latter ordinates a and Ee, be equal to the mixtilinear, or aſymptotick, area 
AD EB, intercepted between the two former ordinates AD and BE. 
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DEMONSTRATI O N. 
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Let the ordinates àd and s, be produced on the other fide of the aſymptote 
CAzt to the points 4 and e, which are at ſuch diſtances that ad ſhall be to the 
ordinate ad, and &e to the ordinate g e, in the ſame proportion as Ca is to CA, 
Then will the points 4 and e be ſituated in another equilateral hyperbola hav- 
ing the ſame center C, and the ſame aſymptote CAa8, as the former hyperbola, 
but with a tranſverſe axis that will be greater than the tranſverſe axis of the 
former hyperbola in the proportion of Ca to CA. Let dme be the curve of 
this ſecond hyperbola. 


Let P be any point in the aſymptote CA a t, ſituated between the points A 
and B, and let PM be an ordinate drawn from the point P, and meeting the 
curve of the firſt hyperbola in M. And from the points M and E draw the 
right lines ML and EN parallel to the aſymptote CA a s, and meeting the or- 
dinate AD in the points L and N. | 


Then, in the firſt place, ſince, by the conſtruction, ad is to a9 as Ca is to 
CA; and, by the nature of an hyperbola, AD is to a3 as Ca is to CA; it 
follows that ad will be to a9 in the ſame proportion as AD is to ad. And 
conſequently ad will be equal to AD. | 


In the line ad let 47 be taken equal to DL; and from the point / let the 
right line Im be drawn parallel to the aſymptote CA a, and meeting the curve 
dme of the ſecond hyperbola in m. And from the point e in the hyperbolick 
curve dme draw the right line ez parallel to the aſymptote CA a&, and meeting 
the right line a in ». And from the point in the ſaid curve draw the 
right line mT at right angles to the aſymptote CA «8, and meeting the ſaid 
aſymptote in the point x and the curve of the firſt hyperbola in the point . 


Then, fince, by the hypotheſis, CA is to CB as Cz is to Ce, it follows, 
permutando, that CA will be to Ca as CB is to Cs, and, invertendo, that Ca 
will be to CA as Ct is to CB. But, by the nature of the byperbola, Cs is 
to CB as BE is to s:. Therefore BE will be to s as Ca is to CA, But, 
by the conſtruction, e is to &: as Ca is to CA. Therefore es will be to s. 
as BE is to &. And conſequently es will be equal to BE. 


But 1a is equal to es, becauſe it is the oppoſite fide of a parallelogram ; 
and, for the ſame reaſon, AN will be equal to BE. Therefore » « will be 


equal to AN, 
But it has been ſhewn that ad is equal to AD. 


Therefore the exceſs of à d above ns will be equal to the exceſs of AD 


above AN; that is, d# will be equal to DN; and conſequently the two 
mixtilinear 
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mixtilinear figures ne and D NE will have the equal lines dz and DN for 
their baſes, 


Further, ſince Ca is to C8 as CA is to CB, and, conſequently, invertendo, 
Ce is to Ca as CB is to CA, it follows, dividendo, that CE — Ca will be 
to Ca as CB — CA is to CA, that is, as will be to Ca as AB is to CA. 
Therefore, permutando, a8 will be to AB as Ca is to CA. 


But ze is equal to as, and NE is equal to AB. 


Therefore ne will be to NE as Ca is to CA; that is, the greateſt ordi- 
nate of the mixtilinear figure e will be to the greateſt ordinate of the mixti- 
linear figure DN E as Ca is to CA. 


Further, the ordinate /m of the mixtilinear figure dne correſponding to the 
abſcils 41 of the bale 4 of the ſaid figure, will be to the ordinate LM of the 
mixtilinear figure DN E correſponding to the ablcils DL of the baſe DN of 
the ſaid figure, (which abſciſs is equal to the abſciſs 47 of the other figure,) in 
the ſame proportion of Ca to CA. For, ſince the point is ſituated in the 
ſecond hyperbola, of which all the ordinates to the aſymptote CA a & are greater 
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than thoſe of the firſt hyperbola in the ſame proportion of Ca to CA, we 
(hall have mm to v as Ca to CA, But mw is equal to Ja, being the op- 
poſite fide of the parallelogram Im Therefore Ja will be to -w as Ca is 
to CA. But Ja is =ad—d! = AD— DL = AL; and AL is equal 
to PM, becauſe it is the oppoſite fide of the parallelogram A LM P. There- 
fore P M will be equal to Ia, and conſequently will be to 7 as Ca is to CA, 
But, by the nature of the hyperbola, C is to CP as PM is to zH. There- 
fore Cn is to CP as Ca is to CA. Therefore, permutando, Cm is to Ca as 
CP to CA; and, dividendo, C — Ca is to Ca as CP —CA is to CA; 
that is, a * is to Ca as AP is to CA; and conſequently, permutando, am is 
to AP as Ca is to CA. But In is equal to an, as being the oppoſite fide 
of the parallelogram /mmT«; and LM is equal to AP, as being the oppoſite 
fide of the parallelogram ALMP. Therefore In will be to LM as Ca is 
to CA. 


And the ſime thing might be ſhewn of every other ordinate in the figure 


due and the correſponding ordinate, or ordinate belonging to an equal abſciſs 
of the baſe, in the figure DN E. 


Therefore the whole area of the mixtilinear figure 4ne will be to the whole 
area of the mixtilinear figure DNE in the fame proportion of Ca to CA. 


Further, becauſe the fide es of the rectangular parallelogram ni e is equal 
to the fide BE of the reQangular parallelogram AN E B, it follows that the 
former parallelogram will be to the latter as the ſide a of the former is to the 
ſide AB of the latter. But as is = CE — Ca, and AB is = CB — CA. 
Therefore the parallelogram nate is to the parallelogram AN E B as Ce - Ca 
js to CB — CA. But CE—- Ca: CB - CA:: Ca: CA. Therefore 
the parallelogrom za se will be to the parallelogram AN EB as Ca is 
to CA. | ; 


Therefore the mixtilinear area Ie is to the mixtilinear area DNE as Ca 
is to CA, and the parallelogram nabe is to the parallelogram AN E B in the 
ſame proportion of Ca to CA. Conſequently, by El. 5, 12, the ſum of the 
mixtilinear area ne and parallelogram nate will be to the ſum of the mixti- 
linear area DNE and the parallelogram ANEB in the ſame proportion of 
Cato CA; that is, the whole figure, or aſymptotick area, a e, of the ſecond 
hyperbola, will be to the whole figure, or aſymptotick area, DAB E, of the 
firſt hyperbola, in the ſame proportion of Ca to CA. 


But the ſaid aſymptotick area dag e of the ſecond hyperbola will alſo be to 
the aſymptotick area da of the firſt hyperbola in the ſame proportion of Ca 
to C A, becauſe theſe two areas have the line a& for their common baſe, and 
all the ordinates da, mm, es, of the former area are, by the conſtruction, 

reater than the correſponding ordinates ad, 2 , be, of the latter area in the 
Pd proportion of Ca to CA. 


- Therefore 
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Therefore the ſaid aſymptotick area dat e of the ſecond hyperbola will be 
greater than each of the two aſymptotick areas D ABE and dat: of the firſt 
hyperbola in the ſame proportion of Ca to CA. Therefore, by El. 5, 8, thoſe 
two aſymptotick areas of the firſt hyperbola muſt be equal to each other. 

Q. E. b. 


Dr. Ridlington added the following note to the foregoing demonſtration ; to 
wit, „“ N. B. This is a particular caſe of a more general Propoſition, which is, 
that, if the abſciſſæ of one curve are taken in a given ratio to the abſciſſæ of 
another, and their ordinates be at the ſame time in the reciprocal of that given 
ratio, the areas of the two curves will be equal, And this Propoſition is itſelf 
but a particular caſe of a ſtill more general Propoſition,” 


Dr, Ridlington was one of the moſt learned and acute mathematicians I ever 
was acquainted with; I mean, with reſpect to pure, or abſtract, Mathematicks, 
For he never would meddle with rational mechanicks, or phyſical aftronomy, 
or the reſiſtance of fluids, or the like ſubjects, on account of the ſubtleties and 
difficulties ariſing from the idea of force, He died at Nice in July, 1970, at 
about the age of 54 years. He never publiſhed any thing upon the Mathema- 

3H2 ticks, 
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ticks, though he would have been capable of explaining many parts of them, 
and particularly the Doctrine of Fluxions and the Quadrature of Curvilinear 
Figures, with great clearneſs and elegance, 


January 12, 1797. ng F. MASERES. 


This Propoſition is demonſtrated in a different manner, and without the in- 
tervention of a ſecond Hyperbola, in my Elements of Plane Trigonometry, 
art. 186, 187, and 188, pages 211, 212, 213, 214, 215, and 216; and ſome 
uſeful concluſions relating to Logarithms are deduced from it in the following 
articles, 189, 190, 191, 192, and 193, pages 216, 217, 218, 219, and 220, 
of the ſame book. The firlt Demonſtration of it was given by Gregory Saint 
Vincent, in the year 1647. As this Propoſition contains the very foundation of 
the connection that ſubſiſts between theſe Hyperbolick Areas and Logarithms, 
I have ſometimes been ſurpriſed to find that it is wholly omitted in ſeveral re. 
ſpectable treatiſes on the Conick Sections. | | 


TWO 


TWO PROBLEMS 


CONCERNING 


The Variations of the Ratio, or Proportion, of the Trinomial Quantity 


aa + 2ax + wx to the Trinomial Quantity aa — ax + ax, 


Upon a Suppoſition that @ denotes a Line of a given Magnitude, and that x 


denotes a variable Line that increaſes continually from nothing ad infinitum. 


By FRANCIS MASERES, Es q. F. R. 8. 


CURSITOR BARON OF THE COURT OF EXCHEQ YER. 
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TWO PEGS L EMS 


Concerning the Variations of the Ratio, or Proportion, of the Trinomial Quantity 
aa + 2ax + xx to the Trinomial Quantity aa — ax + xx, upon a Suppefition 
that a denotes a Line of a given Magnitude, and that x denotes à variable Line 
that increaſes continually from nothing ad infinitum. 


— . — 


PROBLEM I. 


Art. 1. ET a be a line of any given magnitude; and let x be another line 

that increaſes continually from nothing to greater and greater 
magnitudes without limit. Ir is required to determine whether the ratio, or 
proportion, of the trinomial quantity a@ + 2ax -þ xx to the trinomial quantity 
ag — ax + xx will hkewile increaſe at the fame time, without limit, or fo as 
to become greater than any ratio of majority how great ſocver, or whether it 
will only increaſe to ſome certain ratio of majority, and will afterwards decreaſe. 


Obſervations preparatory to the Solution of this 1/t Problem. 


Art. 2. Before we enter on the ſolution of this Problem, it will be neceſſary 
to premile the following obſervations, 


CO 


OBSERVATION l. 


The trinomial quantity aa + 24 + xx 1s always a poſſible quantity, what- 
ever be the magnitude of the variable line x, 


For, whatever be the magnitude of the variable line x, it is evidently always 
poſſible to add its ſquare, xx, and the rectangle, aar, contained under it and 
twice the given line a, to aa, or the ſquare of the given line a. And the ſum 
of theſe three quantities is the trinomial quantity a@ + 2ax + xx; which there- 


fore is always poſſible. q. E. P. 
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SIT ERYATION II. 
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The ſecond trinomial quantity ag — ax + xx is likewiſe always a poſſible 
quantity, whatever be the magnitude of x. 


For, in the 1ſt place, when x is leſs than the given line a, ax will be leſs 
than ca, and, d fortiori, will be lets than aa + xx, and conſequently may be 
ſubtracted from aa + xx; by which ſubtraction we ſhall obtain the quantity 
a + xx — as, or aa — ax + xx. Therefore the ſaid quantity 44 — ax + xx 

will, in this caſe, be a poſſible quantity, | 


2dly, When x is equal to a, ax will be equal to aa, and conſequently will 
be leſs than aa + xx, and therefore may be ſubtracted from it; by which ſub— 
traction we ſhall obtain the quantity 4 + xx — ax, or 44 — ax + ax, There. 
fore, when x is equal to 4, as well as when x is leſs than a, the trinomial quan- 
tity a@ — 6x + xx will be a poſſible quantity. 


And, 3dly, when x is greater than a, xx will be greater than ax; and con- 
ſequently, 2 forticri, xx + aa will be greater than ax. Therefore ax may be 
ſubtracted from xx + 4; by which ſubtraction we ſhall obtain the trinomial 
quantity xx + aa — ax, Or a4 — ax + ax. Therefore in this caſe, as well as 
when x was leſs than the given line @ or equal to it, the ſaid trinomial quantity 
aa — ax + xx will be a poſſible quantity. Therefore, whatever be the mag- 
nitude of the variable line x, the trinomial quantity 44 — ax + xx will always 


be poſſible. Q. k. d. 


OBSERVATION III. 


The firſt trinomial quantity aa + 2ax + xx will always be greater than the 
ſecond trinomial quantity a@ — ax + xx, and their difference will be equal to 
34x. So that, when x is of any magnitude, how ſmall, or how great, ſocver, 
the ratio of the trinomia] quantity 4 + 2ax + xx to the trinomial quantity 
aa — ax + xx will always be a ratio of majority, 


M_urouruurrpAmE_—I—I__uuuum______________________—— —  — 


OBSERVATION Iv. 


— 


But, though the ratio cf the firſt trinomial quantity, aa + 2 + xx, to the 


ſecond trinomial quantity, 23 — ax + x, is always a ratio of majority, yet, 
| when 
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when # is very ſmall in compariſon of the given line a, it will be a very ſmall 
ratio of majority, that will differ very little from a ratio of equality. For, 
when x is almoſt equal to nothing, or o, the ratio of aa ＋ 2ax + xx to 
aa — ax + xx will differ very little from the ratio of 4% + 24 X © + © x © 
to aa —- 4 X O +0 No, or of aa +0 +0 toa4—09 + o, or of aa to aa, 
which is a ratio of equality. And x may be taken of fo ſmall a magnitude in 
compariſon of @ that the ratio of the trinomial quantity 43 + 2ax + xx to 
a — ax + xx (hall come as near as we pleaſe to the ratio of aa to aa, or a 
ratio of equality. 


From. theſe obſervations it appears that the ratio of the trinomial quantity 
aa + 2% + ax to the trinomial quantity az — ax + x will always be a ratio 
of majority, and that it will begin to increaſe from a ratio of equality, as it's 
loweſt limit, and will ſucceſſively become equal to different finite ratios of ma- 
jority, as æ increaſes from o to different finite magnitudes. And the buſineſs of 
the preſent Problem is to determine whether it will increaſe ad infinitum, or fo 
as to become greater than any finite ratio of majority, how great ſoever, while x 
increaſes from o ad inſinitum, or whether there is ſome finite ratio of majority 
than which it can never become greater, 


pnm_— —Q______________—______C_______—_—_ 


OL UE ETON. 


— — ——— 


Art. 3. Now, in order to determine this queſtion, we muſt obſerve that, when 
x is much greater than a, as, for example, a million times as great, 2ax will 
be very much greater than aa, and xx very much greater than 2ar, and even 
than 2ax -+ aa, ſo that aa and ax and 24x may be confidered as almoſt equal 
to o in compariſon of xx. Therefore in this caſe the ratio of xx + 24 + aa 
to xx — ax J- aa will be very nearly equal to the ratio of xx + © + © to 
xx — © + ©, or of xxto xx, that is, to a ratio of equality. And x may be 
taken of ſo great a magnitude in compariſon of a, that the ratio of xx + 2ax 
+ aa to xx — ax + aa, or of aa + 2av + xx to aa — ax + xx, (hall come 
as near as we pleaſe to the ratio of xx to xx, or to a ratio of equality, There- 
fore, while the variable line x increaſes from o ad infnitum, the variable ratio of 
the trinomial quantity aa + 2a -+ xx to the trinomial quantity 24 — ax + xx 
will not increaſe continually ad ifinitum, or fo as to become greater than any 
finite ratio, how great ſocver, but will, firſt, increaſe from a ratio of equality, as 
it's loweſt limit, (or that to which it is equal when x is infinitely ſmall, or 
equal to o,) to ſome finite ratio of majority, than which it can never be greater, 
and will then decreaſe from the ſaid finite ratio of majority, while x increaſes 
further, and will gradually approach to a ratio of equality, and may be made to 
come as near as we pleaſe to luch ratio, by increaſing the magnitude of the ſaid 
variable line x ; which ratio of equality will therefore be it's higheſt limit, as 
well as it's loweſt limit. . 
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F THE VARIATIONS OF THE RATIO 


PROBLEM I. 
——— ——— 


Art. 4. To find the magnitude of the variable line x, when the ratio of the 
trinomial quantity 24 + 2ax -+ xx to the trinomial quantity 44 — ax + xx is 
the greateſt poſſible. | 


Ob ſervations preparatory to the Solution of this 2nd Problem. 


— — 


To ſolve this Problem it will be neceſſary to premiſe the following obſer- 
vations. | 


—ͤ——nn—̃—̃ — ä — — eeeeeeeeennneeeee——re—em———————s 
OBSERVATION I. 


If there be two quantities of the ſame kind, A and B, whereof the firſt, A, 
is either equal to, or greater than, the ſecond, B; and there be two other 
quantities, C and D, of the fame kind as the two former, that are to each 
other in the ſame proportion as A to B; the ſum of the firſt and third quan- 
tities will be to the ſum of the ſecond and fourth quantities in the fame pro- 
portion as the firſt quantity 1s to the ſecond ; that is, A + C will be to 
B+Da AistoB. 

This is demonſtrated in the 12th propoſition of the 5th book of Euclid's 


Elements. 
———— CP 


OBSERVATION I. 


If the proportion of C to D be not reſtrained to be the ſame as that of A 


to B, but be either the ſame, or any other proportion whatſoever, and D be leſs 


than B, and be ſubtra&ed from it, and C be added to A; the ratio of A + C 
to B — D will be greater than the ratio of A to B. 

For the ratio of A + C to B is evidently a greater ratio of majority than the 
ratio of A alone to B; and the ratio of A+ C to B - D is greater than the 
ratio of A + C to B. Therefore, à fortiori, the ratio of A +CtrtoB—D 


muſt be greater than the ratio of A to B, Q. E. p. | 
O BS E R- 
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OBSERVATION III. 


_———— —_—— — 


If C be greater than D, and in a greater proportion than A is greater than B, 
the ſum of A and C will be to the ſum of B and D in a greater proportion 
than A is to B. 


For, if the proportion of C to D be greater than that of A to B, che pro- 
portion of ſome quantity leſs than C to D vill be equal to the proportion of A 
to B. Let that quantity be C c. Then will A be to B as C - is to D. 
Therefore, (by Obſervation 1ſt,) A + C — c vill be to B + Das A is to B. 
But the proportion of A + C to B + D is greater than the proportion of 
A+C—ctoB+ D. Therefore the proportion of A + C to B + D will 
be greater than the proportion of A to B. „ 


-. 


— ̃̃ r — 


OBSERVATION IV. 


If C be greater than D, but in a leſs proportion than A is greater than B, 
the ſum of A and C will be to the ſum of B and D in a leſs proportion than 
that of A to B. 


For, if the proportion of C to D be leſs than the proportion of A to B, the 
proportion of ſome quantity greater than C to D will be equal to the proportion 
of A to B. Let that quantity be C + c. Then will A be to B as C +<c is 
to D. Therefore (by Obſervation iſt.) A + C + will be to B +DasA 
is to B. But the proportion of A + C to B + D is leſs than the proportion 
of A+C+ctoB+ D. Therefore the proportion of A ＋ C to B ＋ D 
will be leſs than the proportion of A to B. Q. E. 5. 


88S O0 LU f II O N. 


— — 


Art. 5. Theſe Obſervations being premiſed, we mult, in the next place, 
examine the variations of the two trinomial quantities a + 2ax + xx and 
aa — ax + xx, and of the proportion of the former of them to the latter, 
while x increaſes continually from o ad infinitum, 


212 *T Lo 
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Let us therefore ſuppoſe that x increaſes from o ad infinitum. by the continual 
addition of ſome very ſmall increment, as, for inſtance, of a line that ſhall be 
only the ten-thouſand millionth part of the given line @; which increment we 
will denote by &, or the letter x with a point placed over it. Then it is evi- 
dent, that, while x increaſes from any particular value of it to x + &, or it's 


next greater value, the rectangle ar will increaſe from ax to a X x + & or 


ax ＋ , and xx, or the ſquare of x, will increaſe from xx to x + A, or to 
xx + 2xX + XX, or (neglecting & on account of it's extream ſmallneſs in 
compariſon of 2xXx,) to xx + 2xX. Therefore the trinomial quantity a@ + 
2ax + xx will at the ſame time increaſe to the quinquinomial quantity aa + 2ax 
+ 20% + xx + 2x%, or to aa + 2ax + xx + 2 + 2x#; and the trinomial 
quantity aa — ax + xx will, at the ſame time, become equal to the quinqui- 
nomial quantity ag — ax — ax + xx + 2xX, Or aa — ax + xx = a + 2xX, 
Bur this change in the magnitude of this latter quantity will not always be an 
increaſe of it, but will ſometimes be a diminution of it. For, while x is leſs 


than —, 2xx will be leſs than ar, and conſequently aa — ax + xx — ax + 


. : £ | a 3 
2xx will be leſs than az = ax + xx: but, when x 1s greater than — a will 


be greater than ax, and conſequently a@ — ax + xx — ax + 2 will be 
greater than 24 — ax + xx. 


Therefore, if, when x is leſs than — , we denote the trinomial quantity aa + 


2ax + xx by A, and, it's increment, 22 + 2xx by C, and the trinomial 
quantity a@ — ax + xx by B, and the binomial quantity ax — 2xx by D, 
the quinquinomial quantity a@ + 22x + xx + 20% + 2xX will be equal to 


A + C, and the quinquinomial quantity ag — ax + xx — ax T 2xx will be 


equal to (2a — ar + xx — ax — za, or to) B — D. But (by Obſervation 
2d,) the proportion of A + C to B — D is greater than the proportion of 
A to B. Therefore the proportion of the quinquinomial quantity aa + 2a + 


xx + 2ax + 2xx to the quinquinomial quantity 23 — ax + #x — ax + 2x 
will be greater than the proportion of the trinomial quantity aa + 2ax + xx 
to the trinomial quantity 24 = ax + xx; and conſequently, while x increaſes 


a . . . . 
from o to , the proportion of the trinomial quantity as + a + xx to the 


trinomial quantity aa — ax + xx will continually increaſe. Q. E. I. 


Art. 6. When x is greater than — , 2xx will be greater than ax, and conſe- 
quently the quinquinomial quantity a4 — ax + xx — ax + 2xx will be greater 
than the trinomial quantity aa = ax + xx. Therefore while » increaſes from — 
6d 
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ad infinitum, the trinomial quantity aa — ax + xx will continually increaſe, and 


it's increment will be 2xx — ax. This increment we muſt now compare with 
the contemporary increment of the greater trinomial quantity a@ + 24 + xx, 


to wit, the increment 2ax + 2xx, in order to diſcover whether the ratio of the 
greater trinomial quantity a4 + 2ax + xx to the leſſer trinomial quantity 
aa — ax + xx will increaſe at the ſame time, or will decreaſe, or will, firſt, 


increaſe till x 1s become equal to ſome quantity greater than —, and then de- 


creaſe. This inquiry may be made in the manner following. 


Art, 7. The quantity zar + 28x, (which is the increment of the trinomial 


quantity as + 2ax + xx,) is to the quantity 2xx — ax (which is the contem- 
porary increment of the trinomial quantity a@ — ax + xx,) in the ſame pro- 
portion as 24 ＋ 2x to 2x —a, We mult therefore inquire, whether this pro- 
portion is greater, or leſs, than the proportion of thoſe two trinomial quantities 


themſelves at the inſtant that x is equal to =, and begins to increaſe from 
that magnitude to a magnitude greater than —_ 
. . a . 
Now, when x 1s equal to —, zar will be (= 22 x —) = aa, and xx will 


be = 2 and conſequently as + 2ax + xx will be (= aa + aa + — 


= 24 + — = S = 2 and as an + x will be (Bi 
ZIT TY) = &, Therefore at this inſtant of 
2 4 2 4 4 4 4 


time the proportion of the trinomial quantity a2 + 2ax + xx to the trinomial 


quantity 24 — ax + xx will be that of — * to = or that of 3 to 1, 


And at this time 24 ＋ 2x will be (= 24 + 2 „ —_ = 2 + 6} 36, 
and 2x — @ will be (= 2 x — — 4 Sa - a) So. And conſequently the 


proportion of the increment, 2ax + 2xx, of the greater trinomia] quantity 
aa + 2ax + xx, to the contemporary increment, 2xx — ax, of the leſſer trino- 
mial quantity aa — ax + xx, at the inſtant that x is equal to — will be that 
of za to o, or an infinitely great ratio of majority, and therefore will be infi- 
nitely greater than the ratio of 3 to 1, or of 5 to = „or of the trinomial 


quantity aa + 24x + xx to the trinomial quantity 34 — ax + xx. Q. E. I. 
| Art. 8. 
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Art. 8. Since, when x is equal to —, the proportion of 2ax + 2xx to 2rx 
= ax is infinitely greater than the proportion of aa + 2ax + xx to 4 — ox + 
xx, it follows that, when x 1s a little greater than _ the former proportion will 
be very much greater than the latter. Therefore, if, when x is equal to, or a 
little greater than, ＋ we put A for a@ + 2ax + xx, and C for it's increment 


2ax + 2xx, and B for aa — ax + xx, and D for it's increment 2xx — ax, 
the proportion of C to D will be much greater than the proportion of A to B, 
Therefore (by Obſervation 3d,) the proportion of A + C to B + D will be 
greater than the proportion of A to B; that is, the proportion of the quinqui- 


nomial quantity az + 2ax + xx + 2ax + 2xx to the quinquinomial quantity 


aa — ax + xx — ax + 2xx will be greater than the proportion of the trino- 
mial quantity 22 + 2ax + xx to the trinomial quantity a2 — ax ＋ xx, or, 
in other words, the proportion of the former of theſe trinomial quantities to the 
latter will increale. 1. 


Art. 9. And this increaſe of the proportion of the trinomial quantity aa + 
2ax + xx to the trinomial quantity a2 — ax + xx will continue as long as the 


proportion of the two increments, 2ax + 2xx and 2xx — ax, of the ſaid two 
trinomial quantities, continues to be greater than the proportion of the ſaid two 
trinomial quantities themſelves. And therefore, if the proportion of the ſaid 
increments were to continue greater than the proportion of the ſaid trinomial 


quantities themſelves during the whole increaſe of x from — ad infinitum, the 
proportion of theſe two trinomial quantities would continually increaſe from 


the ratio of 3 to 1, (to which it is equal, when x is equal to — ., to greater 


and greater ratios of majority during the whole increaſe of x from — ad infinitum, 


without ever decreaſing, 


But it has been ſhewn above, in art. 3, that the proportion of theſe two 
trinomial quantities will not increaſe continually in that manner while x in- 
creaſes ad inſinitum, but will increaſe only to ſome certain ratio of majority, 
(which it can never exceed,) and will then decreaſe from that ratio of majority 
till it approaches as near as we pleaſe to a ratio of equality. There will there- 


fore be a point of time, during the increaſe of the variable line x from — ad in- 


finitum, at which the ratio of the two increments 2ax + 2xx and 2xx — ax, or 
the ratio of 24 + 2x to 2x — 2, (which is equal to it,) will be equal to the 
ratio of aa + 2ax ++ xx tO 4 — ax + xx. We will therefore ſuppoſe 24 + 2x 

| . to 
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to be to 2x — 4 as aa + 2ax + xx is to aa — ox + xx, and will endeayour 
to find the value of x reſulting from this ſuppoſition, 


Art. 10. Now, if 24 + 2x is to 2x — 4 in the ſame proportion as a2 + 2ax 
+ xx is to a4 — ax + xx, we ſhall have 24 + 2x X aa — ax + Xx = 2x — @ 
* aa + 2ax + xx, But 2a + 2 X 44 — ax + xx is (= 24* — 24a + 


aaxx + 24ax — 2axx + 28) = 24* + 2* ; and 2x - 4 X aa o+ 24x + ax 
is (= 2aax + 4axx + 2x* — 4 — 2a — axx) = gaxy + 285 — 49. 
Therefore 24 + 2a* will be = gaxx + 2x* — 4, and (adding &* to both 
fides,) 34* + 2x? will be = gaxx + 2, and (ſubtracting 2x* from both 
fides,) 34* will be = gaxx, and (dividing both ſides by 3a) aa will be = xx. 
Therefore x will be = 4. | 


Therefore, when the ratio of the greater trinomial quantity aa + 2ax + xx 
to the leſſer trinomial quantity a2 — ox + xx is the greatett poſſible, the vari- 
able line x will be equal to the given line 4, a. 1. 1. 


Coroll. 1. The greateſt poſſible proportion of the trinomial quantity aa . 
24x + xx to the trinomial quantity 23 — ax + xx is that of 4 to 1, 


For, when x 1s equal to a, the trinomial quantity 23 + 2ax + xx is (= 
aa + 2aa + aa) = 4as, and the trinomial quantity 23 — ax + xx is (= 
aa — aa + aa) = aa; and 44a is to aa as 4 15 to 1. 


Coroll. 2, When x increaſes from à to any greater magnitude, the propor- 
tion of the trinomial quantity a@ + 2ax + xx to the trinomial quantity 22 — 
ax + xx will decreaſe from the ratio of 4aa to aa, or of 4 to 1, to ſome leſſer 
ratio of majority. 


When » is of any magnitude greater than , let the difference of it's ſaid 
magnitude from @ be denoted by the letter d, ſo that x ſhall be equal to @ + d. 
Then we ſhall have the trinomial quantity 4 + 2ax + xx (= aa + 24 X 


a + d + a + d)* = aa + 244 + 2ad + aa + 2ad 4 ad ) = 4468 + 4a⁴ 
+ dd, and the trinomial quantity aa — ox + xx (= aa — 4 N ＋˙ 4 + 


a + 4 = aa — aa — ad + aa + 2ad + dd) = aa + ad + dd. So that 
the increment received by the trinomial quantity & + 2ax + xx, while x in- 
creaſes from a to @ + 4, will be 4ad + dd; and the increment received by 
the trinomial quantity a@ — ax + x in the ſame time will be ad + dd. But 
the ratio of the increment 4d + dd to the increment ad + dd is a leſs ratio 
of majority than the ratio of 424 + 44d to ad + dd, or than that of 4 to 1, 
or of 449 to aa, or of the value of the trinomial quantity a@ + 2ax + xx to 
the value of the trinomial quantity az — 2ax + xx, when x is equal to a. 
Therefore, (by Obſervation 4th,) the ratio of the whole quantity 444 + 4ad 
+ 4d to the whole quantity 24 + ad + dd will be leſs than the ratio of 4aa 

to 
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to aa; that is, the ratio of the value of the trinomial quantity aa + 2ax + xy 
to the value of the trinomial quantity aa — ax + xx, when x is equal to 
a + 4, will be leſs than the ratio of the value of the former trinomial quantity 
to the value of the latter, when x is equal to 4; or the ratio of the former tri- 
nomial quantity to the latter will have decreaſed from the ratio of 422 to aa, 
or of 4 to 1, to the ratio of 4424 + 4ad + dd to aa + ad + dd, (which is 
leſs than the ratio of 42 + 4ad + 44d to a4 + ad + dd, or of 4 to 1,) while 
x has incieaſed from @ to 4 + 4. Q. E. D. | 


Coroll. 3. It follows from this alternate increaſe of the ratio of az + 2ax 
. xx to 4 — ax + xx from a ratio of equality, or an infinitely ſmall ratio 
of majority, to the ratio of 4 to 1, while x increaſes from o to a, and decreaſe 
of it from the ratio of 4 to 1 to a ratio of equality, while x increaſes further 
from a ad infinitum, that, if the ratio of aa + 2ax + xx to aa — ax + xx be 


of any magnitude leſs than the ratio of 4 to 1, or if the fraftion — kv Br, Kone 


be equal to any quantity leſs than , or 4, there will be two values of », the 


— ax + xx 


one leſs than a, and the other greater than a, that will make the fraction 


aa + 2ax + xx | X Ky OR 
Ir equal to the propoſed quantity. Thus, for example, if it be 
aa + 2ar + xx 
aa — ax + Xx 


be poſſible, and will have two roots, of which the one will be leſs, and the 


other will be greater than a. Theſe roots will be a x 2 — 4/3 and 4 x 
n be 


ag — ax + xx 


propoſed to make the fraction equal to 2, ſuch an equation will 


= 2, we ſhall 


2 + 3. For, if we ſuppoſe the fraction 


have aa + 2ax + xx = 2 X aa — ax + xx = 244 — 2ax + 2xx, There- 
fore (adding 2ax to both ſides,) we ſhall have 24 + 4ax + xx = 244 ＋ 2xx, 
and (ſubtracting ag + xx from both ſides,) we ſhall have 4ax = aa + xx, 
and (ſubtracting xx from both ſides,) 4ax — xx = aa, and (ſubtracting both 
ſides from 44a,) 444 — 4a + ax = 3aa, Therefore 2a — x will be = 


Ba =a Xx 3, and 24 will be =x ＋ 4 x v 3, and x will be = 24 — 
a2 x V3, ora X 2 — /3. And x — 24 will likewiſe be = 864 = 
a Xx V3, and conſequently x will be = a x V3 + 2a, or @ x{2 + V. 
Therefore either a * 2 — V3, or a X 2 + V 3, being ſubſtituted inſtead of 


x in the fraction = 2 _ =, will make the ſaid fraction equal to 2. And 


this will appear upon trial. For, if we ſuppoſe x to be = a x 2 = 1/3, 
we ſhall have ax (= 4a X 2 — 3) = 24a — 44 X 3, and 24x = 446 
— 244 x v3, and xx (= 44 X 4 4 XV3+3=aXxX7T—4Xws3) 
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= 744 — 4a X V3. Therefore aa + 26x + xx will be (= 4 + 444 — 
244 X 3 + Jaa—4aa X M3) = 1244 — baa x V3; and aa — ax + xx 
will be (= a@ — 244 — 4 X V3 + 7aa— 4% x 3 = aa — 2aa + 
aa X 3 + 7aa — 4aa X V3) = ban — gaa „ V3, and conſequently 


as + zar Þ+ xx 1 1244 — 6a X 53 
ag — ax + xx bad — 3aa X 3 


= 2. UK . 


And, if we ſuppoſe x to be = 4 X 2 + v 3, we ſhall have ax (= aa x 
2 + v3) = 2aa + aa x 3, and 2ax = 4aa + 24a X V3, and xx (= 


aa x 4 ＋ 4 Xx V3 ＋ 3 = aa X 7 +4 XV} = 7aa + 44 X V3. 
Therefore as + 2ax + xx will be = aa + 4a + 2aa x vg + 7aa + 
4a X V3 = 124 + baa x v3; and aa — ax + x will be (= aa — 24 
— aa X V3 + 74a + 4aa x V3) = ba + gaa X V3 ; and conſequently 


aa + 2ax + xx ll he = I2aa + baa X 73 pn 


2, 


aa — ax + xx G + 3aa Xx 3 © Us Re Do 
Sept. 24, 1795. 
—  k__p___ww_ 


N. B. The foregoing examination of the Variations of the Ratio, or Propor- 
tion, of aa + 2ax + xx to 44 — ax + xx while x increaſes ſrom o ad infini- 
tum, was ſuggeſted to me by the Rev. Mr. John Hellins, in conſequence of an 
anſwer given to a queſtion that had been propoſed by him in the Ladies“ Diary 
for the year 1794, in the words following, 


XIII, Queſtion 981, by the Rev. Mr. Jox HELIIXs. 


OO —————— .... —— 


It is propoſed to find the correct value of z from the equation z = = 


(where x and x begin together,) in ſeries, which ſhall converge when x is 
greater than 1 ; and to perform the whole by means of ſeries. 


Two anſwers were given to this queſtion in the Diary for the year 1795, one 
by Mr. Hellins himſelf, and che other by another perſon under the ſignature of 


+ 2ax + xx 


Amicus, It is in the latter anſwer that the variable quantity _ 


— ax + xx? 


which gave. riſe to the examination contained in the preceeding pages, was 
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made uſe of. I, however, had not ſeen it there, and had no knowledge of it 
till it was mentioned to me by Mr. Hellins. The Queſtion propoſed by 


Mr. Hellins is not a mere idle ſpeculation to try the acuteneſs and fagacity of 


Mathematicians, but occurred, as he informed me, in the Solution of a curi- 
ous and uſeful Problem in Phyſical Aſtronomy. Aud the foregoing examina- 


tion of the Variations of the Proportion of aa + 24 + xx to aa — ax + xx 


has alſo this further uſe in it, that it ſeems very well fitted to illuſtrate the prin- 


ciples of the curious, and often- times ſubtle and difficult, doctrine of fiading 


the maximums of variable quantities. 
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DEFINITION I. 


paralleles entre elles: toutes ces lignes ſont dites de meme ordre, ou de meme 
ordonnance ; et la multitude de ces lignes, eſt dite ordre de lignes, ou orden- 
nance de lignes, 


Obe pluſieurs lignes droites concourent au meme point, ou ſont toutes 


UUUUUCèHĩ˙L = = = —  — ——————— 
DEFINITION II. 


— —— —— 


Par le mot de Section de cone, nous entendons la circonference du cercle, 
ellipſe, Vhyperbole, la parabole et angle“ rectiligne: d'autant qu'un cone 
coupe parallelement a ſa baſe, ou par ſon ſommet, ou des trois autres ſens qui 
engendrent ellipſe, Phyperbole et la parabole, donne dans ſa ſuperficie, ou la 
circonference d'un cercle, ou un angle , ou l'ellipſe, ou Phyperbole, ou la 


parabole. | 
Cnn_— — Y_——______—_——_————— ————  — 
DEFINITION III. 


— — . ů—gͥ-»Aů.-lL. 


Par le mot de droile mis ſeul, nous entendons la ligne droite. 


Feut - etre devroit - on lire, le triangle. + Peut etre, un triangle. 
LEMME 
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Si dans le plan M SQ (Fig. 1.) du point M partent les deux droites MK, MV, 
et du point S partent les deux droites SK, SV; que K ſoit le concours des droites 
MK, SK; Vile concours des droites MV, SV; A le concours des droites M A, 
SA; le concours des droites MV, SK; et que par deux des quatre points A, 
K, h, V qui ne ſoient point en meme droite avec les points M, S, comme par les 
points K, V, paſſe la circonference d'un cercle coupant les droites MV, MP, SV, 


SK aux points O, P, Q, N: je dis que les droites MS, NO, PQ, ſont de 
meme ordre. | | 


_ K 


Si par la meme droite paſſent pluſieurs plans, qui ſoient coupes par un autre plan, 
toutes les lignes des ſeftions de ces plans ſont de meme ordre avec la droite par laquelle 
paſſent leſdits plans, 


Ces deux Lemmes poſes et quelques faciles conſequences d'iceux, nous de- 
- montrerons que les memes choſes etant poſees, qu*au premier Lemme, ſi par 
les points K, V paſſe une ſection quelconque de cone qui coupe les droites 
MK, MV, SK, SV aux points P, O, N, Q: les droites MS, NO, PQ 
ſeront de meme ordre. Cela ſera un troiſieme Lemme. 


Enſuite de ces trois Lemmes et de quelques conſequences d'iceux, nous don- 
nerons des elements coniques complets : ſavoir, toutes les proprietes des diame- 
tres et Cotes droits, des tangentes, &c., la reſtitution du cohfie preſq!!e lui toutes 
les donnees, la deſcription des ſections de cone par points, &c. 


Quoi faiſant, nous Enongons les propriétés que nous en touchons d'une ma- 
niere plus univerſelle qu'a Pordinaire. Par exemple, celle-ci : fi dans le plan 
MSQ, dans la ſection de cone, PK V, font inences les droites AK, AV 

| atteignantes 
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atteignantes la ſection aux points P, K, Q, V; et que de deux de ces quatre 
points qui ne ſont point en meme droite avec le point A, comme par les points 
K, V, et par deux points N, O pris dans le bord de la ſection, foient menees 
quatre droites K N, K O, VN, V © coupantes les droites AV, AP aux points 
L, M, T, S: je dis que la raiſon compolce des raiſons de la droite PM a la 
droite M A, et de la droite AS à la droite SQ , eſt la meme que la raiſon 
com poſëe des raiſons de la droite P L a la droite LA, et de la droite AT à la 


droite T Q. 


Nous demontrerons auſſi (Fig. 1.) que s'il y a trois drones DE, DG, DH 
que les droites AP, AR coupent aux points F, G, H, C, „, B; et que dans 
la droite DC ſoit determine le point E: la raiſon compolee des raiſons du 
rectangle EF en F G au rectangle de EC en Cy, et de la droite Ay a la 
droite A G, eſt la meme que la compolce des raiſons du rectangle de E F en 
E H au rectangle de EC en CB, et de la droite AB i la droite A H; et elle 
eſt auſſi la meme que la raiſon du rectangle des droites FE, FD, au rectangle 
des droites CE, CD. Partant fi par les points E, D paſſe une ſection de 
cone qui coupe les droites AH, AB aux points P, K, R, Y: la raiſon com- 

ſce des raiſons du rectangle des droites EF, FC, au rectangle des droites 

C, Cy, et de la droite y AA la droite AG, ſera la meme que la compoſce 
des raiſons du rectangle des droites FK, FP, au rectangle des droites CR, 
CY, et du rectangle des droites AR, AY, au rectangle des droites A K, AP. 


Nous demontrerons auſſi (Fig. 3.) que fi 
quatre droites AC, AF, EH, EL Sentre- 
coupent aux points N, P, M, O, et qu'une 
ſection de cone coupe leſdites droites aux 
points C, B, F, D, H, G, L, K: la raiſon 
compoſee des raiſons du rectangle de MC en 
MB, au rectangle des droites PF, PD, et 
du rectangle des droites AD, AF, au rect- 
angle des droites AB, AC, eſt la meme 
que la raiſon compoſee des raiſons du rect- 
angle des droites ML, M K, au rectangle des 
droites PH, PG, et du rectangle des droites 
1 E G, au rectangle des droites E K, 

. E. 


Nous demontrerons auſſi (Fig. 1.) la propriets ſuivante, dont le premier in- 
venteur eſt M. Deſargues, Lyonnois, un des grands Eſprits de ce temps, et 
des plus verſes aux Mathematiques, et entre autres aux Coniques, dont les 
Ecrits fur cette matiere, quoiqu'en petit nombre, en ont donné un ample té- 
moignage à ceux qui auront voulu en recevoir intelligence, Je veux bien 
avouer que je dois le peu que ai trouve ſur cette matiere A ſes Ecrits, et que 
J'ai tache d'imiter, autant qu'il m'a ere poſſible, ſa mEthode ſur ce ſujet qu'il a 
traitE fans ſe ſervir du triangle par Paxe, en traitant generalement de toutes les 

ſections 
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ſections de cone, La propriete merveilleuſe dont eſt queſtion eſt telle: Si dans 
le plan MSQ il y a une ſection de cone PQ, dans le bord de laquelle 
ayant pris les quatre points K, N, O, V, ſoient mences les droites KN, KO, 
VN, VO, de ſorte que par un meme des quatre points ne paſſent que deux 
droites, et qu'une autre droite coupe, tant le bord de la ſection aux points R, u, 
que les droites KN, K O, VN, VO aux points X, I, Z, 6; je dis que 
comme le rectangle des droites ZR, ZY eſt au rectangle des droites Y R, 
y Y, ainſi le rectangle des droites 9 R, à eſt au rectangle des droites X R, X x. 


222 B Nous demontrerons auſh (Fig. 2.) que fi dans 

le plan de Vhyperbole ou de Vellipſe, ou du cercle 

＋ AGTE, dont le centre eſt C, on mene la droite 

| AB touchante au point A la ſection, et qu'ayant 

mene le diametre AT, on prenne la droite AB, 

dont le quarre ſoit egal au quart du rectangle de 

la figure *, et qu'on mene CB; alors quelque 

Tg droite qu'on mene, comme DE, parallele a la 

; droite AB, coupante la ſection en E et les droites 

AC, CB aux points D, F: ſi la ſection AGE eſt 

une ellipſe ou un cercle, la ſomme des quarres des 

droites DE, DF ſera égale au quarre de la droite AB; et dans Phyperbole, la 

difference des mEmes quarres des droites D E, DF, ſera egale au quarre de la 
droite AB. 


ED 
3 


Nous dedutrons auſſi quelques problemes ; par exemple, d'un peint donné 
mener une droite touchante une ſection de cone donnte. 


Trouver deux diametres conjuguts en angle donné. 
Trouver deux diametres en angle douné et en raiſon donnee, 


Nous avons pluſieurs autres problemes et thEoremes, et pluſieurs conſequences 
des precedents ; mais la defiance que j'ai de mon peu d'experience et de capa- 
cite, ne me permet pas d'en avancer davantage avant qu'il ait paſſe a l' examen 
des habiles gens qui voudront nous obliger d'en prendre la peine: apres quoi 
fi Yon juge que la choſe mérite d' etre continute, nous effaierons de la pouſſer 
juſqu'on Dieu nous donnera la force de la conduire. 


# Par le rretangle de la figure, l Auteur entend le produit d un diametre par ſon parametre. 
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MACHINE ARITHMETIOQUE. 


A MONSEIGNEUR LE CHANCELIER *, 


MONSEIGNEUR, 


I le Public regoit quelque utililé de Pinvention que j'ai !rouvee pour faire toutes 
ſortes de Regles d' Arithmetique, par une maniere auſſi nouvelle que commode, il en 
aura plus d'obligation q votre Grandeur qu'a mes petits efforts, puiſque je ne ſaurots 
me vanter que de Pavoir congue, et qu'elle doit abſolument ſa naiſſance & Phonneur de 
vos commandements. Les longueurs et les difficultes des moyens ordinaires dont on ſe 


ſert wayant fait penſer @ quelque ſecours plus prompt et plus facile pour pr” | 


dans les grands calculs ou j'ai ete occupe depuis quelques amiees en pluſieurs affaires qui 
dependent des emplois dont il vous a plu honorer mon pere pour le ſervice de Sa Majeſte 
en la baute Normandie ; j employai d cette recherche toute la connoiſſance que mon in- 
clination et le travail de mes premieres 6tudes mont fait acquerir dans les Matbéma- 
tiques ; et, après une profonde meditation, je reconnus que ce ſecours toit pas impoſ- 
ſible q trouver. Les lumieres de la Ge:mtirie, de la Phyſique, et de Ia Mechanique 
men fournirent te deſſein, et waſſurerent que Puſage en ſeroit infaillible, fi quelque 
Ouvrier pouvoit former Pinſtrument dont javois imagine le modele. Mais ce fut en 
ce point que je rencontrai des obſtacles auſſi grands que ceux que je voulois éviter, et 
auxguels je cherchois un remede. N'ayant pas Finduſtrie de manier le metal et le 
marteau comme la plume et le compas ; et les Artiſans ayant plus de connoiſſance de la 
pratique de leur Ari que des ſciences ſur leſquelles il eſt fonde : je me vis reduit à 
quitter toute mon entrepriſe, dont il ne me revenoit que beaucoup de fatigues, ſans au- 
cun bon ſucces. Mais, Monſeigneur, votre Grandeur ayant ſoutenu mon courage, qui 
fe laiſſoit aller, et m' ayant fa't la grace de parler du fimple crayon, que mes amis vous 
avotent preſents, en des termes qui me le firent voir tout autre qui! ne mavoit part 
- auparavant : avec les nouvelles forces que vos louanges me donnerent, je fis de nou- 
veauæ efforts ;, et ſuſpendant tout autre exercice, je ne ſongeat plus qu'd la conſtruftion de 
cette petite Machine, que j'ai ofe, Minſeigneur, vous preſenter, apres Pavoir miſe en 
cat de faire, avec elle ſeule et ſans aucun travail deſprit, les operations de toutes les 
parties de P Arithme!ique, ſelon que je me PFiois prope/e. 


Ct denc à vous, Monſeigneur, que je devois ce petit eſai, puiſque eſt vous qui 
me Pavesz fait faire; et c't de vous auſſi que j'en attends une glorieuſe protection. 
Les inventions qui ne ſout pas cones, ont toujours plus de cenſeurs que d'approbateurs : 


* Pierre Seguier. 
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on blame ceux qui les ont trouutes, parce qu'on wen a pas une parfaite intelligence; et 
par un myjuſte frejuge, la diffculte que l'on Simagine aux choſes extraordinaires, fait 
aua lien de les confidsrer pour les eſtimer, on les accuſe d'impoſſibilite, afin de les 
rejetter enſuite comme impertinentes. D'aillturs, Monſeigneur, je mattends bien que 
farmi tant de doffes qui ont fenelre juſques dans les derniers ſecrets des Mathema- 
tigues, il pourra Sen trouver qui dabord eftiment mon action temeraire, vi gu'en la 
Jeuneſſe cd je ſuis, el avec fi peu de forces, j'ai ofe tenter une route nouvelle dais un 
champ tout heriſſe d"epines, et ſans avoir de guide peur m'y frayer le chemin. Mais 
je veu bien qu'ils maccuſent, et meme quils me condamnent, $ils peuvent juſtifier que 
Je wai pas tenu exactement ce que j avois promis; et je ne leur demande que la ſaveur 
Mexaminer ce que j'ai fait, et nen pas celle de Papprouver ſans le councitre. A., 
Mon ſeigneur, je puis dire @ votre Grandeur, que j'ai deja la ſatigfaction de voir mon 
petit Ouvrage, nom ſeaulement autoriſe de Papprobation de quelques-uns des principaux 
en celte veritable Science, qui, par une preference toute particuliére, a Pavantage de 
ne rien enſeiener quelle ne demontre, mais encore honore de leur eftime et de leur re- 
commandation : et que meme celui d'entre eux, de qui la plupart des autres admirent 
tous les jours et recueillent les productions, ne Pa pas juge indigne de ſe donner la 
peine, au milieu de ſes grandes occupations, d'en enſeigner, et la diſpoſition, et Puſage 
a ceux qui auront quelque defir de d'en ſervir. Cs ſont ld veritablement, Monſeigneur, 
de grandes recompenſes du temps que j'ai employes et de la depenſe que j'ai faite pour 
melire la choſe en Petat cd je vous Vai preſentee. Mais perme!tez-moi de flatter ma 
. wanite juſqu au point de dire, quelles ne me ſatisferoient pas entierement, ft je nen 
avois regu une beaucoup plus importante et plus delicieuſe de votre Grandeur. En 
effet, Monſeigneur, quand je me repreſente que cette meme bouche, qui pronouce tous les 
jours des oracles ſur le Trone de la Fuſtice, a daignẽ donner des tloges au coup d'eſſai 
d'un homme de vingt ans; que vous Paves juge digne d'etre plus d'une fois le ſujet de 
votre entretien, et de le voir place dans votre Cabinet parmi taht d autres choſes rares 
et precieuſes dont il eft rempli : je ſuis combie de gloire, et je ne trouve point de paroles 
pour faire paroitre ma reconnoiſſance a votre Grandeur, et ma joie d tout le monde. 


Dans cette impuiſſance, cd Pexcts de votre bonte m'a mis, je me contenterai de la 
reverer par mon ſilence : et toute la famille dont je porte le nom &tant intéreſoés auſſi- 
bien que moi, par ce bienfait et par plujietrs autres, a faire tous les jcurs des veux pour 
votre proſperue, nous les ferons d'un caur ſi ardent, et fi continuels, que perſonne ne 

% 


pourra ſe vanter diétre plus attache que nous d votre ſervice, ni de porter plus veri- 
tablement gue moi la qualité, Monſeigneur, de votre, Cc. 
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N'ceflaire d tous ceux qui auront curiofite de voir la Machine 


Arithmetique, el de gen ſervir. 


MI Lecteur: cet avertiſſement ſervira pour te faire ſavoir que jexpole au 

Public une petite Machine de mon invention, par le moyen de laquelle 
ſeule tu pourras, fans peine quelconque, faire toutes les operations de PArith- 
metique, et te ſoulager du travail qui Ya ſouventes fois fatigue Peſprit, lorſque 
tu as opere par le jeton ou par la plume: je puis, ſans preſomption, efperer 
qu'elle ne te deplaira pas, apres que M. le Chancelier I'a honoree de fon eſtime, 
et que dans Paris, ceux qui font le mieux verſes aux Mathematiques, ne Pont 
pas jugee indigne de leur approbation. Ncanmoins, pour ne pas paroitre negli- 
gent à lui faire acquerir auſh la tienne, j'ai cru Etre oblige de reclaircir fur 
toutes les difficultes que Jai eſtimees capables de choquer ton ſens, lorſque tu 
prendras la peine de la conſiderer, 


Je ne doute pas qu'apres Pavoir vue, il ne tombe d'abord dans ta penſèe que 
je devois avoir explique par écrit, et ſa conſtruction, et ſon uſage; et que, pour 
rendre ce diſcours intelligible, j'ẽtois meme oblige, ſuivant la methode des 
Geometres, de repreſenter par figures les dimenſions, la diſpoſition, et le rapport 
de toutes les pieces, et comment chacune doit ètre placëe pour compoler Pin- 
ſtrument, et mettre ſon mouvement en ſa perfection. Mais tu ne dois pas 
croire qu'apres n'avoir Epargne, ni le temps, ni la peine, ni la depenſe pour la 
mettre en etat de t'etre utile, jeuſle neglige d'employer ce qui Etoit neceffaire 
pour te contenter ſur ce point, qui ſembloit manquer a ſon accompliſſement, fi 
je n'avois été empeche de le faire par une conſideration fi puiſſante, que Jeſpere 
meme qu'elle te e de m'excuſer. Oui, Jeſpere que tu approuveras que je 
me fois abſtenu de ce diſcours, fi tu prends la peine de faire reflexion d'une 
part ſur la facilite qu'il y a d'expliquer de bouche, et d'entendre par une brieve 
conference, la conſtruction et Vuſage de cette Machine; et d'autre part fur 
Pembarras et la difficulte qu'il y evit eu d'exprimer par écrit les melures, les 
formes, les proportions, les ſituations, et le ſurplus des proprietts de tant de 
pieces differentes. Alors tu jugeras que cette doctrine eſt du nombre de celles 
qui ne peuvent Etre enſeignees que de vive voix; et qu'un diſcours par Ecrit en 
cette matiere ſeroit autant et plus inutile et embarraſſant, que celui qu'on em- 
ploieroit a la deſeription de toutes les parties d'une montre, dont toutefois l'ex- 
plication eſt ſi facile, quand elle eſt faite bouche à bouche; et qu'apparem- 
ment un tel diſcours ne pourroit produire d' autre effet qu'un infaillible degour 
en Veſprit de pluſieurs, leur faiſant concevoir mille difficultès on il n'y en a 
point du tout. 

| 3L 2 Maintenant, 
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Maintenant, cher Lecteur, j'eſtime qu'il eſt neceffaire de t'avertir que je prE- 
yois deux choſes capables de former quelques nuages en ton eſprit. Je fais 
qu'il y a nombre de perſonnes qui font proteſhon de trouver a redire par-tout, 
et qu' entre ceux+la il pourra sen trouver qui te diront que cette Machine pou- 
voit Ctre moins compolce ; c'eſt 1a la premiere vapeur que j'eſtime nëceſſaire 
de diſſiper. Cette propoſition ne peut t'ètre faite que par certains eſprits qui ont 
veritablement quelque connoiffance de la Mechanique ou de la Geometrie, 
mais qui, pour ne les ſavoir joindre Pune a Vautre, et toutes deux enſemble à 
la Phyſique, fe ſlattent ou fe trompent dans leurs conceptions imaginaires, et ſe 
perſuadent poſſibles beaucoup de choſes qui ne le ſont pas, pour ne poſſéder 
qu'une theorie imparfaite des choſes en general, laquelle n'eſt pas ſuffiſante de 
leur faire prevoir en particulier les inconvenients qui arrivent, ou de la part de 
la matiere, ou des places que doivent occuper les pieces d'une machine dont 
les mouvements font différents, aftin qu'ils ſoient libres et qu'ils ne puiſſent 
gempecher, les uns les autres. Lors donc que ces Savaats imparfaits te ſouti— 
endront que cette Machine pouvoit ecre moins compolee, je te conjure de leur 
faire la reponſe que je leur ferois moi-mè ne, $'ils me faiſoient une telle propo— 
ſition, et de les aſſurer de ma part que je leur ferai voir, quand il leur plaira, 
pluſieurs autres modeles, et meme un inſtrument entier et parfait, beaucoup 
moins compoſe, dont je me ſuis publiquement ſervi pendant fix mois entiers; 
et ainſi que je n'ignore pas que la Machine ne peut Etre moins compoſee, et 
particulicrement ſi j euſſe voulu inſtituer le mouvement de Voperation par la face 
antErieure, ce qui ne pouvoit Etre qu' avec une incommodité ennuyeuſe et in- 
ſupportable, au lieu que maintenant il ſe fait par la face ſuperieure avec toute 
la commodite qu on ſauroit ſouhaiter, et meme avec plaifir : tu leut diras auſſi 
que, mon deſſein n'ayant jamais viſe qu'à reduire en mouvement regle toutes les. 
operations de l' Arithmẽtique, je me ſuis en mème- temps perſuade que mon 
deſſein ne reuſfiroit qu*a ma propre confuſion, ft ce mouvement n'ëtoit ſimple, 
facile, commode et prompt a l'exẽcution, et que la Machine ne füt durable, 
ſolide, et meme capable de ſouffrir ſans alteration la fatigue du tranſport ; et 
_enfin que s'ils avoient autant mẽditè que moi ſur cette matiere, et paſſe par tous 
les cheinins que j'ai ſuivis pour venir à mon but, Pexperience leur auroit fait 
voir qu'un inſtrument moins compole ne pouvoit avoir toutes ces conditions que 
Jai heureuſement donnees a cette petite Machine. 


Car pour la ſimplicite du mouvement des operations, j'ai fait en ſorte qu'en- 
core que les operations de PArithmetique ſoient en quelque fagon oppolees 
Pune a l'autre, comme Vaddition à la ſouſtraction, et la multiplication à la divi- 
fion, neanmoins elles ſe pratiquent toutes fur cette Machine par un ſcul et 
unique mouvement. 


Pour la facilite de ce meme mouvement des operations, elle eſt toute ap- 
parente, en ce qu'il eſt auſſi facile de faire mouvoir mille et dix mille roues 
toutes à la fois, ſi elles y Etoient, quoique toutes achevent leur mouvement tres- 
parfait, que d'en faire mouvoir une ſeule, (je ne ſais fi apres le principe fur 


lequel j'ai fonde cette facilite, il en reſte un autre dans la Nature.) Que ſi tu 
veux, 
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veux, outre la facilite du mouvement de l' opération, ſavoir quelle eſt la facilité 
de l'opẽration meme, c'elt-a-dire, la facilitè qu'il y a en Poperation par cette 
Machine, tu Je peux, fi tu prends la peine de la comparer avec les methodes 
d'operer par le jeton et par la plume. Tu ſais comme en operant par le jeton, 
le Calculateur (ſur- tout lorſqu'il manque d*habirude,) eſt ſouvent oblige, de 
peur de tomber en erreur, de faire une longue ſuite et extenſion de jetons, et 
comme la necefiite le contraint apres d'abreger et de relever ceux qui fe trou- 
vent inutilement etendus; en quoi tu vols deux peines inutiles, avec la perte de 
deux temps. Cette Machine facilite et retranche en ſes operations tout ce ſuper- 
flu; le plus ignorant y trouve autant d'avantage que le plus experimente; Pin- 
ſtrument ſupplce au dẽfaut de Pignorance ou du peu d'habitude; et par des 
mouvements neceflaires, il fait lui ſeul, ſans meme l'intention de celui qui s'en 
ſert, tous les abreges poſſibles à la Nature, toutes les fois que les nombres s'y 
trouvent diſpoſes. Tu ſais de meme comme en operant par la plume, on eſt à 
tout moment oblige de retenir, ou d'emprunter les nombres nëceſſaires, et com- 
bien d'erreurs fe gliſſent dans ces retentions et emprunts, a moins d'une tres- 
longue habitude, et en outre d'une attention profonde et qui fatigue Vefprit en 
peu de temps. Cette Machine delivre celui qui opere par elle, de cette vexa- 
tion; il ſuffit qu'il ait le jugement; elle le releve du defaut de la memoire, et 
ſans rien retenir, ni emprunter, elle fait d'elle meme ce qu'il defire, fans meme 
qu'il y penſe. Il y a cent autres facilites que Puſage fait voir, dont le diſcours 
pourroit Etre ennuycux. 


gant a la commodite de ce mouvement, il ſuffit de dire qu'il eſt inſenſible, 
allant de gauche a droite, et imitant notre méthode vulgaire d'écrire, fors qu'il 
procede circulairement. 


Et enfin quant a ſa promptitude, elle paroit de meme, en la comparant avec 
celle des autres deux methodes du jeton et de la plume; et ſi tu veux encore 
une plus parfaite explication de fa vſteſſe, je te dirai qu'elle eſt pareille a Vega- 
lite de la main de celui qui opere : cette promptitude eſt fondee, non ſeulement 
fur la facilite des mouvements qui ne font aucune reſiſtance, mais encore ſur 
la petiteſſe des roues que l'on meut à la main, qui fait que le chemin étant plus 
court, le moteur peut le parcourir en moins de temps; d'ou il arrive encore 
cette commodute, que par ce moyen, la Machine ſe trouvant reduite en plus 
petit volume, elle en eſt plus maniable et portative. 


Et quant à la duree et folidite de Pinſtrument, la ſeule durete du metal dont 
il eſt compoſe, pourroit en donner à quelque autre la certitude: mais d'y 
prendre une aſſurance entiere, et la donner aux autres, je nai pù le faire 
qu'apres en avoir fait Pexperience, par le Hanſport de Pinſtrument durant plus 
de deux cents cinquante lieues de chemin, fans aucune alteration, 


Ainſi, cher Lecteur, je te conjure encore une fois de ne point prendre pour 
imperſection que cette Machine ſoit compolce de tant de pieces, pinique fans 
cette compoſition, je ne pouvois lui donner toutes les con ittons ci-devant de- 


duites, qui toutefois lui Etoient toutes neceflaires; en quoi tu pourras remar. 
quer 
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quer une eſpece de paradoxe, que, pour rendre le mouvement de Voperation 
plus ſimple, il a fallu que Ja Machine ait ete conſtruite d'un mouvement plus 


La ſeconde caule que je prevois capable de te donner de Vombrage, ce ſont, 
cher Lecteur, les mauvaiſes copies de cette Machine qui pourroient Etre pro— 
duites par la preſomption des Artiſans : en ces occaſions, je te conjure d'y por. 
ter ſoigneuſement Veſprit de diſtinction, te garder de la ſurpriſe, diſtipguer en- 
tre la copie et la copie, et ne pas juger des veritables originaux, par les pro- 
ductions imparfaites de Pignorance et de la temerite des Ouvriers : plus ils fone 
excellents en leur Art, plus il eft a craindre que la vanite ne les enleve par la 
perſuaſion, qu'ils ſe donnent trop Iegerement, d'etre capables d'entreprendre et 
d'executer d'eux-meEmes des ouvrages nouveaux, deſquels ils ignorent, et les 
principes, et les régles; puis, enivres de cette fauſſe perſuaſion, ils travaillent 
en tatonnant, c'eſt-a-dire, ſans meſures certaines et fans proportions reg]ees par 
art: d'on il arrive qu'apres beaucoup de temps et de travail, ou ils ne produi- 
ſeat rien qui revienne à ce qu'ils ont entrepris; ou, au plus, ils font paroitre 
un petit monſtre auquel manquent les principaux membres, les autres étant in- 
formes et ſans aucune proportion: ces imperfections le rendant ridicule, ne man- 
quent jamais d'attirer le mẽpris de tous ceux qui le voient, deſquels la plüpart 
rejettent, fans raiſon, la faute ſur celui qui, le premier, a eu la penſèe d'une 
telle invention; au lieu de s'en eclaircir avec lui, et puis blamer la preſomption 
de ces Artiſans, qui, par une fauſſe hardieſſe d'oſer entreprendre plus que leurs 
ſemblables, produiſent ces inutiles avortons. Il importe au Public de leur faire 
connoĩtre leur foiblefſe, et leur apprendre que, pour les nouvelles inventions, il 
faut neceflairement que l' Art ſoit aide par la theorie, juſqu'à ce que Pulage ait 
rendu les regles de la theorie fi communes, qu'il les ait enfin reduites en art, et 
que le continuel exercice ait donnẽ aux Artiſans Phabitude de ſuivre et prati- 
quer ces regles avec aſſurance. Et tout ainſi qu'il n'etoit pas en mon pouvoir, 
avec toute la thEorie imaginable, d*executer moi ſeul mon propre deflein, fans 
Paide d'un Ouvrier qui pofledar parfaitement la pratique du tour, de la lime, ec 
du marteau, pour reduire les pieces de la Machine dans les meſures et propor- 
tions que par les regles de la theorie je lui preſcrivois: i] eſt de meme abſolu-— 
ment impoſſible a tous les ſimples Artiſans, fi habiles qu'ils ſoient en leur Art, 
de mettre en perfection une piece nouvelle qui conſiſte, comme celle-ci, en 
mouvements compliques, fans l'aide d'une perlonne qui, par les regles de la 
theorie, lui donne les meſures et les proportions de toutes les pieces dont elle 


doit ètre compolce, 


Cher Lecteur, Jai ſujet particulier de te donner ce dernier avis, apres avoir 
vi de mes yeux une fauſſe execution de ma penſée, faite par un Ouvrier de la 
ville de Rouen, Horloger de profeſſion, lequel, fur le ſiuiple recit qui lui fut 
fait de mon premier modele, que Yavois fait quelques mois auparavant, eut aſſez 
de hardieſſe pour en entreprendre un autre, et, qui plus eſt, par une autre 
eſpèce de mouvement ; mais, comme le bon homme n'a autre talent que celui 


de manier adroitement ſes outils, et qu'il ne fait pas ſeulement fi la Geometrie 
| | et 
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et la Mechanique font au monde: auff (quoiqu il ſoit très- habile en ſon Art, et 
meme tres-induſtrieux en pluſieurs choſes qui n'en ſont point) ne fit- il qu'une 
picce inutile, propre veritablement, polie et très- bien limèe par le dehors, mats 
iellement imparfaite au-dedans, qu'elle n'eſt d'aucun uſage. Toutefois a cauſe 
ſculement de ſa nouveaute, elle ne fut pas ſans eſtime parmi ceux qui n'y con- 
noiflent rien, et, nonobſtant tous les defauts eſſentiels que l' preuve y fit recon- 
noitre, ne laiſſa pas de trouver place dans le Cabinet d'un Curieux de la meme 
Ville, rempli de plufieurs autres pieces rares et ingenieufes, Laſpect de ce 
petit avorton me deplut au dernier point, et refroidit tellement Pardeur avec 
laquelle | je faiſois alors travailler a Paccomplifſement de mon modele, qu a Vin- 
ſtant meme je donnai conge à tous mes Ouvriers, refolu de quitter entiErement 
mon entrep: iſe, pa! la juſte apprehenſion que je concus qu'une pareille hardietle 
ne prit à pluſicurs autres, et que les fauſſes copies qu'ils pouvoient procluire 
de cette nouvelle penſee, n'en ruinafſent Peftime dès ſa naiſſance, avec Putilite 
que le Public pouvoit en recevoir. Mais quelque temps après, M. le Chance- 
lier ayant daignE honorer de fa vue mon premier modele, et donner le témoi— 
gnage de Peſtime qu'il faiſoit de cette invention, me fit commandement de la 
mettre en ſa perfection; et, pour diſſiper la crainte qui m'avoit retenu quelque 
temps, il lui plut de retrancher le mal des fa racine, et d'empècher le cours 
qu'il pouvoit prendre au prejudice de ma repuration ct au delavantage du Pub- 
lic, par la grace qu'il me fit de m'accorder un Privilege, qui n'eſt pas ordinaire, 
et qui ëtouffe avant leur naiſſance tous ces avortons es zitimes qui pourroient 
etre engendres d'ailleurs que de la legitime et necetlaire alliance de la Theorie 
avec Art, 


Au reſte, fi quelquefois tu as exerce ton eſprit a Pinvention des Machines, je 
n'aurai pas grande peine a te perſuader que Ja forme de | inſtrument, en Petat 
ou il eſt a preſent, n'eſt pas le premier effet de imagination que Jai eue fur ce 
ſujet: j'avois commence ['execution de mon projet par une marche tres-diffe- 
rente de celle-ci, et en ſa matiere, et en fa forme, laquelle (bien qu'en erat de 
ſatisfaire a plufieurs) ne me donna pas pourtant la ſatisfaction entiere, ce qui fit 
qu'en Ja corrigeant peu a peu, Jen fis inſenſiblement une feconde, en laquelle, 
rencontrant encore des inconvenients que je ne pus ſoufftir, pour y apporter le 
remede Pen compoſai une troifieme, qui va par rellorts, et qui eſt tres-fimple 
en ſa conſtruction. C'eſt celle de laquelle, comme Jai deja dit, je me ſuis ſervi 
pluſieurs fois, au vù et {tt d'une infinite de perſonnes, et qui eſt encore en Etat 
de ſervir autant que jamais. Cependant en la perſectionnant toujours, je trouvai 
des raiſons de la changer; et enfin reconnoiſſant dans toutes, ou de la difhculte 
dbagir, ou de la rudeſſe aux mouvements, ou de la diſpoſition a fe corrompre 
trop facilement par le temps ou par le tranſport, Yai pris la patience de faire 
Juſqu?? a plus de cinquante modeles, tous différents, les uns de bois, les autres 
d'tyoirc et d'ebene, et les autres de cuiere, avant que d'ctre venu a Paccomplit- 
lement de la Machine que maintenant je fais paroitre, laquelle, bien que com- 
police de tant de petites pieces differentes, comme tu pourras voir, eit toutefois 
te!!ement ſolide, qu'après Vexperience dont j'ai parle ci-devant, Joſe te donner 
aſſurance que tous les efforts qu'elle pourroit receyoir en la tran portant fi loin 
que 
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que tu voudras, ne ſauroient la corrompre, ni lui faite ſouffrir la moindre al- 
teration. | 


Enfin, cher Lecteur, maintenant que jeſtime l'avoir miſe en etat d*etre vue» 
et que meme tu peux, fi tu en as la curioſité, la voir et t'en ſervir, je te prie 
d'agieer la liberté que je prends d'eſperer que la ſeule penſce A trouver une 
troiſiẽme mẽthode pour faire toutes les operations arithmetiques, totalement 
nouvelle, et qui n'a rien de commun avec les deux méthodes vulgaires de la 
plume et du jeton, recevra de toi quelque eſtime; et qu'en approuvant le deſſein 
que j'ai eu de te plaire en te ſoulageant, tu me ſauras gre du ſoin que j'ai pris 
pour faire que toutes les operations qui, par les precedentes mẽthodes, ſont 
penibles, compolees, longues et peu certaines, deviennent faciles, ſimples, 
promptes et aſſurées. 


— — 


L ET TRE DE PASCA L 


A 


LA REINE CHRISTINE, 


En lui envoyant la Machine Arithmetique, 


MADAME, 


81 j'avois autant de ſanté que de zéle, j'irois moi- meme preſenter à Votre 
Majeſte un Ouvrage de pluſieurs annees, que j'oſe lui offrir de fi loin; et 
je ne ſouffrirois pas que d'autres mains que les miennes euſſent Phonneur de le 
porter aux pieds de la plus grande Princeſſe du monde. Cet Ouvrage, Ma- 
DAME, eſt une Machine pour faire les regles d' Arithmétique ſans plume et fans 
jetons. Votre Majeſté n'1gnore pas la peine et le temps que coutent les pro- 
ductions nouvelles, ſur- tout lorſque les inventeurs veulent les porter eux-memes 
2 la dernire perfection: c'eſt pourquoi il ſeroit inutile de dire combien il y a 
que je travaille a celle- ci; et je ne pourrois mieux Pexprimer qu'en diſant, que 
je m' y ſuis attachẽ avec autant d'ardeur, que ſi j euſſe prevu qu'elle devoit pa- 
roitre un jour devant une perſonne fi auguſte. Mais, Ma D AME, fi cet honneur 
n'a pas été le veritable motif de mon travail, il en ſera du moins la recom- 
penle; et je m'eſtimerai trop heureux, fi, a la ſuite de tant de veilles, il peut 
donner à Votre Majeſte une ſatisfaction de quelques moments. Je n'importune- 
rai pas non plus Votre Majeſtè du particulier de ce qui compoſe cette Machine 

i 
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ſi elle en a quelque curioſité, elle pourra fe contenter dans un Diſcours “ que 
Yai adrefle a M. de Bourdelot ; }y ai touche en peu de mots toute Phiſtoire 
de cet Ouvrage, l'objet de ſon invention, Poccafion de ſa recherche, Vutilite de 
ſes reſſorts, les difficultes de fon exécution, les degres de fon progres, le ſucces 
de ſon accompliſſement et les regles de fon uſage. Je dirai done ſeulement ici 
le ſujet qui me porte à Poffrir a Votre Majeſle, ce que je confidere comme le 
couronnement et le dernier bonheur de ſon aventure, ſe ſais, Mapawe, que je 
pourrai Etre ſuſpect d'avoir recherche de la gloire, en le preſentant à Votre Ma- 
jeſte, puiſqu'il ne ſauroit paſſer que pour extraordinaire, quand on verra qu'il 
s'adreſſe a elle; et quau lieu qu'il ne devroit lui ere offert que par la conſi de- 
ration de ſon excellence, on jugera qu'il eſt excellent, par cette ſeule raiſon 

wil lui eſt offert. Ce n'eſt pas neanmoins cette elperance qui m'a infpire un 
tel deſſein. Il eſt trop grand, Mapamws, pour avoir d'autre objet que Votre 
Majeſte meme. Ce qui m'y a veritablement porte, eſt Punion qui fe trouve 
en ſa Perſonne ſacrèe, de deux choſes qui me comblent egalement d'admiration 
et de reſpect, qui font Pautorite ſouveraine et Ja ſcience ſolide. Car Jai une 
veneration toute particuliere pour ceux qui font eleves au ſupreme degre, ou de 
puiſſance, ou de connoiſſances. Les derniers peuvent, fi je ne me trompe, 
auſſi- bien que les premiers, paſſer pour des Souverains. Les memes degres fe 
rencontrent entre les Genies queentre les conditions: et le pouvoir des Rois ſur 
leurs Sujets n'eſt, ce me ſemble, qu'une image du pouvoir des eſprits fur les 
eſprits qui leur ſont inferieurs, fur leſquels ils exercent le droit de perſuader; ce 
qui eſt parmi eux ce que le droit de commander elt dans le gouvernement po- 
litique. Ce ſecond empire me paroit meme d'un ordre d'autant plus eleve, 
que les eſprits ſont d'un ordre plus eleve que les corps; et d' autant plus Equita- 
ble, qu'il ne peut etre dẽ parti et conſerve que par le mérite, au lieu que Pau- 
tre peut Ferre par la naiſſance on par la fortune. II faut donc avouer que 
chacun de ces empires eſt grand en foi; mais, Mabauk, que Votre Majeſté 
me permette de le dire, elle n'y eſt pas bleſſèe; l'un fans autre me paroit de- 
fetueux. Quelque puiſſant que ſoit un Monarque, il manque quelque choſe a 
la gloire, s'il n'a la preeminence de Feſprit ; et quelque eclaire que ſoit un 
Sujet, ſa condition eſt toujours rabaiflee par ſa dependance. Les hommes qui 
defirent naturellement ce qui eft le plus parfait, avoient juſqu'ici continuelle- 
ment aſpire a rencontrer ce Souverain par excellence. Tous les Rois et tous 
les Savants en étoient autant d'ebauches, qui ne rempliſſoient qu'à demi leur 
attente ; ce chef-Cl'ccuvre Etoit reſerve a notre ſiècle. Et afin que cette grande 
merveille paitit accompagncee de tous les ſujets poſſibles d'etonnement, le degre 
ou les hommes n'avoient pit atteindre, eſt rempli par une jeune Reine, dans 
laquelle fe rencontrent enſemble l'avantage de Pexperience avec la tendreſſe de 
Page ; le loifir de Vecude avec Poccipation d'une royale naiſſince; et Peminence 
de la ſcience avec la foibleſſe du ſexe. C'eſt Votre Majeſte, Mapame, qui 


Ce Diſcours paroit «tre celui de la page 12 ci-deſſus, avec quelques additions qu'on na pu retrouver. 
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fournit a I'Univers cet unique exemple qui lui manquoit ; c'eſt elle en qui la 
puiſſance eſt diſpenſèe par les lumieres de la ſcience, et la ſcience relevee par 


* Peclat de Pautorite. C'eſt cette union fi merveilleuſe, qui fait que comme Vo- 


tre Majeſte ne voit rien qui ſoit au- deſſus de fa puiſſance, elle ne voit rien auſſt 
qui ſoit au- deſſus de ſon eſprit; et qu'elle ſera Padmiration de tous les hecles, 
Regnez donc, incomparable Princeſſe, d'une maniere toute nouvelle; que vo— 
tre genie vous aſſujettiſſe tout ce qui n'eſt pas ſoumis à vos armes: regnez par 
le droit de la naiffance, par une longue ſuite dannees, ſur tant de triomphantes 
Provinces; mais regnez toujours par la force de votre mérite ſur toute I'cten= 
due de la terre. Pour moi, n'etant pas ne ſous le premier de vos Empires, je 
veux que tout le monde ſache que je fais gloire de vivre ſous le ſecond ; et c'eſt 
pour le temoigner, que ole lever les yeux juſqu'a ma Reine, en lui donnant 
cette premiere preuve de ma dépendance. Voila, Mapame, ce qui me porte 
a faire a Votre Majeſté ce preſent, quorqu'indigne d*clle, Ma foibleſſe n'a pas 
arrètè mon ambition. Je me ſuis figure, qu*encore que le ſeul nom de Votre 
Majeſté ſemble cloigner d'elle tout ce qui lui eſt diſproportionné, elle ne re- 
jette pas neanmoins tout ce qui lui eſt inferieur; autrement ſa grandeur ſeroit 
ſans hommages, et ſa gloire fans eloges. Elle ſe contente de recevoir un grand 
effort d'eſprit, ſans exiger qu'il ſoir Veffort d'un eſprit grand comme le ſien. 
C'eſt par cette condeſcendance qu'elle daigne entrer en communication avec le 
reſte des hommes: et toutes ces conſiderations jointes, me font lui proteſter 
avec toute la ſoumiſſion dont l'un des plus grands admirateurs de ſes heroiques 


qualitẽs eſt capable, que je ne ſouhaite rien avec tant d*ardeur que de pouvoir 


etre adopte, MA DAM E, de Votre Majeſie, pour fon tres humble, tres-obeiffant 
ct très-fidele ſerviteur, 


BLAISE PASCAL. 


PRIVILEGE 
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PRIVILEGE DU ROT, 


POUR 


LA MACHINE ARITHMETIQUE. 
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12 UIS, par la grace de Dieu, Roi de France et de Navarre, &c.; Salut. 
Notre très- cher et hien-ame le Sieur PascAL nous a fait remontrer, qu'a 
limitation du Sieur Paſcal, ſon pere, notre Conſeiller en nos Conſeils, et Pre- 
ſident en notre Cour des Aides d' Auvergne, il auroit eu, des ſes plus jeunes 
annees, une inclination particuliere aux Sciences Mathemariques, dans leſquelles, 
par ſes etudes et ſes obſervations, il a inventé pluſieurs choſes, et particuliere- 
ment une Machine par le moyen de laquelle on peut faire toutes ſortes de ſup- 
putations, additions, ſouſtractions, multiplications, diviſions, et toutes les autres 
rẽégles arithmeuques, tant en nombres entiers que rompus, ſans ſe ſervir de 
plume, ni jetons, par une methode beaucoup plus ſimple, plus facile a apprendre, 
plus prompte a Vexecution, et moins penible à Peſprit que les autres fagons de 
calculer qui ont Ete en uſage juſqu'a preſent; et qui, outre ces avantages, a 
celui d' etre hors de tout danger d'erreur, qui eſt la condition la plus importante 
de toutes dans ſes calculs. De laquelle Machine il auroit fait plus de cinquante 
modeles, tous différents, les uns compoles de verges ou lamines droites, d'au- 
tres de courbes, d'autres avec des chaines, les uns avec des rouages concen- 
triques, d'autres avec des excentriques, les uns mouvants en ligne droite, d'autres 
circulairement, les uns en cones, d'autres en cylindres, et d'autres tous diffe- 
rents de ceux-là, ſoit pour la matiere, ſoit pour la figure, foit pour le mouve- 
ment: de toutes leſquelles manieres differentes, Pinvention principale et le 
mouvement eflentiel conſiſtent en ce que chaque roue ou verge d'un ordre 
taiſant un mouvement de dix figures arithmetiques, fait mouwoir la prochaine 
d'une figure ſeulement. Apres tous leſquels eſſais, auxquels il a employe. beau- 
coup de temps et de frais, il ſeroit enfin arrive a la conſtruct ion d'un modele 
acheve qui a «6 reconnu infaillible, par les plus doctes MathEmaticiens de ce 
temps, qui Font univerſellement honore de leur approbation, et eſtime tres-utile 
au Public. Mais d'autant que ledit inſtrument peut etre aiſement contrefait par 
des Ouvriers, et qu'il eſt neanmoins impoſſible qu'ils parviennent a Pexecuter 
dans la juſteile et perfection necetlaire pour s'en ſervir utilement, $':Is n'y ſont 
coaduits expteſlement par ledit Paſcal, ou par une perſonne qui ait une _entiere 
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intelligence de l'artifice de ſon mouvement, il ſeroit à craindre que s'il ẽtoit 
permis A toutes ſortes de perſonnes de tenter d'en conftruire de ſemblables, les 
defauts qui s'y rencontreroient infailliblement par la fante des Ouvriers, ne ren- 
diſſent cette invention auſſi inutile qu'elle doit erre profitable ertant bien executee, 
C'eſt pourquoi il defireroit qu'il nous plat faire defenſes à tous Artiſans et au- 
tres perſonnes, de faire ou faire faire ledit inſtrument ſans ſon confentement, 
nous ſupplant a cette fin de lui accorder nos Lettres ſur ce neceffaires ; et parce 
que ledit inſtrument eſt i prefent à un prix exceſſif, qui le rend, par ſa cherte, 
comme inutile au Public, et qu'il efpere le reduire a moindre prix et tel qu'il 
puiſſe avoir cours, ce qu'il preterd faire par Vinvention d'un mouvement plus 
ſimple et qui opere neanmoins le meme effet, à la recherche duquel il travaille 
continuellement, et en y ſtylant peu a peu les Ouvriers encore peu habitues, 
leſquelles choſes dependeat d'un temps qui ne peut Etre limite. 


A ces cauſes, defirant gratifier et favorablement traiter ledit Paſcal, fils, en 
conſideration de ſa capacité en pluſieurs Sciences, et ſur-tout aux Math&ma- 
tiques, et pour l'exciter d'en communiquer de plus en plus les fruits a nos Su- 
Jets, et ayant Egard au notable ſoulagement que cette Machine doit apporter a 
ceux qui ont de grands calculs a faire, et a raiſon de Vexcellence de cette in- 
vention, nous avons permis et permeitons par ces prèſentes ſignees de notre 
main, audit Sieur Paſcal, fils, et a ceux qui auront droit de lui, des-a-preſent 
et à toujours, de faire conſtruire ou fabiiquer par tels Ouvriers, de telle maticre 
et en telle forme qu'il aviſera bon cire, en tous les lieux de notre obeiflance, 
ledit inſtrument par lui 1avente, pour compter, calculer, faire toutes additions, 
ſouſtrad ions, multiplications, diviſions et autres regles d' arithmétique, ſans 
plume, ni jetons; et faiſons tres-exprefſes dẽfenſes a toutes perſonnes, Artiſans 
et autres, de quelque qualitè et condition qu'ils ſoient, d'en faire, ni faire faire, 
vendre, ni débiter dans aucun lieu de notre obeiflance, fans le conſentement 
dudit Sieur Paſcal, fils, ou de ceux qui auront droit de lui, ſous prẽtexte d'aug- 
mentation, changement de matiEre, forme ou figure, ou diverſes manieres de 
d'en ſervir, ſoit qu'ils fuſſent compoſes de roues excenriques ou concentriques, 
ou paralleles, de verges ou batons et autres choſes, ou que les roues ſe meuvent 
ſeulement d'une part ou de toutes deux, ni pour quelque deguiſement que ce 
puiſſe Etre, meme A tous Etrangers, tant Marchands, que d'autres profeſſions, 
d'en expoſer, ni vendre en ce Royaume, quoiqu'ils euſfent ete faits hors d'ice- 
hn ; le tout à peine de trois mille livres d'amende, payables fans deport par 
chacun des contrevenants, et applicables, un tiers a nous, un tiers a I'Hotel- Dieu 


de Paris, et l'autre tiers audit Sieur Paſcal, ou à ceux qui auront ſon droit; de 


confiſcation des inſtruments contrefaits, et de tous depens, dommages et in- 
tèrèts. Enjoignons a cet effet à tous Ouvriers qui conſtruiront ou fabriqueront 
tefdits inſtrumeats en vertu des preſentes, d'y faire appoſer par ledit Sieur Paſ- 
cal, ou par ceux qui auront ſon droit, telle contre- marque qu'ils auront choiſie, 
pour tEmoigner qu'ils auront viſite leſdits inſtruments, et qu'ils les auront re- 
connus ſans dẽfaut. Voulons que tous ceux oft ces formalites ne ſeront pas 
gardees, ſoient confifques, et que ceux qui les auront fairs ou qui en ſeront 
| | | trouves 
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trouves ſaiſis, ſoient ſujets aux peines et amendes ſuſdites ; à quoi ils ſeront 
contraints en vertu des preſentes, ou de copies d'icclles duement collationnees 
par l'un de nos ames et feaux Conſeillers-Secrẽtaires, auxquelles foi ſera ajoutee 
comme a Poriginal : du contenu duquel nous vous mandons que vous le faſſiez 
jouir et uſer pleinement et paifiblement, et ceux auxquels il pourra tranſporter 
ſon droit, ſans ſouffrir qu'il leur ſoit donne aucun empèchement. Mandons au 
premier notre Huiſſier ou Sergent ſur ce requis, de faire, pour Pexecution des 
preſentes, tous les Exploits neceflaires, ſans demander autre permiſſion. Car 
tel eſt notre plaiſir: nonobſtant tous Edits, Ordonnances, Declarations, Arrets, 
Reglements, Privileges, Statuts et confirmation d'iceux, Clameur de Haro, 
Charte Normande, et autres Lettres à ce contraires, auxquelles et aux deroga- 
tives y contenues, nous derogeons par ces preſentes. Donne a Compiegne, le 
vingt-deuxieme jour de Mai, Pan de grace mil, ſix cent, — et de 
notre regne le ſepticme. 


Signé', LOUIS. 
Ft p/us bas, la Reine REGENTE, ſa Mere, préſente. 


Par le Roi, PHeELYPEAUX, gratis. 


L'original en parchemin ſcelle du grand Sceau de cire jaune. 
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1 ANS la Tigure 1, NOPR eſt une plaque de cure qui forme la ſurface 

{uperienre de la Machine. On voit a la partie inferieure de cette plaque 
une rangce NO de cercles Q, Q, Q, &c., tous mobiles, autour de leus 
centres Q e premier a la droite a douze dents; le ſecond en allant de droite 
a gauche cn a vingt; et tous les autres en ont dix. Les pieces qu'on appergolt 
en 8, 8, 8, xc, ct qui s'avancent tur les diſques des cercles mobiles Q, Q, Q, 
&c., ſont des &tochios ou arrets, qu'on pride patences, Ces crochios font fixes 
et immobiles ; ils ne poſent point ſur Jes cercles qui peuvent fe mouvoir libre- 
ment ſous leurs pointes z ils ne lervent quia arrecer un ſtylet, qu'on appel.c di- 
retteur, qu'on tient a la main, et dont on place Ii pointe entre les dens des 
_ s mobiles Q, Q.. Q, &c., pour les faire tourner dans la direction 6, 5, 

3, &c, quand on ſe icrt de la Machine. 


* Cette excellente Deſcription eſt tice du premier Volume de l' Encyclopédie. La Machine dont 
1 s'agit etant aujourd'hui peu connue, et nullement en uſage, le ſe ul moyen d'en donner une idee 
tutfiſame au Lecteur, ctoit de la decrire; les raiſons que Paical a al! egul cs c-defus pour ſe diſpenſer 
lu-meme de cc avait „ av plus licu. 1 
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Il eſt evident, par le nombre des dents des cercles mobiles Q, , Q. &c, 
que le premier a droite marque les deniers; le ſecond en allant de droite a 
gauche, les ſous; le troiſième, les unicés de livres; le quairiéme, les dixaines; 
le cinquieme, les centaines ; le hx1eme, les mille; le fe price, les dixaines de 
mille; le huitième, les centaincs de mille: et quoiqu'il n'y en ait que huit, on 
auroit pu, en agrandiflant la Machine, pouſſer plus loin le nombre de les 
cercles, 


La ligne Y Z eſt une rangee de trous, à travers leſquels on appergoit des 
chiffres. Les chiffres appergus ici ſont 436, 809 |. 15 8. 104d. ; mais on verra par 
la ſuite qu'on peut en faire paroitre d'autres à diſcretion par les MEues ouver- 
tures. 


La bande P, R, eſt mobile de bas en haut: on peut, en la prenant par ſes 
extréèmités P, R, Ia faire deſcendre fur la rangee des ouveitures 436,809 l. 158. 
od. qu elle couvriroit: mais alors on appercevroit une autre rangee parallele 
de chittres a travers des trous places directement au- deſſus des premiers. 


La mEme bande P, R porte de petites roues gravees de pluſieuus chiffres, 
toutes avec une aiguille au centre, a laquelle la petite roue ſert de cadran: 
chacune de ces roues porte autant de chiſfres que les cercles mobiles Q, Q, Q, 
dc, auxquels elles correlpondent perpendiculairement. Ainſi V 1 poste douze 
chiftres, ou pluidt a douze diviſions; V2 en a vingt; V3 en a dix; V4 dix, 
et ainſi de ſuite. 
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On voit (Fig. 2.) la Machine entier2, On a decourert Ia rone des Centers, 
pour taire voir Pefiet de cette roue ſur les autres. I! en eſt de mEme pour Veffer 
de toute autre roue. 
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AB CD (Fig. 3.) eſt une coupe verticale de la Machine. 102 repréſente 
un des cercles mobiles Q de la Fig. 1; ce cercle entraine par fon axe Q 3 la 
roue à chevilles 4, 5. Les chevilles de la roue 4, 5 font mouvoir la roue 6, 7, 
la roue 8, 9, et Ja roue 10, 11, qui, ſont toutes fixees ſur un meme axe. 
Les chevilles de la roue 10, 11, engrenent dans la roue 12, 13, et la font mou- 
voir, et avec elle le barillet 14, 15. | 

Sur le barillet 14, 15 ſont tracees l'une au- deſſus de l'autre, deux rangees de 
chiffres de la maniere qu'on va dire. Si l'on ſuppoſe que ce barillet ſoit celui 
de la tranche des deniers, ſoient traces les deux rangees : 


o, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2, 1, 
11, o, 1, 2, 3, 4, 3, 6, 7, 8, 9, 10. 
Si le barillet 14, 1 5, eſt celui de la tranche des ſous, ſoient tracees les deux 
rangees : | 
©, 19, 18, 17, 16, 15, 14, 13, 12, 11, 10, 
19, o, 1, 2, 3, 4, 5, 6, 7» 8, 9. 


9, 8, Ty 6, 5, 4, 3, 2, * 
IO, II, 12, 13, 14, 15, 16, 17, 18. 


Si le barillet 14, 15, eſt celui de la tranche des unites de livres, ſoient traces 
les deux rangees : | 

O, 9, 8, 7 6, 5, 4, 3, 2, I. 

9, O, I, 2, 3, 4, 5 6, 7, 8. 


Il eſt evident, 15, que C'eſt de la rangee inferieure des chiffres traces ſur les 


barillets, que quelques-uns paroiſſent a travers les ouvertures de la ligne Y Z 
x (Fig 1.) 
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(Fig. 1.) et que ceux qui paroftroicut a travers les ouvertures couvertes de la 
bande mobile P, R, ſont de la rangee ſuperieure. 


2%, Qu'en tournant (Fig. 1.) le cercle mobile Q, on arrètera ſous une des 
ouvertures de la ligne Y Z, tel chiffre que Pon voudra ; et, que le chiftre re— 
tranche de 11 fur le barillet des deniers, donnera celui qui lui correſpond dans 
la rangee ſuperieure des deniers ; retranche de 19 ſur le barillet des ſous, il don- 
nera celui qui lui correſpond dans la rangee ſupericure des ſous; retranche de 
9 ſur le barillet des unites de livres, il donnera celui qui lui correſpond dans la 
rangee {uperieure des unites de livres, et ainſi de ſuite. | 


3. Que pareillement celui de la bande ſuperieure du barillet des deniers 
retranchè de 11, donnera celui qui lui correſpond dans la rangee inferieure, &c. 


La piece abcdefgbikl, qu'on entrevoit (meme Figure 3.), eſt celle qu'on 
appelle ſautoir. Il eſt important de bien en conſidèrer la figure, la poſition et 
le jeu; car ſans une connoiſſance très- exacte de ces trois chotes, il ne faut pas 
eſperer d'avoir une idèe preciſe de la Machine. Auſſi avons- nous repete cette 
piece en quatre figures differentes. abcdefghit! (Fig. 3.) eſt le ſautoir, 
comme nous venons d'en avertir: 12345678 xyT zu Pelt auſſi (Fig. 4.); 
et 123456789 Peſt encore (Fig. 6.) Voyez également la Fig. 5. 


— — — 


Le ſautoir (Fig. 3.) a deux anneaux ou portions de douilles, dans leſquelles 
paſſe la portion F& et g de l'axe de la roue a chevilles 8, 9; il eſt mobile fur 
cette partie d' axe. Le ſautoir (Fig. 4.), a une concavite ou partie Echancree 
3, 4, 5; un coude , pratique pour laiſſer paſſer les chevilles attachees a la 
roue 8, 9; deux anneaux dont on volt un en &, l'autre eſt couvert par une 
portion de la roue 6, 7; en 2, une eſpece de couliſſe dans laquelle le cliquet 
I, 2, eſt ſuſpendu par le tenon 2, et prefſe par un reſſort entre les chevilles de 
la roue 8, 9. Ce reſſort eſt repreſents par z#; en appuyant fur le talon du 
cliquet, il pouſſe ſon extremits 1 entre les chevilles de la roue 8, 9. 


Vol. IV. 3 N Fig. 5. 
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On a repreſents (Fig. 3.) le ſautoir avec tous ſes, developpements, pour en 
faire mieux ſentir la figure et Je jeu. Comparez cette figure, lettre A lettre, 
avec la hgure 4. 


C2 qui precede bien entendu, nous pouvons paſſer au jeu de la Machine, 


Soit (Fig. 3.) le cercle mobile 1Q2, mu dans la direction 1Q 2 : la robe à 


chevilles 4, 5, ſera mue, et la roue a chevilles 6, 7; et (Fig. 6.) la rove VIII, 
IX, car c'eſt la meme que la roue 8, 9 de la Fig. 3. Cette roue VIII, IX ſera 
mue dans la direction VIII, VIII, IX; IX. La premiere de ſes deux m 


'r, c, entrera dans Vechancrure du ſautoir; le ſautoir continuera d'etre Eleve, à 


Paide de la ſeconde cheville 3. Dans ce mouvement, Pextremite 1 du cliquet 
ſera entrainee; et ſe trouvant A la hauteur de Pentre-deux de deux chevilles 
immèdiatement ſuperieur A celui on elle Etoit, elle y ſera pouſlce par le reſſort. 
Mais la Machine eſt conſtruite de manière que ce premier echappement neſt 
pas plutot fait, qu'il gen fait un autre, celui de la ſeconde cheville s, de deſſous 
la partie 3, 4 du ſautoir: ce ſecond Echappement laiſſe le ſautoir abandonne à 
lui-mEme : le poids de fa partie 4 5 6 7 fait agir Vextremite 1 du cliquet contre 
la cheville de la roue 6, 7, ſur laquelle elle vient de s'appuyer par le premier 
echappement ; fait tourner Ja roue 8, 9 dans le ſens 8, 8, 9, g, et par conle- 
quent auſſi dans le mEme ſens Ja roue 10, 11, 11, et Ja rove 12, 13, 13, en 
lens contraire, ou dans la direction 13, 13, 12; et dans le meme ſens que la 
roue 12, 13, 13, le barillet 14, 15. Mais telle eſt encore la conſtruction de la 
Machine, que quand par le ſecond echappement, celui de la cheville de deſ- 
ſous la partie 3, 4 du ſautoir, ce ſautoir ſe trouve abandonne a Jui-meme, il 
ne peut deſcendre et entrainer la roue 8, 9 que d'une — quantitè déter— 
mince. Quand il eſt deſcendu de cette quantite, la partie T (Fig. 4.) de la 
coulifle rencontre l'ẽtochio R, qui Varrete, 


Maintenant 
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Maintenant (I.) ſi l'on ſuppoſe, 19. que la roue VIII, IX a dovze chevilles, 


la roue X, XI autant, et la roue XII, XIII autant encore; 29. que la roue 


8, 9 a vingt chevilles, la roue 10, 11 vingt, et la roue 12, 13 autant; 3. que 
Pextremite T du ſautoir (Fig. 4.) rencontre Petochio R prèciſément quand la 
roue 8, 9 (Fig. 6.) a tourne d'une vingtieme partie, il s'enſuivta évidemment 
que le barillet XIV, XV fera un tour ſur lui-meme, tandis que le barillet 14, 
15 ne tournera ſur lui- mème que de fa vingtieme partie. 


(II.) Si Pon ſuppoſe, 19. que la roue VIII, IX a vingt chevilles, la roue X, 
XI autant, et la roue XII, XIII autant; 2% que la roue 8, 9 ait dix chevilles, 
la roue 10, 11 autant, et la roue 12, 13 autant; 3%. que Vextremte T du 
ſautoir ne ſoit arretee (Fig. 3.) par Vecochio R, que quand la roue 8, 9 (Fig. 6.) 
a tourne d'une dixieme partie, il s'enſuivra evidemment que le barillet XIV, 
XV fera un tour entier ſur lui- meme, tandis que le barillet 14, 15 ne tournera 
ſur lui-mème, que de fa dixieme partie. 


(III.) Si Von ſuppoſe, 1. que la roue VIII, IX ait dix chevilles, la roue X, 
XI autant, et la roue XII, XIII autant; 25. que la roue 8, 9 ait pareillement 
dix chevilles, la roue 10, 11 autant, et la roue XII, XIII autaut auſſi; 359. que 
Pextremite T du ſautoir (Fig. 4.) ne ſoit arreree par Petochio R, que quand la 
roue 8, 9 (Fig. 6.) aura tourne d'un dixieme, il s'enſuivra evidemment que 
le barillet XIV, XV fera un tour entier ſur lui- mème, tandis que le barillet 14, 
15 ne tournera ſur lui- meme que d'un dixiëme. 


On peut donc, en général, ctablir tel rapport qu'on voudra entre un tour 
entier du barillet XIV, XV, et la partie dont le barillet 14, 15 tournera dans 
le meme temps. 


Donc f Pon écrit ſur le barillet XIV, XV les deux rangees de nombre ſui- 
vantes, l'une au- deſſus de l'autre, comme on le voit: 


O, II, 10, 9, 8, 73 6, 5 4» 3, 2, 1, 
11, o, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 


et ſur le barillet 14, 15, les deux ranges ſuivantes, comme on les voit, 


o, 19, 18, 17, 16, 15, 14, 13, 12, 11, 10, 
19, o, I, 2, 3, 4, 3, 6, 7, 8, 9. 


9, 8, 7, 6, „ — + 1H 1s 
10, 11, 12, 13, 14, 15, 16, 17, 18. 


et que les zeros des deux ranges inferieures des barillets correſpondent exacte- 
ment aux intervalles A, B, il eft clair qu'au bout d'une revolution du barillet 
XIV, XV, le z&ro correſpondra encore à Vintervalle B; mais que ce ſera le 


chiffre 1 du barillet 14, 15, qui correſpondra dans le mème temps a Pinter- 
valle A, 
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Done ft Von écrit ſur le barillet XIV, XV, les deux rangees ſuivantes, 
comme 0n les voit, 
n #5," T4, 13, th 115 10, 
. „„ Os Ha: Oo. 9- 


9, 8, 7» 5. 4, 3, 2, 1, 
0, 11, 1, 13, 14, 15, 16, 17, 18. 


et ſur le barillet 14, 15, les deux rangees ſuivantes, comme on les voit, 


o, 9, 8, 7, 6, 5, 4, 3, 2, f, 
95 O, I, 2, 3» 45 55 6, 7» 8, 


et que Jes zeros des deux rangees infcrieures des barillets correſpondent en 
meme-temps aux intervalles A, B, il eſt clair que dans ce cas, de meme que 
dans le premier, lorſque le zero du barillet XIV, XV correſpondra, apres 
avoir fait un tour, a Vintervalle B, le barillet 14, 15 preſentera à Pouverture 
ou eſpace A le chiffre 1. 


Im en ſera toujours ainſi, quelles que ſoient les rangees de chiffres que Von 
trace ſur le barillet XIV, XV, et ſur le barillet 14, 13. Dans le premier cas, 
le barillet XIV, XV tournera ſur lui-meme, et préſentera les douze caracteres 
a Vintervalle B, quand le barillet 14, 15 n'ayant tourne que d'un vingtiéme, 
preſentera a l'intervalle A le chiffre 1. Dans le ſecond cas, le barillet 14, 15 
rournera ſur lui-meme, et preſentera ſes vingt caracteres a l'ouverture ou inter- 
valle B, pendant que le barillet 14, 15 n'ayant tourne que d'un dixieme, pre» 
ſentera a Pouverture ou intervalle A le chiffre 1. Dans le troifieme cas, le 
barillet XIV, XV tournera ſur lui-meme, et aura preſents ſes dix caracteres a 
Pouverture B, quand le barillet 14, 15 n'ayant tourne que d'un dixieme, pre- 
ſentera a Vouverture ou intervalle A le chiffre 1. 


Mais au lieu de faire toutes ces ſuppoſitions ſur deux barillets, je peux les 
faire ſur un grand nombre de barillets, tous aſſemblés les uns avec les autres, 
comme on volt ceux de la Fig. 6. Rien n'empeche de ſuppoſer a cote du 
barillet 14, 15 un autre barillet place par rapport à lui, comme il eſt place par 
rapport au barillet XIV, XV, avec les memes roues, un ſautoir et tout le reſte 
de Paſſemblage : rien n'empeche que je ne puiſſe 1 douze chevilles à la 
roue VIII, IX, et les deux rangees o, 11, 10, 9, &Cc. 

it, 0, I, . Ke. 


tracees ſur le barillet XIV, XV; vingt chevilles a la roue 8, 9, et les deux 
rangees o, 19, 18, 17, 16, &c. 

| 19, o, 1, 2, 3, &c. 
tracees ſur le barillet 14, 15; dix chevilles a la premiere, pareille à la roue 
8, 9, et les deux rangees o, 9, 8, 7, 6, &c. ſur le troiſième barillet; dix 
| 9, o, I, 2, 3, &c. 


cheyilles 
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chevilles à la ſeconde, pareille de 8, 9, et les deux rangées o, 9, 8, 7, 6, &c. 


ſur le quarricme barillet ; dix | 9, o, I, 2, Js Ke. 
chevilles à la troißéme, parcille de 8, 9, et les deux rangees o, 9, 8, 7, 6, &c* 
ſur le ciaquieme barillet, 9, O, 1, 2, ce 


et ainſi de tune, 


Rien n'empech e non plus de ſuppoſer que tandis que le premier barillet 
preſentera ſes douze chiſfres a ſoa ouverture, le ſecond ne preſentera plus que 
le chiffre 1 à la fenne; que tandis que Je ſecond barillet préſentera ſes vingt 
chiffres à ſon ouverture ou intervalle, le troilieme ne preſentera que le chiſſte 1 ; 
que tandis que ſe trotheme bariiier preſentera ſes dix caracteres a fon ouvercure, 
le quatricme n'y prefentera que le chiffre 1; que tandis que le quatrieme ba- 
rillet prefentera ſes dix caracteres a ſon ouvyerture, le ciaquieme ne prelentera à 
la ſienne que le chiffre 1, et ainſi de ſuite. 


D'on 1] s'enſuivra, 1% qu'il n'y aura aucun nombre qu'on ne puiſſe Ecrire 
avec ces barillets; car après les deux echappements, chaque équipage de barillet 
demeure iſolè, eſt independant de celui qui le precede du coie de la droite, 
peut tourner ſur lui- meme tant qu'on voudra dans 1a direction VIII, VIIl, IX, 
IX, et par conlequent offrir à ſon ouverture celui des chiffres de fi rangee in- 
ferieure qu'on jugera a propos: mais les intervalles A, B ſont aux cylindres 
nuds XIV, XV, 14, 15, ce que leur font les ouvertures de la ligne X, Z, 
(Fig. 1.) quand ils font couverts de la plaque NO RP. 


2%, Que le premier barillet marquera des deniers, le ſecond des ſous, le 
troiſieme des unites de livres, le quatrieme des dixaines, le cinquieme des cen— 
taines, &c. 


35. Qu'il faut un tour du premier barillet pour un vingtième du ſ:cond ; un 
tour du ſecond pour un dixieme du troiheme; un tour du troifieme pour un 
dixiẽme du quatriẽme; et que par conſequent les barillets ſuivent entre leurs 
mouvements la proportion qui regne entre les chiftres de PArithmetique, quand 
ils expriment des nombres; que la proportion des chiffres ett toujours gardce 
dans les mouvements des barillets, quelle que foit la quantite de tours qu'on 
faſſe faire au premier, ou au ſecond, ou au troificme, et que par conſequent de 
meme qu'on fait les operations de FArithmetique avec des chiffres, on peut les 
faire avec les barillets et les rangees de chiffres qu'ils ont. 


4. Que pour cet effet, il faut commencer par mettre tous les barillets de 
maniere que les zeros de leur rangee infericure correſpondent en meme-temps 
aux ouvertures de la bande Y, Z et de la plaque NORP; car fi tandis que 
le premier barillet, par exemple, preſente o a ſon ouverture, le ſecond pretente 
4 à la ſienne, il eſt a prefumer que le premier barillet a fait d&ja quatre tours; 
ce qui n'elt pas vrai. 


5%, Qu'il eſt affez indifferent de faire tourner les barillets dans la direction 


VIII, VIII, IX; que ce mouvement ne derange rien a l'effet de la Machine; 
ma's 
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mais qu'il ne faut pas qu'ils aient la liberte de retrograder ; et c'eſt auſſi la fonc- 
tion du cliquet ſupericur C de la leur òter. 


Il permet, comme on voit, aux roues de tourner dans le ſens VIII, VIII, IX; 
mais il les empeche de tourner dans le ſens contraire. 


6. Que les roues ne pouvant tourner que dans la direction VIII, VIII, IX, 
c'eſt de la ligne ou rangee de chiffres infèrieure des barillets, qu'il taut ſe ſervir 
pour Ecrire un nombre; par conſequent pour faire Paddition ; par conſequent 
encore pour faire la multiplication ; et que comme les chiftres des rang&es font 
dans un ordre renverſé, la ſouſtraction doit le faire ſous la rangee ſupeErieure, et 
par conſequent auſſi la diviſion, 

Tous ces corollaires $'eclairciront davantage par l'uſage de la Machine, et la 
manicre de faire les operations. 

Mais avant que de paſſer aux operations, nous ferons obſerver encore une fois 
que chaque roue 6, 7 (Fig. 6.) a fa correſpondante 4, 5 (Fig. 2.) et chaque 
roue 4, 5 ſon cercle mobile Q: que chaque roue 8, 9, a ſon cliquet ſuperieur 
et ſon cliquet inferieur z que ces deux cliquets ont une de Jews fonctions com- 
mune; c'elt d'empecher les roues VIII, IX, 8, 9, &c., de retrograder ; enfin 
que le talon 1, pratique au cliquet infericur, lui eſt eſſentiel. 


USAGE DE LA MACHINE ARITHMETIQUE POUR 
L'ADDITION. 


COMMENCEZ par couvrir de la bande P, R la rangee ſuperieure d'ouver- 
tures, en ſorte que cette bande ſoit dans erat ou vous la voyez (Fig. 1.); 
mettez enſuite toutes les roues de la bande infẽrieure ou rangee à zero; et 


ſoient les ſommes a ajouter, 69 7 8 | 
584 15 6 a 
342 12 9 


Prenez le conducteur; portez fa pointe dans la huitieme denture du cercle Q, 
le plus à la droite; faites tourner ce cercle juſqu'à ce que Parret ou la potence 
S vous empeche d'avancer. 


Paſſez a la roue des ſous ou au cercle Q, qui ſuit immEdiatement celui fur 
lequel vous avez opere, en allant de la droite à la gauche; portez la pointe 
du conducteur dans la ſeptieme denture, a compter depuis la potence; faites 
tourner ce cercle juſqu'a ce que la potence S vous arrète; paſſez aux livres, 
aux dixaines, et faites la meme operation ſur leurs cercles Q. 


En vous y prenant ainſi, votre premiere ſomme ſera evidemment ecrite : 


operez ſur la ſeconde precilement comme vous avez fait ſur la premiere, fans 
vous 
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vous embarraſſer des chiffres qui ſe preſentent aux ouvertures; puis ſur la 


troificme, Apics votre troiſième operation, remarquez les chiffres qui paroſtront 
aux ouveftures de la ligne Y Z: iis marqueront la ſomme totale de vos trois 
ſommes particlll s. 


DEMONSTRATION. 


Il eſt Evident que ſi vous faites tourner le cercle Q des deniers de huit parties, 
vous aurez 8 a Vouvertme correſpondante à ce cercle: il eſt encore evident 
que ſi vous faites tourner Je meme cercle de fix autres parties, comme il eſt 
diviſe en douze, c'eſt la meme choſe que fi vous Paviez fait tourner de douze 
parties, plus 2: mais en Je faiſant tourner de douze, vous auriez remis a Zero 
le barillet Ces deniers corre ſppndant 5 a ce cercle de deniers, puuiſqu'il cut fait un 
tour exact ſur lui-mcme: il n'a pu faire un tour ſur lui-mEme, que le ſecond 
barillet, ou celui des ſous, n'ait tourne d'un vingtiẽme; et par conſè quent mis 
le chiffre 1 a Pouverture des ſous. Le chiffre des denicrs n'a pu reftera ©; car 
ce n'eſt pas ſeulement de douze parties que vous Pavez fait tourner, mais de 
douze parties, plus deux. Vous avez donc fait en ſus comme ſi le barillet des 
deniers Etant A zero, et celui des ſous à 1, vous euſſiez fait tourner le cercle Q_ 
des deniers de deux dentures ; mais en faiſant tourner le cercle Q des deniers de 
deux dentures, on met le barillet des deniers a 2, od ce barillet prelente 2 a 
ſon ouverture. Donc le barillet des deniers offrira 2 a ſon ouverture, et celui 
des ſous 1: mais 8 deniers ct 6 deniers font 14 deniers, ou un ſou, plus 2 de- 
niers ; ce qu'il falloit en effet ajouter, et ce que la Machine a donne. La de- 
monſtration ſera la mème pour tout le reſte de Poperation. 


EXEMPLE DE SOUSTRACTION. 

Commencez par baiſſer la bande P, R fur la ligne X Z d' ouvertures infe- 
rieures; EcriveZ la plus grande lomme fur les ouvertures de la ligne ſuperieure, 
comme nous Vavons préſcrit pour Paddition, par le moyen du conducteur ; 
faites Paddition de la fomme a ſouſtraire, ou de la plus petite avec la plus 
grande, comme nous Pavons prelicrit a Pexemple de Paddition ; cette addition 
faite, la ſouſtrac ion le ſera auſſi. Les chiffres qui paroitront aux ouvertures, 
marqueront la difference des deux fommes, ou Pexces de la grande ſur la petite; 
ce que Von cherchoit, 


Fa $:: 
Soit —— G47 09 3 
Dont il faut ſouſtraire — 8989 16 11 


Si vous exEcutez ce que nous avons preſcrit, AND 
vous trouverez aux ouvertures 3 
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DEMONSTRATION. 


Quand Yecris le nombre g1211. gs, 2 d.: pour faire paroitre 2 a l'ouverture 
des deniers, je ſuis oblige de faire paſſer avec le directeur onze dentures du 
cercle Q des deniers; car il y a la rangee ſuperieure du bariller des deniers 
onze termes depuis o juſqu”? a2: ſi à ce 2 Jajoute encore 11, je omberai ſur 33, 
car il faut encore que je faſſe faire onze dentures au cercle Q: or comptant 11, 
depuis 2, on tombe ſur 3. La demonſtration eſt la meme pour e reſte. Mais 
remarquez que le barillet des deniers n'a pu tourner de 22, ſans que le barillet 
des ſous n'ait tourne d'un vingtieme ou de douze deniers. Er comme à la 
rangee d'en-haut les chiffres vont en retrogradant dans le tens qu les barillets 
tournent, à chaque tour du barillet des deniers, les chiffres du barillet des ſous 
diminuent d'une unite : c'eſt-à-dire, que Pemprunt que Von fait pour un barillet 
eſt acquittẽ ſur l'autre, ou que la ſouſtraction s execute comme à Vordinaire, 


EXEMPLE DE MULTIPLICATION. 


Revenez aux ouvertures inferieures ; faites remonter la bande P, R fur les 
ouvertures ſuperieures ; mettez toutes les roues à zero, par le moyen du conduc. 
teur, comme nous avons dit plus haut. Ou le multiplicateur n'a qu'un caractere, 
ou il en a pluſieurs; il n'a qu'un caractere, on écrit, comme pour addition, 
autant de fois le multiplicande qu il ya d'unités dans ce chiffre du multiplica- 
teur: ainſi la ſomme de 1245 l. étant a multiplier par 3, Jecris ou - pole trois 
fois cette ſomme à l'aide de mes roues et des cercles Q; apres la derniere fois, 
il paroit aux ouvertures 3735 l., qui eſt en effet le produit de 1245 l. par 3. 


Si le multiplicateur a pluſieurs caracteres, il faut multiplier tous les chiffres 
du multiplicande par chacun de ceux du multiplicateur, les ecrire de la meme 
maniere que pour l' addition; mais il faut obſerver au ſecond multiplicateur de 
prendre pour premiere roue celle des dixaines. 


La multiplication n tant qu'une eſpece Jaddition, et cette regle ſe faiſant 
Evidemment ici par voie d' addition, I'operation n'a pas beſoin de demonſtration, 


EXEMPLE 
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EXEMPLE DE DIVISION. 


POUR faire la diviſion, il faut ſe ſervir des ouvertures ſuperieures : faites donc 
deſcendre la bande P, R fur les inferieures ; mettez à zcro toutes les roues 
fixces fur cette bande, et qu'on appelle roues de quotient ; faites paroitre aux ou- 
vertures votre nombre a diviſer, et operez comme nous allons dire. Soit Ja 
ſomme de 6g a diviſer par cinq ; vous dites, en fix, cinq y eſt, ct vous ferez 
tourner votre roue comme fi vous voulicz additionner 5 et 6; cela fait, Jes 
chiffres des roues fuperieures allant toujours en retrogradant, il eſt evident qu'il 
ne paroſtra plus que 1 à Pouverture ou il paroiſſoit 6 ; car dans o, 9, 8, 7, 6, 
5, 4, 3, 2, I; 1 eſt le cinquieme terme apres 6. 


Mais le diviſeur 5 n'eſt plus dans 1; marquez donc 1 fur la roue des quo- 
tiens, qui repond a Vouverture des dixaines : pafſcz enſuite a Vouverture des 
unites, OteZ-en 5 autant de fois qu'il ſera poſſible, en ajoutant 5 au caractere 
qui parolt a travers cette ouverture, juſqu'à ce qu'il vienne a cette ouverture, ou 
zero, ou un nombre plus petit que 5, et qu'il n'y ait que des Zeros aux ouver- 
tures qui precedent : a chaque addition, faites paſſer Vaigmlle de la roue des 
quotiens qui eſt au-deſſous de Vouverture des unites, du chiffre 1 ſur le 
chiffre 2, Tir le chiffre 3, en un mot ſur un chiffre qui ait autant d*unites que 
vous ferez de ſouſtractions: ici après avoir Ote trois fois 5 du chiffre qui pa- 
roifloit à Vouverture des unites, il eſt venu zero ; donc 5 eſt treize fois en 65. 


Il faut obſerver qu'en otant ici une fois 5 du chiffre qui paroit aux unites, il 
vient tout de ſuite © a cette ouverture ; mais que pour cela operation n'eſt pas 
achevee, parce qu'il reſte une unite à Vouverture des dixaines, qui fait avec le 
Zero qui Gr, 10, qu'il faut Epuiſer ; or il eſt Evident que 5 ote deux fois de 10, 
il ne reſtera plus rien; c'eſt-a-dire, que pour exhauſtion totale, ou que pour 
avoir zero 2 toutes les ouvertures, il faut encore ſouſtraire 5 deux fois. 


. Il ne faut pas oublier que la ſouſtraction ſe fait exactement comme addition, 
et que la ſeule difference qu'il y ait, c'eſt que Pune ſe fait ſur les nombres d'en- 
bas, et l'autre ſur les nombres d'en- haut. 


Mais, ſi le diviſeur a pluſieurs caractéres, voici comment on operera. Soit 
9989 A diviſer par 124, on otera 1 de 9, chiffre qui paroit a Pouvyerture des 
mille; 2 du chiffre qui paroit à Pouverture des centaines; 4 du chiffre qui 
paroftra 2 l'ouverture des dixaines ; et l'on mettra Vaiguille des cercles de quo- 
tient, qui rẽpond à Vouverture des dixaines, ſur le chiffre 1. Si le diviteur 124 
peut ster encore une fois de ce qui paroltra, apres la premiere ſouſtraction, 
aux ouvertures des mille, des centaines et des dixaines, on I'otera, et on tour- 
nera Vaiguille du mème cercle de quotient fur 2, et on continuera juſqu'à Tex 
hauſtion la plus complete qu'il ſera poſſible : pour cet effet, il faudra reiterer 
ici la ſouſtraction huit fois ſur les trois memes ouvertures ; Paiguille du cercle du 
quotient qui rẽpond aux dixaines, ſera donc ſur 8, et il ne fe trouvera plus aux 
ouvertures que 69, qui ne peut plus ſe diviter par 124; on mettra donc 'aiguille 
du cercle de quotient, qui repond a l'ouverture des unites, fur 9; ce qui mar- 
quera que 124 ©te 80 fois de 9989, il reſte enſuite 69. 

Vor. IV. | 30 MANIERE 


+ 
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MANIERE DE REDUIRE LES LIVRES EN SOUS, ET LES 
SOUS EN DENIERS. 


REDUIRE tes livres en fous, c'eſt multiplier par 20 les livres donnees ; et 
reduire les ſous en deniers, c'eſt multiplier par 12, Voyez MULTIPLICATION, 


Convertir les ſous en livres et les deniers en ſous, c'eſt diviſer dans le pre. 
mier cas par 20, et dans le ſecond par 12, Voyez Divis1oNn. 


Convertir les deniers en livres, c'eſt diviſer par 240. Voyez Divistox, 


IL parut en 1725 une autre Machine Arithmetique d'une compoſition plus 
fmple que celle de M. Paſcal, et que celles qu'on avoit deja faites a l'imita- 
tion; elle eſt de M. de l'Epine; et PAcademie des Sciences a jugè qu'elle con- 
tenoit pluſieurs choſes nouvelles et ingenieuſement penſees. On la trouvera dans 
le Recueil des Machines approuvees par cette Académie; on y en verra encore 
une autre de M. de Boitiſſendeau, dont l' Académie fait auſſi l' loge. Le prin- 
cipe de ces Machines une fois connu, il y a peu de mérite a les varier: mais 
il falloit trouver ce principe; il falloit s'appercevoir que, fi l'on fait tourner ver- 
ticalement de droite a gauche un barillet charge de deux ſuites de nombres 
placees Pune au-deſſus de l'autre en cette forte, o, 9, 8, 7, 6, &c. 

9, 0, I, 2, 3, &c. 


Paddition fe faiſoit ſur la rangee ſuperieure, et la ſouſtraction ſur Vinferieure, 
preciſement de la meme maniere, 


Fin de la Deſcription de la Machine Arithmitique ae Monſieur Blaiſe Paſcal. 
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De MM. PASCAL et ROBERVAL d M. FERMAT, fur un Princip. 


de Geeftatique, mis en avant par ce dermer *, 


MONSIEUR, 


7 principe que vous demandez pour la Geoſtatique eſt, que fi deux poids 


6gaux ſont joints par une ligne droite ferme et de foi ſans poids, et qu*etant 
ainſi diſpoſes, ils puiſſent deſcendre librement, ils ne repoſeront jamais, juſqu'a 
ce que le milieu de la ligne (qui eſt le centre de peſanteur des anciens) s'uniſſe 
au centre commun des choſes peſantes. Ce principe, (lequel nous avons con- 
ſidéré il y a long-temps, ainſi qu'il vous a ete mande,) paroit d' abord fort 
plauſible : mais, quand il eſt queſtion de principe, vous ſavez quelles conditions 
lui ſont requiſes pour Etre regu ; deſquelles conditions, au principe dont il s'agit, 
la principale manque; ſavoir, que nous ignorons _ eſt la cauſe radicale qui 
fait que les corps peſants deſcendent, et quelle eſt Vorigine de leur peſanteur. 
Ce qui n'ctant point en notre connoiſſance (comme il faut librement avouer, et 
en ceci, et quaſi en toutes les autres choſes phyſiques) il eſt Evident qu'il nous 
eſt impoſſible de dẽterminer ce qui arriveroit au centre, ol les choſes peſantes 
aſpirent, ni aux autres lieux hors la ſurface de la terre; ſur laquelle, parce que 
nous y habitons, nous avons quelques experiences aſſez conſtantes, deſquelles 
nous tirons ces principes en vertu deſquels nous raiſonnons en la Mechanique. 


La diverſite des opinions touchant Vorigine de la peſanteur des corps, deſ- 
quelles aucune n'a été juſqu'ici, ni demontree, ni convaincue de fauſſeté par 
demonſtration, eſt un ample temoignage de Pignorance humaine en ce point. 


La commune opinion eſt, que la peſanteur eſt une qualite qui refide dans le 
corps meme qui tombe. D'autres font d'avis que la deſcente des corps procede 
de l'attraction d'un autre corps qui attire celui qui deſcend, comme le globe 
de la terre paroĩt attirer une pierre qui tombe. II y a une troifieme opinion 
qui n'eſt pas hors de vraiſemblance ; que c'eſt une attraction mutuelle entre les 
corps, cauſce par un defir nature! que ces corps ont de $'unir enſemble, comme 
1] eſt Evident au fer et à Paimant, leſquels ſont tels, que, fi Paimant eſt arrete, 
je fer, ne Vetant pas, ira le trouver; et, fi le fer eſt arrete, Vaimant ira vers lui; 


* Tire du Recueil des Quvres de Fermat. 
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et, fi tous deux font libres, ils s'approcheront rèciproquement Pun de l'autre; 
en {oite toutefois que le plus fort des deux fera le moins de chemin *. 


Or de ces trois cauſes poſſibles de la pelanteur ou des centres des corps, les 
conſequences ſont fort diflerentes, particulièrement de la premiere et des deux 
autres; comme nous ferons voir en les examinant. 


Conſequences Car, fi la premiere eſt vraie, le ſens commun nous dicte qu'en quelque lieu 
de la premiere que ſoit un corps peſant, pres ou loin du centre de la terre, il petera toujours 
opmon- Egalement, ayant tovyjours en ſoi la mEme qualité qui le fait peſer, et en meme 
degré. Le ſens commun nous dicte auſſi (polee cette meme opinion premiere) 
qu'alors un corps repoſera au centre commun des chotes peſantes, quand les 
parties du corps qui feront de part et d'autre du meme centre, feront d'&gale 
pelanteur, pour contrepeſer une a l'autre, ſans conſidecer fi elles font peu ou 

beaucoup, Egalement ou inegalement, eloignces du centre commun. 
Tig. ry Si cette premicre eſt veritable, nous ne voyons point que le prin- 
[+ cipe que vous demandez pour la Geoſtatique puiffe ſubſiſter. Car 
ſoient (Fig. 1.) deux poids Egaux A, B joints enſemble par la 
* ligne droite ferme et de foi fans poids AB; ſoit C le point du mi- 
lied de la meme ligne AB; et ſoient D, E, deux autres points 
tels quels dans ladite ligne entre les poids A et B. Vous demandez 
qu'on vous accorde que les poids A, B tombant librement avec 
leur ligne, ne repoſeront point juſqu'à ce que le point du milieu C 
(4) s'unitle au centre commun des choſes peſantes. Suivant cette pre- 
— mrere opinion, nous accordons que, ſi le point C eſt uni au centre 
des choſes peſantes, le compoſé des poids A, B demeurera immobile veritable- 
ment. Mais il nous ſemble auſſi que, fi le point D ou E convient avec le meme 
centre commun des choſes peſantes, combien que l'un des poids en ſoit plus 
proche que l'autre, ils contrepeſeront encore et demeureront en équilibre: 
puiſque (pour nous fervir de vos propres termes) ces deux poids ſont egaux, 
et ont tous deux meme inclination de $'unir au meme centre commun des 
choſes peſantes, et Pun n'a aucun avantage ſur l'autre pour le deplacer de ſon 
lieu. Et il ne ſert de rien d'alleguer le centre de peſanteur du corps AB, le- 
quel centre, felon les Anciens, eſt au milieu C; car il n'a pas été demontre 
que le point C ſoit le centre de peſanteur du compoſe A B, ſinon . la 
deſcente des corps ſe fait naturellement par des lignes paralleles, ce qui eſt con- 
Du centre de tre vos ſuppoſitions et les nôtres, et contre la verite ; et meme nous ne voyons 
peſanteur pas qu' aucun corps, hormis la ſphere, ait un centre de peſanteur, poſce la de- 
un corps. finition de ce centre felon Pappus et les autres Auteurs ; et quand il y en auroit 
un en chaque corps, il ne paroit pas (et n'a jamais &te demontre) que ce ſeroit 
ce point-la par lequel le corps s'uniroit au centre des choſes peſantes: meme 
cela, pour les raiſons precedentes, repugne a notre commune connoiſſance en 
pluticurs figures, comme en la ſeconde des deux figures ſuivantes. En tout cas, 
nous ne voyons point que ce centre de peſanteur des Anciens doive Etre conſi- 
dere autre part qu' aux poids qui ſont pendus ou ſoutenus hors du lieu auquel 

ils aſpirent. 


* 


Cette troiſiẽme opinion eſt celle du Chevalier Iſaac Newton et de la plipart des Philoſophes du 
zemps preſent, 1797. F. M. | 
Quant 


. 
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vant à la comparaiſon qui vous a été faite d'un levier horizontal, lequel 
Gant preſſè horizontalement aux deux bouts par deux forces ou puiffances 
egales, demeure en 1erat qu'il eſt ; elle vous ſemble entièrement pareille au le- 
vier precedent AB (puiſque vous voulez Pappeller ainſi) d' autant que ces poids 
ne preſſent le levier que par la force ou puiſſance 
qu'ils ont de ſe porter vers leur centre commun. 
Comme fi le levier horizontal eſt AB (Fig. 2.) 
et les forces ou puiſſances Egales A et B preſſant 
horizontalement le levier pour ſe porter a un cer- 
tain point commun C, auquel elles aſpirent, et 
lequel eſt poſe également ou inégalement entre les mèmes puiſſances dans la 
ligne AB: ces forces preſſant egalement le levier, fe rẽſiſteront Pune à Pautre, 
ſelon notre ſens ; encore meme que I'une comme A, ftit plus proche que Pautre 
du point commun auquel toutes deux afpirent. Et quand le levier ne ſeroit pas 
horizontal, mais en telle autre poſition que Von voudra, étant confidere de fot 
ſans poids, et toutes les autres choſes comme auparavant, le meme effet sen- 
ſuivra, ſelon notre jugement. 


Fig: 2 


_c 


Nous ajouterons ici ce que nous penſons, ſuivant cette premiere opinion, de 
deux poids qui ſeroient inẽgaux, joints comme deffus a une ligne droite ferme 
et de ſoi fans poids. 


Soient donc (Fig. 3.) deux poids incgaux A et B, deſquels A V 2. 
ſoit le moindre; et ſoit A B la ligne ferme qui les joint, dans la- (4 
quelle le point C ſoit le centre de pefanteur du compole des corps 
A, B, felon les Anciens : ce point C ne fera pas au milieu de la 
ligne AB. Si donc on met le compoſe des poids A, B, de forte 
que le point C convienne au centre commun des choſes peſantes, 
nous ne pouvons croire que ce compole demeurera en cet ẽtat, le 
poids A ẽtant enticrement d'une part du centre des choſes pe- 
ſantes, et le poids B enticrement de Vautre part. Mais il nous 
ſemble que le plus grand poids B doit s'approcher du meme centre 
des choſes peſantes, juſqu'à ce qu'une partie dudit poids B foit au- E 
dela dudit centre vers A comme la partie D, en forte que cette 
partie D avec tout le poids A étant d'une meme part, ſoit de 
meme peſanteur que la partie E reſtant de l'autre part. 


Si la ſeconde opinion touchant la cauſe de la de- L 
ſcente des poids eſt veritable, voici les conſequences Fi 4 
qu'on peut en tirer, felon notre jugement. oY 


Soit (Fig. 4.) le corps attirant A D X E ſpherique 
duquel le centre ſoit H; et que la vertu d'attraction 
ſoit Egalement Epandue par toutes les parties du meme 
corps, en ſorte que chacune ſelon ſa puiſſance, tire a 
fot le corps attire, ainſi que ſuppoſent les Auteurs de 
cette opinion. 


Sur cette poſition, le ſens commun nous dicte que 
les 


22 


Conſequences 
de la ſeconde 
opinion. 


— —_—— 


Conſequences 
dela troiſiẽme 


opinion, 
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les diſtances et autres conditions étant pareilles, les parties Egales du corps atti- 
rant attireront également, et les inegales, incgalement. 


Soit donc le corps attire L conſiders, premicrement, hors le corps attirant 
en A; ſoit mence la ligne droite A H, à laquelle ſoit un plan perpendiculaire 
E H D, coupant le corps ADXE en deux parties egales, et partant d'é ale 
vertu. Soient auſſi dans la ligne AH pris tant de points que l'on vou.ira, 
comme K, I, par leſquels ſoient menes des plans FIC, GK B paralleles au 
plan EH D, coupant le corps attirant A DX E en parties inegales, et partant 
*incgale vertu. Alors le corps L étant en A, ſera attire vers H par la vertu 
enticre de tout le corps AD XE; et le chemin étant libre, il viendra en K, 
od Etant, il ſera attire vers H par la plus grande et forte partie BD X E G, et 
contretirẽ vers A par la plus petite et plus foible partie BAG. Il en ſera de 
meme quand il ſera parvenu en I, ou il ſera moins attire que quand il Eroit en 
K ou en A; toutefois il ſera toujours contraint de S'approcher du centre N, 
tant qu'il y ſoit venu: mais la partie qui attire diminuant toujours, et celle qui 
contretire s' augmentant toujours, il ſera continuellement attire avec moins de 
vertu, juſqu'à ce quꝰ'ẽtant arrive en , il ſera également attire de toutes parts, 
et demeurera en cet ętat. 


Si cette propoſition eſt vraie, il eſt facile de voir que le corps L peſera d'au- 
tant moins, qu'il ſera plus proche du centre H; mais cette diminution ne ſera 
pas en la raiſon des lignes HA, HK, HI, ce que vous connoitrez en le conſi- 
derant fans autre explication. 


Si la troiſiẽme opinion de la deſcente des corps eſt veritable, les concluſions 
que l'on peut en tirer ſont les memes, ou fort approchant de celles que nous 
avons tirèes de la ſeconde opinion. 


Puis donc que de ces trois cauſes poſſibles de la peſanteur nous ne ſavons 
quelle eſt la vraie, et que mEme nous ne ſommes pas aſſurẽs que ce ſoit Pune 
d'elles, por vant ſe faire que la vraie cauſe ſoiĩt compoſce des deux autres, ou 
que c'en ſoit une toute autre, de laquelle on tireroit des conſequences toutes dit— 
terentes, il nous ſemble que nous ne pouvons poſer d'autres principes pour 
raiſonner en cette matiere, que ceux deſquels Pexperience, aſſiſtèe d'un bon 
jugement, nous a rendus certains. 


Ce qu'il fut Pour ces conſiderations, dans nos conferences de Mechanique, nous appel- 
entendre par lons des poids g, Ou inegaux, ceux qui ont égale ou inẽgale puiſſance de ſe 
poids eganx, porter vers le centre commun des choſes peſantes; et nous entendons un meme 


OS 


ou ine gauæ. 


corps avoir un meme poids, quand il a toujours cette mème puiſſance: que fi 
cette puiſſance augmente ou diminue, alors, quoique ce ſoit le meme corps, 
nous ne le conſidèrons plus comme le meme poids. Or que cela arrive ou non 
aux corps qui s'cloignent ou s'approchent du centre commun des choſes pe- 
ſantes, c'eſt choſe que nous deſirerions bien de ſavoir: mais ne trouvant rien 
qui nous ſatisfaſſe ſur ce ſujet, nous laiſſons cette queſtion indeciſe, raiſonnant 
ſeulement ſur ce que les Anciens et nous avons pu decouvrir de vrai juſqu'a 


maintenant. l 
Vola 
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Voilà ce que nous avions à vous dire pour le preſent touchant votre principe 
de la Geoſtatique : laiſſant a part beaucoup d'autres doutes, pour eviter la pro- 
lixite du diſcours. 


Quant à la nouvelle proportion des angles que vous mettez en avant; afin de 
la dEmontrer, vous ſuppoſez deux principes, deſquels le premier eſt vrai: mais 
le ſecond eſt fi eloigne d'ere vrai, qu'il y a des cas od il arrive tout le con- 
traire de ce que vous demandez qu'on vous accorde pour vra!. 


Le premier eſt tel. Soit (Fig. 5.) A le centre Lg. 5. 


commun des choſes peſantes ; Pappui du levier, N; 
du centre A intervalle AN, ſoit decrite une portion 
de circonference telle quelle C NB, pourvꝭ que Parc 
CN ſoit égal a Parc NB; et ſoit conſidérèe la cir- 3 
conference CNB, comme une balance ou un levier 

de ſoi ſaus poids, qui fe remue librement a Pentour de Pappui N; foient auſſi 
des poids &gaux poſes en Cet B. Vous fuppoſez que ces poids feront <quilibre 
Etint balances ſur le point N. Et il ſemble que ta- 
citement vous ſuppoſcz encore I'equilibre quand les 
bas du levier NC et NB ſerotent des lignes droites 
(Fig. 6.), pourvù que les extremites C et B ſoient 
ẽgalement ẽloignẽes du centre A, et les lignes NC 
et N B, ſoutendantes, ou cordes, en effet ou en puiſ- 
ſance, d'arcs Eegaux NC, NB. 


Hg: 6. 


Toutes ces choſes font vraies en général; mais nous ne les croyons telles que 
pour les avoir demontrees par des principes qui nous ſont plus clairs et plus 
connus. 


Toutefois en particulier il y a une diſtinction a faire, laquelle eſt de grande 
conſidèration; ſavoir, que quand les arcs NC et 
N B ſont chacun moindres qu'un quart de circon- 
ference, le levier C NB, charge des poids C et B, 
peſe ſur Pappui N, pouſſant vers le centre A pour 
Sen approcher. Mais quand les arcs C N, N B ſont 
chacun un quart de circonference (Fig. 7.), le le- 
vier CN B, charge des poids C, B, ne peſe nulle- 
ment ſur l'appui N, d'autant que les poids ſont 
diametralement oppoſes ; et partant le levier de- 
meurera de meme fans appui qu'avec un apput. 
Finalement quand les arcs &gaux N C, NB ſont 
chacun plus grands qu'un quart de circonference 


(Fig. 8.), le levier C NB, charge des poids egaux A 
C, B, peſe ſur Vappui N pouilant vers P, pour 7 
sEloigner du centre A. 435 69 


Cette diſtinction ëtant vraie comme elle eſt, vo- 


tre ſecond principe ne peut ſubſiſter; ce qui paroitra afſez par d examen d'icelui. 
Votre 


i 
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Votre ſecond principe eſt tel. Soient A lie centre commun des choſes pe- 
ſantes; Ja balance ou le „vier, EFB CD (Fig. 9.), 
dont l'appui eſt B. Son poſe un poids comme B, tout 
entier au point B peſant de toute fa puiſſance tur Pap. 
put B. Ou bien ſoit divile le poids B en parties Egalcs 
„q F, B, C, D, leſquelles ſoient polces fur le lævier 
aux points E, F, B, C, D, étant les arcs EF, FB, 
| | BC, CD égaux, ec tout Parc EFBCD decrit alen- 
tour du centre A. Vous ſuppoſez que le poids B mis tout entier au point B, 
peſera de meme ſur Pappu B, qu'etant poſe, par parties Egales, aux points E, 
F, B, C, D. Cela eſt tellement eloigne du vrai, que quelquefois le poids B, 
ainſi poſe par parties ſur le levier, ne peſera plus du tout ſur Pappui B, quel- 
quefois au lieu de peſer ſur Vappui B pour tirer le levier vers A, il peſera tout 
au contraire ſur le meme appui B, pour éloigner le levier de A. Et toutefois 
Etant ramaile tout entier au point B, il peſera toujours de toute ſa force ſur 


'appui B, pour emporter le levier vers A. Et generalement étant divile et 


etendu, il peſera toujours moins ſur Pappui, qu' tant ramaſſè au point B. Et 
vous ſuppolez qu'entier et diviſè, il peſe toujours de mEme. 


Toutes ces choſes ſont demontrees enſuite de nos principes, et nous vous en 
expliquerons les principaux cas, que vous connoltrez veritables ſans aucune 
demonſtration, | 


Soit derechef A (Fig. 10.) le centre commun des choſes peſantes, alentour 
duquel foit decrit le levier CBD qui ſoit de ſoi 
ſans poids, prolonge tant que de beſoin: et ſoit B le 
point de l'appui, auquel ft un poids eft poſe, nous 
demeurons d'accord avec vous qu'il peſera de toute 
ſa puiſſance ſur Pappui B, lequel appui, s'il neſt 
| aſſez fort, rompra, et le poids s'en ira avec ſon le- 
D vier juſqu'au centre A. Maintenant ſoit diviſe le 

poids, premicrement, en deux parties égales: et 
ayant pris les arcs BC et CD chacun d'un quart de circonference, afin que 
tout Parc CB D ſoit une demi-circonference, ſoit poſẽe une moitie du poids 
en D, l'autre en C; alors ces deux poids C et D peſant vers A, ne er. 
point d' autre effet ſur le levier C BD, ſinon qu'ils le preſſeront également pax 
les deux extremites C et D pour le courber. Suppoſant donc qu'il eſt aſſez 
roide pour ne pas plier, ils demeureront ſur le levier de meme que s'ils ecoient 
attaches aux bouts du diametre D A C, ſans qu'il ſoit beſoin de l'appui B, ſur 


lequel le levier charge de ces deux poids ne fait aucun effort: et quand cet ap- 


ui ſera ote, le tout demeurera de meme qu'avec l'appui: ce qui eſt aſſez clair. 
P 7 4 


Que ſi le poids eſt diviſe en plus de deux parties égales, et qu'etant etendu 
ſur des portions égales du levier, deux d'icelles parties fe rencontrent aux 
points C, D, et les autres dans Peſpace CBD, alors celles qui ſeront en C et D 
ne chargeront point l'appui B. Quant aux autres, elles le chargeront, mais 
d'autant moins, que plus elles approcheront des points C, D, auxquels 2 la 

| charge, 


a4 WW FEEEEMS YT. 473 


charge. Ainſi il s'en faudra beaucoup que toutes enſemble ctendues, chargent 
autant l'appui que lotſqu'elles font ramaſlees en B: elles ne peſent done pas de 


meme. 


Davantage ſoient pris les arcs egaux BC et BD (Fig. 11.) chacun plus 
grand qu'un quart de circonference, et ſoit unaginee 
la ligne droite C D; puis étant diviſe le poids en 
deux parties Egales feulement, ſoient attachees une = 
en C, et l'autre en D: alors il eſt clair que le le- PL 
vier charge des poids C, D, peſera fur Fappm Bz /7 
mais ce ſcra tout au contraire, que ſi les deux poids / ©& 
cetotent ramaſſés en B: car fi Pappu n'elt pas aſſeæx 
fort, 1] rompra, et les poids emportant le levier, gue 
nous ſuppofons erre de fot ſans poids, ne cetleront 
de ſe mouvoir tant que la ligne droite CD ſoit venue 
au point A, le levier étant monte en partie au-deſſus de B vers P, au lieu de 
s' abaiſſer vers A, comme il arriveroit fi les poids, ctant ramatles en B, avoient 
rompu Vappui. Voycz quelle difterence ! 


if 


Enfin ſoit le levier comme auparavant, avquel ſoient des quarts de circonfer- 
ence BC, BD, (Fig. 12.); et de part ct 
Hautre du point C, ſoient pris des arcs egaux 11 5 a 
CG, CE, chacun moindre qu'un quart. De 
meme de part et d*autre du point D ſoient pris 
les arcs Egaux entre eux et aux precedents 
DH, DF, tous commenſurables au quart, 
Soit auſh diviſe tout l'arc EBF en tant de 
parties 6gales que l'on voudra, en forte que les 
points E, C, G, B. N, D, F ſoient du nombre 
de ceux qui font la diviſion; et ſoit divile le 
poids en autant de parties égales que Iarc 
E B F, leſquelles parties de poids ſoient poſées 
ſur les parties de la diviſion du levier. Alors 
les poids qui fe trouveront poles ſur les arcs 
EC et F D, dechargeront autant l'appui B, qu'il etoit charge par ceux des 
arcs CG, DH: partant tous ceux qui ſeront fur les arcs EG et FH ne 
chargeront point Pappui B, lequel, par ce moyen, ne ſera charge que par ceux 
qui ſeront fur Parc GB H; et ſi entre BG ct BHI il n'y a aucun poids (ce qui 
arrivera quand les arcs BG et B H ne feront chacun qu'une partie de la ſuſdite 
diviſion du levier) alors l'appui B ſera entièerement decharge. Voyez donc com— 
bien i y a de diflerence entre les poids ramafles en B, et étendus par parties 
ſur le levier EB F; voyez aufh qu'un meme poids, divife par parties et Eten 
ſur le levier, p6ſe d' autant moins fur Papput B, que plus grande eſt la portion 
qu'il occupe de la circonference decrite alemour du point A, centre commun 
des choſes pclantes, 


E 


Cette derniere conſideration pourroit bien Ctre caufe qu'un meme corps peſe- 
roit moins, plus proche que plus eloigne du ceatre commun des choſes pe- 
Vol. IV. IF ſintes ; 
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ſantes : mais la proportion de ces peſanteurs ne ſeroit nullement pareille à celle 
des diſtances, et ſeroit peut- ᷑tre très- difficile a examiner, 


B . Q- 


Maintenant, pour venir à votre demonſtration : ſoit le levier GIR (Fig. 13.) 
duquel Vappui ſoit I, et que les extremites G, R et Vappui I ſoient egale- 
ment eloignes de A, centre commun des choſes peſantes, alentour duquel foit 
imaginèe la portion de circonference GI R; ſoit fait que comme Parc Gl eſt a 
Farc I R, ainſi le poids R ſoit au poids G. Vous dites que le levier charge 
des poids G, R, demeurera en Equilibre ſur ſon appui I. Quant à la de- 
monſtration, vous ſuppoſez qu'elle eſt facile en conſequence de vos deux 
principes precedents. Et de fait, fi ces principes étoient vrais, il ne reſteroit 
aucune difficulte, et la choſe pourroit ſe conclure ainſi. Soit faite la pre- 
paration ſuivant la methode d'Archimede, en forte que les arcs RQ, RM 
ſoient égaux, tant entre eux qu'a Parc IG; et les arcs GB, G M egaux, 
tant entre eux qu'à Varc IR. Et ſoit etendu le poids R également depuis 
Q juſqu'en M, et le poids G auſſi egalement depuis M juſqu'en B; ainſi les 
deux poids G, R ſeront ẽgalement Etendus ſur tout Parc B GIM RQ, lequel 
arc ſera quelquefois moindre que la circonference entiere, quelquefois egal a 
icelle, et quelquefois plus grand. Et d'autant que les portions 1 B, IQ font 
Egales, le levier BGIRQ demeurera en Equilibre, par le premier principe, ſur 
Pappm I. Mais le poids G étendu depuis B juſqu'en M, peſe de meme qu'e- 
tant ramaſſè au point G, par le ſecond principe: et par le meme principe, le 
poids R peſe de meme étant ẽtendu depuis M juſqu'en Q, qu' tant ramaſle au 
point R. Partant puiſque ces deux poids étant ramaſſés en G et en R, peſent 
de meme ſur le levier qu'ctant ẽtendus, et qu'etant ctendus ils font ẽquilibre ſur 
le jlevier; ils feront encore équilibre étant ramaſies en G et en R. 


En cette demonſtration, tout ce qui eſt fonde ſur le ſecond principe, regoit 
les memes diflicultcs que le principe meme : et partant la concluſion ne s'enſuit 


point que les poids G, R faſſent Equilibre ſur le levier GI R. 


Nous pourrions nous contenter de ce que deſſus, croyant que vous ſerez ſatiſ- 
fait : mais nous vous prions de conliderer encore deux inſtances, dont la pre- 


miere eſt telle. 
Au 
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Au levier GIR (Fig. 14) ſoit angle GIR 
droit, et partant Parc G I R une demi-circonterence 
de&crite autour de A, centre commun des chotes pe- 
ſantes. Si l'on peſe Parc GI, moindre que Parc I R, 
par exemple, que GI ſoit le tiers de IR, el le 
poids R de 20 livres; il faudroit donc en G 60 li- 
vres, ſelon vous, pour faire cquilibre ſur le levier 
GI R;appuyè au point I; et touteſois ſi vous mettez 
des poids Egaux en G et en R, ils ſeront diametrales 
ment oppoles, et partant par le principe de la Geo- 
flatique au cas dudit principe, accorde par vous et 
par nous, leſdits poids egaux feront encore &quilibre, 
comme s'ils peſoient fur les extremites du diametre GR vers le centre A: et 
quand il y a une fois équilibre, pour peu que Pon augmente ou diminue Fun 
des poids, l' cquilibre fe perd. Voyez comme cela peut saccorder avec votre 
poſition. 


La ſeconde inſtance eſt telle. Soit A (Fig. 15.) le 
centre commun des choſes pelantes, alentour duquel 
ſoit la circonference GI R, l'appui du levier I, et les 
bras IG, IR, deſquels G1 ſoit le moindre; et foit 
prolongee la ligne droite 1 A tant qu'elle rencontre la 
circonference en B. Partant, felon vous, il faudra en : - + : 
G un plus grand poids qu'en R. Et, fi on prend Parc i | 
IC plus grand que I R, mettant en C le meme : | 
poids qui Etoit en R, il faudra en G un plus grand 11 
poids qu'auparavant, pour faire Pequilibre. De meme 1 
prenant Varc ID encore plus grand que I C, et fai- 8 
ſant I D Etre le bras du levier, et mettant en D le 
meme poids qui Etoit en C, il faudra encore augmenter le poids G. Ainfi 
plus le bras du levier qui eft en la circonference I RK B aboutira pres du point B, 
etant charge du meme poids, plus il faudra en G un grand poids pour contre- 
peſer. Et felon le ſens commun par le raiſonnement ordinaire, le bras du le- 
vier Etant la ligne droite IB chargee comme deflus, il faudroit en G le plus 
grand poids. Et toutefois alors le poids qui ſeroit en B, peſant vers A, feroit 
tout ſon effort fur la roideur du bras BI, et le moindre poids qui feroit en G 
feroit balancer le bras IB vers D: et pour peu que le poids qui fera en G faſle 
balancer le bras I B avec ſon poids vers D (ce qui eſt facile a demontrer) alors, 
encore que tant G que B ſortent hots la circonference, on conuclura quelque 
chole de choquant de votre poſition, 


5 


Enfin, Monſieur, parce que Pexperience de ce que deſſus ne peut ſe faire par 
les hommes, des poids à Vegard de leur centre naturel ; fi vous voulez Preudre 
la peine de la faire alentour d'un centre artificiel, {uppolons pour levier un petit 
cercle artificiel, au lieu du grand cercle naturel, c des puillances qui agillent 
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ou aſpirent vers le centre du petit cercle, au lieu des poids qui tendent vers le 
centre du grand: vous trouverez que Pexperience eſt du tout conforme a ce 


railonnement. 


Si vous avez agreable de continuer nos communications ſur ce ſujet ou ſur 
celui de la Geometrie, en laquelle nous ſavons que vous excellez entre tous 
ceux de ce temps, nous tacherons à vous donner contentement : et ce que nous 
vous propoſerons ne ſera point par forme de queſtions; car nous en enverrons 
les demonſtrations en mEme-temps; pour en avoir votre jugement. Vous nous 
obligercz auſſi de nous faire part de vos penſees, Nous lommes, &c, 


A Paris, le 16 Aoit 1636. 


Voycz la Reponſe a cette Lettre dans les CEnuvres de Fermat, avec le reſte de la 
meme diſcuſſion entre Roberval el Fermat, Pages 121, 122, & = = 157. 


CELE- 


Can) 


CELEBEWTARALINE@DE 


MATHESIEY 


ACADEMIZA PARISIENSI*. 


A. C vobis, doctiſſimi et celeberrimi viri, aut dono, aut reddo : veſtra enim 

eſſe fateor quæ non, niſi inter vos educatus, mea feciflem ; propria autem 
agnolco quæ adcò præcellentibus Geometris indigna video. Vobis enim nonniſi 
magna ac egregia demonſtrata placent. Paucis vero genium audax inventionis, 
paucioribus (ut reor) genium elegans demonſtrationis, pauciſlimis utrumqus. 
Silerem itaque, nihil vobis congtuum habens, niſi ea benignitas quæ me à junt- 
oribus annis in erudito Lycco ſuſtiouir, hzc oblata qualiacunque tint, excipetet. 


Horum Opuſculorum primum, magna ex parte agit de ambitibus, ſeu peri- 
pheriis numerorum quadratorum, cuborum, quadrato- quadratorum, et in quo- 
cunque gradu conſtitutorum; et ideò de numericarum potefiatum ambilibus in- 


Secundum circa numeros aliorum multiplices verſatur, et ut ex ſola additione 
characterum numericorum agnoſcantur, methodum tradit. 


Deinceps autem, fi juvat Deus, prodibunt et alii tractatus quos omninò para- 
tos habemus, et quorum ſequuntur tituli: 


De numeris nag ico-magicis; ſeu methodus ordinandi numeros omnes in qua— 
drato numero contentos, ita ut non ſolùm quadratus tous fit magicus; led, quod 
difficilius ſane eſt, ut ablatis ſingulis ambitibus reliquum temper magicum rema- 
neat, idque omnibus modis pollibilibus, nullo oinitio, 


Promcatus Apollonius Gallus; id eſt tactiones circulares, non ſolùm quales vete- 
ribus notæ, et à Vieta repertæ, fed et adeò ulteriùs promote ut vix eundem 
patiantur titulum. 


* On doit entendre par le mot Academie, la ſocittè des Savants qui saſſembloĩent dans ce temps- 
la —— les uns chez les autres, et non pas FAcademie des Sciences, qui ne fut fondee qu en 


1666. 


Tadlioue; 
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Tadlienes ſpherice, pari amplitudine dilate, quippe eadem methods tratatas, 
Utrarumque autem methoqus, ſingula earum problemata per plana reſolvens, ex 
ſingulari conicarum ſectionum proprietate oritur, que aliis muldis diſncillimis 
problematibus ſuccurrit; et vix unicam adimplet paginam, 


Taiones etiam conice : ubi ex quinque punctis et quinque rectis datis, quin- 
que quibuſſibet, &c. 


Loci ſolidi, cum omnibus caſibus et omni ex parte abſolutiſſimi. 


Loci plani: non ſolùm illi quos a veteribus tempus abripuit, nec ſolùm illi quo 
his reſtitutis perilluſtris hujus ævi Geometra ſubjunxit, fed et alii huc uſque non 
noti, utroſque complectentes, et multo latiùs exuberantes, methodo, ut con;i- 
cere eſt, omninò nova, quippe nova præſtante, vid tamen longè breviori. 


Conicorum opus completum, et conica Apollonit et alia innumera unica fer 
propoſitione amplectens; quod quidem nondum ſex-decimum ætatis annum 
aſſecutus excogitavi, et deindè in ordinem congeſſi. 


Penſpentivæ metbodus, qua nec inter inventas, nec inter inventu poſſibiles, ulla 
compendioſior etle videtur; quippe que puncta ichnagraphiæ per duarum fo- 
jummodò rectarum interſectionem preilet, quo ſane nthil brevius eſſe poteſt. 


Noviſſima autem ac penitùs intentatæ materiæ tractatio, ſcilicet de compe/;- 
tione aleæ in ludis ipſi ſuljeclis, quod gallico noſtro idiomate dicitur (faire les partis 
des jeux) : ubi anceps fortuna æquitate rationis ita reprimitur ut utrique luſorum 
quod jure competit exactè ſemper aſſignetur. Quod quidem eo fortiùs ratioct- 

nando quærendum, quo minds tentando inveſtigari poſſit: ambigui enim ſortis 
eventus fortuitæ contingentiæ potiùs quam naturali neceſſitati merito tribuuntur. 
Ideò res hactenus etravit incerta; nunc autem que experimento rebellis tuerat, 
rationis dominium effugere non potuit: eam quippe tanta ſecuritate in arten: 
per Geometriam reduximus, ut certitudinis ejus particeps facta, jam audacer 
prodeat ; et fic Matheſeos demonſtrationes cum aleæ incertitudine jungendo, e: 
quæ contraria videntur conciliando, ab utraque nominationem ſuam accipiens 


ſtupendum hunc titulum jure ſibi arrogat: aleæ Geometria. 


Non de Cnomonid loquor, nec de innumeris miſcellaneis, que ſatis in promptu 
habeo; verùm nec parata, nec parari digna. 

De vacuo quoque ſubticeo, quippè brevi typis mandandum, et non ſolùm 
vobis (ut iſta) ſed et cunctis proditurum : non tamen fine nutu veſtro, quem 
fi mereatur, nihil metuendum : quod equidem aliquando alias expertus fum, 
maxime in inſtrumento illo arithmetico quod timidus inveneram, et vobis hor- 
tantibus exponens, agnovi approbationis veſtræ pondus. 


Illi fant Geometriz noſtre maturi fructus: felices et immane lucrum facturi, 
ſi hos impertiendo quoſdam ex veltris reportemus. 


. 


Datum Pariſiis, 1654. 
PRE. 
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MONSIEUR, 


L MPATIENCE me prend auſſi- bien qu'a vous; et quoique je ſois encore 

au lit, je ne puis m'empecher de vous dire que je regus hier au ſoir, de la 
part de M. de Carcavi, votre Lettre ſur les partis, que j'admire fi fort, que je 
ne puis vous le dire. ſe n'ai pas le loifir de m'etendre ; mais en un mot vous 
avez trouve les deux partis des des et des parties dans la parfaite juſteſſe: Jen 
ſuis tout ſatisfait; car je ne doute plus maintenant que je ne ſois dans la verite, 
apres la rencontre admirable on je me trouve avec vous. admire bien davan- 
tage la mẽthode des parties que celle des des : Pavois vu pluſieurs perſonnes 
trouver celle des des, comme M. le Chevalier de Mere, (qui eft celui qui m'a 
propoſe ces queſtions,) et auſſi M. de Roberval ; mais M. de Mere n'avoit ja- 
mais pu trouver la juſte valeur des parties, ni de biais pour y arriver : de forte 
que je me trouvois ſeul qui euſſe connu cette proportion. Votre methode eſt 
tres- sure, et c'eſt la premiere qui m'eſt venue à la penſce dans cette recherche. 
Mais, parce que la peine des combinaiſons eſt exceſſive, Pen ai trouve un abrege, 
ct proprement une autre methode bien plus courte et plus nette, que je voudrois 
pouvoir vous dire ici en peu de mots: car je voudrois déſormais vous ouvrir 
mon cœur, $'il ſe pouvoit ; tant j'ai de joie de voir notre rencontre. Je vois 
bien que la verite eſt la meme a Toulouſe et à Paris. Voici a peu pres comme 
e fais pour ſavoir la valeur de chacune des parties, quand deux joueurs jouent, 
par exemple, en trois parties, et chacun a mis 32 piſtoles au jeu. 


Poſons que le premier en ait deux et l'autre une: ils jouent maintenant une 
partie dont le ſort eſt tel, que fi le premier la gagne, il gagne tout Pargent qui 
eſt au jeu, ſavoir, 64 piſtoles : : ſi l'autre la gagne, ils ſont deux parties a deux 
parties; et par conſequent s'ils veulent ſe ſeparer, il faut qu'ils retirent chacun 
leur miſe, ſavoir, chacun 32 piſtoles. Confiderez donc, Monſieur, que, ſi le 
premier gagne, il lui appartient 64; s'il perd, il lui appartient 32. Done $'ls 
ne veulent point haſarder cette partie, et ſe {Eparer ſans la jouer, le premier doit 
dire: * je ſuis sur d'avoir 32 piſtoles; car la perte mEme me les donne: mais 


* Tiree du Recueil des CZuvres de Fermat. II paroit que cette Lettre avoit Etc precedee par 


autres ſur la meme matiere; mais je n'ai pu les recouvrer, 
pour 
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pour les 32 autres, peut-Etre je les aurai, peut- tre vous 1 aurez; le haſard 
eſt Egal; partageons donc ces 32 piſtoles par la moitie, et donnez. moi outre cela 
mes 32 qui me ſont saures.“ II aura donc 48 piſtoles, et l'autre 16. 


Poſons maintenant que le premier ait deux parties, l'autre print, et qu'il 
commencent a jouer une partie: le fort de cette partie eſt tel, que fi le premier 
la gagne, il tire tout Terpent, 64 piſtoles; ſi l'autre la gagne, les voilà revenus 
au cas precedent, auque! le premier aura deux parties et l'autre une. Or nous 
avons déja montre qu'en ce cas il appartient a celui qui a les deux parties, 48 
piſtoles ; donc s'ils veulent ne point jouer cette partie, il doit dire ainſi : “ ſi je la 
gagne, je gagnerai tout, qui eſt 64; ſi je la perds, il m appartiendra légitime- 
ment 48. Donc donnez. moi les 49 qui me ſont certaifies, au cas meme que je 
perde, et partageons les 16 autres Par la moitié, puiſqu'il y a autant de haſud 
que vous les gagniez comme moi.“ Ainſi il aura 48 et 8, qui font 55 piſtoles. 


Poſons enfin que le premier n'ait qu'une partie et l'autre point. Vous voyez. 
Monſieur, que s'ils commencent une partie nouvelle, le fort en ef: tel, que fi 
le premier la gagne, il aura deux parties a point, et partant, par le cas Prece- 
dent, il lui appartient 56 s'il la perd, ils font partie à partie, donc il lui ap- 
partient 32 piſtoles. Donc il doit dire: “ ſi vous voulez ne pas la jouer, don- 
nez-· moi 32 piſtoles qui me ſont sGires, et partageons le reſte de 56 par la moi- 
tie; de 56 otez 32, reſte 24 partagez donc 24 par la moitié, prencz en 12 et 


moi 12, qui, avec 32, font 44. 


Or par ce moyen vous voyez par les fimples ſouſtractions, que pour la pre- 
miere partie il appartient fur Vargent de l'autre 12 piſtoles, pour la ſeconde 
autres 12, et pour la derniere 8. 


Or pour ne plus faire de myſtere, puiſque vous voyez aufſi-bien tout à dé- 
couvert, et que je n'en faiſois que pour voir ſi je ne me trompois pas, la valeur 
' entends la valeur ſur Vargent de l'autre ſeulement) de la derniere partie de 2 
eſt double de la partie de 3; et quadruple de la derniere partie de 4 ; et octu- 
ple de la derniere partie de 5, &c. 


Mais la proportion des premieres parties n'eſt pas fi aiſse a trouver: elle el! 
donc ainh, car je ne veux rien déguiſer; et voici le problème dont je faiſois tant 
de cas, comme en ciIt il me plait fort. 


Etant donne tel nombre de farties qulon voudra, trouver la valeur de la premiere? 


Soit le nombre des parties donné, par exemple, 8 prenez les huit premiers 
nombres pairs et les huit premiers nombres impairs, ſavoir : 


0, 12, Id, 16. 
9, 11, 13, 15. 
Multphez les nombres pairs en cette ſorte: le premier par le ſecond, le pro- 


duit par le troiſicme, le produit par le quatrieme, le produit par le c:nquieme, 
&c, Multipliez les nombres impairs de la meme forte: le premier par le ſecond, 


is 
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le produit par le troiſiẽme, &c. : le dernier produit des pairs eſt le denomina- 
teur, et le dernier produit des impairs eſt le numerateur de la fraction qui ex- 
prime la valeur de la premiere partie de 8; c'elt-a-dire, que ſi on joue chacun 
le nombre des piſtoles exprimè par le produit des pairs, il en apparticndra ſur 
Pargent de l'autre le nombre exprime par le produit des impairs. 


Ce qui ſe demontre, mais avec beaucoup de peine, par les combinaiſons, 
telles que vous les avez imaginëes: je nat pu le demontrer par cette autre voie 
que je viens de vous dire, mais ſeulement par celle des combin1itons ; et voici 
les propoſit ions qui y meEnent, qui font proprement des pro: 25 ions arithme- 
tiques touchant les combinaiſons, dont j'ai d'aſfez belles propriet 


Si d'un nombre quelconque de lettres, par exemple, de N 2 B. O, 
E, F, G, H, vous prenez toutes les combinaiſons poſſibles de quatre lettres, 
et enſuite toutes les combinailons poſſibles de cinq lettres, ct puis de fix, de ſept 
et de huit, &c. et qu'ainſi vous preniez toutes les combinaitons poſſibles de- 
puis la multitude, qui eft Ja moitié de la toute, juſqu'au tout: je dis que fi 
vous joignez enſemble la moitie de la combinaifon de quatre avec chacune des 
combinaiſons ſupèrieures, la ſomme ſera le nombre tantieme de la progreſſion 
quaternaire, a commencer par le binaire, qui eſt la moitiè de la multitude. Par 
exemple, et je vous le dirai en latin, car le frangois n'y vaut rien, 


Si quotlibet litterarum, verbi gratid, eto, A, B, C, D, E, F, G, H. ſumantur 
omnes combinationes quaternarii, quinquenarit , ſenarii, &c. uſque ad eftonarium : 
dico, fi jungas dimidium combinationis quaternarit, nempe 35 (dimidium 70) cum 
omnibus combinationibus quinquenarii, nempe 56, plus omnibus combinationibus ſenarit, 
nempe 28, plus cemnibus combinalionibus ſeptenarii, nempe 8, plus omnibus combinatio- 
nibus cftonarii, nempe 1, fadlum eſſe quartum numerum progreſſionis quaternarii cujus 
origo eft 2: dico quartum numerum, qu 4 eftonarii dimidium 2ſt. 

Sunt enim numeri progreſſionts quaternarii quibus origo eft 2, ti: 2, 8, 32, 128, 
512, Cc. quorum 2 primus eft, 8 ſecundus, 32 lertius, et 128 quartus, cui 128 
equantur + 35, dimidium combinationis 4 liſterarum, + 56 combinationts 5 lit/ergs 
rum, + 28 combinationts 6 litterarum, + 8 cembinalionis 7 litterarum, + 1 Cons 
binationis 8 litterarum. 


Voila la premiere propoſition, qui eſt purement arithmétique. 


[autre regarde la coctrine des partis, et eſt telle. It faut dire auparavant : 
Si on a une partie de 5, par exemple, et qu'ainſi il en manque quatre, le Jeu 
ſera infailliblement decide en 8, qui eſt double de 4: la valeur de la premiere 
partie de 5 fur l'argent de Pautre, eſt la fraction qui a pour numerateur la 
moitie de la combinaiſon de 4 fur 8 (je prends 4, parce qu'il eſt egal au nom- 
bre des parties qui manquent, et 5, parce qu Hl eſt double de 4,) et pour deno- 
minateur ce meme numerateur, plus toutes les combinaiſons ſupèërieures. 


2 

5 J part ur l'argent de mon joueur — 
'infi fi j'ai une partie de 35, il m'appartient ſur J'arg if 1 — 
que, s'il a mis 128 piſtoles, j'en prends 35, et lui laifle le reſte 93. 


* Potins uinarii. 
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: . 100; - ? 
Or cette fraction =, eſt la meme que celle-la > laquelle eſt faite par la mul- 


tiplication des pairs pour le denominateur, et de la multiplication des impairs 
pour le numerateur. | 


Vous verrez bien fans doute tout cela, fi vous vous en donnez tant ſoit peu 
la peine. C'eſt. pourquoi je trouve inutile de vous en entretenir davantage: je 
Vous Envoie neanmoins une de mes vieilles Tables. Je nai pas le loiſir de la 
copier, je Ja referai ; vous y verrez comme toujours la valeur de la premiere 
ee oy egale à celle de la ſeconde, ce qui ſe trouve aiſement par les combi- 
naiſons. 


Vous verrez de meme que les nombres de la premiere ligne augmentent 
toujours. | ] 

Ceux de la ſeconde, de meme, 

Ceux de la troifieme, de meme. 

Mais enſuite ceux de la quatrieme diminuent. 

Ceux de la cinquieme, &c. 

Ce qui eſt Etrange. 

Je wai pas le temps de vous envoyer la demonſtration d'une difficulte qui 
Etonnoit fort M. de Mere : car il a tres-bon eſprit, mais il n'eſt pas Geometre ; 
eſt, comme vous ſavez, un grand defaut; et meme il ne comprend pas 
qu'une ligne mathematique ſoit diviſible a Pinfini, et croit fort bien entendre 
qu'elle eſt compoſee de points en nombre fini; et jamais je n'ai pu Ven tirer: fi 
vous pouviez le faire, on le rendroit parfait. Il me diſoit donc qu'il avoit 
trouve fauſſetè dans les nombres par cette raiſon. 

Si on entreprend de faire un 6 avec un de, il y a avantage de Ventreprendre 
en 4, comme de 671 a 625. 

Si on entreprend de faire ſonnez avec deux des, il y a dẽſavantage de Ven- 
treprendre en 24. 

Et néanmoins 24 eſt à 36, qui eſt le nombre des faces de deux des, comme 
4 à 6, qui eſt le nombre des faces d'un de, 

Voila quel <toit fon grand ſcandale, qui lui faiſoit dire hautement que les 
propoſitions n*etoient pas conſtantes, et que PArithmetique ſe-dementoit, Mais 

vous en verrez bien aiſèment la raiſon, par les principes on vous Etes, 


Je mettrai par ordre tout ce que j'en ai fait, quand Jaurat acheve des Traitẽs 
Geometriques. ou je travaille il y a deja quelque temps. | 
Fen ai fait auſſi d*aruhmetiques, fur le ſujet deſquels je vous ſupplie de me 


mander votre avis fur cette demonſtration. 


Je pole le Lemme que tout le monde ſgait, que la ſomme de tant de nombres 
qu'on voudra de la progreſſion continuee depuis Punite, comme 1, 2, 3, 4, 
| etant priſe deux fois, eſt egale au dernier 4, multipliè par le prochainement plus 
| - grand 5, c'eſt-à dire, que la ſomme des nombres contenus dans A, ctant priſe 
; deux fois, eſt &gale au produit de A par A + 1, 


Maintenant 
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Maintenant je viens à ma propoſition. 


Duorum quorumlibet cuborum proximorum differentia, unilale demptd, ſextupila et 
omninum numerorum in mincris radice contentorum. 


Sint duæ radices R, S, unitate differentes : dies R — S — 1 equari ſumme 

mmerorum in S contentorum, ſexies ſumpte. Etenim S vocetur A; ergo Ref A+ 1. 
Ivitur cubus radicis R, ſeu A + 1, ff A“ + 3A* + 3A + 1*; cubus vero 8, 
fer „A, t A“; et horum differentia eft 3 A. + 2A + 1, id oft, R — 85. Jeitur fi 
aiferatur unitas, 3A“ + 3A equatur R — $3 — 1, Sed aup lun Jumme nume— 
rorum in A, feu 8, contentorum aquatur, ex Lemmate, A in A + 1, bc eſt A + A. 
loitur ſexiuplum ſummæ numerorum in A cententorum equaiur 3A* + 3A. Sed 

z + 3A equatur R — 8 — 1. Igilr R - S — equa Yur /extuplo ſummæ 
numerorum in A ſeu S contentorum. Quod erat demonſtrandumn. 


On ne m'a pas fait de difficulte la-defſus ; mais on m'a dit qu'on ne m'en 
faiſoit pas, par cette raiſon que tout le monde eſt accoutume aujour-d'hui à 
cette mẽthode: et moi je pretends que ſans me faire grace, on doit admettre 
cette demonſtration comme d'un genre excellent, Jen attends neanmoins votre 
avis avec toute ſoumiſſion: tout ce que Jai demontre en arithmetique, elt de 
cette nature. Voict encore deux difficultés. 


Jai demontre une propoſition plane, en me ſervant du cube d'une ligne, 
compare au cube d'une autre. Je pretends que cela ett purement geometrique, 
et dans la feverite Ia plus grande, 

De meme j'ai refolu ce probleme : De quatre plans, quale points et quatre 
ſpheres, quatre quelconques etaut dounees, trouver une ſphere qui, touchant les ſpheres 
dennezs, paſſe par les points données, et laiſſe ſur les plans des portions de ſpheres ca- 
pables d angles domes : et celui-ci: De trois cercles, trois — trois lignes, trois 
quelconques Etant donies, trouver un cercle qui, touchant les cercles et les points, laiſe 

fur la ligne un arc capable d'angle donné. 


Jai reſolu * ces problemes pleinement, n'employant dans la conſtruction que 
des cercles et des lignes droites. Mais dans la demonſtration, je me ſers des 
licux ſolides, de paraboles ou hyperboles. Je pretends neanmoins qu'attendu 
que la conſtruction elt plane, ma ſolution eſt plane, et doit paſſer pour telle. 


C'eſt bien mal reconnoitre honneur que vous me faites de ſouffrir mes entre- 
tiens, que de vous importuner fi long-temps : : je ne penſe jamais vous dire que 
deux mots, et fi je ne vous dis pas ce que Jai le plus ſur le cœur, qui eſt, que, 
plus | je vous connols, plus je vous admire et vous honore; et que fi vous voyiez 
a quel point cela eſt, vous donneriez une place dans votre amitié à celui qui 
eſt, Monſieur, votre, &c. 


PASC AY 
Le 29 Juillet 1654. 


* Il y a apparence que toutes ces recherches ſont perdues. 
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Dont il eſt fait mention dans la Lettre precedente, 


Si on joue chacun 256, en 


2632s —— 


f 6 1 . 
Parties. | Parties. | Parties. | Parties, | Parties. | Partie. 
3 63 e ach 80 96 128 256 | 
5 = * 
Partie. 65 $6 Nos 99 og 
\ Partie. 50 K. * 0 
4 
Partie. 998 85 1 
5 
Partie. A | = 
6 ; 
Partie. 1 | | 
Si on joue 256, chacun en 
fi 6 4 | 3 2 I 
Parties. | Parties. | Parties, | Parties. | Parties, | Partie. 
0 63 70 80 96 128 | 256 | 
Forney 126 140 160 192 256 | 
3 leres 
g — 182 200 224 1 8.1 
„ 
+ 1eres | - 
Parties, | 245 | 256 
6 leres 
(Parties. 256 
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MONSIEUR, 


3 ne pus vous ouvrir ma penſce entiere touchant les partis de pluſieurs 
joueurs, par l' ordinaire paſſèẽ; et mEme j'ai quelque repugnance A le faire, 
de peur qu'en ceci cette admirable convenance qui étoit entre nous, et qui 
m*ctoit fi chere, ne commence a ſe dementir ; car je crains que nous ne ſoyons 
de differents avis ſur ce ſujet, Je veux vous ouvrir toutes mes raiſons; et vous 
me ferez la grace de me redreſſer, ſi j'erre, ou de m'affermir, fi Pai bien ren- 
contre, Je vous le demande tout de bon et fincerement ; car je ne me tiendrai 
pour certain que quand vous ſerez de mon c0te. 


Quand il n'y a que deux joueurs, votre mEthode, qui procede par les com- 
binaiſons, eſt très-ſure. Mais quand il y en a trois, je crois avoir demonſtra- 
tion qu'elle eſt mal juſte, ſi ce n'eſt que vous y procediez de quelqu'autre ma- 
niere que je n'entends pas Mais la methode que je vous ai ouverte, et dont je 
me ſers par- tout, eſt commune a toutes les. conditions imaginables de toutes 
ſortes de partis, au lieu que celle des combinaiſons (dont je ne me ſers quꝰ aux 
rencontres particulieres ou elle eſt plus courte que la generale) n'eſt bonne qu'en 
ces ſeules occaſions, et non pas aux autres, 


Je ſuis ſur que je me donnerai a entendre ; mais il me faudra un peu de diſ- 
cours, et à vous un peu de patience, 


Voici comment vous procedez, quand il y a deux joueurs. Si deux joueurs 
jouant en pluſieurs parties, fe trouvent en cet état qu'il manque deux parties 
au premier et trois au ſecond, pour trouver le parti il faut (dites-vous) voir en 
combien de parties le jeu ſera decide abſolument. 


— — - 
- — 


— — — 
3 - - 


— x —— 4 
2 — * 2 


—_ 


Il eft aiſe de ſupputer que ce ſera en quatre parties; d'où vous concluez qu'il 
faut voir combien quatre parties ſe combinent entre deux joueurs, et voir com- 
bien il y a de combinaiſons pour faire gagner le premier, et combien pour le 
ſecond, et partager argent ſuivant cette proportion. J euſſe eu peine à en— 
tendre ce dilcours-la, ſi je ne l'euſſe ſgu de moi- mème auparavant; auſſi vous 


* Tiree du Recueil des Cuvres de Fermat, 
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Faviez ecrit dans cette penſee. Donc pour voir combien quatre parties ſe com— 
binent entre deux joueurs, il faut imaginer qu'ils jouent avec un dé à deux 


faces (puiſqu'ils ne ſont que deux joueurs) comme à croix et pile, et qu'ils 


jettent quatre de ces dés (parce qu'ils jouent en quatre parties,) et maintenant 
faut voir combien ces dss peuvent avoir d'aſſiettes diffcrentes : cela eft ailc à 
lupputer; ils peuvent en avoir 16, qui eſt le ſecond degré de 4, c'eſt-a-dire, le 
quarre z car figurons-nous qu'une des faces eſt marquee A, favorable au pre- 
mier joueur, et l'autre B, favorable au ſecond ; donc ces quatre dés peuvent 
S' aſſeoir ſur une de ces 16 aſſiettes, aaaa .... bbbb. | 


aaa ai Et parce qu'il manque deux parties au premier joueur, toutes les 
aa abi] faces qui ont deux A le ſont gagner; donc il en a 11 pour lui: et 
aa bali] parce qu'il manque trois parties au ſecond, toutes les faces od il y 
aabhbſi] a trois B peuvent le faire gagner; donc il y en a 5; donc il faut 
qu'ils partagent la ſomme, comme 11 a 5. 


a ba a Fo a ; ; A 
Sh ol Voila votre methode quand il y a deux joneurs, Sur quoi vous 


I 
a b ba ; dites que, s'il y en a davantage, il ne fera pas difficile de faire les 
4 bb bY- partis par la mEme methode, 


Sur cela, Monſieur, j'ai a vous dire que ce parti pour deux 


baa a joueurs, fonde ſur les combinaiſons, eſt tres-juſte et très- bon * mais 
baabſi que, s'il y a plus de deux joueurs, il ne ſera pas toujours juſte : et je 
* + 1] vous diral la raiſon de cette diflerence. 
Ja 2 5 ; 3 . 
Je communiquai votre methode a nos Meſſieurs; ſur quoi M. de 
bbaaſi] Roberval me fit cette objection. 
| 205 ? a Que cꝰeſt à tort que l'on prend Part de faire le parti, ſur la ſup- 
oſition qu'on joue en quatre parties: vu que, quand il manque 
ier 9 . 9 P que, q q 


deux parties à Pun et trois à l'autre, il n'eſt pas de néceſſitè que 
l'on joue quatre parties, pouvant arriver qu'on n'en jouera que 
deux ou trois, ou, A la verite,- peut-Ctre quatre; et ainſi qu'il ne voyoit pas 
pourquoi on pretendoit de faire le parti juſte fur une condition feinte, qu'on 
jouera quatre parties: vi que la condition naturelle du jeu eſt qu'on ne jouera 
plus des que Pun des joueurs aura gagné; et qu'au moins, ft cela n'etoit faux, 
cela n'etoit pas demontre. De ſorte qu'il avoit quelque foupgon que nous 
avions fait un paralogiſme. 


Je lui repondis que je ne me fondois pas tant ſur cette methode des combinai- 
ſons, laquelle veritablement n'eſt pas en ſon lieu en cette occaſion, comme {ur 
mon autre methode univerſelle, à qui rien n'echappe, et qui porte fa demon- 
ſtrat ion avec ſoi, qui trouve le meme parti preciſement que celle des combi- 


naiſons; et de plus je lui détnontrai la verite du parti entre deux joueurs par les 


combinaiſons en cette ſorte. 


N'eſt-il pas vrai que fi deux joueurs, ſe trouvant en cet état de I'hypotheſe 
qu'il manque 2 parties a Pun et 3 a l'autre, conviennent maintenant de gre a 
gre qu'on joue quatre parties complettes, Ceſt-a-dire, qu'on jette les quatre des 

| a deux 
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à deux faces tout a la fois: n'eſt-il pas vrai, dis-je, que, s'ils ont delibere de 
jouer les quatre parties, le parti doit etre tel que nous avons dit, ſuivant la mul- 
titude des aſſiettes favorables à chacun? 


Il en demeura d'accord, et cela, en effet, eſt demonſtratif; mais il nioit que 
la mEme choſe ſubſiſtat, en ne, s'aſtreignant pas a jouer les quatre parties. Je 
lui dis donc ainſi: 


N'eſt-il pas clair, que les memes joueurs, n'ctant pas aſtreints à jouer quatre 
parties, mais voulant quitter le jeu des que Pun auroit atteint fon nombre, peu- 
vent, ſans dommage, ni avantage, s'aſtreindre a jouer les quatre parties entieres, 
et que cette convention ne change en aucune maniere leur condition? Car fi 
le premier gagne les 2 premieres parties de 4, et qu'ainſi il ait gagne, refuſe- 
ra- t· il de jouer encore deux parties, vu que, s'il les gagne, il n'a pas mieux 
gagné; et s'il les perd, il n'a pas moins gagné; car ces 2 que l'autre a gagnees, 
ne lui ſuffiſent pas, puiſqu'il lui en faut 3; et ainſi il n'y a pas aſſez de quatre 
parties pour faire qu'ils puiſſent tous deux atteindre le nombre qui leur man- 
que? 7 


Certainement il eſt aiſè de conſiderer qu'il eſt abſolument cgal et indifferent 3 
Pun. et à l'autre de jouer en la condition naturelle a leur jeu, qui eſt de finir des 
qu'on aura ſon compte, ou de jouer les quatre parties entieres; doac puiſque 
ces deux conditions ſont egales et indifferentes, le parti doit Etre tout pareil en 
Pune et en l'autre. Or il eſt juſte quand ils ſont obliges de jouer quatre parties 
comme je Vai montre ; donc il eſt juſte auſſi en autre cas. 


Voila comment je le demontrai : et, fi vous y prenez garde, cette demonſtra- 
tion eſt fondee ſur Pegalite des deux conditions, vraie et feinte, a Pegard de deux 
joueurs, et qu'en Pune et en l'autre un meme gagnera toujours; et fi Pun gagne 
ou perd en Pune, il gagnera ou perdra en l'autre, et jamais deux n'auront leur 
compte. 


Suivons la mème pointe pour trois joueurs, et poſons qu'il manque une partie 
au premier, qu'il en manque deux au ſecond et deux au troifieme, Pour faire 
le parti ſuivant la meme methode des combinaiſons *, il faut chercher d'abord 
en combien de parties le jeu ſera decide, comme nous avons fait quand 11 y 
avoit deux joueurs: ce ſera en 3. Car ils ne faurotent jouer trois parties fans que 
la deciſion ſoit arrivèe neceflairement, 


Il faut voir maintenant combien trois parties ſe combinent en trois joueurs; 
combien il y en ade favorables a Pun, combien a Pautre, et combien au dernier; 
et, ſuivant cette proportion, diſtribuer Pargent, de mEme qu'on a fait en hy- 
potheſe de deux joueurs. 


Pour voir combien il y a de combinaiſons en tout, cela eſt aiſe ; c'eſt la 
troiſiẽme puiſſance de trois; c'eſt-a-dire, fon cube 27. 


* Paſcal emploie d'une maniere defectueuſe la methode des combinaiſons pour trois Joueurs, com- 
me on le verra par la Reponſe de Fermat, 
Car 
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ſomme 27 


Car fi on jette trois des à la fois (puiſqu'il faut jouer trois 
parties) qui aient chacun trois faces, puiſqu'il y a trois joucurs, 
une marquee A favorable au premier, l'autre B pour le ſe- 
cond, l'autre C pour le troiſiẽme; il eſt manifeſte que ces trois 
des jettes enſemble, peuvent s'aſſeoir ſur 27 aſſiettes diffé- 


rentes, ſavoir: 


Or il ne manque qu'une partie au premier; donc toutes les 
aſſiettes on il y a un A ſont pour lui; donc il y en a 19. 


Il manque deux parties au ſecond; donc toutes les aſſiettes 
od il y a deux B ſont pour lui; donc il y en a 7. 


Il manque deux parties au troifieme; donc toutes les aſ- 
ſiettes od il y a deux C ſont pour lui; done il y en a 7. 


Si de- là on concluoit qu'il faudroit donner a chacun ſui. 


vant la proportion de 19, 7, 7, on fe tromperoit trop grot- 
ſièrement, et je ral garde de croire que vous le faſſiez ainſi: 
car il y a quelques faces favorables au premier et au ſecond 
tout enſemble, comme A BB; car le premier y trouve un A, 
qu'il lui faut, et le ſecond deux BB, qui lui manquent ; 
ainſi ACC elt pour le premier et le troiſiẽme. 


Done il ne faut pas compter ces faces qui ſont communes 
a deux, comme valant la ſomme entiere a chacun, mais ſeule- 


ment la moitié. 


Car s'il arrivoit l'aſſiette ACC, le premier et le troifieme 
auroient mème droit à la ſomme, ayant chacun leur compte; 
donc ils partagerotent Vargent par la moitié: mais s'il arrive 
Paſſiette ABB, le premier gagne ſeul; il faut donc faire la 


ſupputation ainſi. 


Il y a treize aſſiettes qui donnent Pentier au premier, et fix 
qui lui donneat la moitie, et huit qui ne lui valent rien. 


Done fi la ſomme entiere eſt une piſtole: 

II y a treize faces qui lui valent chacune 1 piſtole. 
Il y a fix faces qui lui valent chacune piſtole. 
Et huit qui ne valent rien. 

Donc, en cas de parti, il faut multiplier, 


13 par une piſtole, qui font - 13 


6 par une demi, qui font - 3 
8 par zero, qui font - - O 
ſomme 16. 
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Et diviſer la ſomme des valeurs 16, par la ſomme des aſſiettes 27, qui fait la 
fraction , qui eſt ce 0 appartient au premier en cas de parti; lavorir, 16 
piſtoles de 27. 


Le parti du ſecond et du troiſ me joueur ſe trouvera de meme. 


Il y a 4 affiettes, qui lui valent 1 piſtole: multipliez - - 4 

Il y a 3 affiettes, qui lui valent - piſtole: multipliez - - 3 

Et 20 aſſiettes, qui ne lui valent rien - - - - O 
ſomme 27 | ſomme 5+. 


Donc il appartient au ſecond joueur 5 piſtoles et ſur 27 et autant au troi- 
ſieme, et ces trois ſommes 5+, 5+ et 16 ciant jointes, font les 27. 

Voila, ce me ſemble, de quelle maniere il audtoit faire Ies partis par les 
combinaiſons ſuivant votre methode, fi ce n'eſt que vous ayez quclqu'autte 
choſe ſur ce ſujet que je ne puis ſavoir, Mais, fi je ne me trompe, ce parti eſt 
mal juſte. 

La raifon en eſt qu'on ſuppoſe une choſe fauſſe, qui eſt qu'on joue en trois 
parties infailliblement, au lieu que la condition naturc!le de ce jeu- la eſt qu'on ne 
joue que juſqu'a ce qu'un des joueurs ait atteint le nombre de parties qui lui. 
manque, auquel cas le jeu ceſſe. 

Ce n'eſt pas qu, il ne puiſſe arriver qu'on joue trois parties; mais il peut ar- 
river auſſi qu'on n en jouera qu'une ou deux, et rien de nëceſſité. 

Mais d'ou vient, dira-t-on, qu'il n'eſt pas permis de faire en cette rencontre, 
la meme ſuppoſition teinte que quand il y avoit deux Joueurs : En voici la 
raiſon. 

Dans la condition veritable de ces trois joueurs, il n 'y ena qu'un qui peut 
gagner: car la condition eſt que des qu'on "a gagne, le jeu ceſſe; mais, en la 
condition feinte, deux peuvent attcindre le nombre de leurs parties; ſavoir, fi 
le premier en gagne une qui lui manque, et un des autres, deux qui lui man- 
quent; car ils n'auront joue que trois parties: au lieu que quand il n'y avoir que 
deux joueurs, la condition feinte et la veritable convenoient pour avantage 
des joueurs en tout, et c'eſt ce qui met l'extrème difference entre la condition 
feinte et la veritable. 

Que ſi les joueurs ſe trouvant en Vetat de Phypotheſe, c'eſt-a-dire, s'il man- 
que une partie au premier, deux au ſecond, et deux au troiſième, veulent main- 
tenant, de gre a gre, et conviennent de cette condition, qu'on jouera trois 
parties completes, et que ceux qui auront atteint le nombre qui leur manque, 
prendront la ſomme entiere (s'iis ſe trouvent ſeuls qui Paient atteint) ou s'il fe 
trouve que deux Faient atteint, qu'ils la partageront Egalement ; en ce cas le parti 
doit fe faire comme je viens de le donner, que le premier ait 16, le ſecond 56, 
le troifieme 5+ de 27 piltoles.; et cela porte ſa demonſtration de ſoi- - MEmMe, en 
ſuppoſant cette condition ainſi, 

Mus s'ils jouent ſimplement a condition, non pas qu'on joue nẽceſſaĩrement 
trois barties, mais ſeulement quſquꝰà ce que Pun d entre eux ait atteint ſes par- 
ties, et qu'alors le jeu ceſſe, ſans donner moyen a un autre d'y arriver, alors 11 
appartient au premier 17 piſtoles, au ſecond 5, au troifeme 5, de 27, 
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Et cela ſe trouve par ma methode generale, qui determine auſſi qu'en {; 
condition precedente il en faut 16 au premier, 5% au ſecond, et 5+ au troi- 
ſeme, ſans ſe ſervir des combinaiſons; car elle va par-tout ſeule et ſans ob- 
ſtacle, | | 

Voila, Monſieur, mes penſées ſur ce ſujet, ſur lequel je n'ai d'autre avantage 
ſur vous que celui d'y avoir beaucoup plus medire. Mais c'eſt peu de choſe à 
votre egard, puiſque vos premieres vues font plus pEnetrantes que la longueur 
de mes efforts, | 

Je ne laiſſe pas de vous ouvrir mes raiſons pour en attendre le jugement de 
vous. Je crois vous avoir fait connoftre par-là que la methode des combinai- 
ſons eſt bonne entre deux joueurs par accident, comme elle left auſſi quelque- 
fois entre trois joueurs, comme quand il manque une partie à Pun, une à 
Pautre et deux à l'autre; parce qu'en ce cas le nombre des parties dans leſquel- 
les le jeu ſera acheve, ne ſuffit pas pour en faire gagner deux; mais elle n'eſt 
pas generale, et n'eſt generalement bonne qu'en cas ſeulement qu'on foit aſtreint 
à jouer un certain nombre de parties exactement. De forte que comme vous 
n'aviez pas ma méthode, quand vous m'avez propoſe le parti de plufieurs 
Joueurs, mais ſeulement celle des combinaiſons, je crains que nous foyons de 
ſentiments différents ſur ce ſujet. Je vous ſupplie de me mander de quelle 
ſorte vous procedez a la recherche de ce parti. Je recevrai votre rẽponſe avec 
reſpect et avec joie, quand meme votre ſentiment me ſeroit contraire. 


Je ſuis, &c. | 
| e e 80 > 
Du 24 Aoiit 1654. Let 
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MONSIEUR, 


N OS coups fourres continuent toujours; et je ſuis auſſi- bien que vous dans 
Padmiration de quoi nos penſèes s'ajuſtent ſi exactement, qu'il ſemble 


qu'elles aient pris une mEme route et fait un meme chemin: vos dernicrs 


Traites du Triangle Arithmetique et de ſon application, en font une preuve au— 
thentique; et ſi mon calcul ne me trompe, votre;onzieme con{equence couroit 
Ja poſte de Paris a Toulouſe, pendant que ma propoſition des nombres figures, 
qui en effet eſt la meme, alloit de Toulouſe a Paris. Je n'ai garde de faillir, 
tandis que je rencontrerai de cette forte; et je ſuis periuade que le vrai moyen 
pour &empecher de faillir, eſt celui de concourir avec vous. Mais fi Yen diſois 
davantage, la choſe tiendroit du compliment, et nous avons banni cet cnnetui 


des converſations douces et ailcees. 


Cette Lettre, qui n'avoit pas encore èté imprimée, paroit rẽpondre à une Lettre de Paſcal, que 
nous n'avons point, Nous dounons, ſuivant V'ordre chronologique, ce qui nous reſte de cette cor— 
re ſpondance. 8 ; 

| C2 
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Ce ſeroit maintenant a mon tour a vous debiter quelqu'une de mes inveu— 
tions numériques; mais la fin du Parlement augmente mes occupations, et 
1'ole elperer de votre bonte que vous m'accorderez un repit juſte et quaſi nëceſ- 
ſaite. Cependant je repondrai a votre queſtion des trois joueurs qui jouent en 
deux parties. Lorſque le premier en a une, et que les autres n'en ont pas une, 
votre premiere ſolution eſt la vraie, et la diviſion de Pargent doit ſe faire en 
dix- ſept, cinq et cinq, de quoi la raiſon eſt manifeſte et ſe prend toujours du 
meme principe, les combinaiſons faiſant voir d'abord que le premier a pour lui 
dix-{ept haſards Cgaux, lorſque chacun des autres n'en a que cinq. 

Au reite, il n'eſt rien a Pavenir que je ne vous communique avec toute fran- 
chile, Songez cependant, ſi vous le trouvez a propos, à cette propoſition. 

Les puiſſances quarrees de 2, augmentées de Vunite, font toujours des nom- 
Dres premiers “. | 

Le quarre de 2, augmente de Punite, fait 5, qui eſt nombre premier. 

Le quarré du quarré fait 16, qui augmenté de ['unite, fait 17, nombre pre- 
mier. 

Le quarre de 16 fait 236, qui augmenté de l'unité, fait 257, nombre pre- 
mier. 

Le quarre de 256 fait 65536, qui augmenté de Vunite, fait 65537, nombre 
premier; et ainſi a Vintini, 

C'eſt une propricte de la verite de laquelle je vous reponds. La demon- 
{tration en eſt tres-mal-ailce, et je vous avoue que je n'ai pu encore la trouver 
pleinement; je ne vous la propoſerois pas pour la chercher, fi j'en Etois venu I 
bout. 

Cette propoſition ſert a l' invention des nombres qui font a leurs parties ali- 
quotes en raiſon donnee, ſur quoi j'ai fait des decouvertes conſidèrables. Nous 
en parlerons une autre fois. 

Je ſuis, Monſicur, votre, &c. 
ä F EX M 


A Toulouſe, le 29 Aout 1654. 


SECONDE LETTRE DE FERMAT A PASCAL, 
En repenſe a celle de la fate 485 J. 


MONSIEUR, | 
N APPREHENDEZ pas que notre convenance fe demente ; vous Lavez 


confirmee vous-meme en penſunt la detruire, et il me ſemble qu'en repon- 
dant a M. de Roberval pour vous, vous avez auſſi repondu pour mol. e 


* Cette propoſition n'eſt pas vraie generalement. M. Euler a remarque (Arnciens Min. de F Acad. 
de e wp Tom. I'l. ann. 1732 c 1733, pag. 104.) que la trente - deuxieme puiſſance de 2, aug- 
mentee de Vunite, c'eſt-a-dire, 4, 294, 967, 297, eit diviſible par 641. 

Imprimèe pour la ſeconde fois. 
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prends Pexemple des trois joueurs, au premier deſquels il manque une partie, et 
à chacun des deux autres deux, qui eſt le cas que vous m'oppoſez. Je n'y 
trouve quedix-ſept combinaiſons pour le premier, et cinq pour chacun des deux 
autres; car quand vous dites que la combinaiſon ACC eſt bonne pour le pre- 
mier et pour le troiſiẽme, il ſemble que vous ne vous ſouveniez plus que tout ce 
qui ſe fait après que Pun des joueurs a gagne, ne ſert plus de rien. Or cette 
combinaiſon ayant fait gagner le premier des la premiere partie, qu'importe que 
le troiſieme en gagne deux enſuite, puiſque, quand il en gagneroit trente, tout 
cela ſcroit ſuperfla ? Ce qui vient de ce que, comme vous avez tres-bien re- 
marque, cette fiction d*ctendre le jeu à un certain nombre de parties, ne ſert 
qua faciliter la regle, et (ſuivant mon ſentiment) à rendre tous les haſards 
cgaux, ou bien, plus intelligiblement, a réduire toutes les fractions a une meme 
denomination. Et afin que vous n'en doutiez plus, fi, au lieu de trois parties, 
vous erendez, au cas propole, la feinte juſqu'a quatre, 1] y aura non. ſculement 
vingt- ſept combinaiſons, mais quatre-vingt- une, et 1] faudra voir combien de 
combinaiſons feront gagner au premier une partie, plutot que deux à chacun des 

autres, et combien feront gagner a chacun des deux autres deux parties plutot 
qu'une au premier. Vous trouverez que les combinaiſons pour le gain du pre- 
mier, ſeront 51, et celles de chacun des autres deux 15; ce qui revient a la 
meme raiſon. Que fi vous prenez cinq parties, ou tel autre nombre qu'il vous 
plaira, vous trouverez toujours trois nombres en proportion de 17, 5, 5. Et 
ainſi jaĩ droit de dire que la combinaiſon A CC n'eſt que pour le premier et 
non pour le troifieme, et que CCA n'eſt que pour le troiſiẽme et non pour le 
premier, et que partant ma regle des combinaiſons eſt la meme en trois joueurs 
qu'en deux, et generalement en tous nombres. 

Vous aviez deja pu voir par ma precedente, que je n hẽſitois point à la ſolu- 
tion veritable de la queſtion des trois joueurs dont je vous avois envoye les trois 
nombres deciſifs 17, 5, 5. Mais parce que M. Roberval ſera peut. tre bien 
aiſe de voir une ſolution ſans rien feindre, et qu'elle peut quelquefois produire 
des abreges en beaucoup de cas, la voici en Pexemple propoſé. 

Le premier peut gagner, ou en une ſeule partie, on en deux, ou en trois, 

S'il gagne en une ſeule partie,-1}-faut-quavec un de qui a trois faces, il ren- 
contre la favorable du premier coup. Un feul de produit trois haſards; ce 
joueur a donc pour lui = des haſards, lorſqu*on ne joue qu'une partie, 

Si on en joue deux, il peut gagner de deux fagons, ou lorſque le ſecond 
ſoueur gagne la premiere et lui la ſzconde, ou lotſque le troifieme gagne Ja pre- 
miere et lui la ſeconde. Or deux des produiſent neuf haſards: ce joueur a 
donc pour lui 3 des haſards lorſqu'on joue deux parties. 

Si on en joue trois, il ne peut gagner que de deux fagons, ou lorſque le 
lecond gagne la premiere, le troiſièẽme la ſeconde et lui la rroifieme ; ou Jor!- 
que le troifieme gagne la premiere, le ſecond Ja ſeconde, et lui Ja troificme 
Car fi le ſecond ou le troiſiẽme joueut gagnoit les deux premieres, il gagneroit 
le jeu, et non pas le premier joueur. Or trois d&s ont 27 haſards; donc ce 
premier joueur a 2, de haſards lorſqu'on joue trois parties. 

La ſomme des hafards, qui font gagner ce premier joueur, eſt par conle- 


quent , 3, et Y,; ce qui fait en tout . 
L. 
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Et la regle eſt bonne et generale en tous les cas; de ſorte que ſans recourir à 
la feinte, les combinaiſons veritables en chaque nombre des parties portent leur 
. ſolution, et font voir ce que Pai dit au commencement, que Pextenfion a un 
certain nombre de parties, n'eſt autre choſe que la reduction de. diverſes fractions 
a une meme denomination. Voila en peu de mots tout le myſtere, qui nous 
remettra ſans doute en bonne intelligence, puiſque nous ne cherchons l'un et 
Pauire que la raiſon et la vérité. 

Jeſpere vous envoyer a la S. Martin un Abrege de tout ce que j'ai inventé 
de conſiderable aux nombres. Vous me permettrez d'ètre concis, et de me 
faire entendre ſeulement à un homme qui comprend tout a demi-mot, 

Ce que yous y trouverez de plus important, regarde la propoſition que tout 
nombre eſt compole d'un, de deux, ou de trois triangles; d'un, de deux, de 
trois ou de quatre quarres ; d'un, de deux, de trois, de quatre ou de cinq pen- 
tagones; d'un, de deux, de trois, de quatre, de cinq ou de fix hẽxagones, et i 
Pinfini. Pour y parvenir, il faut demontrer que tout nombre premier qui ſur- 
paſſe de Punite un multiple de quatre, eſt compoſè de deux quarres, comme 5, 
13, 17, 29, 37, &c. 

Etant donné un nombre premier de cette nature, comme 53, trouver par 
regle générale les deux quarres qui le compoſent. 

Tout nombre premier qui ſurpaſſe de Punite un multiple de 3, eſt compoſe 
d'un quarre et du triple d'un autre quarre, comme 7, 13, 19, 31, 37, &c. 

Tout nombre premier qui ſurpaſſe d'un ou de trois un multiple de huit, eſt 
compoſe d'un quarre et du double d'un autre quarre, comme 11, 17, 19, 41, 
43, &c. 

Il n'y a aucun triangle en nombres duquel Paire ſoit egale a un nombre 
quarré. 

Cela ſera ſuivi de Pinvention de beaucoup de propoſitions que Bachet avoue 
avoir ignorèes, et qui manquent dans le Diophante. 

Je ſuis perſuade que des que vous aurez connu ma fagon de demontrer en 
cette nature de propoſitions, elle vous paroi.ra belle, et vous donnera lieu de 
taire beaucoup de nouvelles decouvertes ; car il faut, comme vous ſavez, que 
multi pertranſeant ut augeatur ſcientia. 

S'il me reſte du temps, nous parlerons enſuite des nombres magiques, et je 
rappellerai mes vieilles eſpèces ſur ce ſujet, 


Je ſuis, de tout mon cœur, Monſieur, votre, &c. 


FERM AT. 
Ce 25 Septembre, 


Je ſouhaite la ſante de M. de Carcavi comme la mienne, et ſuis tout à lui. 


Je vous Ecris de la campagne, et c'eſt ce qui retardera par aventure mes 
:eponſes pendant ces vacations. 


— F— — — 2 — 
— —— —— — 


. 


( 494 ) 


TROISIEME LETTRE DE FERMAT A PASCAL. 


MONSIEUR, 


ey Jentreprends de faire un point avec un ſeu] de en huit coups; fi nous 
convenons, apres que l'argent eſt dans le jeu, que je ne jouerai pas le pre- 
mier coup: il faut, par mon principe, que je tire du jeu un fixieme du total 
pour etre defintereſle, a raiſon dudit premier coup. Que fi encore nous conve- 
nons apres cela que je ne jouerai pas le ſecond coup, je dois, pour mon indem- 


nite, tirer le ſixiẽme du reſtant, qui eſt * du total. Et ſi après cela nous con- 
venons que je ne jouerai pas le troiſiẽme coup, je dois, pour mon indemnite, 
tirer le ſixième du reſtant, qui eſt 55 du total. Et ſi après cela nous conve- 
nons encore que je ne jouerai pas le quatrième coup, je dois tirer le fixieme du 
reſtant, qui eſt . du total. Et je conviens avec vous, que c'eſt la valeur du 


quatrieme coup, ſuppoſẽ qu'on ait deja traite des precedents. Mais vous me 
propolez dans Vexemple dernier de votre Lettre (je mets vos propres termes,) 
que fi Pentreprends de trouver le ſix en huit coups, et que J'en ate jou trois ſans 
le rencontrer ; ſi mon joueur me propoſe de ne point jouer mon quattiẽme coup. 
et qu'il veuille me deEfimerefier a cauſe que je pourrois le rencontrer; il m'ap- 
. 125 , . * , 

partiendra _ de la ſomme entiere de nos miſes; ce qui pourtant n'elt pas 
vrai, ſuivant mon principe. Car, en ce cas, les trois premiers coups n'ayant 
rien acquis à celui qui tient le de, la ſomme totale reſtant dans le jeu, celui 
qui tient le de et qui convient de ne pas jouer ſon quatrieme coup, doit prendre 
pour ſon indemnitè un fixieme du total; et s'il avoit joue quatre coups ſans 
trouver le point cherchẽ, et qu'on convint qu'il ne joueroit pas le cinquieme, il 
auroit de meme pour fon indemnite un fixieme du total; car la ſomme entiere 
reſtant dans le jeu, il ne ſuit pas ſeulement du principe, mais il eſt meme du 
ſens naturel, que chaque coup doit donner un Egal avantage. Je vous prie donc 
que je ſache ſi nous ſommes conformes au principe, ainſi que je crois, ou ſi 
nous differons ſeulement en l' application. 


Je ſuis, de tout mon coeur, &c. a 
FE RMA T. 


* Imprimee pour la premicre fois. Cette Lettre eſt ſans date dans la copie que jen ai: elle pa- 
roit repondre a une Lettre de Paſcal, que je n'ai pu recouvrer. f 


ä 


TR Ol- 


TROISIEME LETTRE DE PASCAL A FERMAT, 


En reponſe a celle de la page 491. 


MONSIEUR, 


OTRE derniere Lettre m'a parfaitement ſatisfait; j'admire votre methode 

pour les partis, d'autant mieux que je Pentends fort bien; elle eſt entiere- 
ment votre, et n'a rien de commun avec la mienne, et artive au meme but 
facilement. Voila notre intelligence r&ablie, Mais, Monſieur, fi j'ai concouru 
avec vous en cela, cherchez ailleurs qui vous ſuive dans vos inventions numert- 
ques, dont vous m'avez fait la grace de m*envoyer les Enonciations : pour moi 
je vous confeſſe que cela me paſſe de bien loin : je ne ſuis capable que de les 
admirer, et vous ſupplie tres-humblement d'occuper votre premier lothr a les 
achever. Tous nos Meſſieurs les virent Samedi dernier, et les eftimerent de 
tout leur cœur: on ne peut pas ailement ſupporter Vattente de choſes fi belles 
et fi ſouhaitables; penſez-y donc, s'il vous plair, et aſſurez- vous que je ſuis, 


&c, 
PASCAL, 
Paris, 27 Octobre 1684. 


LETTRE DE M. FERMAT A M. DE CARCAVI. 


MONSIEUR, 


FA tte ravi d'avoir en des ſentiments conformes à ceux de M. Paſcal ; car 
j'eſtime infiniment ſon genie, et je le crois tres-capable de venir a bout de 
tout ce qu'il entreprendra. LUamitie qu'il m'offre melt ſi chere et ſi conſiderable, 
que je crois ne point devoir faire dificulte d'en faire quelque uſage en Pimpret- 
ſion de mes Traités. Si cela ne vous choquoit point, vous pourriez tous deux 
procurer cette impreſſion, de laquelle je conſens que vous foyez les maitres ; 
vous pourriez Eclaircir, ou augmenter ce qui ſemble trop concis, et me de— 
charger d'un ſoin que mes occupations m*'empechent de prendre: je defire meme 
que cet Ourrage paroiſſe ſans mon nom, vous remettant, a cela pres, le choix 
de toutes les deſignations qui pourront marquer le nom de VAuteur que vous 
qualifierez votre ami. Voici le biais que j'ai imagine pour la ſeconde Partie, 
qui contiendra mes inventions pour les nombres : Ceit un travail qui n'eſt enco.e 
qu'une idée, et que je n'aurois pas le loiſir de coucher au long fur le papier; 
mais Jenverrai ſuccintement a M. Paſcal tous mes principes et mes premieres 
demonſtrations, de quoi je vous reponds a l'avance qu'il tirera des choſes non- 
ſculement nouvelles et juſqu'ici inconnues, mais encore ſurprenantes. Si vous 
Joignez votre travail avec le ſien, tout pourra ſucceder et s achever dans peu de 

temps, 
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temps, et cependant on pourra mettre au jour la premiere Partie que vous avez 
en votre pouvoir. Si M. Paſcal goute mon ouverture, (qui eſt principalement 
fondee ſur la grande eſtime que je fais de ſon genie, de ſon ſavoir et de fon 
eſprit ;) je commencerai d'abord à vous faire part de mes inventions numeriques, 
Adieu, je ſuis, Monſieur, &c. 
MAT. 


A Toulouſe, ce ꝙ Aoit 1659. 


_ ä * * 
— 


QUATRIEME LETTRE DE FERMAT A PASCAL, 


MONSIEUR, 


Des que j'ai ſu que nous ſommes plus proches l'un de autre que nous 
n'etions auparavant, je n'ai pu refiſter a un deſſein d'amitiè dont j'ai pric 
M. de Carcavi d'etre le mediateur : en un mot je pretends vous embrafler, et 
converſer quelques jours avec vous; mais parce que ma fante n'eſt gueres plus 
forte que la votre, j'ole eſperer qu'en cette conſideration vous me ferez la grace 
de la moitie du chemin, et que vous m'obligerez de me marquer un lieu entre 
Clermont et Toulouſe, on je ne manquerai pas de me rendre vers la fin de 
Septembre ou le commencement d'Octobre. Si vous ne prenez pas ce parti, 
vous courrez haſard de me voir chez vous, et d'y avoir deux malades en 
mème- temps. J'artends de vos nouvelles avec impatience, et ſuis de tout mon 


cœur, tout a vous, 
| | | FERMA TT. 
A Toulouſe, le 25 Juillet 1660, 


Py 2 ů — 
„ it. ——_ 


_— 


LETTRE DE PASCAL A FERMAT, 


En reponſe d la precedente. 


MONSIEUR, 


J/eU S tes le plus galant homme du monde, et je ſuis afſurement un de 
ceux qui ſais le mieux reconnoitre ces qualites-1a et les admiter infiniment, 
ſur- tout quand elles ſont jointes aux talents qui fe trouvent fingulicrement en 
vous: tout cela m'oblige a vous temoigner de ma main ma reconnoiſſance pour 
Poffre que vous me faites, quelque peine que Jaie encore d'ecrire et de lire moi- 
meme : mais Phonneur que vous me faites m'eſt fi cher, que je ne puis trop 
me hater d'y rẽpondre. Je vous dirai donc, Monſieur, que ſi j'etois en lante, 
je ſerois vole a Toulouſe, et que je n'aurois pas ſouffert qu'un homme comme 


vous eũt fait un pas pour un homme comme moi. Je vous dirai auſſi que, 
| quoique 
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quoique vous ſoyez celui de toute l'Europe que je tiens pour le plus grand 
Geometre, ce ne ſeroit pas cette qualite la qui m'auroit ature ; mais que je me 
figure tant d'eſprit et d'honrecete en votre converſation, que c'eſt pour cela 
que je vous rechercherois. Car pour vous parler franchement de la Geometrie, 
je la trouve le plus haut exercice de Pelprit mais en meme-tem ps je la connois 
pour fi inutile, que je fais peu de diflerence entre un homme qui n'eſt que 
Geometre et un habile Artiſan. Auſſi je l'appelle le plus beau metier du monde; 
mais enfin ce n'eſt qu'un mcticr ; et j'ai dit ſouvent qu'elle eſt bonne pour 
faire Pefſai, mais non pas l' emploi, de notre force: de forte que je ne ferois pas 
deux pas pour la Géèomèétrie, et je m'aſſure que vous Etes fort de mon humeur. 
Mais il y a maintenant ceci de plus en moi, que je ſuis dans des Etudes fi 
eloignees de cet eſprit-la, qu'a peine me ſouviens-je qu'il yen ait. Je m'y 
ctois mis il y a un an ou deux, par une raiſon tout-à- fait ſinguliere, a laquelle 
ayant ſatisfait, je ſuis au haſard de ne jamais plus y penſer: outre que ma fante 
n'eſt pas encore aſſez forte; car je ſuis ſi foible, que je ne puis marcher ſans 
baton, ni me tenir à cheval. Je ne puis meme faire que 3 ou 4 licues au plus 
en carrofle ; c'eſt ainſi que je ſuis venu de Paris ici en vingt- deux jours. Les 
Medecins m' ordonnent les eaux de Bourbon pour le mois de Septembre, et je 
ſuis engage, autant que je puis I'etre depuis deux mois, d'allet de- là en Poitou 
par eau juſqu'a Saumur, pour demeurer juſqu'à Noel avec M. le Duc de Ro- 
annès, Gouverneur de Poitou, qui a pour moi des ſentiments que je ne vaux 
pas. Mais comme je paſſerai par Orleans en allant a Saumur par la riviere, fi 
ma ſantẽ ne me permet pas de paſſer outre, jirai de là a Paris. Voila, Mon- 
ſieur, tout l' tat de ma vie prẽſente, dont je ſuis oblige de vous rendre compte, 
pour vous aſſurer de Vimpollibilite ou je ſuis de recevoir Phonneur que vous 
daignez m'offrir, et que je ſouhaite de tout mon cœur de pouvoir un jour re- 
connoitre, ou en vous, ou en Meſſieurs vos enfants, auxquels je ſuis tout de- 
voue, ayant une veneration particuliere pour ceux qui portent le nom du pre- 
mier homme du monde. 
Je ſuis, &c. 
De Bienaſſis, le 10 Aut 1660. P ASCA 


——— . .. .. —— 


LETTRE DE M. FERMAT A M. ** *, 


MONSIEUR MON CHER MAITRE, 

E ſuis embarrafſe en affaires non-gcometriques ; je vous envoie pourtant un 

petit Ecrit que le P. Lalouvere m'a fait porter ce matin. Pati regu le Traitẽ 
de M. Paſcal depuis deux jours, et n'ai pu nvappliquer encore fericuſement a le 
lire; Yen ai pourtant conęu une grande opinion, auſſi- bien que de tout ce qui 
part de cet illuſtre. | | ; 

Je ſuis tout à vous, 

A Toulouſe, ce 16 Février 1659, FER MAT. 


Vo. IV. PO RIS. 
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PORISMATA DU o: 
AUTORE PETRO FERMAT®, 


PORISMA PRIMUM. 


Pig 2. Cc 
— Ol 


M 


V. ig. 5. Cc 
1 A } D -X FE 
I 2 3 „ 
17 


ATIS paſitione duabus rectis ABE, YBC (Fig. 1, 2, 3,) %% in puncto B 

ſecantibus: dalis etiùm punctis A et D in reta AB E: quæruntur duo punta, 
exempli gratia, O et N, à quibus fi ad quodlibet retæ YX BC pundtum, ut H, redta 
OH N inflectatur, rectam A B D in punitis | et V ſecans, rectangulum ſub A in 
DV equetur ſpatio dato, videlicet, reflangulo ſub A B in BD? 


Ita procedit Poriſmatica EuclIpis conſtructio, et generaliſſimam problematis 
ſolutionem repræſentabit. | 


Sumatur punctum quodvis O; jungatur recta AO ſecans rectam X BC in 
puncto P; à puncto O ducatur recta O Q ipſi AB D parallela, et rectæ Y BC 
occurrens in Q; ducatur etiam infinita PN M eidem ABD parallela; et 
junta QD ſecet rectam PN M in puncto N. Aio duo puncta P et N ad- 


* On a trouve, parmi les papiers de Paſcal, ces deux Poriſmes et le Problème ſuivant, &crits de la 
main de Fermat : on croit que le Lecteur les verra ici avec d' autant plus de plaifir, qu'ils n'avoient 
pas encore été imprimeés. F 

implere 
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implere propoſitum ; ſumpto quippe ubilibet in rectà Y B C puncto H, et ductis 
rectis OH, NH, rectæ A B D occurrentibus in pundtis I et V, rectangulum 


ſub AI in DV, in quibuſlibet omninò caſibus (tres tantùm triplex figura re- 
ptræſentat) rectangulo A B in BD æquale ent, 


PORISMA SECUNDUM. 


T < 8 = . 9 
225 — 
/ 7 — / \ 


Fd \ 


E. N 


Dato circulo AB DC (Fig. 4, 5, ) cijus diameter A C, centrum M; queruntur 
duo pundcta, ut E et N, d quibus fi ad quodvis circumferentiæ puntum, ut D, inflecta- 
tur refla E DN diametrum in pundtis Q et H ſecans, ſumma quadratorum QD et 
DH, ad triangulum QD H, habeat rationem datam, idemque in qudlibet inflexicne 
generalitèr et perpetud contingat ? 


A centro M excitetur ad diametrum perpendicularis MB; fiat ratio data 
eadem que quadiupla rectæ B U ad rectam UM; à puncto U excitetur UE 
ad diametrum perpendicularis, et iph UB æqualis; ſumptà rectà MO ipfi 
MU quali, fiat ON zqualis et parallela rectæ U E: dico puncta quæſita eſſe 
puncta E et N. Sumpto quippe quovis in circumferentia puncto ut D, et junc- 
tis E D, UD, rectis, diametrum in punctis Q et H ſecantibus, ſumma qua- 
dratorum QD ct DH ad triangulum QD H erit, in quocumque caſu, in ra- 
tione datà, hoc eſt in ratione quadruple B U ad rectam UM. 


Non ſoldm proponitur inquirenda iftivs Poriſmatis demonſtratio, fed videant 
etiam ſubtiliores Mathematici an duo alia puncta præter E et N poſſint proble- 
mati propoſito ſatisfacere, et utrum ſolutiones quæſtionis, ſicut in primo Poriſ- 
mate, ſuppetant infinitæ. Si nihil reſpondeant, Geometriæ in hac parte laboranti 
non dedignabimur opitulari. 
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SOLUTIO PROBLEMATIS 
A DOMINO #5 wars PROPOSITI. 


EODEM AUTORE FERMAT. 


ROPOSUIT Dominus PascaL hoc Problema : Dato trianguli angulo ad 
verticem, et ratioue quam babes perpendiculum ad differentiam laterum : in venire 


ſpeciem trianguli ? 


Exponatur recta quævis data A C (Fig. 6, 7,) ſuper quam portio circuli 
AIFC capax anguli dati deſcribatur. Eo quæſtionem deduximus ut, dati baſi 
AC, angulo verticis AIC, et ratione quam habet perpendiculum ad differen- 
tiam laterum, quæratur triangulum. | | | 


Ponatur jam factum eſſe, et triangulum quæſitum eſſe AIC; demittatur per- 
pendiculum IB; et diviſo arcu A F C bitariàm in F, jungantur AF, FC; et 
junctà I F, demittantur in rectas AI, IC, perpendiculares CO, FK; deinde 
centro F, intervallo A F, deſcribatur circulus A H G EC, cui rectæ CI, IF 

continuatæ occurrant in punctis G, H, E; denique jungatur G A. Angulus 
AFC ad centrum duplus eſt anguli A G C ad circumferentiam ; ſed angulus 
AIC zquatur angulo AFC in eadem portione; igitur angulus AIC duplus 
eſt anguli AG C. Sed angulus AIC æquatur duobus angulis AG C, IAG; 
igitur anguli I G A, I AG ſunt æquales, ideõque rectæ I A, IG. Sed, cùm à 
centro F in rectam G C cadat perpendicularis FK, æquales ſunt GK, K C; 


ide6que K I eſt dimidia differentia inter rectas CI, I G, hoc eſt, inter rectas C1, 
| IA, 
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IA. Data eſt autem ratio perpendicularis IB ad differentiam laterum CI, I A; 
ergd datur ratio Bl ad IK; et ſingulis in redam AC dudtis, data eſt ratio 
rectanguli ſub AC in BI ad rectangulum ſub AC in IK. Sed rectangulum 
ſub AC in BI æquatur rectangulo tub Al in CO; eſt enim utrumque du- 
plum trianguli Al C: ergo ratio rectanguli ſub AI in CO ad rectangulum ſub 
AC in I K data eſt. Datur autem ex hypotheſi angulus AIC, et rectus eſt COL 
ex conſtructione; ergo datur ſpecie triangulum C OJ. Ratio igitùr C O ad 
CI data eft, ideõque rectanguli ſub AI in CO ad rectangulum ſub Al in IC 
ratio datur. Sed probavimus rationem rectanguli ſub AI in CO ad rectangu- 
lum ſub AC in IK dart; ergo datur ratio rectanguli AI C ad rectangulum ſub 
AC in IK. Jam in triangulo AFC, datur angulus A F C ex hypotheſi; ergo 
angulus FA C datur; cui æqualis CI F idcirco dabitur; eſt autem rectus angu- 
lus FK1; ergo triangulum FI K datur ſpecie; ideoque rectæ K I ad IF ratio 
data eſt; ideõque rectanguli AC in I K ad rectangulum ſub A C in IF datur 
ratio. Probatum eſt autem dari rationem rectanguli AI in IC ad rectangulum 
AC in IK; ergo datur ratio rectanguli AI in I C ad rectangulum AC in IF. 
Eſt autem rectangulum CI G æquale rectangulo CIA, quia rectæ IG, IA 
ſunt æqvales, et rectangulo CI G equatur rectangulum H IE: ergo ratio rect- 
anguli H IE ad redtangulum ſub AC in IF data eft. Sit data ratio ED ad 
AC: cum igitùr A C hit data, dabitur E D, quæ ponatur rectæ H E in direc- 
tum, ut in figura 6 ; rectangulum igitùr HI E ad rectangulum AC in IF eſt 
in ratione data E D ad AC. Sed ut DE ad AC ita DE in IF ad AC in IF; 
jgndr ut rectangulum HIE eſt ad rectangulum ad AC in I F, ita rectangulum 
DE in 1 F ad rectangulum AC in IF; rectangulum igitùr DE in I F æquatur 
rectangulo HI E. Probatum eſt triangulum A FC dari fpecie; fed datur baſis 
AC magnitudine ; ergo datur AF, idcoque dupla ipſius EH datur. A£Aqualt- 
bus rectangulis DE in IF et HIE addatur rectangulum ſub DE mill; 
fiet rectangulum ſub DE in FH @quale rectangulo DI H; datur autem rect» 
angulum ub DE in FH, quia utraque rectarum DE, F H datur; datur 
igitùr rectangulum DI H et ad datam magnitudinem D H applicatur deficiens 
figura quadratà; ergo recta I H datur, ideoque reliqua IF. Datur autem 
punctum F poſitione; ergo datur et punctum I, et totum triangulum AIC. 
Non eſt difficilis ab analyſt ad ſyatheſin regreſſus. 

Sed ut omne dubium tollatur, probatur facillimè triangulum quæſitum eſſe 
ſimile invento A C in ſeptimà figuia (triangulum autem AIC ex utrivis 
parte puncti F verticem habcre poteſt, in æquali A puncto F utfinque diſtantia; 
erit enim idem ſpecie et magnitudine, et poſitio variabit.) Si enim triangulum 
quæſitum non eſt ſimile invento, manente eadem baſi, ejus vertex vel ibit inter 
puncta F et I, vel inter puncta [| et A. (Ex utravis parte nihil intereſt; nam 
de parte FC idem ſecundum triangulum & IC pari demonſtratione concludit.) 
Sit primùm, vertex inter A et I, et triangulum quæſitum ponatur, fi fieri poteſt, 
ſimile triangulo AM C. Jungatur FN et demittatur perpendicularis FP; 
erit ratio perpendiculi MN ad MP data ex hypothei, ideõque æqualis ra- 
tioni IB ad I K, quam probavimus datæ æqualem: quod ett abſurdum; com 
enim in triangulo FM P angulus ad M æquatur angulo ad I, triangulo I FK 
erunt ſimilia triangula FI K, FM P; {ed FM eſt major FI; ergo MP eſt 

Fo major 
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major IK; eſt autem MN minor IB; non igitùr eadem poteſt eſſe ratio MN 
ad MP quæ IB ad IK. Si punctum M fit inter I et F, probabitur augeri 
perpendiculum et minui differentiam laterum, idque eadem argumentatione. 
Ideoque varians proportionem ſi punctum M fic in portione FC, utemur ſecundo 
triangulo AIC, et erit eadem demonſtratio; ut inutile fit diutiùs in his caſibus 
immorari. Conſtat igitur triangulum quæſitum invento AIC eſie ſimile, et 
patet propoſito eſſe ſatisſactum. | 

Proponitur, fi placet, tam Domino PAscAL quam Domino RuBExrv ar ſolven- 
dum hoc Problema : 


Ad datum punFum in helice BaLtavi, invenire tangentem ? 


uænam autem fit hujuſmodi helix, novit Dominus Ronervar. 
Hujus problematis a nobis ſoluti, ſolutionem a viris eruditiſſimis ex pectamus; 
aut, fi maluerint, ipſis impertiemur, imo et generalem de linearum curvarum 


contactibus methodum. | 
Sed, ne à præſenti materia triangulari vacuis manibus diſceſſiſſe videamur, 


proponi poſſunt he quzſtiones : | 


Datd baſi, angulo verticis, et aggregato perpendiculi et diſſerentiæ laterum : inve- 
nire triangulum ? | 

Datd baſi, angulo verticis, et differentid perpendiculi et differentie laterum : inve- 
nire triangulum ? 

Datd baſi, angulo verticis, et refangulo ſub differentia laterum in perpendiculum : 
invenire triangulum ? 

Datd baſi, angulo verticis, et ſummd quadratorum perpendiculi et differentie late- 
rum : invenire triangulum? | 


Et multæ ſimiles, quarum enodationem faciliùs inventuros viros doctiſſimos 
exiſtimo, quam de contactu helicis BAL IAN propoſitum problema aut theorema. 
Sed obſervandum in quæſtionihus de triangulis, quoties problema poterit ſolvi 
per plana, non recurrendum ad ſolida: quod cum norint viri doctiſſimi, ſuper- 
vacuum fortaſſe ſubit addidiſſe. 


LETTRE DE M. SLU Z E, 


Cbanoine de la Cathedrale de Liege, traduite de Þ Italien en Frangois, 
pour reponſe d M. * * *. 
MONSIEUR, 
AO UE que Jai grande obligation alla gentilezzæ de M. Paſcal, et j'ai 
grande eſtime de fa ſcience, par la ſolution du Probleme que vous lui aviez 
ropoſe ; mais je voudrois bien ſavoir $'1} lui a Ete propoſe avec toute ſon uni- 


verſalite : Ja raiſon qui m'en a fait douter, eſt que je vois qu'il conſidere tous les 


points donnes dans un meme plan, et je les confidere en quelques plans differ. 
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ents qu'ils puiſſent ètre; ce que vous pouvez lui demander comme de vous- 
meme. 

Pour ce qui eſt des Problemes que vous m'avez envoyes, je dirai feulement 
que $'ils m'euſſent ere envoyes quand je les ai demandes, j'aurois tache de lui 
donner ſatisfaction; mais la multitude des affaires qui m'accablent, comme vous 
ſavez bien, les vacances étant finies, ne me permettent pas d'appliquer mon 
eſprit a de ſemblables recherches. Mais voyant que vous le deſirez, je n'ai pu 
m*empecher de les conſidèrer quelque peu; et d'abord je me ſuis appergu que 
le premier * Probleme pouvoit recevoir tres-aiſement ſolution par les lieux ſoli- 
des, c'eſt-i-dire, avec l'interſection de deux hyperboles. Apres avoir fait un 
petit griffonnement d'analyſe, je reconnus que le Probleme etoit plan, et que la 
reſolution n'en etoit pas difficile, mais que la conſtruction en ſeroit un peu 
longue et embrouillee. Ainſi, pour ne pas etre oblige WPecrire beaucoup, J'at 
choiſi un cas ſeulement entre pluſieurs qui ſont dans le Problème; et pour trouver 
une conſtruction plus breve, je Pai applique aux nombres, comme vous verrez 
dans le papier qui eſt dans cette Lettre. Par-la toutes les perſonnes intelligentes 
verront aiſèment que j'ai la conſtruction univerſelle ; je vous Venverrai fi vous la 
deſirez, bien que ma pareſſe s'y oppoſe. Peſtime pourtant que M. Paſcal ſera 
ſatisfait. 

Pour ce qui eſt de l'autre, je m'apperęus d'abord qu'il prenoit ſon origine de 


cinq plans qui touchent un ou deux cones oppoles. La reſolution en eſt longue, 


mais pourtant je ne la crois pas ſi difficile. Quoi qu'il en foit, Pembarras con- 
tinuel des affaires qui ſe ſont preſentees et multiplices au triple depuis que vous 
n'avez étẽ ici, ne me donne pas le temps d'y penſer pour le preſent. 

Je ſouhaiterois bien que vous me fiſſiez la faveur de me marquer les Livres 
qui ont ẽtè imprimes ſur cette matiere, ou ſur autre de Philoſophie, qui ſoient 
de quelque conſidèration. Nous avons ici les Exercitationes Mathematice de 
M. Frangois Schooten, Profeſſeur a Leyde : je crois qu'on les aura ves a Paris. 
Je viens a ce que vous me ditcs de M. Deſcartes ; je Veſtime un grand hom- 
me: c'eſt pourquoi je voudrois ſavoir particulicrement ce qu'on lui oppoſe. Je 
ne pretends pas le faire paſſer pour irreprehenfible, mEme dans ſes FKcins de 
Geometcie, parce que J'ai remarque en pluſieuis endroics qu'il Etoit homme, et 
que quandẽque bonus dormitat Homerus: mais une petite tache ne rend pas difforme 
un beau viſage, atque opere in longo fas eft obrepere ſomnum. 


Ce Problcme Etoit ainſi propoſe : Etant dium deux cercles et une ligne droite, trouver un cercle 
gui touche let deux cercles donnes, et qui laifſe ſur lu ligue d de un arc capable d'un angle donné. Le 
papier dont Sluze parle un peu plus bas, it colle en criginal au comme ment de | exemplaire des 
Inventions de A. Dettonuille en Geometrie, qui partient Ala L.bliotheque du Pi. Un na pas cru 
devoir imprimer ici la ſolution, ou plut6t la conitruction de Sluze, | arce qu'elle n'eſt accompagn: e 
d aucune analyſe, et qu'elle n'eſt d'ailleurs appliquee qu un cas particulier de la queſtion. Nous 
navons pas beſoin d' ajouter que ces ſortes de Problemes n ont aujourd'hui aucune difticulte, 
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TRAITE DU TRIANGLE ARITHMETIQUE: 


DEFINITIONS. 


FEE PELLE Triangle Arithmetique, une figure dont la conſtruction eſt 
telle. 5 ' 

Je mene d'un point quelconque, G, deux lignes perpendiculaires, Vune & 
l'autre, G V, G 2, dans chacune deſquelles je prends tant que je veux de parties 
Egales et continues à commencer par G, que je nomme 1, 2, 3, 4, &c.; ct 
ces nombres ſont les exp:ſants des diviſions des lignes. 

Enſuite je joins les points de la premiere diviſion qui ſont dans chacune des 
deux lignes, par une autre ligne qui forme un triangle dont elle eſt /a baſe. 

Je joins ainſi les deux points de la ſeconde diviſion par une autre ligne, qui 
forme un ſecond triangle dont elle eſt /a baſe. | 

Et joignant ainſi tous les points de diviſion qui ont un meme expoſant, j'en 
forme autant de triangles et de baſes. | 

Je mene par chacun des points de diviſion, des lignes paralleles aux cots, 
qui par leurs interſections forment de petits quarres, que j'appelle cellules. 

Et les cellules qui ſont entre deux paralléles qui vont de gauche à droite, 
Sappellent cellules d un meme rang paralle:e, comme les cellules G, , , &c., 
ou O, , 6, &c. | 

Et celles qui ſont entre deux lignes qui vont de haut en bas, s'appellent cel- 
lules d un meme rang perpendiculaire, comme les cellules G, O, A, D, &c., et 
celles- ci, , W, B, &c. | | 

Et celles qu'une meme baſe traverſe diagonalement, ſont dites cellules dune 
meme baſe, comme celles qui ſuivent, D, B, 0, A, et celles-ci, A, , . 

Les cellules d'une meme baſe egalement diſtantes de ſes extiEmites, ſont dites 
r&-iproques, comme celles-ci, E, R, et B, ; parce que Pexpoſant du rang pa- 
rallele de Pune eſt le meme que Pexpoſant du rang perpendiculaire de l'autre, 
comme il paroit en cet exemple, od E eſt dans le ſecond rang perpendiculaire, 
et dans le quatrieme paralelle ; et ſa reciproque R eſt dans le ſecond rang pa- 
rallele, et dans le quatrieme perpendiculaire reciproquement. Et il eſt bien 
facile de demontrer que celles qui ont leurs expoſants reciproquement pareils, 
ſont dans une meme baſe, et ẽgalement diſtantes de ſes extremites. 

Il eſt auſſi bien facile de demontrer que Pexpoſant du rang perpendiculaire de 
quelque cellule que ce ſoit, joint a Vexpoſant de ſon rang parallele, ſurpaſſe de 
Punite Fexpoſant de fa baſe. Par exemple, la cellule F eſt dans le troiſième 
rang perpendiculaire, et dans le quatrieme parallele, et dans Ja fixieme baſe, et 


les deux expoſants des rangs 3 + 4 ſurpaſſent de unite Vexpoſant de la baſe 6; 
ce 
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ce qui vient de ce que les deux co:es du Triangle ſont diviſes en un parei! 
nombre de parties; mais cela eſt plutot compris que demontre. 

Cette remarque eſt de meme nature, que chaque bafe contient une cellule 
plus que Ja precedente, et chacune autant que fon expoſant d'unités; ainh la 
ſeconde © a deux cellules, la troifieme A en a trois, &c. 

Or les nombres qui ſe mettent dans. chaque cellule fe trouvent par cette m&- 
thode. 

Le nombre de la premiere cellule qui eſt a Pangle droit eſt arbitraire ; mais 
celui- là Etant place, tous les autres ſont forces : et pour cette raiſon il $'appelle 
le generateur du triangle; et chacun des autres eſt ſpecific par cette ſeule regle : 

Le nombre de chaque cellule eſt egal à celui de la cellule qui la precede 
dans ſon rang perpendiculaire, plus a celui de la cellule qui la precede dans fon 
rang parallele, Ainſi la cellule F, c'eſt-a-dire, le nombre de la cellule F, egale 
la cellule C, plus la cellule E; et ainſi des autres.“ 

D'où ſe tirent pluſieurs conſequences. En voici les principales, od je confi- 
dere les triangles, dont le generateur eſt Punite ; mais ce qui s'en dira convi- 
endra a tous les autres, 


CONSEQUENCE PREMIERE. 


En tout Triangle Arithmelique, loutes les cellules du premier rang parallele et du 
premier rang perpendiculaire ſont pareilles & la gbneratrice, 


Car par la conſtruction du Triangle, chaque cellule eſt égale à celle qui la 
precede dans fon rang perpendiculaire, plus a celle qui la precede dans ſon rang 
parallele ; or les cellules du premier rang parallele n'ont aucunes cellules qui 
les precedent dans leurs rangs perpendiculaires, ni celles du premier rang per- 
pendiculaire dans leurs rangs paralleles; donc elles ſont toutes Egales entre elles, 
et partant au premier nombre gencrateur, 

Ainſi © egale G + zero, c'eſt-a-dire, © égale G. 
Ainſi A egale © + zero, c'eſt-a-dire, O. 

Ainſi © égale G + -2ero, et x Egale © + Zero. 
Et ainſi des autres, 


CONSEQUENCE Il. 


En tout Triangle Arithnietique, chaque cellule eft & ale d la ſomme de toutes celles du 
rang parallele precedent, compriſes depuis ſon rang perpendiculaire juſquau premier 
incliſi vement. 


Soit une cellule quelconque : je dis qu'elle eſt ẽgale à R +9 + þ + 6, 


qui font celles du rang parallele ſuperieur depuis le rang perpendiculaire de @©- 


juſqu'au premier rang perpendiculaire. 
Vo. IV. 3 1 2 Cela 


j 
. 
wy 
" 
* 
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Cela eſt Evicent par la ſeule interpretation des cellules, par celles d'od elles 
ſont formees, 


Car w égale R + C. 


— 


6+B 


4+ A 
—— Car A et © ſont Egaux entre eux par 
© la precedente, 


Done w égale R + 8 + iþ + ©. 


CONSEQUENCE III. 


En leut Triangle Arithmetique, cbaque cellule ẽgale la ſomme de toutes celles du rang 
perpendiculaire precedent, compriſes depuis ſon rang parallele juſquwau premier in- 
cluſivement. 

Soit une cellule quelconque C: je dis qu'elle eſt &gale à B + ) + &, qui 
ſont celles du rang perpendiculaire precedent, depuis le rang parallele de la 


cellule C juſqu'au premier rang parallele. 
Cela paroit de meme par la ſeule interpretation des cellules. 


Car C cgale B + 86. 


n | 
—— Car 7 egale & par la premiere. 


| co 
Donc C egale BTH + o. 


CONSEQUENCE Iv. 


En tout Triangle Arithmetique, chaque cellule diminuee de Punite ft &gale 4 la ſomme 
de toutes celles qui ſont compriſes entre ſon rang parallzle et ſon rang perpendiculaire 
excluſivement. 

Soit une cellule quelconque ?: je dis que ? — G egaleR +8 + þ +& 
+ a + 7 + & + G, qui ſont tous les nombres compris entre le rang E CBA 
et le rang & S . excluſivement. 

Cela paroit de meme par Vinterpretations 

Car E egale A + R + . 


© + 6+.C 
o +þ+B 
G+@6+A 


Donc Z egalea +R +7 +0 +6 +þ+G+@+6G. 
| AVE R- 
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AV EE ATI SAM SE.NTF; 


Jai dit dans Venonciation, chaque cellule diminute de Punite, parce que Punite 
eſt le generateur ; mais fi c'ẽtoit un autre nombre, il faudroit dire, chaqgue ce!l- 
lule diminute du nombre generateur. 


CONSEQUENCE v. 
Ex tout Triangle Arithmetique, chaque cellule eſt &gale d ja reciproque. 


Car dans la ſeconde baſe Oc, il eſt Evident que les deux cellules recipro- 
ques ©, & font egales entre elles et a G. 

Dans la troifieme A, u, x, il eſt viſible de meme que les reciproques , A 
ſont egales entre elles et a G. 

Dans la quatrieme, il eſt viſible que les extremes D, A ſont encore égales 
cntre elles et a G. 

Er celles d*entre-deux, B, 9, ſont viſiblement égales, puiſque B égale 
A + |, et 9 egale þ + =; or ns + I ſont égales a A + par ce qui eſt 
montre ; donc, &c. 

Ainſi Pon montrera dans toutes les autres baſes que les reciproques ſont 
Egales, parce que les extremes font toujours pareilles a G, et que les autres 
$'1nterpreteront toujours par d'autres Egales dans la baſe precedente qui font 
reciproques entre elles. 


CONSEQUENCE VI. 


Eu tout Triangle Arithmetique, un rang parallele et un perpendiculaire qui ont un 
meme expeſant, ſont compoſes de cellules toutes pareilles les unes aux autres. 


Car ils ſont compoſes de cellules reciproques. 
Ainſi le ſecond rang perpendiculaire -þ BE MQ eſt enticrement pareil au 
ſecond rang parallele Gu RSN, 


CONSEQUENCE VI. 


En tout Triangle Arithmetique, la ſomme des cellules de chaque baſe eft double de 
celles de la baſe precedente, 


Soit une baſe quelconque DB#A : je dis que la ſomme de ſes cellules eſt 
double de la ſomme des cellules de la precedente A. 


Car les extremes » 6 a : - D, As 
: — — 
Egalent les extremes , : R a R A, Ty 
et chacune des autres . A A . E B, 9, 
en Egalent deux de l'autre baſe b . AT, er. 


Done D +A + B + s &galent 2A + 20% + 2x. 
La meme choſe fe demontre de meme de toutes les autres. 
3 CON. 
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CONSEQUENCE VIII. 


En tout Triangle Arithmetique, la ſomme des cellules de chaque baſe eft un nombre 
de la progreſſion double, qui commence par Punite, dont lexpoſant eft le meme que 
celui de la baſe. 


Car la premiere baſe eſt l'unitẽ. 
La ſeconde eſt double de la premiere ; donc elle eſt 2. 
La troiſiẽme eſt double de la ſeconde ; donc elle eſt 4. Et ainſi à Vinfini, 


AVERTISSEMEN T, 


Si le generateur n'etoit pas Punite, mais un autre nombre, comme 3, la m&- 
me choſe ſeroit vraie; mais il ne faudroit pas prendre les nombres de la pro- 
greſſion double à commencer par unite, ſavoir, 1, 2, 4, 8, 16, &c.; mais 
ceux d'une autre progreſſion double a commencer par le genérateur 3, ſavoir, 
3, 6, 12, 24, 48, &c. x 


CONSEQUENCE IX. 


Zn tout Triangle Arithmetique, chaque baſe diminuee de Punite eſt egale d la ſamme de 
toutes les precedentes, 


Car Ceſt une propriete de la progreſſion double. 


'AVERTISSEMENC T., 


Si le generateur Etoit autre que Punite, il faudroit _ chaque baſe diminuee 
du generateur. 


CONSEQUENCE X. 


En tout Triangle Arithmetique, la Somme de tant de cellules continues qu'on voudra 
de ja baſe, à commencer par une extremite, eſt egale d autant de cellules de la baſe 
precedente, plus encore d autant, hormis une. 


Soit priſe la ſomme de tant de cellules qu 'on voudra de la baſe D a, par ex- 
emple, les trois premieres, D + B + 6; je dis qu'elle eſt égale a la ſomme 
des trois premieres de la baſe precedente A + i + =, plus aux deux premieres 
de la meme baſe A + . 


Car D. = 90. 


cgale A. ATT. Wr. 
Donc DB +898 egale 2A + 2 +. 


DEFINITION 


 Tappelle cellules de la dividente, celles que la ligne qui diviſe angle droit par 
la moitie, traverſe diagonalement, comme les cellules G, U, C, p, &c. £4" 
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CONSEQUENCE XI. 


Cbaque cellule de la dividente eft double de celle qui la precede dans ſon rang 
parallele ou perpendiculaire. 


Soit une cellule de la dividente C: je dis qu'elle eſt double de 9, et auſſi de B. 
Car C egale 9 + B, et 9 egale B, par la cinquicme conſéquence. 


AVERTISSEMEN To. 


Toutes ces conſequences ſont ſur le ſujet des éëgalités qui ſe rencontrent dans 
le Triangle Arithmétique. On va en voir maintenant les proportions, dont la 
propoſition ſuivante eſt le fondement. 


CONSEQUENCE XI. 


En tout Triangle Arithmetique, deux cellules contigues tant dans une meme baſe, la 
ſuperieure eſt & Pinferieure, comme la multitude des cellules depuis la ſuperieure juſ- 
qu au haut de la baſe, d la mullilude de celles depuis Pinferieure juſqu'en bas in- 
cluſivement. | 


Soient deux cellules contigues quelconques d'une mème baſe, E, C: je 
dis que 
Eefta C comme 2 a 3 


inferieure, | ſuperieure, | parce qu'il y a deux cel- | parce qu'il y a trois cel- 
lules depuis E juſqu'en | lules depuis C juſqu'en 
bas, ſavoir, E, H, haut, ſavoir, C, R, u. 

Quoique cette propoſition ait une infinite de cas, jen donnerai une demon- 
ſtration bien courte, en ſuppoſant deux Lemmes. 

Le premier, qui eſt evident de ſoi-mEme, que cette proportion ſe rencontre 
dans la ſeconde baſe ; car il eſt bien viſible que © eſt a comme 1 a 1. 

Le deuxiẽme, que fi cette proportion ſe trouve dans une baſe quelconque, 
elle ſe trouvera nëceſſairement dans la baſe ſuivante. 

D'où il ſe voit qu'elle eſt necefſairement dans toutes les baſes : car elle eſt 
dans la ſeconde baſe par le premier Lemme ; donc par le ſecond elle eſt dans 
la troifieme baſe ; donc dans la quatrieme, et a l'infini. 

Il faut donc ſeulement demontrer le ſecond Lemme en cette ſorte. Si cette 
proportion ſe rencontre en une baſe quelconque, comme en la quatrieme D a, 
c'eſt- a- dire, fi D eſt a B comme 1a 3; et Bag comme 2 à 2; et # a A comme 
3 à 1, &, Je dis que la meme proportion ſe trouvera dans la bale ſuivante, 
H E, et que, par exemple, E elt a C comme 2 a 3. 

Car D eſt a B comme 1 à 3, par Vhypotheſe, 


Donc D + B eſta B comme 1 + 3a 3. 


E a B comme 4 23. 


510 TRAITE DU TRIANGLE ARITHMETIQUE. 


De meme B eſt a 9 comme 2 i 2, par l'hypotheſe. 
Donc B + 8 à B, comme 2 + 2 a 2. 


ECB comme: 4 22. 

Mais B à E comme 3 24, comme il eſt montre. Donc par la 
proportion troublee, C eſt a E comme 3 a 2. 

Ce qu'il falloit demontrer. | 

On le montrera de meme dans tout le reſte, puiſque cette preuve n'eſt fondee 
que ſur ce que cette proportion fe trouve dans la baſe precedente, et que cha- 
que cellule eſt egale a ſa precedente, plus a fa ſuperieure ; ce qui eſt vrai par- 
tout *. | 


CONSEQUENCE XIII. 


En tout Triangle Arithmetique, deux cellules contigues etant dans un meme rang per- 
pendiculaire, Vinferieure eff d la ſuferieure, comme Pexpoſant de la baſe de cette 
fuperieure a Pexpoſant de fon rang parallele. 


Solent deux cellules quelconques dans un meme rang perpendiculaire, F, C: 
Je dis que 


* Ce ſecond Lemme peut ètre exprimc et demontre en termes generaux de la fagon ſuivante, 

Soit la multitude des cellules depuis I'inferieure de deux cellules contiguës fur aucune baſe du Tri- 
angle Arithmctique, en y comprenant cette cellule inferieure, ; et la multitude des cellules depuis la 
cellule ſupericure, en y comprenant cette cellule, . Il faut d:montrer, que, s'il eſt vrai que le nom- 
bre contenu dans la cellule ſuperieure ſoit au nombre contenu dans la cellule inferieure comme g a h, 
la meme propriete aura lieu dans ies nombres contenus dans les cellules contigues de la prochaine baſe 
du Triangle Arithmctique qui correſpondent aux deux dittes cellules contigues de la premiere baſe, 
ou qui rempliſſent les memes places dans la ſuite des cellules de la ſeconde baſe que les deux premicres 
cellules contigues rempliſſent dans la ſuite des cellules de la premicre baſe. 

Le nombre des cellules dans la premicre baſe eſt p + 9, Done le nombre des cellules dans la ſeconde 
baſe eſt p + q Þ 1 ; et partant le nombre de cellules dans la ſeconde baſe depuis la cellule ſuperieure 
juſqu'au haut de la baſe incluſivement ſera 9 + 1. Mais le nombre des cellules dans la meme baſe - 
depuis la cellule inferieure juſqu'en bas incluſivement eſt le meme que dans la premitre baſe, c'eſt a 
dire, p. Il faut donc demontrer que le nombre contenu dans la cellule ſuperieure de la ſeconde baſe 
eſt au nombre contenu dans la cellule inferieure de la meme baſe comme 9 + 1 eft a p. 

Suppoſons maintenant que le nombre contenu. dans la cellule ſup:rieure de la premicre baſe ſoit 
nomme 9, et que le nombre contenu dans la cellule inferieure de la meme baſe, contigue a la ditte cel- 
lule ſup:rieure, ſoit nommé B, et que le nombre contenu dans la cellule qui precede imm*diatement 
la ditte cellule inferieure ſoit nomme D; et que le nombre contenu dans la cellule ſuptrieure de la 
ſeconde baſe ſoit nommè C, et que le nombre contenu dans la cellule inferieure de la meme baſe ſoit 
nommé E. Aprés ces ſuppoſitions il faudra demontrer que le nombre C eſt au nombre E comme 


g +1ap. | 
DEMONSTRATION. 


Or, par Phypothcſe, 9 eſt a B comme q eſt a %. Done, componendo, 9 + B ſera a B comme ＋ 5 
eſt à . Mais C et = 9 + B. DoncCeftaB comme q + y ett a p. | 

En outre, par Fhypotheſe, B eſta D comme ＋ 1 eſt ap — 1. Done, componendo, B + D ſera 
aBcommeg +1+þp=—1, oug +þ, eftag+1. Mas Eet=B + D. Donc EeftaB 
comme @ + p eftag +1; et, invertendo, B eſt a E comme g + 1 eſt a q + fp. 

Mais C eſt a B comme g + þ elt a p. 

Done la proportion de C a E, qui ett compoſee des deux proportions de C a B et de Ba E, era 
gale 4 une proportion compolee des deux proportions de 3 + pa pet de 9 +149 + p, et, par 
conſcquent, a la proportion de g + 1 a p; ou, en'd'autres mots, C ſera a E comme ＋ 1 eft a p. 

| a. B. D. 

Le ſameux theoreme de Monſieur Newton, ſur les puiſſances d'une quantité binome, peut ctre d. duit 
de cette X1leme conſequence, 

F eſt 
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* 


0 comme 5 a 3 
Pinferieure, | la ſuperieure, | expoſant de Ja baſe | expoſant du rang parallele 
de C, de C. | 


Car E eſt a C comme 2 a ;. 
Donc E + C eſt a C comme 2 + ; @ 4, 


F et à C comme 5 Aa 3. 


CONSEQUENCE XIV. 


En tout Triangle Arithmetique, deux cellales contiguis & ant dans un mime rang pa- 
rallele, la plus grande eſt @ ſa precedente, cemme Pexpyſant de la baſe de cette pre- 
cedente @ Pexpoſant de ſon rang perpendiculaire. 


Soient deux cellules dans un meme rang parallele F, E: je dis que 


F eſt à E comme 5 A 2 
la plus grande, | precedente, | expoſant de la | expoſant du rang perpendicu- 
baſe de E, laire de E. 


Car E eſta C comme 2 à 3. 
Donc E + C eſt a E comme 2 + 3 a 2. 


F eſt à E comme 5 . 


CONSEQUENCE XV. 


En tout Triangle Arithmetique, la ſomme des cellules d'un quelcongue rang parallele 
eft à la derniere de ce rang, comme Vexpeſant du triangle eft  Pexpeſant du rang. 


Soit un triangle quelconque, par exemple, le quatrieme G Da; je dis que, 
quelque rang qu'on y prenne, comme le ſecond paralléle, la ſomme de ſes cel- 
jules, ſavoir, © + þ + 9, eſt à 0 comme 4 i 2. Car G þ + 6 égale C, 
et C eſt a 9 comme 4 a 2, par la treizieme conſequence. 


CONSEQUENCE XVI. 


En tout Triangle Arithmetique, un quelconque rang parallele eſt au rang inferieur, 
comme Pexpeſant du rang inferieur d la multitude de ſes cellules. 


Soit un triangle quelconque, par exemple, le cinquieme, 4 H: je dis que, 
quelque rang qu'on y prenne, par exemple, le troiſiẽme, la ſomme de ſes cel- 
lules eſt à la ſomme de celles du quatrieme, c'eſt-a-dire, A +B+Ceta 
D + E, comme 4, expoſant du rang quatrieme, à 2, qui eſt Vexpolant de la 
multitude de ſes cellules, car il en contient 2. 


Car A ＋ B ＋ C égale F, et D + E égale M Or Feſt a M comme 4 


a 2, par la douzicme conſequence. 
AVER. 
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AVERTISSEMEN T, 


On pourroit Penoncer auſſi de cette ſorte: chaque rang paralléle eſi au rang 
inferieur, comme Pexpoſant du rang inferieur @ Pexpoſant du triangle, moins Pexpo- 
fant du rang ſupericur, Car Vexpoſant d'un triangle moins Vexpolant d'un de 
ſes rangs, ell toujours &gal à la multitude des cellules du rang infèrieur. 


CONSEQUENCE XVI. 


En tout Triangle Arithmetique, quelque cellule que ce ſoit, jointe @ toutes celles de ſon 
rang perfendiculaire, eſt d la meme cellule jointe d toutes celles de ſon rang paral- 
lele, comme les multitudes des cellales priſes dans chaque rang. 


Soit une cellule quelconque B: je dis que B + iþ + & eſta B + A, com- 
me 3 a 2. | 

Je dis 3, parce qu'il y a trois cellules ajoutees dans Pantecedent ; et 2, parce 
qu'il y en a deux dans le conſequent, 

Car B + iþ + © egale C, par la troifieme conſequence z et B + A egale E, 
par la ſeconde conſequence. 

Or C eſt à E comme 3 à 2, par la douzieme conſequence. 


CONSEQUENCE XVII. 


En tout Triangle Arithmetique, deux rangs paralleles egalement diſtantes des extrémités, 
ſont entre eux comme la multitude de leurs cellules. 


Soit un triangle quelconque G V, et deux de ſes rangs également diſtants 
des extremites, comme le ſixiemeP+Q,, et le ſecond G + þ +8 +R+5S 
+ N: je dis que la ſomme des cellules de l'un eſt à la ſomme des cellules de 
Pautre, comme la multitude des cellules de Pun eſt à la multitude des cellules 
de l'autre. 

Car, par la ſixieme conſequence, le ſecond rang parallele ꝙ RS N eſt le 


meme que le ſecond rang perpendiculaire -*þ BEMQ , duquel nous venons 
de demontrer cette proportion. 


AVERTISSEMENT, 


On peut Tenoncer ainſi: Eu tout Triangle Arithmetique, deux rangs parallels, 
dont les expoſants joints enſemble excedent de Punite Pexpoſant du Triangle, ſont entre 


eux comme leurs expoſants recproquement, Car ce n'elt qu'une meme choſe que 
ce qui vient d'etre Enonce. 


CONSEQUENCE DERNIERE. 


En tout Triangle Arithmetique, deux cellules centigues 6tant dans la dividente, Pinfc- 
rieure 75 a la ſuperieure priſe quatre fois, comme Pexpoſant de la baſe de cette ſupe- 
rieure, d un nombre plus grand de Tunit. ö 


Soient deux cellules de la dividente 3, C: je dis que þ eſt à 4 C comme 5, 
expoſant de la bale de C, eſt a 6. 


Car 
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Car þ eſt double de , et C de 9; donc 4 0 egalent 2 C. 
Done 40 ſont a C comme 2 a 1. 
Or p eſt a 4 C comme wa 4 9, ou en raiſon compolee de ACT C440 


Par les conſequences precedentes, . > . 5 à 3. 1a 2 
ou 3à6. 
5 9 6. 


Done ę eſt a 4 C comme 5 a 6. Ce qu'il falloit demontrer, 


AVERTISSEMEN TT, 


On peut tirer de-la beaucoup d'autres proportions ; que je ſupprime, parce 
que chacun peut facilement les conclure, et que ceux qui voudront s'y attacher, 
en trouveront peut- tre de plus belles que celles que je pourrois donner. Je 
finis donc par le Probleme ſuivant, qui fait Paccomplitſement de ce Traits, 


PR C ME 


Etant donnts les expoſants des rangs perpendiculaire et paralléle Pune cellule, trauver 
le nombre de la cellule, ſans ſe ſervir du Triangle Arithmetique ? 


Soit, par exemple, propoſe de trouver le nombre de la cellule du cinquieme 
rang perpendiculaire, et du troiſieme rang parallele. 

Ayant pris tous les nombres qui precedent Pexpoſant du perpendiculaire 5, 
ſavoir, 1, 2, 3, 4; ſoient pris autant de nombres naturels, a commencer par 
Fexpoſant du parallcle 3, ſavoir, 3, 4, $, 6. 

Soient multiplies les premiers Yun par Pautre, et ſoit le produit 24. Solent 
multiplies les autres Pun par l'autre, et ſoit le produit 360, qui, diviſè par au- 
tre produit 24, donne pour quotient 15 : ce quotient eſt le nombre cherche. 

Car & eſt à la premiere de fa baſe V, en raiſon compolce de toutes les rai- 
ſons des cellules d'entre-deux, c'eſt-a-dire, £ eſt a V, en raiſon compoſee de 

| „ „ K T 


— —ę—B — — —•— äm. 


ou par la 12 conſeq, . : P34 434% FRAY 6a 1, 


Donc Zeſta V comme en 4 en ; en 6, à 4 en 3 en 2 en 1. 
Mais V eſt Punite; donc £ eſt le quotient de la diviſion du produit de 3 
en 4 en 5 en 6, par le produit de 4 en 3 en 2 en 1. 
AVERTISSEMEN T. 


Si le generateur n'etoit pas Punite, il eùt fallu multiplier le quotient par le 
generateur, 


vol. IV. 3 DIVERS 


$14 USAGE DU TRIANGLE ARITHMETIQUE - 


DIVERS USAGES DU TRIANGLE ARITHMETIQUE, 


Dont le generateur eſt Punite, 


5 ES avoir donné les proportions qui ſe rencontrent entre les cellules 

et les Tangs des Triangles Arithmeriques, Je paſſe a divers uſages de ceux 
dont le generateur eſt Punite ; Ceſt ce qu'on verra dans les Traites ſuivants. 
Mais j'en laiſſe bien plus que je n'en donne; 50 eſt une choſe Etrange combien 
1] eſt fertile en proprietes ! Chacun peut $y exercer ; Pavertis ſeulement ici, 
que dans toute la ſuite, je n'entends parler que des Triangles Arichmétiques, 
dont le generateur eſt l'unité. 


— 4 — — 


USAGE DU TRIANGLE  ARITHMETIQUE 
POUR LES ORDRES NUMERIQUES. 


N a conſidere dans VArithmetique les nombres des differentes progreſſions ; 

on a auſſi conſidere ceux des differentes puiſſances et des diflerents degres z ; 
mais on n'a pas, ce me ſemble, aſſez examine ceux dont je parle, quoiqu ils 
ſoient d'un tres grand uſage: et meme ils n'ont pas de nom; ainſi j'ai &te ob- 
lige de leur en donner: et parce que ceux de progreſſion, de degré et de puiſ- 
ance ſont deja employes, je me ſers de celui d'orgres. 


' Pappelle donc Nombres du premier ordre, les ſimples unites, 
„ if, Oe 

Jappelle Nombres du ſecond orare, les naturels qui ſe forment par Padditon des 
unites, I, 2, 3, 4, 5, &c. 

JPappelle Nombres du troifieme ordre, ceux qui ſe forment par Vaddition des 
naturels, qu'on appelle triangulaires, 

I, 3, 6, 10, &c. 

C'eſt-a-dire, que le ſecond des triangulaires, ſavoir, 3, égale la ſomme des 

deux premiers naturels, qui ſont 1, 2; ainſi le troiſième triangulaire 6 égale la 
ſomme des trois premiers naturels, x, 2, 3, &c. 

Pappelle Nombres du quatrieme ordre, ceux qui ſe forment par Vaddition des 

triangulaires, qu'on appelle pyramidaus, 
1, 4, 10, 20, &c. 

J*appelle Nombres du cinguieme ordre, ceux qui ſe forment par Vaddition des 
precedents, auxquels on n'a pas donne de nom expres, et qu'on pourroit ap- 
peller * /riangulo- triangulaires : | 

I, 5, 15, 35, &c. 


* I ſemble par cette expreſſion, © qu on pourroit appeller triangulo-triangulaires,” que Paſcal fut 
le premier auteur ſur I'Arithmetique qui ait donne ce nom a ces nombres du cinquieme ordre. Mais 


il me ſemble que le nom plus ſimple de Nombres du cinquieme ordre les deſigne plus * 


Jappelle 
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Jappelle Nombres du fixieme ordre, ceux qui ſe forment par Paddition des 
precedents ; . . I, 6, 21, $6, 126, 252, &c. 
1, % Ke. 
I, 8, 36, 120, &c. 
Ec ainſi a l'infini. 
Or fi on fait une table de tous les ordres des nombres, od l'on marque a cots 
les expoſants des ordres, et au- deſſus les racines, en cette forte : 


RACINE $ 


E 
Unités Ordre 1 Px 2+ in he 
Naturels Ordre 2 JJ 
Triangul. Ordre 3 „ nn. 
Pyramid. Ordre 4 ie n GG 


On trouvera cette Table pareille au Triangle Arithmẽtique; et le premier 
ordre des nombres ſera le meme que le premier rang parallele du Triangle; le 
ſecond ordre des nombres ſera le meme que le ſecond rang parallcle : et ainſi à 
Pinfini. 26 Y. 

Car dans le Triangle Arithmetique le premier rang eſt tout d'unités, et le 
premier ordre des nombres eſt de mEme tout d'unités. 

Ainſi dans le Triangle Arithmetique, chaque cellule, comme la cellule F, 
egale C + B + A, c'eſt-à- dire, qu'elle &gale ſa ſuperieure, plus toutes celles 
qui precedent cette r dee dans ſon rang paralléèle, comme il a Ete prouve 
dans la deuxieme conſequence du Traite de ce Triangle: et la mème chole ſe 
trouve dans chacun des ordres des nombres ; car, par exemple, le troifieme des 
pyramidaux 10 egale les trois premiers des triangulaires 1 + 3 + 6, puiſqu'il 
eſt forme par leur addition. 

D'od il ſe voit manifeſtement, que les rangs paralleles du triangle ne font 
autre choſe que les ordres des nombres, et que les expoſants des rangs paralleles 
font les memes que les expoſants des ordres, et que les expoſants des rangs per- 
pendiculaires font les memes que les racines: et ainſi le nombre, par exemple, 
21, qui dans Je Triangle Arithmétique ſe trouve dans le troifieme rang parallele, 
ct dans le ſixième rang perpendiculaire, Etant conſiders entre les ordres numé- 
riques, il ſera du troiſiẽme ordre, et le fixieme de ton ordre, ou de la fixieme 
racine. 

Ce qui fait connoitre que tout ce qui a étẽ dit des rangs et des cellules du 
Triangle Arithmetique, convient exactement aux ordres des nombres, et que 
les memes egalites et les mEmes proportions qui ont été remarquees aux uns, 
ſe trouveront auſſi aux autres; il ne faudra ſeulement que changer les Enoncia- 
tions, en ſubſtituant Jes termes qui conviennent aux ordres numeriques, comme 
ceux de racine et AMordre, à ceux qui convenoient au Triangle Arithmetique, 
comme de rang parallele et perpendiculaire, Jen donnerai un petit Traite X 
part, ou quelques exemples qui y ſont rapportés, feront aiſement appercevoir 
tous les autres, 
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USAGE DU TRIANGLE ARITHMETIQUE 
POUR LES COMBINAISONS. 


1 mot de comlinaiſan a été pris en pluſieurs ſens différents; de ſoite que 
pour oter Vequivoque, je ſuis oblige de dire comment je l'entends. 

Lorſque de pluſieurs choſes on donne le choix d'un certain nombre, toutes les 
manië res d'en prendre autant qu'il eft permis entre toutes celles qui ſont preſen- 
tees, s'appellent ici les difſerentes combinaiſons. | t 

Par exemple, ſi de quatre choſes exprimees par ces quatre lettres, A, B, C, D, 
on permet d'en prendre, par exemple, deux quelconque; toutes les manieres 
d'en prendre deux differentes dans les quatre qui ſont propoſces, s' appellent 
combiuaiſons. | 
Ainſi on trouvera par experience, qu'il y a fix manieres differentes d'en choiſir 
deux dans quatre; car on peut prendre A et B, ou A et C, ou A et D, ou 
B et C, ou B et D, ou Cet D. | 

Je ne compte pas A et A pour une des manieres d'en prendre deux ; car ce 
ne ſont pas des choſes difterentes, ce n'en eſt qu'une repetee. 

Ainſi je ne compte pas A et B, et puis B et A, pour deux manicres diffe- 
rentes ; car on ne prend en Vune et en Pautre maniere que les deux memes choſes, 
mais dans un ordre different ſeulement, et je ne prends point garde à l'ordre; de 
ſorte que je pouvois m' expliquer en un mot à ceux qui ont accoutume de con- 
fiderer les combinaifons, en diſant fimplement que je parle ſeulement des com- 
binaiſons qui ſe font ſans changer Pordre. 

On trouvera de meme par experience, qu'it y a quatre manieres de prendre 
trois choſes dans quatre; car on peut prendre ABC, ou ABD, ou ACD, 
ou BCD. 

Enfin on trouvera qu'on ne peut en prendre quatre dans quatre qu'en une 
maniere, ſavoir, ABCD. 


Je parlerai donc en ces termes : 


1 dans 4 ſe combine 4 fois. 
2 dans 4 ſe combine 6 fois. 
3 dans 4 ſe combine 4 fois. 
4 dans 4 ſe combine 1 fois. 


Ou ainſi : 
La multitude des combinaiſons de 1 dans 4 eſt 4. 
La multitude des combinaiſons de 2 dans 4 eſt 6. 
La multitude des combinaifons de 3 dans 4 eſt 4. 
La multitude des combinaiſons de 4 dans 4 eſt 1. 


Mais la ſomme de toutes les combinaiſons, en general, qu'on peut faire dans 4, 
eſt 15, parce que la multitude des combinaifons de 1 dans 4, de 2 dans 4, de 


3 dans 4, et de 4 dans 4, étant jointes enſemble, font 15. : 
x > | Enſuite 
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Enſuite de cette explication, je donnerai ces conſequences en forme de 
Lemmes, 


LEMME PREMIER. 


Un nombre ne ſe combine point dans un plus petit, par exemple, 4 ne ſe 
combine point dans 2. 


LE 0 


1 dans 1 ſe combine 1 fois. 
2 dans 2 ſe combine 1 fois. 
3 dans 3 fe combine 1 fois. 


Et generalement un nombre quelconque ſe combine une fois ſeulement dans 
ſon egal, | 
| L E MM £5. A 


1 dans 1 ſe combine 1 fois. 
1 dans 2 fe combine 2 fois, 
1 dans 3 ſe combine 3 fois. 


Et generalement Punite ſe combine dans quelque nombre que ce ſoit autant 
de fois qu'il contient unites. 


"bo EB M W235 


S'it y a quatre nombres quelconques, le premier tel qu'on voudra, le ſecond 
plus grand de Punite, le troifieme tel qu'on voudra, pourvu qu'il ne ſoit pas 
moindre que le ſecond, le quatrieme plus grand de Punite que le troifieme : la 
multitude des combinaiſons du premier dans le troifieme, jointe à la multitude 
des combinaiſons du ſecond dans le troifieme, éẽgale la multitude des combinai- 
ſons du ſecond dans le quatrieme. 


Soient quatre nombres tels que j'ai dit: 


Le premier tel qu'on voudra, par exemple, . : . 0 - 1. 
Le ſecond plus grand de Punite, ſavoir, . . . . . "AW 
Le troiſiẽme tel qu'on voudra, pourvu qu'il ne ſoit pas moindre que le ſe- 
cond, par exemple, a . . * . . . 3. 
Le quatrieme plus grand de Vunite, ſavoir, . . . 1 


Je dis que la multitude des combinaiſons de 1 dans 3, plus la multitude des 
combinaiſons de 2 dans 3, egale la multitude des combinaiſons de 2 dans 4. 

Soient trois lettres quelconques, B, C, D. 

Sotent les memes trois lettres, et une de plus, A, B, C, D. 

Prenons, ſuivant la propoſition, toutes les combinaiſons d'une lettre dans les 
trois, B, C, D; il y en aura trois, ſavoir, B, C, D. 

Prenons dans les memes trois lettres toutes les combinaiſons de deux, il y en 
aura trois, ſavoir, BC, BD, CD. 

Prenons enfin dans les quatre lettres A, B, C, D toutes les combinaiſons de 
deux, il y en aura fix, ſavoir, AB, AC, AD, BC, BD, CD. 

Il 
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II faut demontrer que la multitude des combinaiſons de 1 dans 3 et celles 
de 2 dans 3, égalent celles de 2 dans 4. 

Cela eſt aiſe ; car les combinaiſons de 2 dans 4 ſont formees par les combi- 
naiſons de 1 dans 3, et par celles de 2 dans 3. 

Pour le faire voir, il faut remarquer qu'entre les combinaiſons de 2 dans 4, 
favoir, AB, AC, AD, BC, BD, CD, il y en a od la letire A eſt employee, 
et d'autres on elle ne Peſt pas. 

Celles on elle n'eſt pas employee font, BC, BD, CD, qui par conſequent 
ſont formees de deux de ces trois lettres, B, C, D; donc ce ſont des combi- 
naiſons de 2 dans ces trois, B, C, D. Donc les combinaiſons de 2 dans ces 
trois lettres, B, C, D, font portion des combinaiſons de 2 dans ces quatre let- 
tres, A, B, C, D, puiſqu'elles forment celles od A n'eſt pas employee. | 

Maintenant fi des combinaiſons de 2 dans 4 ou A eſt employes, ſavoir AB, 
AC, AD, on ote PA, il reſtera une lettre ſeulement de ces trois, B, C, D, 
ſavoir, B, C, D, qui ſont preciſement les combinaiſons d'une lettre dans les 
trois, B, C, D. Donc fi aux coinbinaiſons d'une lettre dans les trois, B, C, D, 
on ajoute a chacune la lettre A, et qu'ainſi on ait AB, AC, A D, on for. 
mera les combinaiſons de 2 dans 4, ou A eſt employe; donc les combinaiſons 
de 1 dans 3 font portion des combinaiſons de 2 dans 4. 

D'où il ſe voit que les combinaiſons de 2 dans 4 ſont formees par les combi- 
naiſons de 2 dans 3, et de 1 dans 3; et partant que la multitude des combi- 
naiſons de 2 dans 4 égale celle de 2 dans 3, et de 1 dans 3. | 

On montrera la meme choſe de tous les autres exemples, comme: 

La multitude des combinaiſons de 29 dans 49, et la multitude des combi- 
naiſons de 30 dans 40, ẽgalent la multitude des combinaiſons de 30 dans 41. 
Ainſi la multitude des combinaiſons de 15 dans 55, et la multitude des combi— 
naiſons de 16 dans 55, egalent la multitude des combinaiſons de 16 dans 56. 
Et ainſi a Vinfim, Ce qu'il falloit demontrer, 0 


PROPOSITION PREMIERE. 


En tout Triangle Arithmitique, la ſomme des cellules d'un rang parallile quelcongue 
tgale la multitude des combinaiſons de Pexpoſant du rang dans Pexpoſant du 
Triangle, 7 


Zoit un triangle quelconque, par exemple, le quatrieme G DA: je dis que 
la ſomme des cellules d'un rang parallele quelconque, par exemple, du ſecond, 
© + xþ + 9, egale la ſomme des combinaiſons de ce nombre 2, qui eſt Pex- 
oſant de ce ſecond rang, dans ce nombre 4, qui eſt I'expoſant de ce triangle. 

Ainſi la ſomme des cellules du cinquieme rang du huitieme triangle egale la 
ſomme des combinaiſons de 5 dans 8, &c. | 

La demonſtration en ſera courte, quoiqu'il y ait une infinite de cas, par le 
moyen de ces deux Lemmes. 

Le premier, qui eſt evident de lui-mème, que dans le premier triangle cette 


Egalite ſe trouve, puiſque la ſomme des cellules de ſon unique rang, ſavoir G, 
| ou 
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ou Punite, égale la ſomme des combinaiſons de 1, expoſant du rang, dans 1, 
expolant du Triangle. | 


Le deuxieme, que $'il ſe trouve un Triangle Arichmétique dans lequel cette 
proportion ſe rencontre, Celt-a-dire, dans lequel quelque rang que Von prenne, 
il arrive que la ſomme des cellules ſoit Egale à la multitude des combinaiſons 
de l'expoſant du rang dans I'expoſant du Triangle: je dis que le Triangle ſui— 
vant aura la mème propricte, 

D'où i] s'enſuit que tous les Triangles Arithmẽtiques ont cette Egalite ; car 
elle ſe trouve dans le premier Triangle par le premier Lemme, et meme elle 
eſt encore Evidente dans le ſecond; donc par le ſecond Lemme, le ſuivant 
Vaura de meme, et partant le ſuivant encore; et ainſi à l'infini. 


Il faut donc ſeulement demontrer le ſecond Lemme. 


Soit un triangle quelconque, par exemple, le troiſièẽme, dans lequel on ſup- 
pole que cette egalite ſe trouve, c'eſt-à dire, que la ſomme des cellules du pre- 
mier rang G + & + x egale la multitude des combinaiſons de 1 dans 3; et 
que la ſomme des cellules du deuxieme rang © + i egale les combinaiſons de 
2 dans 3 ; et que la ſomme des celluies du troiheme rang A egale les combi- 
naiſons de 3 dans 3 : je dis que le quatrieme Triangle aura la meme egalite, et 
que, par exemple, la ſomme des cellules du ſecond rang © u + 0 egale la 
multitude des combinaiſons de 2 dans 4. 


Car G + þ + 8 egale @+wb 8. 0 
$f + G + & + 1 
ou la multitude + ou la multitude 
Par Phypotheſe des combinaiſ. des combinaiſ. 
| de 2 dans 3. de 1 dans 3. 


Ou la multitude des combinaiſons 
Par le quatrieme Lemme de 2 dans 4. 


On le montrera de meme de tous les autres. Ce qu'il falloit demontrer. 
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Le nombre de quelque cellule que ce ſoit, &gale la multitude des combinaiſons d'un nom- 
bre moindre de Punite que Pexpoſant de fon rang parallile, dans un nombre moindre 
de Punite que Pexpoſant de ſa baſe, 


Soit une cellule quelconque, F, dans le quatrieme rang parallele et dans la 
ſixieme baſe : je dis qu'elle egale la multitude des combinaiſons de 3 dans 5, 
moindres de Punite que 4 et 6; car elle égale les cellules A + B + C. Donc 
par la precedente, &c. 


PROBLEME 
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PROBLEME I. PROPOSITION III. 


Etant propoſes deux nembres, trouver combien de fois Pun ſe combine dads Pautre, 
| par le Triangle Arithmetique ? 


Soient les nombres propoſes 4, 6, il faut trouver combien 4 ſe combine 


dans 6. 
PREMIER .MOYE N. 


Soit priſe la ſomme des cellules du quatrieme rang du ſixieme triangle: elle 
ſatisfera a Ja queſtion. 
SECOND MOYE N. 


Soit priſe la cinquieme cellule de la ſeptieme baſe, parce que ces nombres 5,7 
excedent de Punite les donnes 4, 6; ſon nombre eſt celui qu'on demande. 


CONCLUSION, 


Par le rapport qu'il y a des cellules et des rangs du Triangle Arithmetique 
aux combinaiſons, il eſt aiſe de voir que tout ce qui a Ete prouve des uns con- 
vient aux autres ſuivant leur maniere ; c'eſt ce que je montrerai en peu de diſ- 
cours dans un petit Traite que Jai fait des Combinaiſons. | 


USAGE DU TRIANGLE ARITHMETIQUE, 


Pour determiner les partis qu'on doit faire entre deux Foueurs qui jouent 
en pluſieurs parties. 


P 29K entendre les regles des partis, la premiere choſe qu'il faut conſi- 
derer, eſt que Vargent que les Joueurs ont mis au jeu ne leur appartient 
plus; car ils en ont quitté la propriete : mais ils ont regu en revanche le droit 
d'attendre ce que le haſard peut leur en donner, ſuivant les conditions dont ils 
ſont con venus d'abord. | 

Mais, comme c'eſt une loi volontaire, ils peuvent la rompre de gre a gre : 
et ainſi, en quelque terme que le jeu ſe trouve, ils peuvent le quitter, et, au con- 
traire de ce qu'ils ont fait en y entrant, renoncer a l'attente du haſard, et 
rentrer chacun en la propriẽtè de quelque choſe; et en ce cas, le reglement de 
ce qui doit leur appartenir doit etre tellement proportionne à ce qu'ils avoient 
droit d'eſperer de la fortune, que chacun d'eux trouve entiẽrement égal de 
prendre ce qu'on lui aſſigne, ou de continuer l'aventure du jeu: et cette juſte 
diſtribution s'appelle le parli. 

Le premier principe qui fait connoitre de quelle forte on doit faire les partis, 
eſt celui ci. 

Si 
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Si un des Joveurs ſe. trouve en telle condition, que, quoi qu'il arrive, une 
certaine ſomme doit lui appartenir en cas de perte et de gain, ſans que le haſard 
puiſſe la lui oter ; il ne doit en faire aucun parti, mais la prendre enticre com- 
me affuree, parce que le parti devant Etre proportionne au hafard, puiſqu'il 
n'y a nul haſard de perdre, il doit tout retirer ſans parti. 

Le ſecond eſt celui-ci. Si deux Joueurs ſe trouvent en telle condition, que 
fi l'un gagne, il lui appartiendra une certaine ſomme, et s'il perd, elle appar- 
tiendra a Vautre ; f le jeu eſt de pur haſard, et qu'il y ait autant de haſards pour 
Pun que pour Pautre, et par conſequent non plus de raiſon de gagner pour un 
que pour l'autre, $'i]s veulent fe ſeparer ſans jouer, et prendre ce qui leur ap- 
partient lẽgitimement, le parti eſt qu'ils ſẽparent la ſomme qui eſt au haſard 
par la moitiẽ, et que chacun prenne la ſienne. 

\ 


COROLLAIRE PREMIER. 


Si deux Feueurs jouent d un jeu de pur baſard, à condition que, fi le premier gagne, i! 
lui reviendra une certaine ſomme, et Sil perd, il lui en reviendra une moindre ; 
Sils veulent ſe ſeparer ſans jouer, et prendre chacun ce qui leur appartient : le parti 
eft, que le premier prenne ce qui lui revient en cas de perte, et de plus la moitis 
de excts, dont ce qui lui reviendroit en cas de gain, ſurpaſſe cs qui lui revient en 
cas de perte. 


Par exemple, ſi deux Joueurs jouent à condition que, ſi le premier gagne, il 
emportera 8 piſtoles, et s'il perd, il en emportera 2: je dis que le parti eſt 
qu'il prenne ces 2, plus la moitié de Vexces de 8 ſur 2, C'eſt- à- dire, plus 33 car 
8 ſurpaſſe 2 de 6, dont la moitiè eſt 3. 

Car par Yhypotheſe, s'il gagne, il emporte 8, c'eſt-à dire, 6 + 2, et sl 
perd, il emporte 2 ; donc ces 2 lui appartiennent en cas de perte et de gain: et 
par conſequent par le premier principe, il ne doit en faire aucun parti, mais 
les prendre entières. Mais pour les 6 autres, elles dependent du hafard ; de 
ſorte que, s'il lui eſt favorable, il les gagnera, ſinon, elles reviendront à l'autre; 
et, par Fhypotheſe, il n'y a pas plus de raiſon qu'elles reviennent a Pun qui 
Pautre : donc le parti eſt qu'ils les ſẽ parent par la moitié, et que chacun prenne 
la ſienne, qui eſt ce que ;'avois propole, 

Donc, pour dire la meme choſe en d'autres termes, il lui appartient le cas de 
la perte, plus la moitie de la difference des cas de perte et de gain. 

Et partant, ſi, en cas de perte, il lui appartient A, et en cas de gain A + B, 
le parti eſt qu'il prenne A + 2B. ä ' 


COROLLAIRE I. 


Si deux Foueurs ſont en la meme condition que nous venons de dire: je dis que le parti 
peut ſe faire de cette fagen, qui revient au mtme, que Pon aſſemble les deux ſommes 
de gain et de perte, et que le premier prenne la moitie de cette ſomme ; ceft-a-dire, 
gu'on joigne 2 avec 8, et ce ſera 10, dont la moitie 5 appartiendra au premier. 
Car la moitie de la ſomme de deux nombres eſt toujours la meme que la 


moindre plus la moitie de leur difference. Et cela ſe demontre ainſi, : 
Vox. IV. 3X Soit 
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Soit A ce qui revient en cas de perte, et A + B ce qui revient en cas de 
gain: je dis que le parti ſe fait en aſſemblant ces deux nombres, qui font 
A+ A + B, et en donnant Ja moitié au premier, qui eſt ZA + *A + 2B. 
Car cette ſomme egale A + zB, qui a été prouvee faire le parti juſte. 

Ces fondements étant poſes, nous paſſerons aiſement à dererminer le parti 
entre deux Joueurs qui jouent en tant de parties qu'on voudra, en quelque tat 
qu'ils ſe trouvent; c'eſt-a-dire, quel parti il faut faire quand ils jouent en deux 
parties, et que le premier en a une A point; ou qu'ils jouent en trois, et que 
le premier en a une a point, ou quand il en a deux a point, ou quand il en a 
deux a une. Et generalement en quelque nombre de parties qu'ils jouent, et en 
quelque gain de parties qu'ils fotent, et l'un, et l'autre. 

Sur quoi la premiere choſe qu'il faut remarquer, eſt que deux Joueurs qui 
jouent en deux paities, dont le premier en a une à point, font en meme condi- 
tion que deux autres qui jouent en trois parties, dont le premier en a deux, et 
autre une: car il y a cela de commun, que, pour achever, il ne manque 
qu'une partie au premier, et deux a l'autre, et c'elt en cela que conſiſte la diffe. 
rence des avantages, et qui doit regler les partis; de forte qu'il ne faut propre- 
ment avoir Egard qu'au nombre des parties qui reſtent a gagner A Pun et a Vau- 
tre, et non pas au nombre de celles qu'ils ont gagnees, puiſque, comme nous 
avons deja dit, deux Joueurs ſe trouvent en meme état, quand jouant en deux 
parties, Pun en a une à point, que deux qui jouant en douze parties, l'un en a 
onze a dix. 

Il faut donc propoſer la queſtion en cette ſorte. 

Etant propoſes deux Joueurs, d chacun deſquels il manque un certain nombre de par- 
ties pcur achever, faire le parti? | 

Pen donnerai ici la methode, que je pourſuivrai ſeulement en deux ou trois 
exemples, qui ſeront fi aiſes a continuer, qu'il ne ſera pas neceflaire d'en donner 
davantage. 

Pour faire la choſe générale ſans rien omettre, je la prendrai par le premier 
exemple, qu'il eſt peut-etre mal a propos de toucher, parce qu'il eſt trop clair ; 
je le fais pourtant pour commencer par le commencement : C'eſt celui- ci. 


PREMIER CAS. 


Si à un des Joueurs il ne manque aucune partie, et a l'autre quelques-unes, 
la ſomme entiere appartient au premier; car il Va gagnee, puiſqu'il ne lui 
manque aucune des parties dans leſquelles il devoit la gagner. 

SECOND CAS, 

Si à un des Joueurs il manque une partie, et à Pautre une, le parti eſt qu'ils 
ſe parent Pargent par la moitié, et que chacun prenne la fienne : cela eſt evi- 
dent par le ſecond principe. Il en eſt de meme s'il manque deux parties à 
Pun, et deux 2 l'autre; et de mEme quelque nombre de parties qui manque a 
Pun; s'il en manque autant à l'autre. 1 
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Si à un ts Joueurs il manque une partie, et à l'autre deux, voici Vart de 
trouver le parti. | 

Conſidẽrons ce qui appartiendroit au premier Joueur (a qui il ne manque 
qu'une partie) en cas de gain de la partie qu'ils vont jouer, et puis ce qui lui 
appartiendroit en cas de perte. 

Il eft viſible que ſi celui a qui il ne manque qu'une partie, gagne cette partie 
qui va ſe jouer, il ne lui en manquera plus; donc tout lui appartiendra par le 
premier cas. Mais, au contraire, ſi celui à qui il manque deux parties, gagne 
celle qu'ils vont jouer, il ne lui en manquera plus qu'une; donc ils ſeront en 
telle condition, qu'il en manquera une à l'un, et une a l'autre. Donc ils doi- 
vent partager Vargent par la moitié, par le deuxieme cas. ; 

Donc ſi le premier gagne cette partie qui va ſe jouer, il lui appartient tout; 
et $'1] la perd, il lui appartient la moitie : donc en cas qu'ils veuillent ſe ſeparer . 
ſans jouer cette partie, il lui appartient + par le ſecond Corollaire. 

Et fi on veut propoſer un exemple de la ſomme qu'ils jouent, la choſe ſera 
bien plus claire. 

Poſons que ce ſoit 8 piſtoles : donc le premier en cas de gain, doit avoir le 
tout, qui eſt 8 piſtoles; et en cas de perte, il doit avoir la moitié, qui eſt 4; 
donc il lui appartient en cas de parti la moitiè de 8 ＋ 4, ceſt-a-dire, 6 piſtoles 
de 8; car 8 + 4 font 12, dont la moitié eſt 6. 


QUATRIEME CAS. 


Si à un des Joueurs il manque une partie, et i l'autre trois, le parti ſe trou- 
vera de meme, en examinant ce qui appartient au premier en cas de gain et de 
perte. 

Si le premier gagne, il aura toutes ſes parties, et partant tout Pargent ; qui 
eſt, par exemple, 8. 

Si le premier perd, il ne faudra plus que deux parties à l'autre a qui il en 
falloit trois. Donc ils ſeront en tel état, qu'il faudra une partie au premier, et 
deux a l'autre; et partant, par le cas precedent, il appartiendra 6 piſtoles au 
premier. 

Donc en cas de gain, il lui en faut 8, et en cas de perte 6; donc en cas de 
parti, il lui appartient la moitié de ces deux ſommes, ſavoir, 7; car 6 + 8 
font 14, dont la moitié eſt 7. 


Einer Tak 


Si à un des Joueurs il manque une partie, et i Vautre quatre, la choſe eſt de 
meme. | | 

Le premier en cas de gain, gagne tout, qui eſt, par exemple, 8; et en cas 
de perte, il manque une partie au premier, et trois a Pautre ; donc il lui ap- 
partient 7 piſtoles de 8; donc en cas de parti, il lui appartient la moitié de 8, 
Plus la moitié 7, Ceſt-a-dire, 74. 


3X 2 SINIEME 
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SIXIEME CAS, 
Ainf, gil manque une partie A Pun, et cinq à Vautre ; et à Vinfich 


SEPTIEME (CAS. 


De meme s'il manque deux parties au premier, et trois à Vautrd ; car il faut 
toujours examiner les cas de gain et de perte. L 

Si le premier gagne, il lui manquera une partie, et A Pautre trois; doh? par 
le quatrieme cas il lui appartient 7 de 8. 

Si le premier perd, il lui manquera deux parties, et a l'autre deux; donc 
par le deuxieme cas il appartient à chacun la moitié, qui eſt 4; donc en cas 
de gain, le premier en aura 7, et en cas de perte, il en aura 4; donc en cas de 
parti, il aura la moitie de ces deux enſemble, ſavoir, 55. | 

Par cette methode on fera les parts ſur toutes ſortes de conditions, en pre- 
nant toujours ce qui appartient en cas de gain et ce qui appartient en cas de 
perte, et aſſignant pour le cas de parti la moitie de ces deux ſommes. 

Voilà une des manieres de faire les partis. 

tl y en a deux autres, Pune par le Triangle Arithmétique, et l'autre par les 

Combinaiſons. 


Methode pour faire les partis entre deux Joueurs qui jouent en pluficurs 
parties, par le moyen du Triangle Arithmetique, | 


Avant que de donner cette methode, il faut faire ce Lemme. 


L E M M E. 


Si deux Joueurs jouent d un jeu de pur haſard, d condition que fi le premier gagne, il 
lui appartiendra une portion quelconque ſur la ſomme quils jouent, exprimee par une 
frattion, et que S'il perd, it lui appartiendra une moinare portion ſur la meme ſomme, 
exprime par une autre fraction: Vils veulent ſe ſeparer ſans jouer, la condition di 
parti ſe trouvera en cette forte, Soient reduites les deux fractions d mme denumi- 
nation,” ft elles n'y ſont pas; ſort priſe une fraction dont le numtrateur ſoit la ſomme 
des deux numerateurs, et le denominateur double des precedents : cette fraftim ex- 
prime la portion qui apparlient au premier ſur la ſomme qui eſt au jeu, 


Par exemple, quien cas de gain, il appartienne les = de la ſomme qui eſt 


au jeu, et qu'en cas de perte, il lui en appartienne — je dis que ce qui lui 


appartient en cas de parti, ſe trouvera en prenant la ſomme des numerateurs, 
qui eſt 4, et le double du denominateur, qui eſt 10, dont on fait la frac- 


* & 
10 


tion 
Car 
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Car par ce qui a été demontre au deuxiéme Corollaire, il falloit aſſembler 
les cas de gain et de perte, et en prendre la moitié; or la ſomme des deux 


fractions * ＋ eſt 2 qui fe fait par Vaddition des numerateurs, et ſa moi- 


ric ſe trouve en doublant le denominateur, et ainſi Von a +, Ce qu'il falloit 
demontrer, 

Or ces regles ſont generales et ſans exception, quoi qui revienne en cas de 
perte ou de gain; car 6, par exemple, en cas de gain, il appartient —-, et en 
cas de perte, rien, en reduifant les deux fractions a meme dEnominateur, on 
aura _ pour le cas de gain, ct — pour le cas de perte ; donc en cas de parti, 


il faut cette fraction —, dont le numerateur Egale la ſomme des autres, et le 
dEnominateur eſt double du precedent. | 
Ainſi fi en cas de gain, il appartient tout, et en cas de perte * en réduiſant 


6 A 4 . . . I 
les fractions a meme denomination, on aura 1 pour le cas de gain, et bows 


pour celui de la perte; donc en cas de parti, i] appartient —. 


6 
Ainſi fi en cas de gain, il appartient tout, et en cas de perte rien, le parti 


ſera vifiblement =; car le cas de gain eſt —-, et le cas de perte donc le 


parti eſt — 
Et ainſi de tous les cas poſſibles. 


PROBLEME I. PROPOSITION I. 


Etant propoſes deux Joueurs, d chacun deſquels il manque un certain nombre de parties 
pour achever, trouver par le Triangle Arithmetique le parti qu'il faut faire (ils 
veulent ſe ſeparer ſans jouer) eu egard aux parties qui manquent q chacun ? 


Soit priſe dans le Triangle la baſe dans laquelle il y a autant de cellules qu'il 
manque de parties aux deux enfemble : enſuite ſoient priſes dans cette baſe au- 
tant de cellules continues a commencer par la premiere, qu'il manque de parties 
au premier Joueur; et qu'on prenne la ſomme de leurs nombres. Donc il reſte 
autant de cellules, qu'il manque de parties a l'autre. Qu'on prenne encore la 
ſomme de leurs nombres : ces ſommes font Pune à Pautre comme les avantages 


des Joueurs reciproquement : de forte que ſi la ſomme qu'ils jouent elt 'egale. 


a la ſomme des nombres de toutes les cellules de la baſe, il en appartiendra à 
chacun ce qui eſt contenu en autant de cellules qu'il manque de parties a Pau- 
tre; et s'ils jouent une autre ſomme, il leur en appartiendra a proportion. 


Par exemple, qu'il y ait deux Joucurs, au premier Ceſquels il manque deux 


Parties, et à l'autre quatre: il faut trouver le parti. 


Soient ajoutes ces deux nombres 2 et 4, et ſoit leur ſomme 6; ſoit priſe la. 


; ſixicme 


— i DA 
_— — — „ . _ 
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ſtxiẽme baſe du Triangle Arihmetique B93, dans laquelle il y a par conſẽ quent 
ſig cellules P, M, F, w, S, J. Soient priſes autant de cellules a commencer 
par la premiere P. qu'il manque de parties au premier Joneur, C'eſt- à-dire, les, 
deux premieres P, M; donc il en reſte autant que de parties a autre, c 'elt à- 
dire, quatre, F, o, 8, 3: je dis que Vavantage du premier elt a Vavantage du 
ſecond, comme E +@ r ST JAP M, c'eſt-à-dire, que ſi la ſomme qui 
ſe joue eſt egaleaP MTF TTS ＋ , il en appartient a celui à qui il 
manque deux parties la ſomme des quatre cellules 3 +S + @o + F; eta celui 
a qui il manque quatre partics, la ſomme des deux cellules P + M: : et s'ils- 
jouent une autre ſomme, il leur en appartient a proportion. ] 
Et pour le dire gencralement, quelque ſomme qu'ils jouent, il en appartient 
au premier une portion exprimce par cette fraction ——— tte bad dont 
5 1 
le numerateur eſt la ſomme des quatre cellules de Paucre, et le denominateur. 
la ſomme de toutes les cellules; et a l'autre une portion exprimEe par cette 
fraction, 1 ＋ — Y dont le numerateur eſt la ſomme des deux cel- 
lules de l'autre, et le denominateur la meme ſomme de toutes les cellules. 


Lu gil manque une partic a l'un, et cinq a Fautre, il appartient au premier 
la ſomme des cinq premieres cellules P + M + F + @ T S, et a Tautre 2 
ſomme de la cellule 3. 

Et s'il manque fix parties à l'un, et deux a l'autre, le parti s' en trouvera dins 
Ia huitieme baſe, dans laquelle les ſix premieres cellules contiennent ce qui 
appartient a celui a qui il manque deux parties, et les deux autres ce qui ap- 
Partient à celui a qui il en manque fix. Et ainſi a J'infini. 

Quoique cette propoſition ait une infinite de cas, je la demontrerai neanmoins 
en peu de mots par le moyen de deux Lemmes. 

Le premier, que la ſeconde baſe contient les partis des Joueurs, auxquels il 
manque deux parties en tout. Le deuxieme, que fi une bale quelconque con- 
tient les partis de ceux auxquels il manque autant de parties qu'elle a de cel- 
Jules, la baſe ſuivante ſera de meme, c'elt-a-dire, qu'elle contiendra auſſi les 
partis des Joueurs, auxquels il manque autant de parties qu'elle a de cellules. 

D'ou je conclus en un mot que toutes les baſes du Triangle Arithmetique ont 
cette Propric:e : car la ſeconde Ia par le premier Lemme ; donc par le ſecond 
Lemme, la troiſième Va auſſi, et par conſequent la quatrieme ; et ainſi a Pin» 
fini. Ce qu'il falloit demontrer, 

II faut done ſeulement demontrer ces 2 Lemmes. 

Le premier eſt evident de lui-meme; car s'il manque une partie a l'un et 
une a l'autre, il eſt evident que leurs conditions ſont comme & a o, C We, 


= qui eft —. 


comme 1 a 1, et qu'il appartient a chacun cette fraction, - r 


Le deuxiẽme ſe demontrera de cette ſorte. 
Si une baſe quelconque comme la quatrieme D contient les partis de ceux 
a qui il manque quatre parties, C'eſt- à-dire, que sil manque une partie au pre- 


mier, et trois au ſecond, la portion qui appartient au premier ſur la ſomme qui 
{ ſoit cell ſt fracti 13 ur 
e joue, ſoit celle qui eſt exprimee par cette fraction - r qui a po 


deno- 
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denominateur la ſomme des cellules de cette baſe, et pour numèrateur ſes trois 
premieres ; et que s'il manque deux parties a Pun, et deux a l'autre, la fraction 


. = © . . D + B . . . 
qui appartient au premier ſoit — et que s'il manque trois parties 
D 


T STOT 
au premier, et une a l'autre, la fraction du premier ſoit — xc 
Je dis que la cinquieme baſe contient auſſi les partis de ceux auxquels il man- 
que cinq parties; et que $i] manque, par exemple, deux parties au premier, 
et trois a Vautre, la portion qui appartient au premier ſur la ſuomme qui fe joue, 
n+ Ae 

u TE TO TAT 

Car pour ſavoir ce qui appartient à deux Joueurs a chacun deſquels il man- 
que quelques parties, il faut prendre la fraction qui appartiendroit au premier 
en cas de gain, et celle qui lui appartiendroit en cas de perte, les mettre à 
meme denomination, fi elles n'y font pas, et en former une fraction, dont le 
numerateur ſoit la ſomme des deux autres, et le dcnominateur double de Vau- 
tre, par le Lemme precedent. 

Examinons donc les fractions qui appartiendroient a notre premier Joueur en 
cas de gain et de perte. 

Si le premier a qui il manque deux parties gagne celle qu'ils vont jouer, il 
ne lui manquera plus qu'une partie, et a l'autre toujours trois; done il leur 


manque quatre parties en tout; donc, par Phypothele, leur parti ſe trouve en 
la baſe quatrieme, et 1] appartiendra au premier cette fraction — — _ - * 

Si au contraire le premier perd, il lui manquera toujours deux parties, et 
deux ſeulement a l'autte; donc par Phypothele la fraction du premier ſera 

Dd +3 

Dd +B +9 + x 
pr2+0+2+2. ceſta-dire, 
2D + 2B + 26 + 2A 

Ce qu'il falloit demontrer, 

Ainſi cela ſe demontre en toutes les autres baſes ſans aucune difference, parce 

ue le fondement de cette preuve eſt qu'une baſe eſt toujours double de fa 

precedente par la ſeptieme con{equence, et que, par la dixieme conſẽquence, 
tant de cellules qu'on voudra d'une mEme bale ſont Egales a autant de la babe 
precedente (qui eſt toujours le denominateur de la fraction en cas de gain) plus 
encore aux memes cellules, excepte une (qui eſt le numerateur de la fraction 
en cas de perte;) ce qui étant vrai generalement par-tout, la demonſtration ſera 
toujours fans obſtacle et univerſelle. = 


eſt exprimee par cette fraction, 


Donc en cas de parti il appartiendra au premier cette fraction 


H+E+cC 
n+ C+R + 


PROBLEME. 
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p  PROBLEME Il. PROPOSITION IL 


Etant propeſes deux Foucurs 425 jouent chacun une meme ſomme en un certain nombre de 
parties propoje, trouver dans le Triangle Arithn8!;que la valeur de la desu ite 
partie ſur Pargent du perdant ? 


Par exemple, que deux Joueurs jouent chacun 3 piſtoles en quatre parties: 
on demande la valeur de la dernicre partie ſur les 3 piſtoles du perdant. 

Soit priſe la fraction qui a Vunite pour numerateur, et pour denominateur la 
ſomme des cellules de la baſe quatrieme, puiſqu'on joue en quatre parties: je 
dis que cette fraction eſt la valeur de la dernicre partie ſur Ja miſe du perdant. 

Car f deux Joueurs jouant en quatre parties, Pun en a trois à point, et 
qu'ainſi il en manque une au premier, et quatre à Pautre, il a ete demontre que 


ce qui appartient au premier pour le gain qu'il a fait de ſes trois premieres par- 


u +&+c+R : 4 . 
NN dénomina- 


teur la ſomme des cellules de la cinquieme baſe, et pour numerateur ſes quatre 
premieres cellules; donc il ne reſte fur la ſomme totale des deux miſes que cette 


: 5 U . > 3 . . . a 
fraction r laquelle ſeroit acquiſe a celui qui a d<ja les trois 


premieres parties en cas qu'il gagnat la derniere ; donc la valeur de cette der- 


niere ſur la ſomme des deux miſes eſt —— oy qa, c'eſt- A dire, 
Funitẽ | 
2D + 28 + 20 + 2A 
Or puiſque la ſomme totale des miſes eſt 2D + 2B + 29 ＋ 2a, la ſomme 
de chaque miſe eſt D B + 9 + a; donc la valeur de la derniere partie ſur 


la ſeule miſe du perdant eſt cette fraction, 


ties, Eſt exprimẽ par cette fraction, 


I - 
5 7 - n de la Prece- 
dente, et laquelle a pour numerateur Punite, et pour denominateur la ſomme 
des cellules de la quatrieme baſe, Ce qu'il falloit demontrer. 


PROBLEME III. PROPOSITION III. 
Etant propeſes deux Joueurs qui jouent chacun une meme ſemme en un certain nombre 
de parties donne, trouver dans le Triangle Arithmetique ia valeur de la premitre 
partie ſur la miſe du perdant ? 


Par exemple, que deux Joueurs jouent chacun 3 piſtoles en quatre parties 


on demande la valeur de la premiere ſur la miſe du perdant. 


Soit ajoutè au nombre 4 le nombre 3, moindre de unite, et ſoit la ſomme 7; 
ſoit priſe la fraction qui ait pour denominateur toutes les cellules de la feptieme 
baſe, et pour numerateur la cellule de cette baſe qui ſe rencontre dans la divi- 


dente, ſavoir, cette fraction, 


TQ £ mr ay gr ror 5: je dis qu'elle ſatisfait 
au probleme. | 


Car 
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Car ſi deux Joueurs ) jouant en quatre parties, le premier en a une a point, il 
en reſtera trois i gagner au premier, et quatre I autre; donc il appartient au 


+&«& +pÞ 
iſes cette — __ 
premier ſur la ſomme des deux miſes cette fraction, N 


qui a pour denominateur toutes les cellules de la Are baſe, et pour _ 
rateur ſes quatre premieres cellules. 

Donc il lui appartient V + Q + K + 6 ſur la ſomme totale des deux miſes, 
exprimee par V +Q+K+þ+£+ N + 4 mais cette derniere ſomme 
ẽtant Laſſemblage des deux miſes, il en avoit mis au jeu la moitié, favoir, 
V+Q+KkK + te car V + Q + K ſont egaux a C + N TF). 

Donc il a Tos c'eſt-a-dire, , plus qu'il n'avoit en entrant au jeu; donc il a 
gagne ſur la ſomme totale des deux miſes une portion exprimee par cette frac- 

W 
FO KT YT FTS 
portion qui ſera double de celle- la, ſavoir, celle qui eſt exprimice par cette frac- 


tion, donc il a gagne fur la miſe du perdant une 


. 1 7 > 
— v+atk+p+i+n+% 


Donc le gain de la premicre partie lui a acquis cette fraction; done fa valeur 
eſt telle. 


COROL L AIR E. 


Donc la valeur de la premiere partie de deux ſur la miſe du perdant, eſt 
exprimee par cette fraction, +, 

Car en prenant cette valeur ſuivant la regle qui vient d'en Ctre donnee, il faut 
prendre la fraction qui a pour denominateur les cellules de la troifieme baſe 
(parce que le nombre des parties en quoi on joue eſt 2, et le nombre moindre 
de l'unité eſt 1, qui avec 2 fait 3) et pour numerateur la cellule de cette baſe 

= ; 1 
qui eſt dans la dividente; donc on aura cette fraction, 2 

Or le nombre de la cellule à eſt 2, et les nombres des cellules A + iþ + , 
ſont, 1 + 2 + 1. Donc ona cette fraction, I c'eſt-a-dire, 40 c'eſt - 
A-dire, . 


Done le gain de la premiere partie lui a acquis cette fraction; done fa valeur 
eſt telle. Ce qu'il falloit demontrer. 


PROBLEME IV. PROPOSITION lx. 


Etant propoſes deux Joueurs qui jouent chacun une meme ſomme en un certain nombre 
de parties denne, trouver par le Triangle Arithmetique la valeur de la ſeconle partie 
ſur la miſe du perdant ? 


Soit le nombre donne des parnes dans leſquelles on joue, 43 il faut irauver 
la valeur de la deuxiéme partie fur la miſe du perdant. | 


Vol. IV. * Sol 
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Soit priſe la valeur de la premiere partie par le Probleme precedent : je dis 


qu'elle eſt la valeur de la ſeconde. 


Car deux Joueurs jouant en quatre parties, ſi l'un en a deux à point, la 
WES . 5 4 R ye? +<M+F + «© . 1 

| - eſt . — ul a pour - 

fraction qui lui appartient eſt celle ci, Rr rn quia P deno- 

minateur la ſomme des ccllules de la ſixiẽme baſe, et pour numerateur la 

ſomme des quatre premicres ; mais il en avoit mis au jeu cette fraction, 


2 P + * + F 4 c . 3 | © . 
er. ſavoir, la moitiẽ du tout. Donc il lui reſte de gain cette 
. . 00 . A : . 
PR = " 1 L Fi 4 0 
traction, - en eſt la meme choſe que celle ci 
f donc il a gagne ſur la moitie de la ſomme entiere, 


v+aQ+Kk+p+£{+x +36 
ö of : a 2p 
c'eſt-a-dire, ſur la miſe du perdant, cette fraction ———— "EST r; 


double de la precedente. 


Done le gain des deux premieres parties lui a acquis cette fraction ſur Var. 
gent du perdant, qui eſt le double de ce que la premiere partie lui avoit ac- 
quis, par la precEdente ; donc Ia ſeconde partie lui en a autant acquis que la 


premiere. 


CONCLUSION, 


On peut aiſement conclure, + le rapport qu'il y a du Triangle Arithmeti. 
que aux partis qui doivent fe faire entre deux Joueurs, que les proportions des 
cellules qui ont ere donnees dans le Traite du Triangle, ont des conſequences 
qui $'etendent a la valeur des partis, qui ſont bien aiſees a tirer, et dont j'ai 
fait un petit diſcours en traitant des partis, qui donne Vintelligence et le moyen 
de les etendre plus avant. | 


USAGE DU TRIANGLE ARITHMETIQUE, 


Pour trouver les puiſſances des Binomes et des Apotomes. 


6 55 eſt propoſe de trouver la puiſſance quelconque, comme le quatrieme 
degre d'un binome, dont le premier nombre ſoit A, Pautre Punite, c'eſt-à- 
dire, qu'il faille trouver le quarre-quarre de A + 1; il faut prendre dans le 
Triangle Arithmetique la baſe cinquieme, ſavoir, celle dont Vexpoſant 5 eſt 
plus grand de Punite que 4, expoſant de l'ordre propole : les cellules de cette 
cinquieme baſe ſont, 1, 4, 6, 4, 1, dont il faut prendre le premier nombre 1 


pour 
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pour. co- efficient de A au degre propoſe, c'eſt-i-dire, de A*; enfuite il faut 
prendre le ſecond nombre de la baſe, qui eſt 4, pour co-ethcient de A au degre 
prochainement in{crieur, *c'eſt-a-dire, de A?, et prendre le nombre ſuivant de 
la baſe, ſavoir, 6, pour co- efficient de A au degré inferieur, ſavoir, A', et le 
nombre ſuivant de la baſe, ſavoir, 4, pour co-ethcient de A au degrè inlerieur, 
favoir, A racine, et prendre le dernier nombre de la baſe 1 pour nombre ab- 
folu : et ainſi on aura 1A* + 4A* + 6A* + 4A + 1, qui ſera la puillance 
-quarre-quarree du binome A + 1, De forte que, fi A (qui repreſente tout 
nombre) eſt Punite, et qu'ainſi le binome A + 1 ſoit le binaire, cette purtſance 


1A* + 4A3 + 6A* + 4A + 1 
ſera maintenant 1.1* + 4.1* + 6.1* + 4.1 + 1. 


C'eſt-a-dire, une fois le quarre-quarre de Punite A, c'elt-a-dire, . 1 
Quatre fois le cube de 1, c'eſt-à-dire, a 4 
Six fois le quarre de 1, c'eſt-a-dire, ; © . . 6 
Quatre fois unite, c'eſt-à-dire, a — 1 | 4 
Plus Funite, . 0 0 1 
qui ajoutes font X , . a . 16 


Et en effet le quarre-quarre de 2 eſt 16, 


Si A eſt un autre nombre, comme 4, et partant que le binome A ＋ 1 
ſoit 5, alors ſon quarre-quarre ſera toujours ſuivant cette méthode, 1A* + 4A 


+ 6A* + 4A + 1, qui ſignifie maintenant 1.4* + 4.4* + 6.4 + 4.4 + 1. 


C'eſt-a-dire, une fois le quarre-quarre de 4, ſavoir . . 256 
uatre fois le cube de 4, ſavoir a 5 l , 2 5G 
Six fois le quarre de 4 . . . . . „ 
Quatre fois la racine 4 . , R . . 16 
Plus Funite . . . . . . _ I 
dont la fomme at {Lie . . . . . = 


fait le quarrE-quarre de 5; : et en effet le quarre-quarre de 5 eſt 625, Et ainſi 
des autres exemples. 

Si on veut trouver le m&me degré du binome A + 2, il faut prendre de 
meme 1A* + 4A* + 6A* + 4A + 1, et enſuite Ecrire ces quatre nombres 2, 4, 
B, 16, qui ſont les quatre premiers degres de 2, ſous les nombres 4, 6, 4, 1. 
c*eſt-a-dire, ſous chacun des nombres de la baſe, en laiſſant le premier: et cette 
ſorte : 1A* + 4A + bA* + 4A + 1 l 

ij 4 "78 16 

et multiplier les nombres qui ſe repondent Pun par Vautre 
1A +447 + 6A! + 4A* + 1 
2 4 8 16 


en cette ſorte 1A“ + 8A + 24A“ + 32A“ + 16 | | 
47243 Et 
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Er ainſi on aura le quarre-quarre du binome A + 2; de ſorte que fi A eſt 
Puni'e, ce quarre-quarre ſcra tel. 


Une fois le quarre-quarie de Punite A . 75 . . T 
Huit fois le cube de Punice A . R . . . 8 
Vingt quatre fois le quarre de 1 . . . . — I4- 
Trente-deux fois 1 ; b . . . £4 32 


Plus le quarre-quarre de 2 . . . . X . 16 


dont la ſomme . 5 . . . . . . 81 
ſera le quarrè quarre de 3: et en effet 8 1 eſt le quarre-quarre de 3. 


Et ſi A eſt 2, alors A + 2 ſera 4, et ſon quarre-quarre ſera 


Une fois le quarré- quarré de A ou de 2, ſavoir . A >" 
. 2 4 . 5 : . . . . 64 
24. 2* . . . . 88 . . > 96. 
32. 2 . . . . > LE . 64 


Plus le quarre-quarre de 2 . . . . „ 16 


dont la ſomme . . . . . . 5 
ſera le quarre-quarre de 4. 


De la meme maniere on trouvera le quarrẽ-quarrẽ de A + 3, en mettant de 
la meme ſorte R R A* + 4A* + 6A* + 4A + 1 
et au- deſſous les nombres . . 3 9 27 81 
qui ſont les quatre premrers degres de 3; et, multipliant les nombres correſpond- 
ants, on trouvera que le quarrẽ-quarrè de A 3 eſt | 
1A* + 12A* + 54A* + ro8A + 81. 
Et ainſi a Vinfini, 
Si au lieu du quarre-quatrre on veut le quarre-cube, ou le cinquieme degre, 
il faut prendre la baſe ſixieme, et en ufer comme j'ai dit de la cinquieme ; et 
ainf de tous les autres degres. | 
On trouvera de meme les puiſſances des Apotomes A— 1, A — 2, &c. 
La methode en eſt toute ſemblable, et ne differe qu'aux ſignes; car les ſignes 
de + et de — fe ſuivent toujours alternativement, et le figne de + eſt toujours 
le premier. | 


Ainſi le quarre-quarre de A — 1 ſe trouvera de cette forte. Le quarré- 
quarre de A + 1 eſt, par la regle precedente, 1A* + 4A* + 6A* + 4A + 1. 
Donc, en changeant les ſignes comme j'ai dit, on aura 

IA'f — 4A* + 6A* — 4A + 1. 
Ainſi le cube de A — 2 ſe trouvera de meme, 
Car le cube de A + 2, par la regle precedente, eſt A“ + 6A* + 12A + 8. 


Dong le cube de A- 2 ſe trouvera, en changeant les ſignes, 
A — 6A* + 12A — 8, 


Je 


Et ainſi a Vinfini, 
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Te ne donne point la demonſtration de tout cela, parce que d'autres en 
ont déja traite, comme Herigogne “, outre que la choſe eſt evidente d'elle- 


teme. 


TRAITE DES ORDRES NUMERIQUES. 


JE preſuppole qu'on a vi le Traite du Triangle Arithmetique, et fon uſage 
pour les Ordres numeriques ; autrement j'y renvoie ceux qui veulent voir ce 
diſcours, qui en eſt proprement une ſuite. ]'y ai donne la definition des ordres 
numeriques, et je ne la reEpeterai pas. J'y ai montre auſſi que le Triangle 
Arnhmetique n'eſt autre choſe que la table des ordres numeriques ; en{uite de 
quoi il eſt Evident que toutes les proprietes qui ont Et donnees dans le Triangle 
Arithmetique entre les cellules ou entre les rangs, conviennent aux ordres no— 
meriques : de forte que, fi peu qu'on ait Part d'appliquer les proprietcs des uns 
aux autres, il n'y a point de propoſition dans le Traite du Triangle qui n'ait 
ſes conſequences touchant les divers ordres: et cela eſt tout enſemble, et fi facile, 
et ſi abondant, que je ſuis fort eloigne de vouloir tout donner expreffement ; 
yaimerois mieux laiſfer tout à faire, puiſque la choſe eſt ſi aifee ; mais, pour me 
tenir entre ces deux extremites, j'en donnerai ſeulement quelques exemples, qui 
ouvriront le moyen de trouver tous les autres. 


Par exemple: de ce qui a été dit dans une des conſequences du Traité qu 
Triangle, que chague cellule &gale celle qui la price.ie dars ſon rang parallele, plus 
celle qui la precede dans jon rang perp:ndiculaire, Pen forme cette propoſition tou- 
chant les Ordres numeriques. 


PROPOSITION PREMIERE. 


Un nombre, de quelque ordre que ce (it, egale celui qui le precede dars ſen ordie, plus 
ſon corradical de Pordre precedent : et par conſequent, le quatriene, par exemple, 
des pyramideux egale le troiſceme pyramidal, plus le quatrieme triangulo- triangulaire: 
ainſi le cinquiëme triangulo-triangulaire &gale be quatriene triangulo-triangulaire, 
plus be cinquieme pyramidal, &c. 


Autre exemple: de ce qui a ete montre dans le Triangle, que chaque cellule, 
cemme F, egale E + B + T, /- dire, celle qui la precede dans ſon rang 


* H:rigogne, Math&maticien du ſiccle paſſe, publia, pour la premicre fois, en 1625, un Cours de 
Mathématiques, latin et frangois, en 5 volumes #n-89. ; et pour la ſeconde fois, en 1644, le meme 
Ouvrage en 7 volumes. J'ai ſous la main la ſeconde édition. Dans le 'Traite d'Algebre (Chap. V. 
pag. 31) VAuteur determine immédiatement par le calcul, ou par des multiplications effeCtives, le 
quarre, le cube, &c., d'un binome tel que „ + þ cu - 6, On voit ici que Paſeal trouve, au 
moyen de ſon Priangle Arithmétique, les co-ctficients des differents termes d'un binome éleve a une 
puiſſance quelconque enticre et politive. 


parallele, 
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paralleie, plus toutes celles qui preced-nt cette precedente dans ſon rang perpendiculaire, 
je forme cette propoſition, | 


PROPOSITION HI. 


Un nombre, de quelque crdre que ce ſoit, &zale tous ceux tant de ſon ordre que de sous 
les precedents, duni la racine eſt moindre de Puni's que la ſienne; et parlant le 
quatrieme des pyraintdaux, far exemple, egale le troiſtéme des pyramidaux, plus le 
troifienie des triaugulaires, plus le troijieme des natureis, plus le troifieme dis unites, 
c'eſt a-dire, Vunt's, : 

D'on on peut maintenant tirer d'autres conſequences, comme celle-ci, que je 
donne pour ouvrir le chemin a d'autres pareilles, 


PROPOSITION III. 


Chaque nombre, de quelque cellule que ce ſoit, eft compeſe autant de nombres qu'il y a 
dordres depuis le ſien juſqu'au premier inclufivement, chacun deſquels nombres ef} de 
chacun de ces ordres : ainſi un triangule-triangulaire eſt compoſe d'un autre trian- 
gulo-triangulaire, d'un pyramidal, d'un triangulaire, d'un naturel et de Punite, 


Et fi on veut en faire un probleme, il pourra s'ënoncer ainſi. 


PROPOSITION IV. PROBLEME. 


Elant donne un nombre d'un ordre quelcongue, trouver un nombre dans chacun des 
ordres depuis le premier juſqu'au ſien incluſivement, dont la ſomme &zale le nombre 
donné. 


La ſolution en eſt facile: il faut prendre dans tous ces ordres les nombres 
dont la racine eſt moindre de Punite que celle du nombre donnè. 
Autre exemple: de ce que les cellules correſpondantes ſont &gales entre elles, il ſe 
conclut: 
PROPOSITION V. 


Que deux nombres de differents ordres ſont &gaux entre eur, fi la racine de Pun oft le 
meme nombre que Pexpeſant de Pordre de l'autre: et partant le troiſieme pyramidal 
eſt egal au quatrieme triangulaire: le cinquieme du huitieme ordre eft le mime que le 
buitifkme du cinquitme ordre, &c. 


On rauroit jamais acheve : par exemple, 
| PROPOSITION VI. : 


Tous les quatriemes nombres de tous les ordres ſont les memes que tous les 
nombres du quatrieme orare, &c, | 


Parce que /es rangs paralltles et perpendiculaires qui ont un meme expoſant, ſont 
eampoſes de cellules toutes pareilles. Par cette methode, on trouvera un rapport 


admuable en tout le reſte, comme celui- ci: SRO 


wy 
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P-R OF O'S FE HIVE 


Un nombre, de quelque orare que ce ſoit, eft au prochainement plus grand dans le meme 
ordre, comme la racine du meindre eft d cette meme racine jointe q Pexpo/ant de 
Pordre, moins Puni'e, 


Ce qui s'enſuit de la quatorzieme conſequence du Triangle, od il eſt montre 
que cbaque cellule eft a celle qui la prece.le dans fon rang parallel, comme Pexpoſant 
de la baſe de cette pre.edenie a Vexpoſant de ſon rang perpendiculaire. Et, afin de ne 
rien cacher de la maniere dont fe tirent ces correſpondances, Yen montrerai le 
rapport A deEcouvert : 1] eſt un peu plus difficile ici que tantor, parce qu'on ne 
voit point de rapport de Ja baſe des triangles avec les ordres des nombres; mais 
voici le moyen de le trouver. Au lieu de Pexpoſant de la baſe, dont j'ai parie 
dans cette quatorzieme conſequence, il faut ſubſtituer Pexpeſant du rang paral- 
lele, plus Pexpoſant du rang perfendiculaire, moins Puniit: ce qui produit le meme 
nombre, et avec cet avantage, qu'on connoit le rapport qu'il y a de ces ex- 

ſants avec les ordres numeriques : car on fait qu'en ce nouveau langage, il 
faut dire, Pexpoſant de Pordre, plus la racine, moins Puniie. Je dis tout cect, afin 
de faire toucher Ja methode pour faire et pour faciliter ces reductions. Ainſi on 


trouvera que 
FROFOSI TEST YH 


Un nombre, de quelque orare que ce foil, eſt & ſon corradical de Pordre ſuivaut, comme 
Pexpoſant de l'ordre du motuare eft @ ce mime exprſint joint à leur racine commune, 
moins Punite, 


C'eſt la treizieme conſequence du Triangle: ainſi on trouvera encore que 


PAQPOSETHEFOy IE 


Un nombre, de quelque ordre que ce ſoit, eſt d celui de l'ordre precident, dont la 
racine eſt plus graude de Punite que la. ſieune, comme la racine du premier a Pex- 
Poſant de Pordre du ſecond. 


Ce n'eſt que la meme chofe que la douzieme conſequence du Triangle 
Arithmétique. Jen laiſſe beaucoup d'autres, chacune deſquelles, auſſi- bien 
que de celles que je viens de donner, peut encore Etre augmentèe de beaucoup 

ar de differentes Enonciations : car au lieu d'exprimer ces proportions comme 
Jai fait, en diſant qu'un nombre eſt 2 un autre comme un troifieme d un quatrieme, 
ne peut-on pas dire que /e rectangle des extrimes eſt gal d celui des moyens ?' Et 
ainſi mulkiplier les propoſitions, et non ſans utilite ; car étant regardées d'un 
autre cote, elles donnent d'autres ouvertures. Par exemple, fi on veut tourner 
autrement cette derniere propoſition, on peut Penoncer ainſi: 
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PROPOSITION X. 


Un nombre, de quelque crdre que ce ſoit, etant multiplis par la racine précé lente, 6:41: 
Pexpoſant de fon ordre, multiflis par le nombre de Pordre ſuivant procedant de 
cette racine, 


Et parce que, quand quatre nombres ſont proportionnels, le regangle des 
extremes ou des moyens etant diviſe par un des deux autres, donne pour quo— 
tient le dernier, on peut dire auſſi: 


PROPOSITION XI. 


Un nombre, de quelque ordre que ce ſoit, étant multiplié par la racine precedente, et 
diviſe par Pexpoſant de ſon ordre, donne pour quotient le nombre de l'ordre ſuivant 
qui procede de cette racine. 


Les manicres de tourner une meme choſe ſont infinies: en voici un illuſftre 
exemple, et bien glorieux pour moi. Cette meme propoſition que je viens de 
rouler en pluſieurs ſortes, eſt rombee dans la penſee de notre celebre Conſciller 
de Toulouſe M. de Fermat ; et, ce qui eſt admirable, fans qu'il m'en eùt don- 
n la moindre lumiere, ni moi a lui, il Ecrivoit dans ſa Province ce que j'in- 
ventols a Poris, heure pour heure, comme nos Lettres ecrites et regues en 
meEme-temps le temoignent. Hcureux d'avoir concouru en cette occaſion, 
comme j'ai fait encore en d'autres d'une maniere tout-a-fait etrange, avec un 
homme ſi grand et fi admirable, et qui, dans toutes les recherches de la plus 
ſublime Geometrie, eſt dans le plus haut degré d'excellence, comme (es Ou- 
vrages, que nos longues prieres ont enfin obtenus de lui, le feront bientor voir 
a tous les Geometres de l'Europe, qui les attendent ! La mantere dont il a 
pris cette meme propoſition eſt telle. 

E la progreſſion naturelle qui commence par Punite, un nembre quelconque Cat 
mene dans le prochainement plus grand, produit le double de ſon triangle, 

Le meme nombre etant mené dans le triangle du prochainement plus grand, produit 
le triple de ſa pyramide. 

Le mime nomtre mene dans la pyramide du prochainement plus grand, produit le 
quadruple de ſon triangulo-!riangulatre , et ainſi a Pinfini, par une methode générale 
et uniforme. : 

Voila comment on peut varier les Enonciations. Ce que je montre en cette 
propoſition s'entendant de toutes les autres, je ne myarreterai plus a cette ma- 
nicre accommodante de traiter les choſes, laiſſant a chacun d'exercer fon genie 
en ces recherches, on doit confiſter toute Pecude des Geometres : car, fi on ne 
fait pas tourner les propoſitions à tous ſens, et qu'on ne ſe ſerve que du premier 
biais qu'on a enviſage, on n'ira jamais bien loin : ce font ces diverſes routes 
qui ouvrent les conſequences nouvelles, et qui, par des Enonciations afforties au 
ſujet, tient des propofitions qui ſembloient n*avoir aucun rapport dans les 
termes od elles Etvient congues d'abord. Je continuerai donc ce ſujet en la 
maniere dont on a accoutume de traiter la Geometrie, et ce que j'en dirat ſcra 
comme un nouveau Traite des Ordres numeriques ; et meme je le donnerai en 
latin; parce qu'il ſe rencontre que je Vai Ecrit ainſi en Vinventant, DE 

; 


DE NUMERICIS ORDINIBUS TRACTATUS, 


11 RIANGULI Arithmetici tractatum, ipſiũſque circa numericos ordines 

uſum, ſupponit tractatus iſte, ut et plerique è {equentibus : huc ergo mit- 
titur lector horum cupidus ; ibi noſcet quid ſint ordines numerici, nempe, uni- 
tates, numeri naturales, trianguli, pyramides, triangulo-trianguli, &, Quæ 
cum perlegerit, facile hæc aſſequetur. 

Hic propriè oſtenditur connexio inter numerum cujuſvis ordinis cum ſui ra- 
dice et exponente ſui ordinis, que talis eſt, ut ex his tribus, datis duobus qui- 
buſlibet, tertius inveniatur. Verbi gratia, data radice et exponente ordinis, 
numerus ipſe datur ; fic dato numero et ſui ordinis exponente, radix elicitur ; 
nec non ex dato numero et radice, exponens ordinis invenitur: hc conflituunt 
ira priora problemata ; quartum de fummia ordinum agit. 


DE NUMERICORUM ORDINUM COMPOSITIONE : 
PROBLEMA PRIMU M. 


Datis numeri cujuſiibet radice et exponente ordinis, componere numerum ? 


PRODUC TUS numerorum qui præcedunt radicem, dividat productum 
totidem numerorum quorum primus fit exponens ordinis: quotiens erit quæ- 
ſitus numerus. 

Propoſitum fit invenire numerum ordinis, verbi gratia, tertii, radicis vero 
quintæ. 

Productus numerorum 1, 2, 3, 4, qui præcedunt radicem 5, nempè 24, di- 


vidat productum totidem numerorum continuorum 3, 4, 5, 6, quorum primus 


ſit exponens ordinis 3, nempè 360: quotiens 15 eſt numerus quæſitus. 

Nec difficilis demonſtratio : eadem enim prorsùs conſtructione, inventa eſt, 
ad finem Tractatùs Trianguli Arithmetici, cellula quintæ ſeriei perpendicularis, 
tertiæ verò ſeriei parallelæ; cujus cellulæ numerus idem eſt ac numerus quin- 
tus ordinis tertii, qui quæritur. 

Poteſt autem et ſic reſolvi idem problema. 

Productus numerorum qui præcedunt exponentem ordinis, dividat produc- 
tum totidem numerorum continuorum quorum primus fit radix: quotiens eſt 
numerus quæſitus. 

Sic in propoſito exemplo, productus numerorum 1, 2, qui præcedunt expo- 
nentem ordinis 3, nempe 2, dividat productum totidem numerorum 5, 6, quo- 
rum primus lit radix 5, nempe 30: quotiens 15, eſt numerus quæſitus. 

Vol. IV. 3 4 Nec 


— 


— — Fa 
——— += == 


\ — — 
— 
— 


F. 
4 
I 

li 

Lf 
1. 
114 
: 46 
I}. 
1 
| 
, 4 


— — — 
_ — — 


— 


— 


Ow 


=. — 


> — oa — — a rarer tr ri ene 
Þ — — 
— — — 
=> . —— 


- 


— ä ee 4 — —ää4ʒͤ — ay 


per proxime lequentem mul- 


538 NUMERICORUM ORDINUM COMPOSITIO., 


Nec differt hzzc conſtructio à præcedente, niſi in hoc ſolo, quod in alters 
idem fit de radice, quod fit in altera de ex ponente ordinis: perinde ac fi idem 
cflet invenire, quintum numerum ordinis tertii, ac tertium numerum ordinis 
quinti; quod quidem verum eſſe jam oſtendimus. 

Hinc autem obiter colligere poſſumus arcanum numericum ; cum enim ambo 
illi quotientes 15, ſint idem, conſtat, diviſores eſſe inter i ut dividendos. 
Animadvertemus itaque : 

Si ſint duo quilibet numeri, productus omnium numerorum primum ex am— 
hobus propoſitis præcedentium, eſt ad productum totidem numerorum quorum 
primus eſt ſecundus ex his ambobus, ut productus ex omnibus qui pracedun 
ſecundum ex illis ambobus, ad productum totidem numerorum continuorum 
quorum primus eſt primus ex iis ambobus propoſitis. 

Hæc qui proſequeretur et demonſtraret, novi fortaſſis tractatùs materiam re- 
periret: nunc autem, quia extra rem noſtram ſunt, fic pergimus. 


DE NUMERICORUM ORDINUM RESOLUTIONE : 


FRO D LE M:jA bo 
Dato numero, ac e Ponente ſut ordinis, i invenire radicem ? 


PorrsrT autem et fic enuntiari. 


Dato quolibet numero, invenire radicem maximi numeri ordinis numerict cujuſlibet 
propaſiti, qui in dalo numero contineatur ? 


Sit datus numerus quilibet, verbi gratia, 58, ordo verò numericus quicunque 
propoſitus, verbi gratia, /ex/us. Oportet igitur invenire radicem /ex/; ordinis 
numeri 58. 


Exhibeatur ex una parte Exponatur ex altera parte 


et continuò 


exponens ordinis 6 numerus datus CITE 1 
Mult! plicetur ipſe 6, per nu- Multiplicetur ipſe numerus 
merum 7, proximè majorem; 4. et continuo 3 per 2, sitque productus 116 
sitque productus . 42 | 
Multiplicetur iſte productus Multiplicetur ipſe productus 


per proximè ſequentem mul- 
uplicatorem 8, sitque produc— tiplicatorem 3, sitque produc- 
tus . 336 _ . . 343 

Multiplicetur iſte productus Multplicetur iſte productus 
per proxime ſequentem mul- per proxime ſequentem mul- 
tiplicatorem 9, Sitque produc- tiplicatorem 4, sitque produc- 
tus . , 3024 tus . . . 1392 


et continuo 


et continuò 
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Fe fic in infinitum, donec ultimus produgus exponentis 6, nempe 3024, 
major evadat quam ultimus proc ductus numert dati, nempe 1392; et tunc abſo— 
luta eſt operatio: ultimus enim muluplicator dati numeri, nempe 4, Eft radix 
quæ quærebatur. 


Igitur dico numerum ſexti ordinis cujns radix eſt 4, nempe 56, maximum 
eſſe ejus ordinis qui in numero dato contineatur; feu dico numerum ſexti ordt- 
nis Cujus radix eſt 4, nempe 56, non elle maſorem dato numero 588; numerum 
vero Guſdem ordints proximè majorem, teu cuſus raqdix etl 8 nempe 126, ele 
majorem numero dato 58. 

Etenim productus ille ultimus numert dati, nempe 1392, fatus eſt ex nu- 
mero dato 58, multiplicato per productum numerorum 1, 2, 3, 4, nempe 24 
productus verd præcedens hunc ultimum, nempe 348, factus eit ex numero 
dato 58, multiplicato per productum numeror um 1, 2, 3, neinpe 6. 


Ergo productus numerorum 6, 7, 8, non eſt major ed numcrorum 
1, 2, 3, multiplicato per 58. Productus verò numerorum 0, 7, 8, 9, ell major 
producto numerorum 1, 2, 3, 4, multiplicato per 58, ex confiructiine. 

Jam numerus ordinis /zx7 cujus radix eſt 4, nempe 56, multiplicatus per 
numeros 1, 2, 3, æquatur producto numerorum 6, 7, 8, ex demonſtratis in 
Tractatu de Ordinibus numericis. 


Sed productus numerorum 6, 7, 8, non eſt major, ex s, producto nu— 
merorum 1, 2, 3, multiplicato per datum 58 igitùr productus numerorum 1, 
2, 3, multiplicatus per 56, non eſt major quam idem productus numerorum 1, 
2, 3, multiplicatus per datum 58. Igitùr 56 non eſt major quam 58. 

Jam fit 126, numerus ordin!s /ext; cujus radix eſt 5, Igitùr ipſe 125, mul- 
tiplicatus per productum numerorum 1, 2, 3, 4, æquatur producto numerorum 
6, 7, 8, 9, ex Tradtatu de Ordinibus numericis. Sed productus ille numero- 
rum 6, 7, 8, 9, eit major quam numerus datus 38 multiplicatus per produc- 
tum numerorum 1, 2, 3, 4, ex oftenfis. Igitur, numerus 126, multiplicatus per 
productum numerorum 1, 2, 3, 4, eſt major quam numerus datus 58 multi- 
plicatus per eundem productum numerorum 1, 2, 3, 4. Igitur numerus 126 
eſt major quam numerus datus 58. 


Ergo numerus 56 i ordinis cujus radix cit 4, non eſt major quam nume- 
rus datus ; numerus vero 126, ejuſdem ordinis cujus radix 5 elt proxime major, 
major eſt quam datus numerus, 


Ergo ipſe numerus 56, maximus eſt cjus ordinis qui in dato contineatur, et 
cjius radix 4 inventa eſt. Q. E. F. E. D. 
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DE NUMERICORUM ORDINUM RESOLUTIONE : 
aa DT 5 LIL. M A 


Dato quelibet numero, et qus radice, invenire ordinis exponentem ? 


No., N differt hoc problema a præcedente; radix enim, et exponens ordi- 

nis, reciproce convertuntur, ita ut dato numero, verbt gratià, 58, et ejus 
radice 4, reperietur exponens ſui ordinis 6, eadem methodo ac fi dato numero 
iplo 58, et exponente ordinis 4, radix 6 effet invenienda : quartus enim ny 
merus /ext! orginis idem eſt ac /ex!us quarti ; ut jam demonſtratum eſt, 


DE NUMERICORUM ORDINUM SUMMA : 


FR O-5 LE M4 Iv. 


$9516 hh cujuſtibet ordinis numerici, tot quot imperavitur, priortun numerorum 
ſummam invenire ? 


eon ſit invenire ſummam gxinque, verbi cmi, priorum nume- 
rorum ordinis, verbi gratia, /ex!z. 

Ilnveniatur ex præcedente numerus quin/us (quia guingue priorum numerorum 
ſumma requiritur) ordinis /ep/im!, nempè ejus qui propoſitum /ex/um proxime 
ſequitur : ipte ſatisfaciet problemati. 

Numericorum enim ordinum generatio talis eſt, ut numerus cujuſvis ordinis 
æquetur ſummæ eorum omnium ordinis præcedentis quorum radices non ſunt 
ſua majores; ita ut quintus ſeptimi ordinis æquetur, ex natura ct generatione 
ordinum, quinque prioribus numeris ſexti ordinis: quod difficultate caret. 


CONC LUS IO. 


Methodus qui ordinum reſolutionem expedio eſt generaliſſima; verùm ipſam 
did quæſivi ; quæ primo ſeſe obtulit ea eſt. 

Si dati numeri quærebatur radix tertii ordinis, ita procedebam. Sumatur dun 
Plum numert propeſiti, ius dupli radix quadrata inveniatur: bac quaſita eft, ai 


Jalttm ea que unilate minor eit. 
Si dati numeri quæritur radix quarti ordinis, mulliplicetur numerus datus per 6, 


nem per produ Gum numerorum 1, 2, 3 ; products inveniatur radix cubica, ipſa, aut 
ea 8 unitate minor eſt, ſatisfaciet, 

Si dati numeri quzritur radix quinti ordinis, mulliplicetur datus numeras 
per 24, nemp? per produſum numerorum 1, 2, 3, 4, produdtigue invenialur radix 
gquarti gradus : ita, unitate minuta, ſatisfaciet problemati. 1 

ut 
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Et ita reliquorum ordinum radices quærebam, conſtructione non generali, ſed 
cuique ordini propria, Nec tamen ideò mihi omninò diſplicebat: illa enim qua 
re ſolvuntur poteſtates non generalior eſt: alitèr enim extrahitur radix quadrata, 
aliter culica, &c., quamvis ab eodem principio viz illæ differentes procedant. 
Ur ergo nondum generalis poteſtatum reſolutio data erat, fic et vix generalem 
ordinum reſolutionem affequi ſperabam: conatus tamen expectationem ſuper- 
antes eam quam tradidi præbuerunt generaliſſimam, et quidem amicis meis, 
uni vertalium ſolutionum amatoribus doctiſſimis, gratiſſimam; a quibus excitatus 
et generalem poteſtatum purarum reſolutionem tentare, ad inſtar generalis or- 
dinum reſolutionis, obtemperans quæſivi, et ſatis felicitèr mihi contigit reperiffe, 
ut infra videbitur. 


DE NUMERORUM CONTINUORUM PRODUCTIS, 


Seu de numeris qui producuntur ex multiplicatione numerorum feric natural; 
procedentium. 


N UMERI qui producuntur ex multiplicatione numerorum continuorum & 
nemine, quod ſciam, examinati ſunt, Ideò nomen eis impono, nempe, 

roducti continuorum., 

Bunt autem qui ex duorum multiplicatione formantur, ut iſte 20, qui ex 4 

in g oritur ; et poſſent dici ſecunds ſpeciei. 

Sunt qui ex trium multiplicatione formantur, ut iſte 120, qui ex 4 in 5 in 6 
oritur ; et dici poſſent tertiæ ſpecter, 

Sic quartæ ſpeciei dici poſſent qui ex quatuor numerorum continuorum mul- 
tiplicatione formantur, et fic in infinitum: ita ut, ex multitudine mrltiplicatorum, 
ſpecies nominationem exponentis ſortiretur; et fic nullus eſſet productus prima 
ipecici, nullus eſt enim productus ex uno tantùm numero, 

Primum hujus tractatuli theorema, illud eſt quod obitèr in precedente trac- 
tatu annotavimus, quod quærendo, reliqua invenimus, imo et generalem po- 
teſtatum reſolutionem; adeo ſtricta connexione ſibi mutuò coherent veritates ! 


PROPOSITIO PRIMA. 


Si fint duo numeri quilibet, productus omnium numerorum primum precedentium, eft d 
produftum totidem numerorum continuorum @ ſecundo incipientium, ut produttus 
omnium numerorum ſecundum præcedentium, ad produfiim ſolidem nummer orm con- 
tnuorum d primo incipientium. 


Sint duo numeri quilibet 5, 8: dico productum numerorum 1, 2, 3, 4, qui 
præcedunt 5, nempe 24, eſſe ad productum totidem continuorum numerorum 


8, 9, 10, 11, nempe 7920: ut productum numerorum 1, 2, 3, 4, 5; C, 7, qui 
præcedunt 
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pracedunt 8, nempe 5040, ad productum totidem continuorum numerorumn 
5, 6, 7, 8, 9, 10, 11, nempe 1663200, 

Etenim productus numerorum 5, 6, 7, ductus in productum iſtorum 1, 2, 
3, 4, eſſicit productum horum 1, 2, 3, 4, 5, 6, 7; ct idem productus nume— 
rorum 5, 6, 7, ductus in productum numerorum 8, 9, 10, 11, elicit produc. 
tum horum 5, 6, 7, 8, 9, 10, 11 ; ergo, ut productus numerorum 1, 2, 3, 4, 
ad productum numerorum 1, 2, 3, 4, 3, 6, 7: ita productus numerorum 9, g, 
10, 11, ad productum numerorum 5, 6, 7, 8, 9, 10, 11, Q. E. b. 


rig I. 


Onmis productus a quotlibet numeris centinutis, eft multiplex producti a 1otidem numeris 
continuis quorum primus eft unitas ; et quollens oft MUTerus Aiguralls, 


Sit productus quilibet, a tribus, verbi gratia, numeris continuis 5, 6, 7, 
nempe 210, et productus totidem numcrorum ab unitate incipientium 1, 2, 3, 
nempe 6: dico ipſum 210 eſſe multiplicem ipſius 6, et quottentem efle nume- 
rum figuratum. | c 

Etenim ipſe 6, ductus in quintum numerum ordinis quarti, nempè 33, 
zquatur ipſi producto ex 5, 6, 7, ex demonſtratis in Tractatu de Ordinibus 


numericis. 3 


„ OM, 


Oznnis productus d quotlibet numeris continuis eft multiplex numeri cujuſdam Fgurabi, 
ene ejus cijus radix eft minimus ex his numeris, expenens vero ordinis eft unitale 
major quam multitudo horum numerorin, | 


Hoc patet ex præcedente. Et unica utrique convenit demonſtratio. 


„ pg 


Ambo diviſores in his duabus propoſitionibus oſtenſi, tales ſunt, ut alter al- 
terius fit quotiens. Ita ut, fi quilibet productus a quotlibet numeris continuis, 
fir diviſus per productum totidem numerorum ab unitate incipientium, (quod 
ſecunda propoſitio docet fieri poſſe,) quotiens fit numerus figuratus in tertia pro- 
poſitione enuntiatus. 


p RO FP OS IT IO iv. 


Omnis productus a quotlibet numeris continuis ab unitate incipientibus, t mullipiex 
froducli & quotlibet numeris continuis etiam ab unitate incipientibus quorum mutli- 
tudo minor eſt. 


Sint quotlibet numeri continui ab unitate 1, 2, 3, 4, 5, quorum productus 
120 ; quotlibet autem ex ipſis ab unitate incipientes 1, 2, 3, quorum produc- 
tus 6: dico 120 elle multiplicem 6. | 

Etenim productus numerorum 1, 2, 3, 4, 5, fit ex producto numerorum I, 
2, 3, multiplicato per productum numerorum 4, 5+ PRO 
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PROPOSED 


Omnis productus d quotlilet mumerts contmmuts eft multiplex producti 2 quitlibet numeris 
contiuuis ab unitate incipientibus quorum mullitudo minor . 


. — * * * N 
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Etenim productus continuorum quorumlibet eſt multiplex totidem continuo- 


— 


Productus quo. Bel Rewer in, et ad predutum totidem Proxime majorum, 
ut minimus multiplicatorum ad maximum, 


rum ab unitate incipientium ex ſecandd ; fed ex quartd productus continuorum " 
ab unitate eſt multiplex product: continuorum ab unitate quorum multtudo Ml 
minor elt. Ergo, &c, oil 
8 3 J. 
NOT OSD Fi i 

1 

1 j. | 

1 


— 


Sint quotlibet numeri 4, 5, 6, 7, quorum productus 840; et totidem proxi- 
me majores 5, 6, 7, 8, quorum productus 1680: dico 840 eſſe ad 1680, 
ut 4 ad 8. 

Etenim productus numerorum 4, 5, 6, 7, eſt factus ex producto continuo- 
rum 5, 6, 7, Multiplicato per 4; productus vero continuorum 5, 6, 7, 8 
ta&us eſt ex eodem producto continuorum 5, 6, 7, multiplicato per 8. Ergo, &c. 


PROPOSITIO VI. 


 Minimis produfus continuorum cujuflibet ſpeciet, ille oft cus multiplicatores a6 
unitate incipiunt. 


Verbi gratia, minimus productus ex quatuor continuis factus, ille eſt qui 
producitur ex quatuor his continuis 1, 2, 3, 4, qui quidem multiplicatores 1, 2, 
\ 3. 4, ab unitate incipiunt. Hoc ex le et ex præcedentibus patet. 


PRODUCTA * 


( 544 ) 


PRODUCTA CONTINUORUM RESOLVERE, 


Seu Rgſolutio numerorum qui ex. numerts progreſſione naturali procedentibu; 
producuntur. 


0 nin 4 


Dato quocunque numero, invenire tot quot imperabitur, numeros continuos ex qua un 
multiplicatione fatius numerus, ſit maximus ejus ſpeciei qui in dato numero con- 
tinealur ? 


Oportet autem datum numerum non eſſe minorem produtto totidem numerorum ab uni- 
tate continuorum. 


ATUS fit numerus, verbi gratia, 4335, oporteatque reperire, verbi gratia, 

quatuor numeros continuos ex quorum multiplicatione factus numerus ſir 
maximus, qui in dato 4335 contineatur, eorum omnium qui producuntur ex 
multiplicatione quatuor numerorum continuorum: f ä 

Sumantur ab unitate tot numeri continui quot ſunt numeri inveniendi, nempe 
quatuor in hoc exemplo, 1, 2, 3, 4; quorum per productum 24, dividatur nu— 
merus datus ; Sitque quotiens 180. Ipſius quotientis inveniatur radix ordinis 
numerici non quidem guarti, ſed ſequentis, nempe qurinti, sitque ea 6: ipſe 6 
eſt primus numerus, ſecundus 7, tertius 8, quartus 9g, 

Pico itaque productum quatuor numerorum 6, 7, 8, 9, eſſe maximum nume- 

rum qui in dato contineatur, id eſt : dico productum guatuor numerorum 6, 7, 
8, 9, nempe 3024, non eſſe majorem quam numerum datum 4335 z productum 
verò quatuor proximè majorum numerorum 7, 8, 9, 10, nempe 5040, elle ma- 
jorem numero dato 4335. 
Etenim ex demonſtratis in Tractatu de Ordinibus numericis, conſtat produc- 
tum numerorum 1, 2, 3, 4, ſeu 24, ductum in numerum quinti ordinis cujus 
radix eſt 6, nempè 126, efficere numerum æqualem producto numerorum 
6, 7, 8, 9, nempe 3024; ſimilitèr, et eundem productum numerorum 1, 2, 3, 
4, nempe 24, ductum in numerum ecjuſdem ordinis quinti cujus radix eſt 7, 
efficere numerum æqualem producto numerorum 7, 8, 9, 10, nempe 5040. 

Jam verò numerus quinti ordinis cujus radix eſt 6, nempè 126, cùm ſit 
maximus ejus ordinis qui in 180 contineatur, ex conſtructione patet ipſum 126 
non efle majorem quam 180, numerum vero quinti ordinis cujus radix eſt 7, 
nempe 210, eſſe majorem quam ipſum 180, 

Cum vero numerus 4335, diviſus per 24, dederit 180, quotientem patet 180 
ductum in 24, ſeu 4320, non eſſe majorem quam 4335, ſed aut æqualem eſſe, 
aut differre numero minore quam 24. 

Itaque cum fit 210 major quam 180 ex conſtructione, patet 210 in 24, feu 
5040, majorem eſſe quam 180 in 24, ſeu 4320, et exceſſum effe ad minimum 


24; numerus vero datus 4335, aut non excedit ipſum 4320, aut excedit numero 
minore 
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minore quam 24. Ergo numerus 5040 major eſt quam datus 4335; id eſt, 
productus numerorum 7, 8, 9, 10, major eſt dato numero. 

Jam numerus 126 non ell major quam 180, ex conſtructione. Igitur 26 
in 24, non eſt major quam 180 in 24 ; fed 180 in 24, non eſt major dato nu- 
mero, ex oſtenſis. Ergo 126 in 24, ſeu productus numerorum 6, 7, 8, 9, non 
eſt major numero dato: productus autem numerorum 7, 8, 9, 10, ipſo major elt. 
Ergo, &c. „ . . 

Sic ergò exprimi poteſt et enuntiatio, et generalis conſtructio. 


Indenire tot quot imperavilur numercs progr Mone naturali continuos, ex quorum multi- 
plicattone ortus rumerus, fit maximus ejus ſfeciei qui in dato numero contineatur? 


Dividatur numerus datus, per productum totidem numerorum ab unitate 
ſerie naturali procedentium quot ſunt numert inveniendi; invemõque quotiente, 
aſſumatur ipſivs radix ordinis numerici cujus exponens eſt unitate major quàm 
multitudo numerorum inveniendorum: ipſa radix eſt primus numerus, reliqui 
per incrementum unitatig in promptu habentur, 


= 0 KF 1-6. 


Hæc omnia ex naturi rei demonſtrari poterant, abſque Trianguli Arithmetici 
aut ordinum numericorum auxilio; non tamen fugienda illa connexio mihi viſa 
eſt, preſertim cum ea fit quæ lumen primum dedit. Et quod amplius eſt, alia 
demonſtratio laborioſior eſſet et prolixior. 


NUMERICARUM POTESTATUM GENERALIS RESOLUTIO. 


ENERALEM. numericarum poteſtatum reſolutionem inquirenti, hac mihi 
venit in mentem obſervatio : nihil aliud eſſe querere radicem, verbi gratid, 
quadratam dati numeri, quam quærere duos numeros æguales quorum produttus 
eguetur numero dato. Sic et quærere radicem cubicam numeri dati nihil aliud effe 
quam quærere ves numeres equales quorum productus fit numerus da'us: et fic de 
ceteris. 

Itaque poteſtatis cujuſlibet reſolutio, eſt indagatio totidem numerorum æqua- 
lium, quot exponens poteſtatis continet unitates, quorum productus æquetur 
dato numero; poteſtates enim ipſæ nihil aliud ſunt quam equalium numerorum 
product, 

Sicut enim in præcedenti tractatu egimus de numeris qui producuntur ex 
multiplicatione numerorum naturali progreſſione procedentium, fic et in hoc de 
poteſtatibus tractatu agitur de numeris qui producuntur ex multiplicatione 
numerorum æqualium. 

Viſum eſt itaque quàm proximos eſſe ambos hos tractatus, et nihil eſſe vict- 
nius, producto ex æqualibus, quam productum ex continuis ſolius unitatis in- 
cremento differentibus. 

Vol. IV. 4 A 
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Quapropter poteſtatum reſolutionem generalem, ſeu produorum ex aqualibu; 
rcſolutionem, non mediocriter provectam eſſe cenſut, cum eam produiForum ex 
continues generalis reſolutio præceſſerit. 

Dato enim numero, cujus radix cujuſvis gradus quæritur, verbi gratia, owartr, 
quæruntur gza/uor numeri æquales quorum productus æquetur dato; fi ergo in— 
veniantur ex præcedente tractatu gquatuor continui quorum productus æquetur 
dato, quis non videt, inventam efle radicem quæſitam, cum ea fit unus ex his 
quatuor Continuis ? minimus enim ex his quatuer, quater ſumptus et toties mul- 
tiplicatus, manifeſtè minor eſt producto continuorum ; maximus vero ex his 9. 
tuor, quater ſumptus ac toties multiplicatus, manifeſt major eſt producto con. 
tinuorum ; radix ergo quæſita unus ex illis eſt. | 

Veram latet adhuc ipſa in multitudine ; reliquum eſt igitar ut eligatur, et 
diſcernatur quis ex continuis ſatisfaciat quæſtioni. | 

Huic perquiſitioni nondum forte ſatis incubut ; crudam tamen meditationem 
proferam, alias, fi digna videatur, diligentids elaborandam. 


TOS TT VU LA FT U Mo 


Hoc autem prænotum eſſe poſtulo; quæ fit radix quadrata numeri 2, nempe 1; 
etenim 1 eſt radix maximi quadrali in 2 contenuti. Sic et que fit radix cubica nu- 
meri 6, /cilicet, qui ex multiplicatione trium numerorum 1, 2, 3, critur, nempe 1, Sic et 
que fit radix guarii gradus numeri 24, /cilicet, qui ex multiplicatione quatuor nu- 
merorum 1, 2, 3, 4, oritur, nempe 2, et fic de cæteris gradibus. In unoquoque 
enim peto noſci radicem, iſtius gradùs, numeri qui producitur ex multiplica- 
tione tot numerorum continuorum ab unitate quot exponens gradùs propoſiti 
continet unitates. Sic ergo in inveſtigatione radicis, verbi gratia, decimi gradus 
poſtulo notam eſſe radicem iſtius decimi gradùs, numeri 3628800, qui produ— 
citur ex multiplicatione decem priorum numerorum 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
nempe 5. Et hoc uno verbo dici poteſt. In unoquoque gradu, poltulo notam 
eſſe radicem iſtius gradùs minimi producti totidem continuorum quot exponens 
gradiis continet unitates; minimus enim procuctus continuorum quotlibet, ille 
elt cus multiplicatores ab unitate ſumunt exordium. 

Nec ſane moleſta hæc petitio eſt; in unoquoque enim gradu nius tantùm 
numeri radicem ſuppono, in vulgar! autem methodo, multò gravius in unoquo- 
que gradu, c ο,j˙ priorum characterum, poteſtates exiguntur. 


Notum ſit ergo: | 
Producti numerorum 1, 2, nempe 2, rad. quadr. eſſe 1 
Producti numeror. 1, 2, 3, nempè 6, rad. cub. eſſe 1 
Produdi num. 1, 2, 3, 4, nempe 24, rad. 4 graduùs eſſe 2 
Producti num. 1, 2, 3, 4, 5, nempe 120, rad. 5 graduùs eſſe 2 
Prod. num. 1, 2, 3, 4, 5, 6, nempe 720, rad. 6 gradus eſſe 
Prod. num. 1, 2, 3, 4, 5, 6, 7, nempè 5040, rad, 7 gradus ctic 3 


&c. 
PROBLEMA 


8 
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FR 


Dato quolibet numero, invenire radicem propeſitæ poteſtatis maxime que 
in dato contineatur ? 


Sit datus numerus, verbi gratia, 4335, et invenienda fit radix gradùs, verbi 
gratia, quarti maximi numeri quart gradiis, ſeu quadrato-guadrati, qui in dato 
numero contineatur. 

Inveniantur, ex præcedente tractatu, guatuor numeri continui (quia gzarius 
gradus proponitur) quorum productus fit maximus ejus ſpeciet qui in 4335 con- 
tineatur; sintque 1pſi 6, 7, 8, 9. 

Radix quztita eſt unus ex his numeris. Ut vero diſcernatur, fic proce- 
dendum eſt.” 

Sumatur ex poſtulato radix guarti gradùs numeri qui producitur ex multipli- 
catione guatuor priorum numerorum 1, 2, 3, 4, nempe radix guadrato-quadrata 
numeri 24, quæ eſt 2; ipſe 2 cum minimo continuorum inventorum 6 unitate 
minuto, nempe 5, efficiet 7. 

Hic 7 eſt minimus qui radix quæſita efle poſſit; omnes enim inferiores ſunt 
neceflarid minores radice quæſita. 

Jam triangulus numeri 4, qui exponens eſt propoſiti gradùs guarti, nempè 10, 
dividatur per ipſum exponentem 4, sitque quotiens 2 (/uperfluum diviſionis non 
curo) : ipſe quotiens 2, cum minimo continuorum 6 junctus, efficit 8. 

Ipſe 8 eſt maximus qui radix eſſe poſſit; omnes enim ſuperiores ſunt neceſ- 
ſariò majores radice quæſità. 

Denique conſtituantur iz guarto gradu ipſi extremi numeri 7, 8, nempe 2401, 
4096; necnon et omnes qui inter ipſos interjecti ſunij: quod ad generalem met bodum 
dickum ſit; bic enim nulli inter 7 et 8 interjacent, ſed in remoliſſimis potęſtatibus gui- 
dam, quamvis perpauci, contingent, 

Harum poteſtatum, illa quæ æqualis erit dato numero, / ita eveniat, aut 
ſaltem quæ proximè minor erit dato numero, nempe 4096, ſatisfaciet proble- 
mati. Radix enim 8, unde orta eſt, ea eſt quæ quæritur. 

Sic ergò inſtitui poteſt et enuntiatio et generalis conſtructio. 


Invenire numerum qui in gradu propeſito conſtitutus maximus fit ejus gradiis qui 
in dato numero contineatur ? 


Inveniantur ex tractatu precedenti tot numeri continui, quot ſunt unitates in 
ex ponente gradiis propoſiti, quorum productus fit maximus ejus ſpeciei qui in 
dato numero contineatur. Et aſſumpto producto totidem continuorum ab uni- 
tate, inveniatur ejus radix gradiis propoſiti; ex prfu/ato ipla radix jungatur cum 
minimo continuorum inventorum unitate minuto: Vc crit minimus extremus, 

Jam triangulus exponentis ordinis per ipſum exponentem diviſus quemlibet 
præbeat quotientem, qui cum minimo continuorum inventorum jungatur: Hie 
erit maximus extremus, 
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Ambo hi extremi, ac numer! inter eos interpoſiti, in gradu propoſito con- 
ſtituantur. | 

Harum poteſtatum, ea quæ dato numero erit aut æqualis aut proximè minor, 
ſatisfacit problemati; radix enim, unde orta eſt, radix quæſita eſt. 

Horum demonſtrationem, paratam quidem, fed prolixam etſi facilem, ac 
magis tædioſam quam utilem {upprimimus, ad illa, que plus afferunt fructũs 
quam laboris, vergentes. 


COMBINATIONES. 


DEFINITIONES. 
een nomen diverse A diverſis uſurpatur; dicam itaque quo 


ſenſu intelligam. 

Si exponatur multitudo quævis rerum quarumlibet, ex quibus liceat aliquam 
multitudinem aſſumere; verbi gratia, fi ex gua/u97 rebus per litteras A, B, C, D, 
expreſſis, liceat duas quaſvis ad libitum aſſumere: finguli modi quibus poſſunt 
eligi duæ differentes ex his quatuor oblatis, vocantur hic combinationes. 

Ex perimento 1gitur patebit, quas poſſe aſſumi, inter guaturr, ſex modis; po— 
teſt enim aſſumi A et B, vel A et C, vel A et D, vel B et C, vel Bet D, vel 
Cet D. | 

Non conſtituo A et A, inter modos eligendi duas ; non. enim eſſent differ- 
entes : nec conſtituo A et B, et deinde B et A, tanquam differentes modos ; or- 
dine enim ſolummodo differunt ; ad ordinem autem non atlend? : ita ut uno verbo 
dixiſſe poteram, combinationes hic conſiderari quæ nec mutato ordine pro- 
cedunt. | 

Similiter experimento patebit, ia inter quatnor,  quaiuor modis aflumi pole, 
nempe ABC, ABD, ACD, BCD. 

Sic ei uur in guatuor, unico modo aſſumi poſſe, nempè ABCD. 

His igitar verbis utar : | 

1 in 4 combinatur 4 modis ſeu combinationibus, 
2 in 4 combinatur 6 modis ſcu combinationibus, 
3 in 4 combinatur 4 modis ſeu combinationibus, 
4 in 4 combinatur 1 modo ſeu combinatione. 


Summa autem omnium combinationum quz fieri poſſunt in 4 eſt 15; ſumma 
enim combinationum 1 in 4, et 2 in 4, et 3 in 4, et 4 in 4, eſt 15, 


LEMMA PRIM UM. 
Numerus quilibet nen combinatur in minore. 


Verbi gratia, 4 non combinatur in 2. 
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1 in 1 combinatur 1 combinatione. 
2 i 2 combinatur 1 combinatione, 
3 in 3 combinatur 1 combinatione. 


Et fic generalittr omnis numerus ſeme! taitiun in equali combinatur. 


LE M Ma UL 


T i 1 combinatur 1 combinatione. 
I in 2 combinatur 2 ceombinationtbus. 
'1 im 3 combinatur 3 Combinationibus. 


Et generalittr unitas in quovis numero toties combinatur quoties ipſe continet uni- 
lalein. 


L-E M. ( 


Si fint quatuer numeri; primus ad libitum; ſecundus unitate majer quam primus; tertius 
ad libitum, modo non ſit minor ſecundo; quartus unitate major quam tertius : mulit- 
tudo combinationum primi in teriio, plus mullitudine combinationum ſecundi in tertio, 
æquatur multitudini combinationum ſecundi in quarts, 


Sint quatuor numeri, ut dictum eſt : 

Primus ad libitum, verbi gratia . . . . . 
Secundus unitate major, nempe 0 . . . 6:2 
Tertius ad libitum, modò non fit minor quam ſecundus, verbi gratia . 
Quartus unitate major quam tertius, nemps « . . 4. 


Dico multitudinem combinationum 1 in 3, plus multitudine combinationum 
2 in 3, æquari multitudini combinationum 2 in 4. Quod ut paradigmate fiat 
evidentius : 

Aiſumantur tres characteres, nempe B, C, D; jam vero aſſumantur ndem tres 
charactcres et wnus præterez, A, B, C, D; deinde aſſumantur combinationes 
unius litteræ in tribus, B, C, D, nempe B, C, D; aſſumantur quoque omnes 
combinationes duarum litterarum in tribus B, C, D, nempe BC, BD, CD; 
denique aflumantur omnes combinationes duyarum litterarum in gratuor A, B, 
D., nempe AB, AC AD BC, en 

Dico itaque, tot efle combinationes duarum litterarum in guatuor A, B, C, D, 
quot ſunt duarum in tribus B, C, D, et inſuper quot wins in tribus B, C, D. 
Hoc mauifeſtum eſt ex generatione combinationum 3 combinationes enim 
duarum in quatuor formantur, partim ex combinationibus duarum in /ribus, partim 
ex combinationibus unixs in tribus; quod ita evidens fiet. 

Ex combinationibus duarum in quatuor, nempe AB, AC, AD, BC, BD, 
CD, quædam ſunt in quibus ipſa littera A uſurpatur, ut iſtæ, AB, AC, AD; 
quædam quæ ipsa A carent, ut iſtæ, BC, BD, CD. 

Porro, combinationes illæ BC, BD, CD, duarum in quatuor A, B, C, D, 
que ipſo A carent, conſtant ex reſiduis 7ri5us B, C, D; ſunt ergo cor 
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duarum in tribus B, C, D; igitùr combinationes duarum in !rilus B, C, D, ſunt 
8 combinationes duarum in quatuor A, B, C, D, —— ill quæ carent 
iplo A 

"liz vero combinationes AB, AC, AD, duarum in quatuor A, B, C. D, 
in quibus A uſurpatur, fi ipſo A ſpolientur, relinquent reſiduas litteras B, C, D, 
| quæ ſunt ex 7ribus litteris B, C, D, ſüntque combinationes nius litter in rribus 
B, C, D; igitur combinationes unius litteræ in tribus B, C, D, nempè B, C, D, 
aſcito A, efficiunt AB, AC, A D, quæ conſtituunt combinationes duarum lit- 

terarum in quatuor A, B, C, D, in quibus A uſurpatur. 
Igithr combinationes duarum litterarum in quatuer A, B, C, D, formantur 
partim ex combinationibus aui in tribus B, C, D, pariim ex combinationibus 
duarum in tribus B, C, D; quatè multitudo primarum æquatur multitudini reli- 


quarum. Q. E. b. | 
Eodem prorsùs modo in reliquis oſtendetur exemplis ; verbi gratia : J 

Tot eſſe combinationes numeri . . ; . 29 in 40. 1 

quot ſunt combinationes numer - _. . . . 29 in 29. 6 

et inſupèr quot ſunt combinationes numeri »-,  . : 28 in 39. 
Quatuor enim numeri 28, 29, 39, 40, conditionem requiſitam habent, 

Sic tot ſunt combinationes numeri R R . . 16 in 56. 

quot ſunt combinationes numeri . . a Be kak; th 16 in 55, | 

ac inſuper quot ſunt combinationes numer . | 15 in 55. E 

&c. f 


L E M M A V. 4 


In omni Triangulo Arithmetico ſumma cellularum ſeriei cujuſlibet, æquatur multitudini 
combinationum exponentis ſeriei, in exponente trianguli. 


Sit triangulus quilibet, verbi gratia, gzartus G DA: dico ſummam cellula- 
rum ſeriei cujuſvis, verbi gratia, ſecundæ © + oþ + 8, æquari multitudini com- 
binationum numeri 2, exporentis ſecunde ſeriei, in numero 4, exponente quarti 

| trianguli. ö 

Sic dico ſummam cellularum ſeriei, verbi gratia, quinte trianguli, verbi gra- 
tia, 0avi, æquari multitudini combinationum numeri 5 in numero 8, &c. 

: Quamvis infiniti ſint hujus propoſitionis caſus, (ſunt enim infiniti trianguli,) 
breviter tamen demonſtrabo, poſitis duobus aſſumptis. 

Primò, quod ex fe patet, in primo trianguls eam proportionem contingere : ſumma 
enim cellularum unicz ſuæ ſeriei, nempè numerus prime cellulæ G, id eſt uni- 
tas, æquatur multitudini combinationum exponentis ſeriei, in exponente trian- 
guli; hi enim ex ponentes ſunt unitates; unitas vero in unitate unico modo ex 

a Lemmate 2 hujus combinatur. 

Secundò, i ea propertio in aliquo triangulo contingat ; id eſt, fi ſumma cellu/arun 
uniuſcufuſcunque ſeriei Irianguli cujuſdam, aquetur mullitudini combinalicnum expo. 
nentis ſeriei in exponente trianguli: dico et eandem proportionem in triangulo proxime 


* contingere. * 
8 


EE IE 32 551 


His aſſumptis, facile oſtendetur in fingulis triangulis eam proportionem con- 
tingere; contingit enim in primo, ex 77m aſſumpto; 1mmo et maniteſta quoque 
ipſa eſt in ſecundo triangulo ; ergo ex /ecinds a/impto et in ſequenti triangulo 
contingit ; quare et in ſequent, et in inſinitum. 

Totum ergo negotium in ſecundi aſſumpti demonſtratione conſiſtit; quod 
ita expedietur. | 

Sit triangulus quilibet, verbi gratia, zer/izs, in quo ſupponitur hæc proportio, 
id eſt, ſummam cellularum ſeriei prime G + & + 7 equa multitudint com- 
binationum numerl 1, exponentis ſerici, in numero 3, expenente trianguli; (ume 
mam vero cellularum ſecundæ ſeriei © + i xquari multitudini combinationum 
numeri 2, expenentis ſeriei, in numero 3, exponen'e trianguli ; ſummam vero cel- 
lularum zertiz ſeriei, nempè cellulam A, æquari combinationibus numeri 3, ex- 
ponentis ſerict, in 3 exponente trianguli : dico et eandem proportionem contingere 
et in ſequenti triangulo grarto, id eſt, ſummam cellularum, verbi gratia, ſecunde 
ſeriei © + þ + 8 #quari multitudini combinationum numeri 2, exponeitis ſeriei, 
in numero 4, exporente trianguli. | 

Etenim © + quatur multitudini combinationum numeri 2 in 3 ex hyps- 
thefi; cellula vero 8 æquatur, ex generatiene trianguli arithmetici, cellulis G + 5 
+ 7; he vero cellule æquantur ex hbypetheſi multitudini combinationum numer 
1in 3. Ergo cellule © + þ + æquantur multitudini combinationum nu— 
meri 2 in 3, plus multitudine combinationum numeri 1 in 3; he autem mul- 
titudines æquantut, ex quarto Lemmate hujus, multitudini combinationum nu— 
meri 2 in 4. Ergo ſumma cellularum © + þ + 8 æquatur multitudini combi- 


nationum numeri 2 in 4. 1 | 


Idem LEM MA V. problematice enuntiatum. 


Datis duobus numeris inæqualibus, invenire in triangulo arithmetico guet modis 
minor in majore combinetur ? 


Propoſiti ſint duo numer), verbi gratia, 4 et 6, oportet reperire in triangulo 
arithmetico quot modis 4 combinetur in 6. 
PRIMA METHOD uV. 


Summa cellularum quartæ ſeriei /ex!i trianguli, ſatisfacit, ex præcedente, nempè 


cellul D + E + F. 
Hoc eſt numeri 1 + 4 + 10, ſeu 15: ergo 4 in 6 combinatur 15 modis. 


e ST 


Cellula quinta, baſis ſeptimæ K, fatisfacit ; #15 numeri 5, 7, ſunt proxime ma- 


jores his 4, 6. 
Etenim illa cellula, nempè K, ſeu 15, æquatur ſumme cellularum quartæ ſe- 


riei /exti trianguli D + E + F, ex generatione. 


MONITUM, 
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In baſi ſeptimã ſunt ſeptem cellulæ, nempè V, Q, K, g, E, N, C, Ex quibus 
quinta aſſumenda eſt, Poteſt autem ipſa duplici modo atlumi ; ſunt enim duæ 
baſis extremitates V, 7: ſi ergo ab extremo V inchoaveris, erit V prima, Qſe- 
cunda, K tertia, ę quarta, & quinta quæſita; ſi vero a L incipias, erit & prima, 
N ſecunda, g tertia, þ quarta, K quinta quæſita. Sunt igitùr duæ que poſſunt 
dici, quintæ: ſed quoniam ipſæ ſunt æquè ab extremis remotæ, 1deoque re- 
ciprocæ, ſunt ipſæ exdem ; quare indifferentèr aſſumi alterutra poteſt, et ab 
alterutrà baſis extremitate inchoari. 


rh . 


Jam ſatis patet, quam bene conveniant combinationes et triangulus arithme. 
ticus, et ideò, proportiones inter ſeries, aut inter cellulas trianguli, obſervatas, 
ad combi nationum rationes protendi, ut in ſequentibus videre eſt. 


EEaDFOSITIO PRIMA. 


Duo quilibet numeri eque combinantur in eo quod amborum aggregatum eſt, 


Sint duo numeri quilibet 2, 4, quorum aggregatum 6: dico numerum 2 
toties combinari in 6, quotiès ipſe 4 in eodem 6 combinatur, nemp? ſingulos, 
modis 15, : 

Hoc nihil aliud eſt quàm conſectatio 4 trianguli arithmetici, et poteſt hoc 
uno verbo demonſtrari ; cellul enim reciproce ſunt eædem. Si vero ampliori 
demonſtratione egere videatur, hæc ſatisfaciet. 

Multtudo combinationum numeri 2 in 6 æquatur, er 5 Lemmate, ſeriei ſe- 
cundæ trianguli ſexti, nempe cellulis Þ + þ +6 + R +, ſeu cellulæ £; 
ſic multitudo quoque combinationum numert 4 in 6 æquatur, ex eodem, ſeriei 
quartz trianguli /exti/, nempe cellulis D + E + F, ſeu cellulæ K; ipſa vero K, 
- eſt reciproca ipſius &, ideòque ipſi æqualis; quare et multitudo combinationum 
numeri 2 in 6, æquatur multitudini combinationum numeri 4 in 6, & E. p. 
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Ergd omnis numerus toties combinatur in proxime majori quot ſunt unitates 
| in ipſo majori. 

Verbi gratia, numerus 6 in 7 combinatur ſeptiès, et 4 in 5 guinguiòs, &c. 
Ambo enim numeri 1, 6, æquè combinantur in aggregato eorum 7, ex propo- 
fitione hac 1; fed 1 in 7 combinatur ſeptiès, ex Lemmate 3. Igitur 6 in 7 com- 
binatur quoque ſeptiès. 


PR O- 
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i duo numeri combinentur in numero quod amborum aggregatum eſt unitate minuto; 
multitudines combinationum erunt inter ſe, ut iꝑſi numert reciproce. 


Hoc nihil aliud eſt quam conſectatio 17 trianguli arithmetici. 

Sint quo quilibet numeri 3, 5, quorum ſumma 8, unitate minuta, eſt 7: dico 
multitudinem combinationum numeri 3 in 7, eſſe ad multitudinem combinatio- 
num numeri 5 in 7, ut 5 ad 3. 

Multitudo enim combinationum numeri 3 in 7 æquatur, ex 5 Lemmate, 
tertiæ ſeriei ſeptimi trianguli arithmetici, nempè A + B + C + & + E, ſeu 35: 
Multitudo autem combinationum numeri 5 in 7, æquatur, ex eodem, quintæ le- 
riei ejuſdem /ep7imi trianguli, nempè H + M + K, ſeu 21. In triangulo au- 
tem /eptimo, ſeries quinta et 7ertia ſunt inter ſe ut 3 ad 5, ex conſedtatione 17 trian- 
guli arithmetici : aggregatum enim exponentium ſerierum 5, 3, nempe 8, æquatur 
exponenti trianguli 7 unitate aucto. 


PTROPOSETTELO Uh 


$i numerus combinetur, primò in numero qui ſui duplus et, deindè in ipſomet numero 
duplo unitate minuto, prima combinationum multitudo ſecunde dupla erit. 


Hoc nihil aliud eſt quam conſectatio 10 trianguli arithmetici. 

Sit numerus quilibet 3, cujus duplus 6, qui, unitate minutus, eſt 5: dico 
multitudinem combinationum numeri 3 in 6, duplam eſſe multitudinis combi- 
nationum numeri 3 in 5. | 

Poſſem uno verbo dicere omnis enim cellula dividentis dupla ęſt præcedentis core 
radicalis : ſic autem demonſtro. 

Multitudo enim combinationum numeri 3 in 6 æquatur, ex 5 Lemmate, cel- 
lulz 4 baſis 7, nempe e, ſeu 20; que quidem p, medium baſis occupat locum, 
quod inde proceuit quòd 3 fit dimidium 6, unde fit ut 4, proxime major quam 3, me- 
dium occupet locum in numero 7 proxim? majori quam 6. Igitùr ipſa cellula guaria s 
ell in dividente; quarè dupla eſt cellulæ F, ſeu w, ex 10 conſefatione trianguli 
arithmetici; quæ quidem © eſt quoque quarta cellula baſis ſextz ; 1deoque, er 
Lemmate 5, ipſa w, ſeu F, æquatur multitudini combinationum numeri 3 in 5. 
Ergò multitudo combinationum 3 in 6 dupla eſt multitudinis combinationum 


3 in 5, Q. E. b. 
PR OPOSITIO IV. 


di ſint duo numeri proximi, et alius quilibet in utrogue combinetur, mullitudo combiia- 
tionum que fiunt in majore, erit ad alleram mullitudinem, ut major numerus, ad 
ipſummet majorem dempto eo qui combinatus et, 


Sint duo numeri unitate differentes 5, 6; et alius quilibet 2 combinetur in 5, 
et deinde in 6: dico multitudinem combinationum ipſius 2 in 6, eſſe ad mul- 


titudinem combinationum ipſius 2 in 5, ut 6 ad 6 — 2, 
Vor, IV, 4 B Hoc 
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Hoc ex 13 conſectatione trianguli arithmetici eſt manifeſtum, et ſic often. 
detur. | 

. Multitudo enim combinationum ipfius 2 in 6, æquatur ſummæ cellularum 
ſeriei 2 trianguli 6, nempe G + þ +8 + R + S, ex Lemmale 5, hoc eſt, cel- 
lulz E, ſeu 15. Sed, ex eodem, multitudo combinationum ejuſdem 2 in 5, zqua- 
tur ſummæ cellularum ſeriei 2 trianguli 5, nempè © + þ + 9 + R, ſeu cel- 
lulæ , ſeu 10; eſt autem cellula g ad e wut 6 ad 4, hoc eſt, ut 6 ad 6 — 2, ex 
13 conſectatione trianguli arithmelici. 


PROPOSITIO V. 


duo numeri proximi in alio quo/ibet combinentur, erit multiludo combinaticnum 
minoris ad alteram, ut major numerus combinatus ad numerum in quo amo com- 
binati ſunt dempto minore numero combinato. 


Sint duo quilibet numeri proximi 3, 4, et alius quilibet 6: dico multitudi- 
nem combinationum Minoris 3 in 6, eſſe ad multitudinem combinationum a4 
jeris 4 in 6, ut 4 ad 6 — 3. 

Hæc cum 11 conſectatione trianguli arithmetici convenit, et fic oſtendetur. 


Multitudo enim combinationum numeri 3 in 6 zquatur, ex Lemmate 5, 
ſummæ cellularum ſeriei 3 trianguli 6, nempe A + B + C + , ſeu cellulæ ;, 
ſeu 20. Multitudo vero combinationum numeri 4 in 6 æquatur, ex eodem, 
ſummae cellularum ſeriei 4 trianguli 6, nempè D + E + F, ſeu cellulæ K, 
ſeu 15; eſt autem pad K ut 4 ad 3, ſeu ut 4 ad 6 — 3, ex conſectatione 11 
trianguli arithmetici. 


PROPOSTTIO VL 


Si font duo numeri quilibet, quorum minor in majore combinetur ; ſint autem et alii duo 
his proxtme majores, quorum minor in mojore queque combinetur : erunt multitudines 
combinationum inter je, ut hi ambo ultimi numert, 


Sint duo quilibet numeri 2, 4, alii vero his proximè majores 3, 5: dico mul- 
titudinem combinationum numeti 2 in 4, eſſe ad multitudinem combinationum 
numeri 3 in 3, ut 3 ad 5. | 

Conſectatio 12 trianguli arithmetici hanc continet, et ſic demonſtratur. 


Multitudo enim combinationum ipf us 2 in 4 æquatur, ex Lemmate 5, ſum- 
mæ cellularum ſeriei 2 trianguli 4, nempe S + 8, ſeu cellulæ C, ſeu 6. 
Multitudo vero combinationum numert 3 in 5 æquatur, ex eodem, ſummæ 
cellularum ſeriei 3 trianguli 5, nempe A + B + C, ſeu cellulæ F, ſeu 10; 
eſt autem C ad F, ut 3 ad 5, ex 12 conlectatione trianguli arithmetici. 


LEMMA 
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Summa omnium cellularum baſis trianguli cujuſlibet arithmetici, unitate minuta, e9'14- 
tur ſummæ omnium combinationum que eri poſſunt in numero qui proxim? min r = 
quam expouens baſis. 


Sit triangulus quilibet arithmeticus, verbi gratia, guiztus H: dico ſum— 
mam cellularum ſuæ baſs H + E+C+R-+ A, minus unitate, /e mints 
und ex extremis H vel u, æquari ſummæ omnium combinationum quæ fieri pol- 
ſunt in numero 4 qui proxime minor eft quam exponens baſis 5. Id eſt : dico 
ſummam cellularum R + C + E + H (primo enim extremam ) id eſt, 
4 +6 +4 + 1, ſeu 15, æquari mulditudini combinationum numeri 1 in 4, 
nempe 4; plus multitudine combinationum numeri 2 in 4, nempe 6; plus 
multitudine combinationum numeri 3 in 4, nempe 4; plus multitudine com- 
binationum numer 4 in 4, nempe 1. Que guidem ſunt omnes combinationes que 
Feri peſſunt in 4; ſuperiores enim numeri 5, 6, 7, Cc. non combinantur in numero 4: 
major enim numerus in minore non combinalur. 

Multitudo enim combinationum numeri 1 in 4 æquatur, ex 5 Lemmate, cel- 
lulæ 2 baſis 5, nempe R, ſeu 4. Multitudo vero combinationum numeri 2 
in 4 æquatur cellulæ 3 baſis 5, nempe C, feu 6. Multitudo quoque combi- 
nationum numeri 3 in 4 æquatur cellulæ 4 baſis 5, nempe E, ſeu 4. Multi- 
tudo denique combinationum numeri 4 in 4 æquatur cellulæ 5 baſis 5, 
nempe H, ſeu 1. Tgitur ſumma cellularum baſis quinte, dempti extrema, ſeu 
unitate, æquatur ſummæ omnium combinationum quæ poſſunt fieri in 4. 


ROD Vi 


Summa omnium combinationum que fiert poſſunt in numero quolibet, unitate autta, eſt 
numerus progreſſionis duple que ab unitate ſumit exordium, quippè ille cujus expe- 
nens eſt numerus proximè major quem datus. 


Sit numerus quilibet, verbi gratia, 4: dico ſummam omnium combinatio- 
num quæ fieri poſſunt in 4, nempe 15, unitate auctam, nempè 16, eſſe nume- 


rum quintum (nempe proxime majorem quam guarium) progreſſionis duplæ 
que ab unitate ſumit exordium. 


Hoc nihil aliud eſt quam 7 conſectatio trianguli arithmetici, et fic uno verbo 
demonſtrari poſſet, omnis enim baſis eft numerus progreſſionis duple : lic tamen de- 
monſtro. 

Summa enim combinationum omnium quæ fieri poſſunt in 4, unitate auf, 
æquatur, ex Lemmate 6, ſummæ cellularum baſis guintæ; ipſa vero baſis eſt 


guintus numerus progreſſionis duplæ que ab unitate ſumit exordium, ex 7 con- 
ſectatione trianguli arithmetici. | 
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PROPOSITIO VI. 


Summa omnium combinationam que fieri poſſunt in numero quolibet, unitate aucta, 
dupla eſt ſummæ onnium combinationum quæ fieri poſſunt in numero proxime minore, 
unitate autte, ä 


Hoc convenit cum 6 conſectatione trianguli arithmetici, nempe omnis df 
dupla eſt precedentis : fic autem oftendemus. 

Sint duo numeri proximi 4, 5: dico ſummam combinationum quz fieri 
poſſunt in 5, nempe 31, unitate auctam, nempè 32, eſſe duplam ſummæ com- 
binationum quæ fieri poſſunt in 4, nempe 15, unitate auctæ, nempe. 16, 1 

Summa enim combinationum quæ fieri poſſunt in 5, unitate audta, æquatur, 
ex præcedente, ſexto numero progreſſionis duplæ. Summa vero . combinationum 
que fieri poſſunt in 4, unitate aucta, æquatur, ex eddem, quinto numero pro- 
greſſionis duple. Sexius autem numerus progreſſionis duplæ, duplus eſt 
proximè præcedentis, nempè guiuti. 


"Y 8 2 


PROPOSITIO IX. 


Summa omnium combinationum que fieri poſſunt in quovis numero, unitate minula, dupla =_ 
eſt ſummæ combinationum que fieri poſſunt in numero proximè minori. ö 


Hæc cum præcedente omninò convenit. 

Sint duo numeri proximi 4, 5: dico ſummam omnium combinationum quæ IF 
fieri poſſunt in 5; nempè 31, unitate minutam, nempe 30, eſſe duplam om- | 
nium combinationum quæ fieri poſſunt in 4, nempe 15. 

Etenim ex præcedente ſumma combinationum que fiunt in 5, unitate aucta, 
dupla eſt ſummæ combinationum que fiunt in 4, unitate auctæ: fi ergo ex 
minori ſumma. auteratur unitas, et ex dapld ſumma auterantus duæ unitates, re- 
liquum ſummæ duplæ, nempe ſumma combinationum que fiunt in 5, unitate minu!a, 
remanebit dupla reſidui alterius ſumma, nempè ſummæ combinalionum que 


fiunt in 4. 
PROPOSITIO X. 


Summa omnium combinationum gue feri poſſunt in quolibet numero, minula ipſomet 
numero, equatur ſunme omnium combinationum que Feri poſſunt in fingulis numeris 
propoſito minoribus. 


Hæc cum 8 conſeRatione trianguli arithmetici concurrit, que ſic habet, 44/5 
quelibet, unitate minuta, aquatur ſummæ omnium præcedentium. Sic autem oſtendo. 

Sit numerus quilibet 5: dico fummam omnium combinationum que poſſunt 
fieri in 5, nempe 31, ipſo 5 minutam, nempe 26, æquari ſummæ omnium 
combinationum quæ poſſunt feri in 4, nempe 15; plus ſumma omnium qua 
poſſunt fieri in 3, nempè 7; plus ſumma. omnium que poſſunt fleri in 2, 
nempe 3; plus ea quæ poteſt fiert in 1, nempè 1, quarum aggregatus eſt 26. 


Etenim proprium numerorum hujus progreſſionis duplæ illud eſt, ut quilibet 
| ex 
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ex ipſis, verbi gratia, ſextus 32, exponente ſuo minutus, nempe 6, id eſt 26, 
æquetur ſummæ inferiorum numerorum hujus progreſſionis, nempè 16 + 8 + 
4 + 2 + 1 unitate minutorum, nempè 15 + 7 + 3 + 1 + o, nempe 26. 
Unde facilis eſt demonſtratio hujus propoſitions. 


PROBLEMA PRIMUM. 


Dato quovis numero, invenire ſummam omnium combinationum que in if/o fieri poſſunt. 
Abſque triangulo arithmetico. 


Numerus progreſſionis duple quæ ab unitate ſumit exordium cujus exponens 
proxime major eſt quam numerus datus, ſatisfaciet problemati, modo unitate 
minuatur. 

Sit numerus datus, verbi gratia, 5; quæritur ſumma omnium combinationum 
quæ in 5 fieri poſſunt ? | 

Numerus ſextus progreſſionis duplæ que ab unitate incipit, nempè 32, uni- 
tate minutus, nempe 31, fatisfacit, ex Lemmate 6; ergo poſſunt fieri 31 combi- 
nationes in numero 5. 


PROBLEM A II. 


Datis duobus numeris inægualibus, invenire quot modis minor in majore cembinetur. 
Abſque triangulo arithmetico. 


Hoc eſt propriè ultimum problema Tractatùs Trianguli Arithmetici, quod fic 
reſolvo. | 

Productus numerorum qui præcedunt differentiam datorum unitate auctam, 
dividat productum totidem numerorum continuorum quorum primus fit minor 
datorum unitate auctus: quotiens eſt quæſitus. 

Sint dati numeri 2, 6: oportet invenire quot modis 2 combinetur in 6. 

Aſſumatur eorum differentia 4, quæ, unitate aucta, eſt 5. Jam aſſumantur 
omucs numeri qui præcedunt ipſum 5, nempè 1, 2, 3, 4, quorum productus 
ſit. 24, Aſſumantur totidem numeri continui quorum primus fit 3, nempe proxime 
major quam 2, qui minor eſt ex ambobus datis, nempè 3, 4, 5, 6, quorum produc- 
tus 360, dividatur per præcedentem productum 24: quotiens 15 eſt numerus 
quæſitus. Ia ut numerus 2 combinetur in numero 6 modis 15 differentibus. 

Nec difficilis demonſtratio. Si enim quzeratur in triangulo arithmetico quot 
modis 2 combinetur in 6, aſſumenda eſt cellula 3 bafis 7, ex Lemmate 5, nempè 
cellula F, et ipſius numerus exponet multitudinem combinationum numert 2 
in 6. Ut autem inveniatur numerus cellulæ £ cujus radix eſt 5, et exponens 
leriei 3, oportet, ex problemate trianguli arithmetici, ut produttus numerorum qui 
Precedunt 5, dividat productum totidem numercrum cn! «/97um quorum primus fit 3, 
et quotiens erit numerus cellul F: ſed idem diviſor ac idem dividendus in con- 
ſtructione hujus propoſitus eſt ; quarè et eundem quotientem fortica eſt diviſio. 
Ergo in hac conſtructione repertus eſt numerus cellulæ £; quare et exponens 
multitudinis combinationum numeri 2 in 6, quæ quærebatur. q. E. 7 


| 
| 
| 
| 


558 ©0041-1247 1I0N;/E 8 


YR I1 717 UM. 


Hoc problemate tractatum hune abſolvere conſtitueram; non tamen omning 
fine moleſtia, cum multa alia parata haberem : ſed ubi tanta ubertas, vi mode— 
Tanda eſt fames. His ergo pauca hec ſubjiciam. 


Eruditiſſimus ac mihi chariſſimus, D. D. de Ganteres, circa combinationes, 
aſſiduo ac perutili labore, more ſuo, incumbens, ac indigens facili confiructione 
ad inveniendum quoties numerus datus in alio dato combinetur, hanc ipſe ſibi 
praxim inſtituit. 

Datis numeris, verbi gratii, 2, 6, invenire quot modis 2 combinetur in 6, 


Aſſumatur, inguit, progreſſio duorum terminorum quia minor numerus eft 2, in- 
choando à majore 6, ac retrogrediendo, ſeu detrahendo unitatem ex unoquoque 
termino, hoc modo, 6, 5; deinde aſſumatur altera progreſſio, inchoando ab 
ipſo minore 2, ac ſimilitèr retrogrediendo, hoc modo, 2, 1. Multiplicentur in— 
vicem numeri prime progreſſionis 6, 5; sitque productus 30. Multiplicentur 
et numeri ſecundæ progreſſionis 2, 1; sitque productus 2. Dividatur major 
productus per minorem : quotiens eſt quæſitus. 

Excellentem hanc ſolutionem ipſe mihi oſtendit, ac etiam demonſtrandam 
propoſuit ; ipſam ego ſane miratus ſum, ſed dithcultate territus vix opus ſuſ- 
cept, et ipſi authori relinquendum exiſtimavi; attamen, trianguli arithmetici 
auxilio, ſic proclivis facta eſt via. | 

In 5 Lemmate hujus, oſtendi numerum cellulæ £, exponere multitudinem 
combinationum numer! 2 in 6; quare ipſius reciproca cellula K eundem nume- 
rum continebit. Yeram cellula ipſa K eft quotiens diviſionis in qud produttus nu— 
merorum 1, 2, qui præcedunt 3 radicem cellul K, dividit productum totidem nu- 
merorum continuorum quorum primus e/t 5 exponens ſerie cellule K, nempe nume- 
rorum 5, 6. Sed ille diviſor ac dividendus ſunt 1dem ac illi qui in conſtruc- 
tione amici ſunt propoſiti; igitùr eundem quotientem ſortitur divifio : quare 


ipſe exponit multitudinem combinationum numeri 2 in 6, quæ quærebatur. 
oy Q. E. D. 


Hac demonſtratione aſſecutà, jam reliqua, que invitus ſupprimebam, libentec 
omitto; adeò dulce eſt amicorum memorari. 
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POTESTATUM NUMERICARUM SUMMA. 


ON 


AT I8, ab unitate, quotcunque numeris continuis, verbi gratid, 1, 2, 
3, 4, Invenire ſummain quadratorum eorum, nempe 1 + 4 + 9 10, 


id eſt 3o, tradiderunt veteres ; imo etiam et ſummam cuborum eorundem ; ad 


reliquas vero poteſtates non protraxerunt ſuas methodos, his ſolummodò gradi- 
bus proprias. Hic autem exhibetur, non ſolùm ſumma quadratorum, et cubo- 
rum, ſed et quadrato- quadratorum, et reliquarum in infinitum poteſtatum. Et 
non ſolùm a radicibus ab unitate continuis, ſed i quolibet numero initium ſu- 
mentibus, verbi gratia, numerorum 8, 9, to, &c. Et non folum numerorum 
qui progreſſione naturali procedunt, ſed et corum omnium qui progreſſione, 
verbi gratia, cujus differentia eſt 2, aut 3, aut 4, aut alius quilibet numerus, 
formantur ; ut iſtorum, 1, 3, 5, 7, Kc.; ; vel horum, 2, 4, 6, 8, &c. qui per incre- 
mentum binarii augentur ; aut horum, 1, 4, 7, &c. qui per incrementum ter- 
narii; et fic de cæteris: fed, et quod amplius ef, i quolibet numero exordium 
ſumat illa progreſſio, fve incipiat ab unitate, ut iſti 1, 4, 7, 10, 13, &C. qui 
ſunt ejus progreſſionis que per incrementum ternarii procedit, et ab unitate 
ſumit exordium; five ab aliquo hujus progreſſionis numero incipiat, ut iſti, 7, 10, 
13, 16, * ive, quod ultimum eft, à numero qui non fit ejus progreſſionis, ut 
iſti 5, 8, 11, 14, quorum progreſſio per ternarii differentiam procedit, et à 
numero 5, ih progreſſioni extranco, exordium ſumit. Et, quod ſane feliciler in- 


ventum eſt, tam multos differentes caſus, unica ac general i ima reſolvit metbodus; 


aded / mplex, ut abſque litterarum auxilio, quibus difficiliores egent enuntia- 
tiones, paucis lineis contineatur: ut ad finem problematis ſequentis patebit. 


* 


I 


S1 binomium, cujus alterum nomen fit A, alterum vero numerus quil: bet 
ut 3, nempè A + 3, ad quamlibet conſtituatur poteſtatem, ut, verbi gratia, ad 
quartum gradum, cujus hæc fit expoſitio . . . . 


A“ + 12. A* + 54. A“ + 108. A + 81: 


Ipſi numeri 12, 54, 108, per quos ipſe A multiplicatur in ſingulis gradibus, 
quique partim ex numeris figuratis, partim ex numero 3, qui binomii eſt ſe— 
cundum nomen, formantur, vocabuntur co-efjicientes potettatum iplius A. 


Erit ergo in hoc exemple 12 co-efficiens A cubi, et 54 co-efficiens A quadrati, et 


108 co-efficiens A radicis. 
Numerus vero 81 numerus abſolutus dicetur. 


LEMMA. 


* 
* 
% 
* 
* 
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Sit radix quælibet 14 altera vero fit binomium 14 + 3, cujus primum no» 
men fit 14, alterum vero alius quilibet numerus 3; ita ut harum radicum 14, et 
14 + 3, differentia fit 3. Conſtituantur ipſæ in quolibet gradu, ut, verbi gratia, 
in quarto : ergo quartus gradus radicis 14 eſt 145; quartus vero gradus binomii 
14+ 3 eſt . . 14* + 12. 14 + 54. 14* + 108. 14 + 81. 

Cujus quidem binomii frimum nomen 14, eoſdem co-efficientes ſoriitur in ſingulis gradi- 
bus, quos A ſortitus eft in ſimilibus gradibus in expoſitione egjuſdem gradiis binomit 
A + 3; quod rationi conſentaneum eft : harum vero poteſtatum, nempe, hujus, 1 4, 
et hujus, 14* + 12. 14 + 54. 14 + 108. 14 ＋ 81, | 

differentia eſt 12. 14* + 54. 14* + 108. 14 + $1: quæ quidem conſtat 
-primo, ex radice 14 conſtitutà in ſingulis gradibus propoſito gradui guarto infe- 
rioribus, nempè in zertig, in ſecundo, et in primo, et in unoquoque multiplicatà 

r co-efficientes quos A ſortitur in ſimilibus gradibus, in expoſitione ejuſdem 
gradus binomii A + 3; deinde ex ipſo numero 3, gui eft differentia radicum, 
conſtituto in propoſito quarto gradu; numerus enim abſolutus 81 eft quartus gradus 
radicis 3. Hinc igitur elicietur Canon iſte: 


Duarum ſimilium poteRtatum differentia, æquatur, difſerentie radicum conſtitute in 
eodem gradu in quo ſunt poteſtates propofite ; plus minori radice conflitutd in ſingulis 
 gradibus propefito gradui inferioribus ac in unoquoque multiplicata per co-efficientes 
gquos A ſortiretur in ſimilibus gradibus, fi binomium cujus primum nomen eſſet A, 
alterum verò eſſet differentia radicum, conſtitutretur in eddem poteſtate propo/itd, 


Sic ergo differentia inter 14* et 117, erit . . . 8 
12. 11* + 54. 11 + 108. 11 + 84, 


Differentia enim radicum eſt 3. Et fic de cæteris. 


Ad ſummam poteſtatum cujuſlibet progreſſionis invenien- 
dam unica ac generalis methodus. 


Datis quotcunque numeris, in qualibet progreſſione, à quovis numero inchoante, 
invenire quarumvis poteſtatum eorum ſummam ? 


Quilibet numerus 5, fit initium progreſſionis quæ per incrementum cujuſvis 
numeri, verbi gratia, zernarii, procedat, et in ea progreſſione dati ſint quotlibet 
numeri, verbi gratia, iſti, 5, 8, 11, 14, qui omnes in quacunque poteſtate con- 
ſtituantur, ut, verbi gratia, in tertio gradu, ſeu cubo. Oportet invenire ſummam 
horum cuborum, nempe 5 + 8* + 11? + 148. 

Cubi illi ſunt 125 + 512 + 1331 + 2744, quorum ſumma eſt 4712, quæ 


quæritur; et {ic invenitur. 
Exponatur 
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Exponatur binomium A + 3, cujus primum nomen fit A, alterum vero fit 
numerus 3, qui eſt differentia progreſſionis. 

Conſtituatur binomium hoc A 3 in gradu guaro, 122 proximè ſuperior eſt 
propoſito tertio; sitque hæc ejus expoſitio . . . . 

A“ + 12. Al + 54. A + 108. ROE 

Jam aſſumatur numerus 17, qui in progreſſione propoſiti proxime ſequitur 
ultimum progreſſionis terminum datum 14. Et conſtituto ipto 17 in eodem 
gradu guario, nempè 83521, auferantur ab eo, hæc: 

Primo, ſumma numerorum propoſitorum 5 + 8 + 11 + 14, nempe 38 
multiplicata per numerum 108, qui eſt co-efficiens ipſius A radicis. 

Secundò, ſumma quadratorum eorundem numerorum 5, 8, 11, 14, multi- 
plicata per numerum 54, qui eſt co-effticiens A quadrati. 

Et fic deinceps procedendum eſſet fi ſupereſſent gradus alii inferiores ipſi gra- 
dut tertio qui propoſitus eſt. 

Deinde auferalur primus terminus propeſitus 5 in quarto gradu conſtilulus. 

Denique auferatur numerus 3, qui eſt differentia progreſſionis, in codem gradu 
quarto conflitutus, ac totiès Jumptus quot ſunt numeri propeſuit, nempè quater 15 
hee exemplo. 

Reſiduum erit multiplex ſummæ quæſitæ, eamque 7077s continebit, guoties 
numerus 12, qui eſt co-efficiens ipſius A cubi, ſeu A in gradu 7ertio propoſito, 
continet unitatem, 

Si ergo ad praxim methodus reducatur, numerus 17 conſtituendus eſt in 4 
gradu, nempe 83521, et ab eo hæc auterenda ſunt: 


Primd, ſumma numerorum propofitorum 5 + 8 + 11 - 14, nempe 38, 
multiplicata per 108, unde oritur productus 4104. 

Deinde ſumma quadratorum numerorum propoſitorum, id eft, 5˙ + 8* + 
11* + 14*, nempe 25 + 64 + 121 + 195, quorum ſumma = 406, quiz 
multiplicata per 54 efficit 21924. 

Deinceps auferendus eſt numerus 5 in guarto gradu, nempe 625. 

Denique auterendus eſt numerus 3 in quarto gradu, nempe 81, qz9/r ſump- 
tus, nempe 324. Numeri ergo auferendi ſunt hi, nempe, 4104, 21924, 625, 
324; quorum ſumma eſt 26977, que cum fuerit ablata à numero $3521, ſu- 
pereſt 56 544. 

Hoc ergo reſiduum continebit ſummam quæſitam, nempe 4712, multiplica- 
tam per 12 ; et profectò 4712 per 12 multiplicata efiicit 56544. 

Paradigma facile eſt conſtruere; hoc autem fic demonſtrabitur. 
| Etenim numerus 17 in 4 gradu conſtitutus, qui quidem fic exprimitur, 17%, 
1 æquatur 17 — 147. + 14 — 11%, + 11 — 8“. + 8* — 5* -- 5*. 

Solus enim 177 fignum affirmationis ſolum ſortitur, reliqui autem affirmantur 
ac negantur. 

Sed differentia radicum 17, 14, eſt 3; eademque eſt differentia radicum 14, 1t ; 
eademque radicum 11, 8, ac etiam radicum 8, 5. Igitur ex præmiſſo Lemmate : 
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17“ — 14* zquatur 12.14* + 54.14* + 108. 14 + 81. 
Sic 14* — 11* æquatur 12.11* + 54. 11˙ + 108.11 + 81. 
Sic 1141 — 8“ æquatur 12, 8* + 54. 8* + 108. 8 + 81. 
Sic 8“ — 5“ æquatur 12. 5* + 54+ 5* + 108. 5 + 81. 
Non interpretor 5*. | 
Igitur 17“ æquatur his omnibus: 
12. 14 + 54. 14 + 108. 14 + 81 
+ 12. 11 + 34. 11 + 108.11 + 8 
+ 12. 8˙ + 54. 8* + 108. 8 + 81 
＋ 12. 5* + 54. 5* + 108. 5 + 81 
N 
Hoc eſt ;zut2to ordine, 17 æquatur his 
5 + 8 + 11 + 14 multiplicatis per 108 ; 
+ 5 + 8* + 11* + 14* multiplicatis per 543 
+ 5* + 87 ++ 11 + 14* multiplicatis per 12; 
+ 81 + 81 + 81 + 81; | 
+ 5". 7 5 
Ablatis utrinque his 
5 + 8 ＋11 + 14 multiplicatis per 108; 
+ 5* + 8* + 11* 14 multiplicatis per 543 
+ 8: + 81 + 81 + 81; 
+ 5*s | 
Remanet 17“ minus his, nempe 
— 5 — 8 — 11 — 14 multiplicatis per 108 
— 5 — 8 - 11* — 14* multiplicatis per 54; 
— 81 — 81 — 81 — 81; 
— 3 
 #qualis 3 + 87 + 11* + 14 multiplicatis per 12. Qs. R. 5. 
Sic ergo poteſt inſtitui enuntiatio et generalis conſtructio. 


SUMMA POTESTATUM. 


Datis quotcunque numeris, in qudlibet progreſſione, & quovis numero initium ſumente, 
invenire ſummam quarumvis poteſtatum eorum ? 


Exponatur binomium, cujus primum nomen fit A, alterum vero fit numerus 
qui differentia progreſſionis eſt ; et conſtituatur hoc binomium in gradu gui 
proxim? ſuperior eſt gradui propoſito, et in expoſitione poteſtatis ejus notentur 
 co-efficientes quos A ſortitur in ſingulis gradibus. 

Conſtituatur et in eodem gradu ſupericri numerus qui in eadem progreſſione 
propoſità proxim? ſequitur ultimum progreſſionis terminum propoſitum. Et ad 
e auferantur hæc: | 
| Primo, 


POTESTATUM NUMERICARUM SUMMA, 353 

Primo, primus terminus progreſſionts datus, ſeu minimus rumerus dalorum, in 
ecdem ſuperiort gradu conflitutus, 

Secundo, rumerus qui differentia eſt progreſſionis, in ecdem ſuperiori gradu 
cenſtitutus, ac toties ſumplus quot ſunt termini dati. 

Tertio, auyferartur ſinguli numeri dati, in fingulis gradibus propeſito gradui 
inferioribus conſtiluli, ac in unoquoque gradu multiplicati per jam notatos co-effici- 
entes guos A. ſartitur in iiſuem gradidus in expoſiticne bujus ſuperiors gradis binom?t 
primd afſumpti. 

Reliquum ef multiplex ſummæ queſite, eamque totiès centinet quotiès co-efficiens 
quem A in gradu propoſito ſoriitur continet initalem. 


5 I ES 7 


Praxes jam particulares fibi quiſque pro genio ſuppeditabit : verbi gratia, fi 
queris ſummam quotlibet numerorum progreſſionis naturalis a quolibet incho- 


* 


antis, hic, ex methodo generali, elicietur Canon : 8 


In prog reſſione naturali d quevis numero inchoante, differentia inter quadratum minimi 
ler mini et quadratium numeri qui proxime major eſt ultimo termino, minuta numero 
qui exponit multitudinem, dupla ejt aggregati ex emnil us. 


Sint quotlibet numeri naturali progreſſione continui, quorum primus fit ad 
libitum; verbi gratia, guazucr iſti 5, 6, 7, 8: dico 9f — 5* — 4 Kquari duplo 


TEETTTS 5 
Similes canones et reliquarum poteſtatum ſummis inveniendis et reliquis pro- 
greſſionibus facilè aptabuntur; quos quiſque ſibi comparet. 
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Quantum hæc notitia ad ſpatiorum curvilineorum dimenſiones conferat, ſatis 
norunt qui in Indiviſibilium doErina tantiſpèr verſati ſunt. Omnes enim om. 
nium generum Parabolæ illicò quadrantur, et alia innumera facillimè menſu- 


rantur. 
Si ergo illa, quæ hac methodo in numeris reperimus, ad quantitatem con- 


tinuam applicare libet, hi poſſunt 1nſtitut canones. 


Canones ad naturalem progreſſionem que ab unitate ſumit exordium. 


Summa linearum eſt ad quadratum maximæ, ut . . . 1 ad 2. 
Summa quadratorum eſt ad cubum maximæ, ut. 1 ad 3. 
Summa cuborum eſt ad 4 gradum maximæ, ut 1 ad 4. 


4 C2 Canon 


— — —_—eo—_ — ———————— = 
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Canon generalis ad progreſſionem naturalem quæ ab unitate ſumit 
exordium. 


Summa omnium in quolibet gradu, eft ad maximam in proxime ſuperior! gradu, 
| ut unitas, ad exponentem ſuperioris gradus. 


Non de reliquis diſſeram, quia hic locus non eſt: hæc obiter notavi, reliqua 
facili negotio penetrantur, eo poſito principio, in continud guan'itate, quotlibet 
quantitates cijuſvis generis quantitati ſuperioris generis additas, nibil ei ſuperaddore. 
Sic puncta lineis, line ſuperficiebus, ſuperficies ſolidis, nihil adjiciunt: ſeu 17 
numericis, in numerico trattatu, verbis ular, radices quadratis, quadrata cubis, 
cubi quadrato-quadratis, &c. nihil apponunt. Quare inferiores gradus, nullius 
valoris exiſtentes, non conſiderandi ſunt. Hæc, quæ Indiviſibilium ſtudioſis 
familiaria ſunt, ſubjungere placuit, ut nunquam fatis mirata connexio, qui ca 
etiam quæ remotiſſima videntur, in unum addicat unitatis amatrix natura, ex 
hoc exemplo prodeat, in quo, guantitatis continuæ dimenſionem cum numericarum 
poteftatum ſumma conjunctam contemplari licet, 
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Ex ſola characterum numericorum additione agnoſcendis. 


MON I T U N. i 
* tritius eſt apud Arithmeticos, quam numeros numeri q multiplices, 

conſtare characteribus, quorum aggregatum eſt quoque ipſius ꝙ multiplex. 
Si enim ipfius, verbi gratia, dupli 18, characteres numericos 1 + 8, jungas, 
aggregatum erit 9. Ita ut ex ſola additione characterum numericorum numeri 
cujuſliber, liceat agnoſcere, utrùm fit ipſius g multiplex: verbi gratia, fi nu- 
mert 1719 characteres numericos jungas 1 + 7 + 1 + 9, aggregatum 18 eſt 
ipſius 9 multiplex; unde certò colligitur, et ipſum 1719 ejuſdem q eſſe multi- 


plicem. Vulgata ſane illa obſervatio eſt; verùm ejus demonſtratio a nemine, 


quod ſciam, data eſt, nec ipſa notio ulteritis provecta. In hoc autem Tractatulo 
non ſolũm iſtius, ſed et variarum aliarum obſervationum generaliſſimam demon- 
ſtrationem dedi, ac methodum univerſalem agnoſcendi ex ſola additione cha- 
racterum numericorum propoſiti cujuſvis numeri, utrùm ille fit alterius propoſiti 
numeri multiplex; et non ſolùm in progreſſione denaria, qua numeratio noſtra 
procedit (denaria enim ex inſtituto hominum, non ex neceſſitate naturæ, ut vul- 
gus arbitratur, et ſane ſatls inepte, poſita eſt ;) ſed in quacunque progreſſione 
inſtituatur numeratio, non fallet hic tradita methodus, ut in paucis mox vide- 


bitur paginis. | 
s PRO- 
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PFPROPOSITEQ UNICA 


Aznoſcere ex ſola additione characterum dati cujuſlibet numeri, an ipſe fit alterius 
dati numeri multiplex ? 


Ut hæc ſolutio fiat generalis, litteris utemur vice numerorum. Sit ergo di- 
viſor, numerus quilibet expreflus per litteram A; dividendus autem, numerus 
exprefſus per litteras T VN M, quarum ultima M exprimit numerum quem- 
libet in unitatum columna collocatum ; N vero, numerum quemlibet in de- 
nariorum columna 3 V numerum quemlibet in columna centenariorum; T au- 
tem numerum quemliber in columna millenariorum, et ſic deinceps in infini- 
tum: ita ut, ſi litteras in numeros convertere velis, aſſumere poſſis loco ipſius 
M quemlibet ex novem primis characteribus, verbi gratia, 4; loco N quemlibet 
numerum, ut 3; loco V quemlibet numerum, ut 5; et loco T, quemlibet nu- 
merum, ut 6; et collocando ſingulos illos characteres numericos in propria 
columna, prout collocatæ ſunt litteræ que illos exprimunt, proveniet hic nu- 
merus 6 5 3 4, diviſor autem A erit numerus quilibet, ut 7. Miſſis autem pe- 
culiaribus his exemplis generali iſtà enunciatione omnia amplectimur. 

Dato quocumque dividendo T V N M, et quocumque diviſore A, agnoſcere 
ex ſolà additione characterum numericorum T V N M, utrum ipſe numerus 
TVNM exaRQe dividatur per ipſum numerum A? 

Ponantur ſeorsim numeri ſerie naturali continui 1, 2, 3, 4, 5, 6, 7, $, 9, 
10, 11, et cxteri; a dextra ad finiftram, fic : : b £ 


&. 109 8765 43 21 
&c. K1 HGFEDCBi. 


Jam ipſi primo numero 1, ſubſcribatur unitas. 

Ex ipſa unitate decies ſumpta, ſeu ex 10 auferatur A quoties fieri poterit, et 
ſuperſit B; qui ſub 2 ſubſcribatur. 

Ex B gecies ſumpto ſeu ex 10 B, auferatur A quoties poterit, et ſuperſit C; 
qui ipſi 3 ſubſcribatur. 

Ex 10 C, auferatur A quoties poterit, et ſuperſit D; qui ipfi 4 ſubſcribatur. 

Ex 10 D, auferatur A, &c. in continuum. 

Nunc ſumatur ultimus character dividendi M, (qui quidem et primus eſt à 
dextra ad ſiniſtram, ) ſcribatürque ſeorsim ſemèl; primo enim numero 1 ſubjacet 
unitas, 

Jam ſumatur ſecundus character N, et totiès repetatur quot ſunt unitates 
in B, gui ſecundo numero ſubjacet, hoc eſt, multiplicetur N per B; et ſub M po- 
natur productus. 

Jam ſumatur tertius character V, et toties repetatur quot ſunt unitates in C, 
qui tertio numero ſutjacet, ſeu multiplicetur V per C; et productus ſub primis 

natur. 

" Sic denique multiplicetur quartus T per D, et ſub allis ſeribatur. Et fic in 
infinitum. 

Dico, prout ſumma horum numerorum M N in B ＋ Vin CI J in D, 
eſt ĩpſius A multiplex aut non, et quoque ipſum numerum TVN M eſſe ejuſ- 


dem multiplicem, vel non. 
Etenim. 


M 

N in B 
in 
T in D. 
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Etenim ſi propoſitus dividendus auicum haberet characterem M, ſanè probt 
i ſe eſlet multiplex ipſius A, numerus quoque M effet ejuſdem A multiplex, 
cùm fit ple numerus torus. . 

Si verò conſtet duol us charaQeribus NM: dico quoque, prout M + N in B, 
elt multiplex A, et ipſum numerum N M cjuſdem multiplicem elle. 

Etenim character N in columr4 a denarii, æquatur 10 N. 


Veram, ex conſtructione, eſt . . . Io — B multiplex A, 
Quare, ducendo 10 — B in N, eſt . - 10N —BinN multiplex A. 
$1 ergo contingit et elle . . M + B in N multiplicem A. 
Fred ambo ultimi multiplices juncti . 1oN + M erunt mult, A, 
Id elt, N in columna denarii et M in columna 
umitatis, fea numerus . . . . NM eſt multiplex A. 
. 


Si numerus dividendus conſtet tribus charafteribus VN M: dico quoque 
1pium eſſe aut non efle multiplicem A, proùt M N in B+ in C, erit ip- 


tus A multiplex, vel non. 
Etenim character V, in columna centenarii, æquatur 100 V. 


At ex conſtructione eſt . 6 10 — B, multiplex A. 
Quare, multiplicando 10 — B per 10, erit . 100 — 10B, multiplex A. 
Et, ducendo ipſos in V, erit . IooV — 1oB in V, multiplex A. 
Sed elt ctiam, ex conſtructione, 0 . 10B — C, multiplex A, 
Quare, ducendo in V, erit ; 10B in V- C ein V, multiplex A. 
Sed ex oſtenſis R . . 100V — 10B in V, multiplex A. 
Ergo juncti duo ultimi : 100V — C in V, multiplex A. 


Jam vero oſtendemus, ut in ſecundo caſu, 10 N —B in N, multiplex A. 
Ergò juncti duo ultimi, 100 + 10N - C in V- B in N, multiplex A. 
Ergò ſi contingat hos numeros CinV+BinN + M, eſſe multiplex A. 


ambo ultimi juncti, nempèò . tooV + 1o0N + M, eſt multiplex A. 
Seu V in columnä centenarii, et N in columna denarii, et M in columna 
unitatis, hoc eſt, numerus VN M, eſt multiplex A. . . 


Non ſecùs demonſtrabitur de numeris ex pluribus characteribus compclits. - 
Quare prot, &c. Q. E. b. 


Exemplis gaudeamus. 


Quero, qui ſint numer: multiplices numeri 7 ? Scriptis continuis 1, 2, 3s 
4, 5, &c. ſubſcribo 1 ſub 1 


Ex unitate deciès ſumpta, ſeu ex 10, aufero 7 quoties poteſt; ſupereſt 33 


quem pono ſub 2. 
Ex 3 decies ſumpto, ſeu ex 30, aufero 7 quoties . ſupereſt 2; quem 


pono ſub 3. 
25 Ex 
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Ex 20 aufero 7 quoties poteſt ; ſupereſt 6; et pono ſub 4. 
Ex 60 aufero 7 quoties poteſt ; ſupereſt 4; et pono ſub 5. 
Ex 40 aufero 7 quotiès poteſt ; ſupereſt 5; et pono ſub 6. 
Ex 50 aufero 7 quoties poteſt; ſupereſt 1; et pono ſub 7. 
Ex 10 aufero 7 quoties poteſt ; et redit 3; et pono ſub 8. 
Ex 30 aufero 7 quoties poteſt ; et redit 2; et pono ſub g. 


Er fic redit ſeries numerorum 1, 3, 2, 6, 4, 5, in infinitum. 
Jam propenatur numerus quilibet 287,542,178, de quo quzritur utrim 
exactè dividatur per 7; hoc fic agnoſcetur. 


Sumatur ml ejus character qui primus eſt à dextrà ad ſiniſtram, 
nempe 8 ; primo enim numero ſeriei continue ſubjacet unitas: quare ponatur 


lle 8, primus character ſem?/ . . . 8, 
Secundus, qui eſt 7, r ſumatur, ſeu per 3 multiplicetur ; ſecundo enim 

numero ſerici ſubjacet 3; sitque productus . . a . 21. 
Tertius & lumatur ; /ubjacet enim 2 ipſi 3: quare terti character qui 

eſt 1, per 2 multiplicatus, fit T , . 0 F 0 2. 
Quartus eadem ratione per 6 multiplicatus . . . © 
Quintus per 4 multiplicatus . . . . 16. 
Sextus per 5 multiplicatus bo . : . . 25. 
Septimus /emel, ſeptimo enim ſubjacet 1, . . . . 7. 
Octavus ter ſumptus x : : F ; F 24. 
Nonus bis ſumptus . s . . a . 4. 

Et fic deinceps, fi alii numeri ſupereflent. Jungantur hi numeri . 119. 


Si ipſe aggregatus 119 eſt multiplex ipſius 7, numerus quoque propoſitus 
287,542,178 ejuſdem 7 multiplex erit. 
Poteſt autem dignoſci eadem methodo, utrum ipſe 119 fit multiplex 7, ſci- 


licer, ſumendo ſemèl primum characterem ; A . . 9 
ſecundum characterem ter . . . . 9 
et præcedentem bis . . . . . a 2 

14 


Si enim ſumma 14 eſt multiplex 7, crit et 119 ejuſdem multiplex. 
Sed et, fi, curioſitate potiùs quam neceſſitate moti, velimus agnoſcere utrim 14 


fit multiplex 7, ſumatur character ultimus ſemel 4 
et præcedens ter a . . | , 3 
7 


Si ſumma eſt multiplex ipſius 7, erit et 14 multiplex 7: quare et 14, et 119, 
et 287, 542, 178 ſunt multiplices ipſius 7. 


Vis agnoſcere quinam numeri dividantur per 6? Scriptis, ut ſæpiùs dictum 
et, numeris naturalibus 1, 2, 3, 4, 5, &c., ct 1 ſub 1 poſito F . 
A 4 3 & 
Ms 44 4:4 


Ex 
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Ex 10 aufer 6; reliquum 4 ſub 2 ponito. 
Ex 40 aufer 6 ; reliquum 4 ſub 3 ponito. 
Ex 40 aufer 6; reliquum 4 ſub 4 ponito. 
Et fic ſemper redibit 4; quod agnoſci potuit ubi ſemèl rediit. 
Eres, fi proponatur numerus quiliber, de quo quærebatur utrum fit dividen- 


dus per 6, nempe 248,742 ? ſume ultimam ejus figuram ſemèl a 2 
præcedentem quater . . . . . . I6 
præcedentem quater, &c. . . . a . 28 
et uno verbo, primam ſeme], reliquarum vero . . . 32 
ſummam quater . . . . . . 8 
8 

102 


Si ſumma 102 dividatur per 6, dividetur et ipſe numerus propoſitus 248,743 
Per eumdem 6. 

Vis agnoſcere utrùm numerus dividatur per 3? Scriptis ut prius numeris 
naturalibus, et 1 ſub 1 poſito . k . . - 
| $-4 $3 © 8 

„„ 
Ex 10 aufer 3, quoties poteſt; reliquum 1 ſub 2 ponito. 
Ex 10 aufer 3, quoties poteſt ; reliquum 1 ſub 3 ponito ; et fic in infinitum, 

Ergo ſi proponatur numerus quilibet 2451, ut _ utrum dividatur per 3, 


ſume ſemel ultimam figuram . K . . . l 
præcedentem ſemel . . . . . . 5 
et ſemel ſingulas d 8 . . . 3 

| 2 


Si ſumma dividatur per 3, dividetur et numerus propoſitus per 3. 


Vis agnoſcere utrùm numerus dividatur per 92 Scriptis numeris 1, 2, 3, &c., 
et 1 ſub 1 poſito. 

Ex 10 aufer g, et quoniam ſupereſt 1, patet unilatem contingere ſingulis nu- 
meris. Ergo, fi numeri propoſiti ſinguli characteres ſimùl ſumpti dividantur 
per 9, dividetur et ipſe. 


Vis agnoſcere utrùm numerus dividatur per 4? Scriptis numeris naturalibus, | 

ut mos eſt, et poſito 1 ſub 1 . = . . . . 
13 
89 

Ex 10 aufer 4 quantum poteſt; reliquum 2 pone ſub 2. 

Ex 20 aufer 4 quantum poteſt; reliquum o pone ſub 3. 

Ex oo aufer 4 ; ſupereſt ſemper o. 

Quare fi proponatur numerus dividendus 2486, pono ultimum characterem 


ſemel R . . . b 6 
præcedentem bis; ſubjacet enim 2 ſub 2 . : F „ 
22 


Præcedens 
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Præcedens per o multiplicatus facit zero, et fic de reliquis; quare ad iplos non 
attendito : et fi ſumma priorum, nempe 22, per 4 dividatur, dividetur et ipſe; 
ſecùs autem, non. 


Sic numeri quorum ultimus character ſemèl, præcedens bis, præcedens quater, 
Creliquis neglectis; zero enim ſortiuntur: ) ſimùl juncti numerum ctficiunt multi— 
plicem numeri 8, ſunt ipſi et ejuſdem 8 multiplices; ſecùs autem, non. 

In exemplum autem dabimus et illud. 


Agnoſcere qui numeri dividantur per 16 ? Scriptis, ut dictum eſt, numeris 
naturalibus 1, 2, 3, 4, 5, 6, 7, &c., et 1 ſub 1 polito . . . 
„„ 
E 8 4-20 2 
Ex 10 aufer 16 quantum poteſt, ſupereſt ipſe 10. Fx minore enim numero major 
numeris ſubtrabi non poteſt ; quare ipſemet numerus 10 ponatur ſub 2. 

Ex ipſo 10 decies ſumpto, ut mos elt, ſcu ex 100, aufero 16 quantum potelt ; 
ſupereſt 4, quem pono ſub 3. 

Ex 40 autero 16 quantum poteſt ; reliquum 8 pono ſub 4. 

Ex 80 aufero 16 quantum poteſt; ſupereſt o. 

Ided omnis numerus cujus ultimus character ſemèl ſumptus, penultimus de- 
cies, præcedens quater, et præcedens octics, eſſiciunt numerum multiplicem 16, 
crit et ipſe ipſius 16 multiplex. 

Sic reperies omnes numeros, quorum penulumus character deciès, reliqui 
autem omnes, ſcilicèt, ultimus, ante-penultimus, preante-penultimus, et reli- 
qui ſemel ſumpti, efficiunt numerum diviſibilem per 45, vel 18, vel 15, vel zo, 
vel go, et uno verbo omnes diviſores numeri go, duobus conſtantes characteri— 
bus, dividi quoque et ipſos per hos diviſores. 


Non difficilis eſt inde ad alia progreſſus; ſed intentatam huc uſque materiam 
aperuiſſe, et ſatis obſcuram lucidiſſimà demonſtratione illuſtraviſſe, ſuſſicit. Ars 
etenim illa, qua, ex additione charadterum numeri, noſcitur per quos tit diviſi— 
bilis, ex ima numerorum natura, et ex eorum denaria progreſſione vim ſuam 
fortitur : fi enim alia progreſſione procederent, verbi gratia, duodenari (quod 
jane gratum foret) et fic ultra primas novem figuras, aliæ duæ inſtitutæ eſſent, 
quarum altera denarium, altera undenarium exhiberet; tunc non ampliùs con- 
tingeret, numeros quorum omnes characteres fimul ſumpti efficiunt numerum 
multiplicem numeri q, eſſe et ipſos ejuſdem ꝙ multiplices. 

Sed methodus noſtra, necnon et demonſtratio, et huic progreſſioni, et omni- 
bus poſſibilibus convenit. 

Si enim in hac duodenaria progreſſione, proponitur agnoſcere an numerus 
dividatur per . 

Inſtituemus, ut anteà, numeros naturali ſerie continuos 1, 2, 3, 4, 5, &c., 
et I ſub 1 poſito 


N. 4 D Ex 
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Ex unitate jam duodecies ſumptà ſeu ex 10, (qui jam poteſt duodecim, non 
autem decem) auferendo 9 quantam poteſt, ſupereſt 3, quem pono ſub 2, 

Ex zo (qui jam poteſt triginta ſex, ſcilicet ter duodecim) aufer ꝙ quantùm po- 
teſt; et ſupereſt nihil: continetur enim 9 quatèr exactè in 4riginta ſex : pong 
igitur o ſub 3. | | 

Fr ideo, zero ſub reliquis characteribus continget. 

Unde coiligo, omnes numeros, quorum ultimus character femel ſumptus, 
penultimus vero ter (de cæleris non curo guales fint ; zero enim ſortiuntur : ) efficiunt 
numerum qiviſibilem per 9, dividi quoque per 9, in duodenaria progreflione, 

Sic in hac progreſſione duodenaria omnes numeri quorum ſinguli characteres 
fimal ſumpti efficiunt numerum diviſibilem per 11, ſunt et diviſibiles per 


eundem. N 


In noſtrà vero progreſſione denaria, contingit omnes numeros diviſibiles 
per 11, ita fe habere, ut ultimus ſemèl ſumptus, penultimus decies, præcedens 
ſemel, præcedens decies, præcedens ſemèl, præcedens decies, et fic in infini. 


tum, conflare numerum multiplicem 11. 
Hæc et alia facili ſtudio, ex iſtà methodo quiſque colliget. Nos hic ea levi- 
ter quidem tetigimus, quoniam nova et intentata placere ſolent; nunc vero re- 


linquimus, ne nimia perſcrutatio tædium pariat. 


Fin de Ouvrages Arithmetiques de Monſieur BLAIlSsB Pas c AL. 
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An APPENDIX fe the Tra on TüE SuMMATTON or INFINITI S- 
RIESES contained in the Third Volume of this ColleAion of Tratts, 
called SCRIPTORES LOGARITHMICI, frages 255, 256, 257, Sc = - 
312, in which an Inveſtigation 1s given of the Differential Series 


br ble D313 on Iv 4s be beine 


F e n+ e r eas. 
— Ec ad infinitum. 


8 — 


— . — 


Art. 1. VN the Tra& immediately preceeding the Tract here referred-to it was 

ſhewn, that, if x was a quantity either equal to 1, or very little lets 
than 1, ſo that its powers 1, &, X, &, x#, a“, x, x7, &c were either all equal 
to each other, and conſequently to the firſt term 1, or decreaſed very flowly, 


5 F 9 99 „. 
(as 15 the caſe when x is equal to — or —_ ;—and if a, b, c, d, e, ½% g, G, 


&c ad infinitum, were a ſet of numbers that formed a decreaſing progreſſion, 
(every one of them being lels than that which immediately preceeded it,) but 
decreaſed at a very flow rate (as is the caſe with the fractional numbers 


I 1 1 1 1 1 1 1 . - 
— —, —, , , =, , , &c ad infinitum;,) and theſe numbers 


n 39 36” 39 | 
were multiplied into the ſeveral correſponding terms 1, x, *, x*, a*, af, „, xt, 
&c, of the former ſeries, ſo as to form a third ſeries a, bx, cx*, d, ex?, 
fox, gx*, bx", &c ad infinitum, of quantities that would likewiſe decreale very 


2 M4 
ſlowly, (as, for example, the _ 7 77 * 5 7 15 a 7 * = : 
4 $ 6 7 . 0 
= * 2, ＋ * 2, 5 * 5 F 2 * 2, &c,); and in this third ſe- 
ries the third and fifth and ſeventh and ninth terms, and all the following odd 
terms, have the fign + prefixed to them, or are to be added to the firſt term a, 
and the ſecond and fourth and fixth and eighth and tenth terms, and all the 
following even terms, have the fign — prefixed to them, or are to be ſubtracted 
from the terms immediately preceeding them, or from the firſt term a, ſo that 
the ſaid third ſeries is 4 — bx + c = dx + af — A + gf — br?) + & 
ad infinitum ;—and, if the numbers a, &, c, d, e, f, g, b, &c not only form a 
decreaſing progreſſion themſelves, but decreaſe in ſuch a manner that their dif- 
ferences, beginning from the ſecond number , to wit, the quantities 6 — c, 
c 4, d - e, e - ,- , g — , &c ſhall allo form a decreafing progreſ- 
ſion; and that the differences of theſe differences, or the quantities 52 — 4 


C = A . = 4 
4 &c, 


| 
| 
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dc, or 5 — 2c ＋ % e = 2d +ed—2+f,e-2f+g, fog + B, 
&c, or the ſecond differences of the original numbers 4, c, 4, e, h, g. b, &c, 


hall allo form a decreaſing progreſſion; and that the differences of theſe ſecond 


differences, or the quantities þ = 2c + 4 -, — 24 + e, c — 24 + « 


YU — 2e f ½% d — 2c 7 - e — 2 ＋ g, e — 27 +8 7 — 2g + b, &c, 
or — ze 1 34 — e, c 34 K ge ½ d ze 1. of — , — 3/1 3g — 5, 
&c, or the third differences of the original numbers 5, c, 4, e, f, g, b, &c, 
ſhall alſo form a decreaſing progreſſion ; and that the fourth, and fifth, and ſixth, 
and every followiog, fer of differences of the fame original numbers 5, c, 4, e, 
V, g, b, &c, (hall alſo form decreaſing progreſſions ;—and, if the firſt differ- 
ence, 6 — c, of the firſt order be called v, and the firſt difference, þ = 2c + 4, 
of the ſccond order be called p“, and the firſt difference, 3 = 3c + 3d — e, 
of the third order be called bp“, and the firſt difference of the fourth order be 
called p, and the firſt differences of the fifth, ſixth, ſeventh, elghth, and other 
following orders be called be, bi, DY'*, pit, &c ;—l fay, it was ſhewn in the 
ſaid Tract preceeding the Tract here reterred-to, that, when all theſe circumſtances 
concurred, the infinite ſeries @ = bx + c — dx? + en — fif + gaf — bg 
bx Dig? 


„Hit ould be equal to the infinite ſeries a — — 
+ &c ad inſinilum, woul eq 0 1 17 


r 91 D* bv Do? 32 . 
15 27 r 5 2 &c ad infinitum, which 
converges with a very conſiderable degree of ſwiftneſs. And many curious 
examples are given in that Tract, of the great uſefulneſs of this latter ſeries (which, 
from its involving in its terms the ſeveral differences, b, ol, pi, p, DY, by,, 
&c, of the co-efficients &, c, d, e, /, g, b, &c of the ſeveral powers of x in 
the original ſeries a — bx + & — d& + ext — n + g — bx) + &c, is. 
called The Differential Series,) in finding the value of the original ſeries a — bx 
+ cx — d + e — K + g — ba” + &c ad infinitum, when its terms de- 
creaſe with ſuch exceſhve ſlowneſs as to make it incapable of being ſummed in 
the common way, or by the mere computation of a moderate number of its 
firſt terms, and a ſubtraction of the ſum of thoſe which are marked with the 
ſign — from the ſum of thoſe which are marked with the ſign +. But the 
method of inveſtigating this Differential Series was but flightly touched-upon 
in that paper, to avoid making it too long. This omiſſion, however, I after- 
wards came to think was a defect of ſufficient importance to deſerve to be ſup- 
plied in the beſt manner I was able. For a learned and intelligent friend of 
mine, who had a very clear head and a good capacity and turn for mathematical 
inquiries, the late Henry Boult Cay, Eſq. a Barriſter at Law of the Society of 
the Middle Temple, (who was afterwards made Solicitor to the Exciſe in the 
year 1783,) upon reading that Tract, though he was greatly pleaſed with the 
Differential Series deſcribed in it, on account of its great utility in finding the 
value of a ſlowly-converging Series, yet complained at the ſame time that the 
manner of obtaining it had not been therein ſufficiently explained for him to 


underſtand it thoroughly. This made me reſolve to give a further explanation 
of 
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of it in as full and clear a manner as I could, and was the occaſion of my draw- 
ing- up the fecond Tract upon that Series, which is intitled The Iiveſtiza'ton of 
the furegii''g Differential Series, and is contained in pages 255, 250, 257, & 
-. - - 312 ot the Thira Volume of this Collection, in which the ſubject is 
treated with great care and exatnels. In this Second Trat I have, firft, given 
a very full deſcription and demonſtration of the principles by means of which I 
had inveſtigated the faid Differential Series, which are ſet forth in four Lemmas, 
or preliminary Propoſitions to the Inveltigation itſelt of the ſaid Series; and I 
have then exhibited the laid Inveſtigation in a very diſtinct and particular man- 
ner, fo far as to determine the firſt five terms of the ſaid Differential Series, 

ba D*x* 91173 571170 
1 NN TT r 
all but the firſt term @ have the ſign — prefixed to them, or are ſubtracted from 
the ſaid firſt term a. And I added (in art. 46, page 282,) that I had, for 
my own ſatisfaction, inveſtigated in the fame manner the fixth, ſeventh, and 
eighth terms of the ſame Differential Series, and found them to be equal to 
* 


x5 
b — 4c + 64 — 4e + f)X —_— and „ — 5c + 104 — 1oe + H —g)X S 


, of which 


which are found to be 4a — 


7 vas bYx® 


— * 
< _—— — — — : Of to —— 
and þ — c + 15d — 20e + 15f — 6g + h] x rag”, r 
D127 . 
and , and that they alſo, as well as the four preceeding terms, were to 
La | 
be ſubtracted from the firſt term a, and conſequently to have the ſign — pre- 


fixed to them. And I then obſerved that it ſeemed reaſonable to conjecture, 
from the analogy of thoſe ſeveral terms to each other, that the ſame law of con- 
tinuation would take place in the following terms of the Scries, after the eighth 


Di 911170 bi pats 
term, and that theſe would conſequently be - H — 
8 9 5 1 r 1 T e 1 T h 1 + In 
x1,12 
and =» &c, and would all have the ſign — prefixed to them, or be ſub- 
1 + x 


trated from the firſt term a, like the other ſeven terms, immediately following 
the firſt term, which I had inveſtigated. But I confeſſed at the fame time that 
] was not able to ſee clearly and diſtinctly in my own mind, and much lets to 


demonſtrate to others, that this muſt of neceſſity be fo. This therefore was a. 


defect which ſtill remained in the Inveſtigation, and which I was ſorry to be 
forced to leave in it, and which the readers of it muſt, I doubt not, have withed 
to ſee ſupplied, in order to make their knowledge of the ſaid very uſeful Dif- 
ferential Series quite compleat, and to enable them to uſe with perfect confi- 
dence as many terms of the ſaid Series as they might at any time have occaſion 
for. Now this defect I have lately been enabled to ſupply by the afliltance of 
the learned and ingenious Mr. John Hellins, Vicar of Potter's Pury in North- 
amptonſhire, who has communicated to me a different method of inveſtigating 


the values of the ſecond, third, fourth, fifth, and other following terms of the 
aſſumed 


. X 


_ 


— —— —— — 


— 


| 
, 17 
, 
A (] 
4” 
35 
1. 


Py — 
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&c, ad inſinitum, (which is equal to the original ſeries @ — by + c — dr J. 
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aſſumed ſeries 2 — , — E 
"0+ 5 I + x\*" I + x\3' TTA I + * L "IP: a I + alt - 


ex* — fx* + g — bx" + &c ad infinitum,) and of ſhewing that the ſame ſign 


— muſt be prefixed to all of them, from that ſer forth in the ſaid Second Tract, 


and which is of ſuch a nature as to enable us to perceive that the law of con- 
tinuation, or generation, of the terms of the ſaid aſſumed ferics one from another 
which is found to take place in the terms that are actually inveſtigated, muſt 
likewiſe take place in all the following terms, which have not been inveſtigated, 
to whatever number thoſe terms may be continued. This method of inveſti- 
gating the values of the terms of the ſaid aſſumed ſeries, and the ſigns that are 
to be prefixed to them, I ſhall now endeavour to explain, and, for that purpoſe, 
ſhall, firſt, lay down and demonſtrate three Lemmas, or preliminary Propoſi- 
tions, upon which the ſaid Inveſtigation will be grounded. Theſe Lemmas ate 


as follows: 


LEMMA . 


— ET — 


Art. 2. If there be an Infinite Series of decreaſing numbers denoted by the 
capital letters a, B, c, D, E, r, o, h, &c ad infnitum; and y be a variable 
quantity which may be of any magnitude not greater than 1, or than ſome quan- 
tity leſs than 1, how ſmall ſoever that magnitude be taken; and the ſeveral 
terms of the ſeries a, B, c, D, E, r, G, u, &c ad infnilum, be multiplied into 
the correſponding terms of the geometrical progreſſion 1, y, y*, , , )s, 5, y“, 
&c ad infinitum, ſo as to form a third ſeries which will be A, , cy*, py*, E)“, 
Ey, Gy*, hy, &c ad infinitum ;—and, if it is at firſt uncertain which of the two 
ſigns + and - is to be prefixed to each of the terms By, cy*, Dy?, )“, 155, 
Ge, By”, &c, which come after the firſt term A in which the variable quaniity y 
is not involved, or which of the ſaid terms By, cy*, py*, &c is to be added to 
the ſaid firſt term A, and which of them is to be ſubtracted from it; and, if it 
is afterwards proved that the whole ſeries a, By, c), Dy, E)“, r), cy, ny”, 
&c is always leſs than its firſt term a, however ſmall the variable quantity y 
may be taken: it will follow that the ſecond term By of the ſaid ſeries muſt be 
ſubtracted from its firſt term a, and not added to it, and conſequently that it 
muſt have the ſign — prefixed to it. 


DEMON- 
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For, if By be not ſubtracted from the firſt term A, but added to it, and 
conſequently marked with the fign +, it will not be poflible for the whole fe- 
ries A, By, Cy*, Dy*, k)“, Fy*, cy, Hy“, &c, (which in this caſe will be A + ny 
cy*, Dy, )“, f), Gy", Hy, &c,) to be always leſs than the firit term a, of how 
ſmall a magnitude ſoever the variable quantity y may be taken. For let us even 
ſuppole that all the other terms except By, to wit, the terms cyy, Dz*, 7, E)“, 
q, h, &c, are ſubtracted from the firſt term a, and conſequently have the 
ſign — prefixed to them ; which 1s the ſuppoſition that tends molt to make the 
ſeries 4 + By, cy, M, E)“, ty*, 6y*, ay?, &c be leſs than its firſt term A: and 
we ſhall find that, even on this tuppoſition, it will not be polhble for the ſaid 
ſeries to be always leſs than its firſt term a, when the variable quantity y is taken 
extreamly (mall, For, on this ſuppotition, the ſaid ſeries will be a + By — ey 
— DY — % — F) — c — Hy” — &c. Now the ſingle term By is to the 
whole ſeries ) + Dy? + i + r3* + q + ny? + &c in the ſame propor- 
tion as the ſingle term B is to the whole ſeries cy + Dy* + H + &y* + 6y* 
+ Hy* + & c. But, becaule the co-efficients c, D, E, r, o, a, &c are a ſet of 
decreaſing numbers, it is evident that y may be taken of ſo ſmall a magnitude 
that the whole ſeries cy + D + EY + r) + o + ih) + &c (hall be lets 
than any propoſed quantity how ſmall ſoever. Let it then be taken of fo ſmall 
a magnitude that the ſaid ſeries ſhall be leſs than 3. Then will che whole ſeries 
cy* + Dy* + h + Fry + c + ny! + &c be leſs than the ſingle quantity By. 
And conſequently the whole ſeries A + By = c — ) — N — h — 6p 
— Hy — &c as infi:itum will be greater than the firſt term A; which is con- 
trary to what is ſuppoſed to have been proved concerning it, to wit, that it is 
always leſs than the ſaid firſt term. Therefore the ſuppoſition from which this 
contradiction follows, to wit, the ſuppoſition that hy is to be added to the firſt 
term A, caunot be true. Therefore the ſaid ſecond term By muſt be ſubtratted 
from the ſaid firſt term a, and muſt have the ſign - prefixed to it, & E. p. 


____u_m —— D . — 


E TMM KH 


Art. 3. If chere be a ſeries of decreaſing numbers denoted by the capital let- 
ters A, B, c, D, E, r, 6, h, &c, ad inſinitum, as in the foregoing Lemma; and 
y be a variable quantity that may be of any magnitude not greater than 1, or 
than ſome quantity leſs than 1, how ſmall ſoever that magnitude may be taken, 
as was ſuppoſed allo in the foregoing Lemma; and the ſeveral terms of the de- 
creaſing ſeries A, B, c, D, E, F, o, H, &c ad infmitum be multiplied into the cor- 
reſponding terms of the decreafing geometrical progreſſion 1, , y*, y*, %, »*, 
, „*, &c ad infinitum, ſo as to form a third ſeries A, By, cy*, Dy?, E), ry, 6y*, 

By's 
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, &c ad 11m, as in the foregoing Lemma ;—and, if it is at firſt uncertain 
which of the two Agns + and — 1s to be prefixed to each of the terms BY, Cy? 

Ds, Ey“, xy*, Gy*, ny, &c, which come after the firſt term A of the ſaid ales 
(in which term yo variable quantity y is not involved,) or which of the ſaid 
terms By, Cy*, Dy*, Ey*, E), Gy*, ny, &c is to be added to the ſaid firſt term a, 
and which 1 is to be ſubtracted from it; and, if it is afterwards proved 
that the whole ſeries A, By, , Dy?, E)“, F)“, Gy" , Hy”, &c is always greater than 
Its firſt term a, however ſmall the variable quantity y may be taken : it will follow 
that the ſecond term ny of the ſaid ſeries muſt be added to its firſt term a, 
and not ſubtracted from it, and conſequently that it mult have the fign + pre- 
fixed to it. 


— OI ee 


DEMONSTRATION. 


For, if By be not added to the firſt term a, but ſubtracted from it, and con- 
ſeq vently marked with the gn 5 it will not be poſſible for the whole lerics 
A. BY, ch, Dy? » »y* : 57 , Gy*, w', &c (which in this cafe will be a — 8y, ch', 
*, * „„, Hy", &c) to be always greater than the firſt term a, of how 
mall a magnitude ſocver the variable quantity y may be taken. For Jet us 
Even ſuppote that all the other terms except By, to wit, the terms cy*, by“, E)“. 
x3*, 63%, 17, &c, are added to the firft term a, and conſequently have the ſign 
＋ prefixed to them ; which is the arenen that tends moſt to make the feries 
A = By, Cy", Dy*, Ey*, H, c, ay", &c be greater than its firſt term A: and 
we hall find that, EVER on this ſuppolition, it will not be poſſible for the whole 
ſeries A, BY, cy? : py : EY, 15, oy*, hy, &c {which in this caſe will be a — By, 
Cy*, Dy?, R%, Fy*, che, Hy", &c,) to be always greater than the firſt term a, of 
bow {mall a magnitude ſoever the variable quantity may be taken, For, on 
* ſuppoſition, the ſaid ſeries will be a — By + c + oy + F + ) + 

* + ny + &C- "ow the ſingle term By is to the whole ſeries cy* + py? + 
2 + , + i + 1? + &c ad infinitum, 1 in the ſime proportion: as the ſingle 
quantity B is to the whole ſeries cy + Dy* + ty? + F) + q + By + &c 
al infinitum. But, becauſe the co- efficients c, D, k, r, G, H, &c are a ſet of 
decreaſing numbers, it is evident that y may be taken of 0 ſmall a magnitude 
that the whole ſeries cy + by + F + % J. cy + Hy + &c ſhall be leſs 
than any propoled quantity, how ſmall ſoever. Let it then be taken of ſo ſmall 
a magnitude that the ſaid {cries (hall be leſs than 3. Then will the whole ſe— 
ries cy* + Dy* + Ey* + Fy* + off + ny? + &c be Jets than the lingle uw 
tity By. And conlequently the whole ſeries a — By + cy* + uy* + )* 

Fy* + c + ny? + &c ad infinitum will be leſs than the firſt term A; hich i 15 
contrary to what is ſuppoſed to have been proved concerning it, to wit, that it 
is always greater than the ſaid firſt term. Therefore the ſuppoſition from which 
this contradiction follows, to wit, the ſuppoſition that zy is to be ſubtracted from 
the firſt term A, cannot be true. Therefore the ſaid ſecond term By of the ſe— 
ries A, By, Cy*, by, E)“, F), c), ny?, &c ad infinitum muſt be added to the ſaid 
firlt term a, and mult have the ſign + prefixed to it. Qi 
LEMMA 
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Art. 4. If the ſeveral numbers a, 5, c, d, e, f, g, b, &c in the ſeries 
a — by + c — d + ex+ — I + g — bx? + &c ad infinitum form a 
decreaſing progreſſion of the kind mentioned above in art. 1; in which the dif- 
ferences of ö, c, d, e, f, g, b, &c, to wit, the quantities 5 = c, c — d, d — e, 
e—f, F-, g — h, &c, alſo form a decreaſing progreſſion; and the differ- 
ences of theſe differences, or the ſecond differences of the numbers 5, c, d, e, 
f,z, b, &c, alſo form a decreaſing progreſſion; and the differences of theſe ſe- 
cond differences, or the third differences of 5, c, d, e, /, g, , &c, alſo form 
a decreaſing progreſſion ; and, in like manner, the fourth differences, and the 
fifth differences, and the ſixth differences, and the differences of every follow- 
ing order, of the ſame numbers 5, c, d, e, /, g, b, &c alſo form decreaſing 
progreſſions ;—and if the terms of any one of theſe ſets of differences be mul- 
tiplied into the correſponding terms of the ſeries 1, x, **, X, à x*, *, x, &c, 
ſo as to produce a third ſeries of which the firlt term ſhall be the firſt term of 
the ſaid ſeries of differences, and all the following terms ſhall involve in them 
the ſeveral ſucceſſive powers of x, to wit, x, x*, x*, *, *, x*, x7, &c ;- and, 
if the third, fifth, ſeventh, and other following odd terms of the ſaid third ſe- 
ries be added to its firſt term, and conſequently marked with the ſign +, and 
the ſecond, fourth, ſixth, eighth, and other following even terms of the ſaid 
third ſeries be ſubtracted from it's firſt term, and conſequently marked with the 
ſign — ; and, laſtly, if the ſaid third ſeries be multiplied into the binomial 
quantity 1 + x; the product of the ſaid multiplication will be a fourth infinite 
{eries, of which the firſt term will be the ſame as the firſt term of the ſaid third 
feries that is multiplied into 1 + x, or the firſt term of the above-mentioned 
ſeries of differences, and the following terms will involve in them the ſeveral 
ſucceſſive powers of x, to wit, x, *, *, *, x*, x*, *“, &c; and the co-eth- 
cients of theſe powers of x in the terms of the (ſaid fourth ſeries will be the 
ſeveral differences of the numbers 6, c, d, e, ,, g, b, &c, of the next higher 
order to that of the differences contained in the foregoing, or third, ſeries. 
And in the ſaid fourth ſeries, the ſecond, fourth, fixth, and eighth, and other 
following even terms, will be marked with the fign + ; and the third, fifth, 
and ſeventh, and other following odd terms, will be marked with the ſign —, 
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In the firſt place we will ſuppoſe the differences of the co-efficients 5, c, d, e, 
J, g, b, &c to be thoſe of the firſt order, to wit, the differences 5 , c — 4, 
4 — e, e—f, ,- , g — b, &c. Now, if theſe differences are multiplied into 


the correſponding terms of the ſeries 1, x, *, *, x4, a', X, a", &c, they will 
produce the ſeries S 7X 1, or — c, c—4\X , 4 — Xx x, -N N, 
F ex, Mx x, &c; and, if we prefix the ſign + to the third, fifth, 


ſeventh, and other following odd terms of this fcries, and the ſign — to the 
ſecond, fourth, ſixth, eighth, and other following even terms of the ſaid ſeries, 


agreeably to the directions of this Lemma, it will become 3 — c —(c x * 


＋ 4 = N , Q K* Fg - NK + & ad in- 
nitum. We are therefore to prove, that, if this laſt, or third, ſeries 6 — c 
fc KK ＋ AI- K - N F - NK Ax x 
+ &c be multiplied into the binomial quantity 1 + x, the product of ſuch 


multiplication will be the ſeries 5 — 4 + b—2c+ dx #—k— 2d + ex #& 


+ d—2e +f\x * —ſe—2f +g\x** + —2g TK — &c ad in- 

Fnilum. Now this will appear from the operation itſelf of multiplying the 

former, or third, ſeries þ — c — —d\x# + 4 —e\x * — ſe —f)x K 

+ f—g\xa* , ee x* + &c into the binomial quantity 1 + x; 

which will be as follows : 

b==cofco d X oX +4 =e\x * — ſe -] X x3 +f= 2x K — g — þ x x5 + &c 
1 : 


— Tr x + 4 el x x? — fe — f\) x x3 +f= A x* —_—— x 45 + & 
1 5 ＋ = c XK K =[ſc=dxXa* +d=- x * —ſe N +f—2) x x5 — Ke 
bc + b=2c+d)Xx — (=2d4+)) Xx + d—2e+f) x x3 EXA +f=2g+0) Xx x5 = &c 

By this operation it appears that the product of this multiplication is the ſeries 
b—=ic+b—Xx+dIxsz —ſc—2d ＋ e) Xx * ＋ % — 2 +f\)x * 
le —2f+g)Xx* + f—2g +b)X x* — &c, of which the firſt term is 
þ — c, or the firſt term of the firſt differences, 35 — c, c — 4, d—e, e—f, 
-, g -, &c, of the co-efficients 3, c, d, e, f, g, b, &c, and the follow- 
ing terms involve the ſeveral ſucceſſive powers of x, to wit, x, x*, x*, x*, x*, 
&c, and have for their co-efficients the ſeveral quantities þ — 2c + d, c —24 + e, 


4 — 2e+f, ce —2f + , and f — 2g + , &c, or the ſeveral ſecond differ- 
*;" 008 
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ences of the ſud co-efficients 5, c, d, e, f, g, b, &c. And in this ſeries it 
is evident that the ſecond, fourth, and fixth, terms, 2 — 2c + 4)X x, 


3 2e + 4\ * *, f— 2g + bl x *, and the other following even terms of 
the ſaid ſeries, will have the fign + prefixed to them; and that the third and 


fifth terms, c — 24 + e] x * ande — of +g\ x , and the other following 
odd terms of the ſaid ſeries, will have the fign = prefixed to them. 
E. D. 


— —— —— 


THE Sscoxvp Cask. 


Secondly, Let the differences of the co-efficients 5, c, d, e, f, g, g, b, &c 
be thoſe of the ſecond order, to wit, the differences 5 — 2c + d, c — 2d + e, 


d—2e+f,e—2f +g, - 2g ＋ b, &c. 


Now, if theſe differences are multiplied into the correſponding terms of the 
ſeries 1, x, x*, X, *, x*, x*, x', &c, the ſeries thereby produced will be 


bh — 2c +4, c- 24 ＋ 0 Xx x, 4 — 20 * e—2f+g)Xx x, 


f—2g TN, &c; and, if we prefix the fign + to the third, fifth, ſeventh, 
and other following odd terms of this ſeries, and-the ſign — to the fecond, 
fourth, fixth, eighth, and other following even terms of the ſaid ſeries, agree- 
ably to the directions of this Lemma, it will become þ — 2c + 4 — 


ſc — 24 ＋T NX ＋ 4 — 20 TANK — e — 27 NA A +f—2g +#bX x 
— &c ad i ſinitum. We are therefore to prove that, if this laſt ſeries ? — 2c + 4 
mc —24+$0Xx+d— 2 +f)X x n ** +f— 2g +b)X x* 
— &c be multiplied into the binomial quantity 1 + x, the product of ſuch 
multiplication will be the ſeries 5 — 2c + 4 + 6 — 36 + 34 — d X x 
—[c—=3d ze -* +$d—3e + -K -e 3f + 38 —ÞIx . 
+ &c ad infinitum. Now this will appear by making the ſaid multiplication of 
the ſaid ſeries þ — 2c + 4 — ſc —2d4+e xXx +4 — 2e + NM * 
—[e—2f+g)\x8 + f—2g + b\x x*— &c into the binomial quantity 
1 + x; which may be performed as follows: 


b=26+d ſe —24 + x x + d— 20 EN * -, Tel + f=—-2g8+hb\x x* = &c 


1+ x 


b=25+d = ſc = 24 T* x + d — 2e + fl x —e—2f+2\X x3 + f — 2g + hb) X x* = &c 
+3 2c Tale , = 2 AN * + d — 2e TA x* ſe - 2f+ 2g) x x* + &c 


zb gd N- ſc- -= X00 = x- fe- T Nx Nc 
| 4E2 By 
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By this operation it appears that the product of this multiplication is the ſe- 
ries 5 — 2c +d +b— 3c + 34 — % K x -(c—3d + 3e — HX & 
＋ 4 — 3 T 37 — NK * —ſe—3/+ 32 -K + &c, of which the 
firſt term is þ — 2c + d, or the firlt term of the ſeries of ſecond differences, 
5 — 2C + d, c — 2d + E, 4 — 2e + „, 3 2f + 85 f — 2g + þ, &c of 
the co-efficients 5, c, d, e, /, g, b, &c, and the following terms involve the 
feveral ſucceſſive powers of x, to wit, x, x*, , V, x*, x*, x", &c, and have 
for their co-eflicients the ſeveral quantities þ —'3c + 34 — e, 6 — 3d + 3e—f, 
4 — ze + 3f — g, and e — 3f + 32 — , &c, or the ſeveral third differences 
of the ſaid co- efficients 5, c, d, e, f, g, b, &c. And in this ſeries it is evident that 


the ſecond and fourth terms 5 — 3* 34 —e) x and 4 — 3e + 3f —g)x &, 
and the other following even terms of the ſaid feries will have the ſign + pre- 


fixed to them; and that the third and fifth terms c = 3d + 3e —f)x & and 


e—3f + 32 - x af, and the other following odd terms of the faid ſeries 
will have the fign — prefixed to them. Q: E. b. 


THE TRHIRD CasE. 


Thirdly, Let the differences of the co-efficients 3, c, d, e, V, g, b, &c be 


thoſe of the third order, to wit, the differences b — 360 + 34 — e, c— 3d+ 3e —f, 


d — ze ＋ 3f—$ e — 37 + 33 — þ, &c. 


Now, if theſe differences are multiplied into the correſponding terms of the 
ſeries 1, x, *, *, *, X, *, *, &c, the ſeries thereby produced will be 


3e ＋ 34 — , 7 34 T ze = x x, d—3e+3f—g) x , and 
e — 37 ＋ 38 - NK &c; and, if we prefix the ſign + to the third, fifth, 
ſeventh, and other following odd terms of this ſeries, and the ſign — to the 


ſecond, fourth, ſixth, eighth, and other following even terms of the ſaid ſeries, 
agreeably to the directions of this Lemma, it will become 3 — 3c + 34 — 


—ſc - 34 + 3e — f)X x + 4— 36 + 3f —2) X * + e—3f + 32 —D)Xx R 


— &c ad infinilum, We are therefore to prove, that, if this laſt ſeries 
b—zc + 34 — e —lc—3d+3e—fix# + 4 — ze + 3f—2 x 
je — 3f + 38 — lx x* + &c be multiplied into the binomial quantity 
1 + x, the product of ſuch multiplication will be the ſeries ? — 3c + 34 —e 
+ 5 — 4c + 64 — 4e + fix K — (ce — 44 + be — of + g\x 
+ 4 — 4e + 6f —4ag +b\ + * — &c ad infinitum. 


Now 
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Now this will appear by performing the ſaid multiplication z which may be 
done as follows : 


b-3c+3d=e -c = 34 ＋ ze - r e ze T ANNE NT MN +& 
I + x | 


b-3c+3d=e (oc = 34+ ze =f\x #+d—3e+3/=gx x* ſe 3f + 3g NN + & 
＋ 5 - Ta- dN = = 3d Te -H N t 44 ze+3f—g) x x3 — &C 


þ—3c+3d=e+b—4c+6d—4c+f] x x —(c=4d+6e—4f+8) x x* + d=4:+6/—4gFÞ)x x3—&c 


By this operation it appears that the product of this multiplication is the ſeries 


b—3c+34—e+b—4 +6d—4e+f)Xx—lc—4d + be - ATT x 
+ 4 — 4e + bf —4g + hl x x? - & ad infinitum, of which the firſt term is 
þ — 3c + 34 —e, or the firſt term of the ſeries of third differences, ( ge 
+ 34 — e, 4 — 3d + 3e —f, d — 3e+ 3f —g, ande—3f + 3g —b, &c, 
of the co-efficients &, c, d, e, f, g, b, &c, and the following terms involve the 
ſeveral ſucceſſive powers of x, to wit, x, *, X, x*, x5, *, x”, &c, and have 
for their co-efficients the ſeveral quantities 5 — 4c + 64 — 4e + f, e — 44 
+ be —af + , and d — 4e + 6f — 4g + &, &c, or the ſeveral fourth dit- 
ferences of the ſaid co-efficients 5, c, d, e, f, g, b, &c. And in this ſeries it is 


evident that the ſecond and fourth terms þ — 4c + 64 — 42 + f}) x & and 


d — 4e + 6f -4g — hb) x x, and the other following even terms of the ſaid 
ſeries, will have the ſign + prefixed to them; and that the third term 


c— 4 + be — af + g) x *, and the other following odd terms of the ſaid 
ſeries, will have the ſign — prefixed to them, Q. Ek. D. 


A General Concluſion from the foregoing Caſes to all other Caſes dobatſever. 


— 


Art. 5. From the three foregoing multiplications of the three ſerieſes 5 — © 
c XK K ＋ I = OX ** —ſe UN YF X -F =I XK 
+ &c ad infinitum, and 5 — 20 + d —(c— 24 Tex + (4 — 22 + fx * 
ec NK + f—2g + b)X x*— &c ad infinitum, and b — 30 + 24 —e 
fc zd + 32—=f\X x + d—3e + gf —g)x if e + 38 -K * 
+ &c ad infinitum, into the binomial quantity 1 + x, it is eaſy to ſee that, if 
any other ſimilar ſeries, of which the terms involved any higher ſet of differences 
of the co-efficients 5, c, d, e, f, g, hb, &c, whatſoever, and which were marked 


with the ſigns — and + alternately, were to be multiplied into the ſaid bino- 
mial 
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mial quantity 1 + , the firſt term of the ſeries produced by ſuch multiplica- 
tion would be the ſame with the firſt term of the ſeries multiplied, and the co- 
efficients of all the following terms of it would be the differences of the co-effi- 
cients of the terms of the former, or multiplied, ſeries, by reaſon of the alternate 
ſucceſſion of the ſigns — and + which are prefixed to the terms of the ſaid 
multiplied ſeries ; and conſequently, as the co-efficients of the terms of the former 
ſeries are a ſeries of the differences, of ſome particular order, of the original 
co- efficients , c, d, e, /, g, h, &c, the co-efficients of all the terms, after the 
firſt term, of the new ſeries, produced by the ſaid multiplication, muſt be the 
terms of the next order of differences of the ſaid original co-efficients &, c, 4, 
e, V, g, b, &c above thoſe which form the co-efficients of the former, or mul. 
tiplied, ſeries. And therefore the Lemma will be univerſally true, of however 
high an order the differences which form the co-efficients of the multiplied ſeries 
may happen to be. . E. b. 


——̃ —e—8 ̃—— ö 


T he ſame Concluſion demonſtrated by means of a more General Notation. 


Art. 6. But this may alſo be ſhewn in a ſomewhat different manner by means 
of the following general notation. | 


Let the whole number » denote any order whatſoever of the differences of 
the original co-eflicients 5, c, d, e, /, g, b, &c ; and let the firſt, ſecond, third, 
fourth, and other following terms of the faid ſeries of differences of the »th 


order be denoted by the ſeveral expreſſions D,, Da, D;, D., D,, Do, D., 
Dg, &c, ad infinitum; Then will the differences of the ſaid original co- effi- 
cients 3, c, d, e, /, g, b, &c, of the next higher, or the » + 1th, order, be 
* 7 N * 7 n 7¹ n n n n ! 
D,—D,,D, —D,, D, - Dy, D. — D5, D; — Dé, D;, — D, 
D757 — Dy, &c. Now, according to this notation, the Propoſition laid down 
in the foregoing Lemma is this; to wit, that, if the ſerics D* —D, X x 
＋ D; * — DI * N 7 D, X * — D. X * +D, x —- Dy 
X x7 + &c be multiplied into the binomial quantity 1 + x, the product of 
the ſaid multiplication will be the ſeries DI + D. — D* * * 


[0% — D; x ** ＋ D,— 4 * x? — 54 — D;\x * 1 Do) xe 
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11 D*) x x* + D% — Dj X x? — &c ad infinitum, or D' + 


| 
D*F'xz—=DJ x8 „„ —D®® 2 & + DIE 


2 
X fo DET? X * +" X * — & ad infinitum. 


Now this will readily appear by performing the ſaid multiplication ; which 
may be done as follows : 


D D* TD N D D N — DG X x5 + &c 


I + x 


& 


=D KTD X= DI DN — Dy x »* + Ce 


3 4 5 
＋ D X D „ DX DD x 35 — & 


— 


3 1 1 1 Nu I 2 n 
D* +D*—D")x x Do Dx + 55D. * x3 .- D. 9 D") x a8-&c 
By this operation it appears that the product of the ſaid multiplication is the 
the ſeries DPI + D" —D") x x D =D?) x x" + D. — b. Xa 
—D1—D!)x + De- Dex — &c ad infuitum, or Df 


+ yet R D*Y „ * 17 x D“ x x* + D*t" 


x £ —D"J"' xx +D"7" x & ad inſnitum. Q. E. D. 


Mr. Hellins's Inveſtigation of the foregoing Differential Series. 


Art. 7. Theſe three Lemmas being premiſed, Mr. Hellins's method of in- 
veſtigating the values of the ſeveral numeral co-efficients P, Q, R, s, T, v, 


2 43 
w., x, &c of the terms of the aſſumed ſeries v, — == -, = 
BY I * 


$ w* 
— — — —=—, &c, and the ſigns that are to be prefixed to 


7 
II T+ 23 1+ av 
the ſecond and other following terms of the ſaid ſeries, may be explained in the 
following manner : 


An 
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An Inveſtigation of the Values of the numeral Co-efficients , Q, R, s, r, v, w, x 5 
Qr Rat $x3 Txt 
Se of the Terms of toe aſſumed Series r, - r Pr F Eo 


=> — ; — „Sc, and of the Signs + or = that are to be prefixed 
to the Second and other following Terms of the ſaid Series, upon a ſuppoſition that 
the ſaid Series is always equal to the original Series a = by + cx — dx + ex- 
* + g — bx" + &c ad infinitum, of how ſmall à magnitude ſeever the 


variable Quantity x may be ſuppoſed to be taken. 


— 


Of the Firſt Term P. 
Art. 8. Since the ſeries a — bx + cx — ds + ex = fi ＋ gif — by + 


Rx* 


&c ad infinitum, is ſuppoſed to be always equal to the ſeries p, — . 
; I * 


813 ræꝰ vas was 2 
IT Tr IT I T4 1 T 2% 
magnitude not greater than 1, how ſmall ſoeyer that magnitude be taken, it 
will alſo be equal to it when * is = o. But, when x is = o, all the terms in 
each of the ſaid two ſerieſes that involve any of the powers of x will become 
equal to o likewiſe, and each of the ſaid ſerieſes will be reduced to it's firſt term. 
Therefore v, or the firſt term of the ſecond, or aſſumed, ſeries, will be equal 
to a, or the firſt term of the firſt, or original, ſeries a — bx + c — d + er 
— fx*, + e — bx" + &c ad infiritum, . 


&c ad infinitum, while x is of any 


Of the Second Term — _ 


Art. 9. Secondly, ſince p is equal to a, and the whole ſeries a — by + c 
— d& + en“ — r + g — bx? + &c is leſs than it's firſt term a, (becauſe 
the ſecond and fourth and ſixth and eighth, and other following even terms of 
the ſaid ſeries, which are marked with the ſign , or ſubtracted from the firſt 
term a, are greater, reſpectively, than the third and fifth and feventh, and other 


following odd terms of the ſaid ſeries which are marked with the fign +, or 


added to the ſaid firſt term,) it follows that the whole aſſumed ſeries v, — 


&c (which is equal to the ori- 


R x2 $.x3 Ta* v. " was Xx7 


Tra ita} fre fra T4200 140” 


ginal 
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ginal ſeries 4 =» by + ax? — d + ex — , + g' — bx) + &c) muſt be 
le(s than its firſt term v, which is equal to a. And this will be true, of how 
ſmall a magnitude ſoever we ſuppoſe the quantity x, and conſequently the quan- 


6 5 b | 0 
* (which decreaſes when x decreaſes, and becomes equal to ——, or 


to =, or to o, when x becomes equal to o,) to be taken. Therefore, by 


R.x* 
T3 


&c (which anſwers to the ſeries a, By, 


X . 
Lemma 1, the ſecond term —— of the aſſumed ſeries p, _—_ 


I + & 
$x3 * vas wa® x 
F rf Fr Fr 140" 
cy*, Dy, B)“, E, q), ny", &c in the ſaid Lemma, ) muſt be ſubtracted from 
the firſt term p, and conſequently muſt be marked with the fign —. And con- 


. . * x? 
ſequently the ſaid equation @ — bx + af — dx + &c = r, . L 
F M * 1 + x 
$.x3 . a R 843 
&re will be - bx + in) -M e ===, —==— = 
1+ * be 1 * 140" Tra 
&c. 
Art. 10. Having thus determined the ſign that is to be prefixed to the ſecond 
d . . Qr nx? $.x3 | 
0 I —ͤ—i . ð — * 
term, — f the ſaid aſſumed ſeries e, - 7 Trg Tf &c, we muſt 


next proceed to inveſtigate its magnitude, 


Now, fince the ſeries a — by + c — d + ex — i + &c is equal to 


R α 8x3 ra vs 

Ta Ir E 5 &c, and the firſt term e 
of the latter ſeries is equal to the firſt term 4 of the former ſeries, and each of 
theſe ſerieſes is leſs than it's o vn firſt term, it follows that, if each of theſe ſerieſes 
be ſubtracted from it's own firſt term, the remainders will be equal to each other. 
But, if the ſeries a — by + ca — d + ex* — fxs* + &c be ſubtracted from 
it's own firſt term a, the remainder will be the ſeries bx — & + dif — ex + 


fx* &c ad infinitum, in which the ſigns of the ſeveral terms will be contrary 
Won ed Te 
1+ x? 1+ 27 17 10 i +xj*? 


= „ &c, ad infinitum be ſubtracted from its firſt term v2, the remainder will 


: a 
the ſeries — 2 


to what they were before; and, if the ſeries — 


* 


the Terk TX, ce, od in in W 
1 +#) +a” I+x * T= Ta“ g L 


ſigns to be prefixed to the ſecond and other following terms (which are hitherto 
unknown,) will, when they come to be known, be contrary to what they ought 
to be in the foregoing, or original, equation @ = bx + c = dx ＋ ex* — I 

Vor. IV, 4 F + 


> 
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_ = . — 2 — SE 
— to E — — — 
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3 * — 22 * — = - = © > 2 
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2 


3 x 8x3 K* * 
&c ad infnitum = p — =, = — — =—_—= 
8 f +5 raf Te 1+) 7 
tum. Therefore we ſhall, by this ſubtraction, obtain a fecond | Equation, which 
will be as follows, to wit, &x — c + da — ex + — gx ＋ bx" — &c ad 
QXx Rx? > Ol co vas wa® 
infinitum = , == == =p & ad infini- 
yi 1+» f“ T 1+ * 1＋ 4 5 ce 1 1+ = nf 


tam. 
Now let all the terms of this 2d equation be divided by x. 


And we ſhall thereby obtain a third equation, to wit, the equation þ = cx + 
Q RX 8x5 


dr — ex ＋ / g + bx? — &C ad infinitum -, . ==: 
| 1 + x, 1+aF TT 


&c ad inſini. 


T a3 vat. 3 13 
— . &c ad infinitum, 


i+z} Tab 149" == 


And, in the third place, let both ſides of this laſt equation be multiplied into 


the binomial quantity 1 + x, which forms the denominator of the term =; 


and we ſhall thereby obtain a fourth equation, which will be as follows ; to wit, 
b — c + dif — K + ff - gx" + bx — &c } 1 
+ bx — cx + dif — ex* + 5 — gx? + &C bs 
x v sa Tx3 V a+ wars xæxs 7 | 
r 


—ſe AN * ＋ 4 — 1 DX +f—2)x 4-4 + poo 
A* Tx3 TE" - 1 fee ad 


&c ad infinitum = . 
＋ fi Ys 14 1 + . OP iS 20. pgs . 


infinitum, in which the ene Q is freed from it's multiplication into the 
quantity x and it's diviſion by the binomial quantity 1 ＋ x. 


But this equation is always true, of however ſmall a magnitude the variable 
quantity x be taken. And therefore it will alſo be true when x is = o. But, 
when x is = ©, all the terms on both ſides of the equation that involve any of 
the powers of x will become equal to o likewiſe, and conſequently the only 
terms remaining in it will be 4 and q. Therefore Q will be = 5, and conſe- 
a Rx? 8x3 


quently the ſecond term 5 of the aſſumed ſeries 2 — - rr 
Tx* Vas was ba : 
— = „& ill — Ter 
—— = = c will be = = Therefore the two firſt 
terms of the ſaid og a will be a — 5 Q k. I. 


The 


ON THE SUMMATION OF INFINITE SERIESES, 587 


The Inveſtigation of the Third Term, . of the ſaid aſſumed Series. 
1 + x33 


Art. 11. We are next to determine what ſign is to be prefixed to the third 


Rv? Qx Rox? S* r* 
term, , of the ſaid aſſumed ſeries -., _— 
T2000 1 +4 ef 1+} 14. 

5 6 
3 — &c, and what will be the magnitude of the co-efficient Rx. 


Ta TT +a 
Now it was ſhewn in the laſt article, that the ſeries 5 + b X x 


—ſc -I N A- ex x fe — IX T- NX - — Ax 


Rx -— T.x3 vir“ was 


+ &c 1s equal to the ſeries Rs 1 CY rr 1 


3 &c, and alſo that Q was 1 to . But is leſs than the whole ſeries 
1 + * 


3 ＋ 2 - x —c—4\X * + 4 — A — C — K +f—g x x 
— g — b) x ＋r &c, which forms the left-hand fide of this equation. 1 


7 x? 
8 * T.r3 Vat was x.x* 
1 c, which forms the right-hand fide 


of the ſame equation; or the ſaid whole ſeries will be greater than it's firſt 
term q And this wilL always be true, of how ſmall a magnitude foever the 


fore Q (which is equal to 3, muſt be leſs than the whole ſeries &, 


quantity x, and conſequently the fraction T be taken. Therefore, by the 


ſecond of the foregoing Lemmas, the ſecond term, —, of the ſaid ſeries 


Rx S* T v a+ was — 


„ ——— &c (in which the frac- 
= 1 T e IT ITA 1 + as 1 ＋ a, . 22 


tion . — anſwers to the variable quantity y in the ſeries A, BY, cy, Dy*%, By®, 


r), Gy, )“, &c deſcribed in that Lemma,) muſt be added to the firſt term Q, 
and conſequently marked with the ſign +. Therefore the laſt equation will be 


as follows; b +b ON XK — fc -A TI - -e fx x 


3 R * 8 * 
＋ FK x 2 X x* + &c ad infinitum = . + Tr 


Taxi v“ Dn x5 


+a 140 1+ 3v* = 
prefixed to the term E in this equation is contrary to the ſign that is to be 
4F 2 prefixed 


&c ad infinitim, But the ſign that is to be 


— wy 
— ———— 


_ __ 


— — — — — T ˙ — — F — 


—— 


— 


—— 


L 2 = — _ — — 
_ — 
- _ — — — — — 4d 2 2 
—— — — — z 
— — —— —_— — — = — = — _ — 
— „ *. — — — —— — - — — — 
— — — — 5 — — SS = — 
— A — DH = =T = = _ = — Py — = = _ E — rote ts Po 


— — 


— — 


=y 
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. z . . . | * 
prefixed to the correſponding term —=— in the original equation @ = bx + 


I + x3 
Xx Rx? 43 
ca — dx T — fo + ga — bx?) + &c = Þ — 6952 Bp Wag 2 


ir 
4 5 6 7 . 

. - N == &c, becauſe the laſt equation was derived 
from the ſaid original equation by means of a ſubtraction of the two ſides of the 
laid original equation from their firſt terms @ and y, Which cauſed a change of 
the figns of all it's terms, and likewiſe by means of a diviſion of the remaining 
terms by x, and a multiplication of the quotients of the ſaid diviſion into the 
binomial quantity 1 + #, neither of which two latter operations made any 
turther changes in the figns of the terms of the equation. Therefore the fign 


> 12 


11 * 
— d& + e — ' + g — bs) + &c = Þ — 


that 1s to be prefixed to the term in the original equation @ — bx + c 


v ** 8 *3 


— — 


1 
rere 


, &c muſt be the contrary ſign to the ſign + 


* Vas was Xa 
1 + D 1 + A 1 + De 1 + rn 
which is prefixed to the term - = - in the laſt equation 3 + 6 — * * 


Cn X * — ſe—f X ** AK - = AN 


o . DIR x 
rer rer 3” +2 
muſt be the ſign —. And conſequently the three firſt terms of the ſaid aſſumed 


-, &C; that is, it 


* ; _ g$x3 T x* Vas * . * . 
— — HW 5 &C in the ſaid original equa- 
| "1+" 1+ IT TT TEU * 1 

A R 2 bx R Y 


— — 


„ 1 


* 
— , or 4 — 


. * p "IE. 
tion will be 7 


Art. 12. It remains that we determine the magnitude of the co- efficient x; 
which may be done as follows: 


It has been ſhewn that the ſeries þ + b — Ox x —ſc—4) Xx ** + 
Jex * fe FIX +f—eg xXx - — & * + &c is equal to 


R S2 123 4 5 6 a 
the ſeries Q + = — = , &c, and like- 


L 1 X 
1+ FT FTU TTA TT 1 T 
wiſe that d is 5. Therefore, if we ſubtract þ and & from the oppoſite ſides 
of this equation, che remainders will be equal to each other; that is, the ſeries 


b—Oxx - = + e =* - N K F -N 


— (0 — b\ x x* &c will be equal to the ſeries , 7 
n 1 1 * Tah 1+) 
#: v.x+ 


7 
1 + ** 
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5 8 w 83 
—— *=—, &c. Therefore, if we divide all the terms on both 
|. 


v 
1+ 1+aÞ 1+D) = 
ſides by æ, we ſhall have þ = c e = x + d—OxXxa —fe—f\x x 
S rd v a3 


R d 
+f—g\xx* —p—bx# +& = TFp FI == 7 


4 5 . . . . . 
mw , &c; and, if we multiply all the terms of this equation into 


1 + 1 * e 
the binomial quantity 1 + x, ſo as to diſengage the co-eflicient & from it's 
denominator, or diviſor, i + x, we ſhall obtain the equation 


r eee * f —f\xXa* + f= 1x 23 =] — h)x x5 + &c 
| +36=0Oxx-[c=dxXa*+d=xXa3—ec=fixa* F =* * — & 
s Tx? . xx : _ 
r / re + 


* —cc—24+)xX * +d—-2e+f\xX &f —(e—2f +8g) X * 
3x Tax v x3 wat Rx5 


as )) — nd === — —: ——_— 
3 3 an i T A 1 T % i Ta 1+ a> 
&c. 
Now let x become = o. 


Then will all the terms in this laſt equation that involve any of the powers 
of x become equal to o likewiſe, and conſequently the ſaid equation will have 
only the quantity 5 — c left on one fide, and only the co-efficient x left on the 
other. Therefore R will be = 5 — c; and conſequently the three firſt terms 


3 


Qx Rx? sl ra v.45 wa® 


ſeries p, ——, —= — 1 
of the aſſumed L 1 + x? 1+ x : > 5 3 1 + 24? 1 + as? 's + 


x x7 - 5 bx 3 
r &c will be a 7 2 þ — ( 


* PE: 
X ===» or (becauſe D* is = þ = 7) 


Dl 


bx 2 
1＋ * 1+ a. 


1 


a3 


. 8. 
The Inveſtigation of the Fourth Term, — 


5 
x 13 


of the ſaid aſſumed Series, 


Art. 13. We are next to determine what ſign is to be prefixed to the fourth 


ax? . a N S * ra vas 
3 aſſumed ſeries p, — D „„ fg 
term, K of che T gar ages 27 12 1 == 7 1＋ 35 
6 7 4 . . 
, &c, and what will be the magnitude of the co-efficient S. 


wx 
1 T 1 +a) 
Now 
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Now it has been ſhewn in the laſt article, that the ſeries þ—c + þb— 2: P 
x — C zd K* + 4 — 20 TF * —ſe—2f RN * + 


3 : : Sr 
f—2g + hx * — &c is equal to the ſeries x, jo I 2 


. 2 &c, and likewiſe that x is equal to 4 — c. Therefore, if the 
1 x| x) 


former of theſe ſerieſes is greater than 5 — c, the latter of them muſt be greater 
than R. But the former of theſe ſerieſes is greater than þ — c; becauſe the 


next term — 2c + 41x x, which is added to 5 — c, is greater than the fol. 


lowing term 2d + 9 x , which is ſubtracted from 9 — c ; and, in like 
manner, every following term in the ſaid ſeries that is marked with the fign +, 
or is to be added to þ — c, will be greater than the term immediately tollow- 
ing it, which is marked with the fign —, or is to be ſubtracted from “ — c. 


1+ 
be greater than it's firſt term R. And this will be always true, of how ſmall a 
ET 
poſed to be taken. Therefore, by the ſecond of the foregoing Lemmas, the 


SY 
I + Xx 


. S. * Tax? v x3 ** Xx5 ; 
Therefore the other ſeries k, ——, — 23 — — &c will 
rr fr N FT F FN 


magnitude ſoever the quantity x, and conſequently the fraction » be ſup- 


of this ſeries muſt be added to it's firſt term x, and conſe- 


ſecond term 
quently muſt have the ſign + prefixed to it; and therefore the laſt equation 
will b&—c+b—2+dIXx—c=2d+d)xXxO+d—2e+/) x # 


S* Ta? 


—C=Z Fx * +/—2+DdxO—&=n+ op ==" 


3 wx# X45 | . : 4 
==> , , &c, Therefore in the aſſumed ſeries p, ——, 
i+x 1+ 1+x) ORE 

2 8x3 Tas Vas was xaꝰ 


Gs S* wx# X.x5 
eries R + * 3 or 
of the ſubtract ion mentioned in art. 10, which cauſes all the ſigns of the terms 
of the aſſumed ſeries to be changed, and by means of certain other operations 


— 
— — — — — — 


1 1 + a” «4a. 1 + 


&c 1s derived by means 


by which the ſigns of the terms are not affected, ) the correſponding term == 
muſt have the ſign — prefixed to it. And conſequently the four firſt terms of 
the ſaid aſſumed ſeries will be p 0 — — —_— — = or a — _ 
8 r r. I, 


Art. 14, 
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Art. 14. It remains that we determine the magnitude of the co-efficient 8; 
which may be done as follows: 


It has been ſhewn in the laſt article, that the feries 2 - c + 6b — 2c + Ax x 
elfm=u 20+ 0%Nx +!'d ww -28 + fix e — 27 + 2g) x #* + 


I Sr 12 v.13 W 
5 bo — — — — — — — — on os 


x45 . 22 1 ö : 
—— &c, and likewiſe that x is = þ — c. Therefore, if we ſubtract $ — c 


and x from the oppoſite ſides of this laſt equation, the remainders will be equal 
to each other; that is, the ſeries þ = 2c +d) Xx —c — 24 +e) x 4 
4 — 20 TX — , — 2 r ge +f—2g +b)x x* — &c will be 


| r Tx? v.x3 w.14 x45 
al to the ſeries , —== , "===> &c. And - 
cqu I + x? > on? — 2 75 * conſe 
quently, if we divide all the terms of this laſt equation by æ, we ſhall have the 
ſeries 3 — 2c +d —(c—24 ＋ MX * + d — ier XR 42 — 2 +28 x x 
\ 0 Bobs oe phe. Ges ns <om—s 8 3 
+f — 2g + #\x — &c = the leries Fo = 55” 553 
&c ; and, if we multiply all the terms of this equation into the binomial quan- 
tity 1 + x, in order to diſeagage the co-efficient S from it's diviſor 1 + x, we 
ſhall obtain the following equation, to wit, 


8 20 T * = i HN = = FT xX33+f— 2g + * 
| +b— 2c +d\xx=(c=24+d\ x8 +d = 2e +f)x#3=(e — 2f + g) x x4+&c J 
8 1 va Was xa d 
Er 
b — 30 + 34 —£e) X XX — 4 — 3d ＋ ge —7 * x + d— 3e + 3f —g) X a? 


Matz es An 
ſe—3f +3g—# Xx x ＋ &c = 8, Ta- I+2* 1+)" 1 Th an 
Now let x become = o. 


&c, or — 2c + 4 + 


Then will all the terms in this laſt equation that involve any of the powers 
of x become equal to o likewiſe, and conſequently the only quantity left on the 
left-hand fide of the equation will be + — 2c + 4, and the only quantity left 
on the right-hand fide of it will be S. Therefore S will be = b — 2c + 4; 


ly the four firſt terms of . 
and confequently the the aſſumed ſeries v, EP 7 
$43 ra! vas was xa 7 , by | 
= , 7 F g vil be r el 
az 7 x3 2 bx Diaz D323 
munne: =—{þ = 24+ 0) ESP Fes 95 re. 
1. Is 


Th 
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The Inveſtigation of the Fifth Term, — of the ſaid aſſumed Series, 
* \ 


Art. 15. We are next to determine eng ſign is to be prefixed to the fifth 


FRE — — of the aſſumed ſeries p — * Ry — 5 =, 
7 
DS ies „&c, and what will be the "ah 199 of the co-efficient r. 


"I +2) 13 + mW” | 

Now it has been ſhewn in the laſt article, that the ſeries? — 2c + 4 + 
37 + 3d —A x x — C34 ze - K ＋ 36 + F- 
—ſe — 3f + 38 — b\X x* + &c ad infinitum, is equal to the ſeries 
. &c, and likewiſe that 8 is equal to þ — 2c 


2 1 ＋ * 4 1 © ID I rag i I ＋ 
+ d. Therefore, if 5 former of theſe ſerieſes is greater than — 2c + 4, 
the latter of them muſt be greater than S. But the former of theſe ſerieſes is 


greater than þ — 2c + d; becauſe the next term 65 — ge + 3d - xx, 
which is added to þ — 2c + 4, is greater than the following term 


c— 3d + 3e Y, which is ſubtracted from 3 — 2c + 4; and, in like 
manner, every following term in the ſaid ſeries that is marked with the fi ign +, 
or is to be added to þ — 2c + d, will be greater than the term immediately 
following it, which is marked with the. fi _— " or is to be ſubtracted from 

8 Ws xa c 


5 — 2 + d. Therefore the other ſeries 8, — * ==” — — 

will be greater than it's firſt term 8. And this will be always true, of how 
ſmall a magnitude ſoever the quantity x, and conſequently the fraction — be 
ſuppoſed to be taken. Therefore, by the ſecond of the foregoing Lemmas, the 
ſecond term, — of this ſeries muſt be added to it's firſt term S, and conſe- 


quently muſt have the fign + prefixed to it; and therefore the laſt equation 
will b — 20 f 4 ＋ b—3c+ 34 —Oxx—=(c—3d + ze -& * 
—— ee . e e e * + & = 8 + 


T — Ea. nai 3 A x 
— — = „&c. Therefore in 88 aſſumed ſeries p, — 
1 + an x I + 2 
KA 3 r* * . 6 7 
= ns „ == ==» &c (from which the pre- 


+ * 


_ 65 
o 1 


ſent 


ON THE SUMMATION OF INFINITE SERIESES, 593 


frac n 5 oi nr — , &c is derived by means of the 


D 
ſubtraction mentioned in art. 10, which cauſes all the ſigns of that ſeries to be 
changed, and by means of certain other arithmetical operations by which the 


. a+ 
ſigns of the terms are not affected, ) the correſponding term — muſt have 
I + x) 


the contrary ſign — prefixed to it, And conſequently the five firlt terms of the 


. 7 . . Qa R. S &3 1 ** 
ſaid aſſumed ſeries will be — K..... ³ ˙m % J¼1Ä.ù ES 
TH F r + 
bx ud 2 D* x3 _ + af 
1＋ * 1 + ** 1 + x)? +a Q. F. I. 


Art. 16. It remains that we determine the magnitude of the co- efficient 7, 
which may be done as follows: 


It has been ſhewn in the laſt article, that the ſeries þ — 2c + 4 + 
7 30 ＋ 34 - ex * — 1 — 34 ＋ ze — K + d—3e+ 3j—2)x * 


Tx vat 


— e — If + 32 NN * + &c is = the ſeries S + T7 o—_ 
— — 
1 + JW” 1 + x) 
ſubtract þ — 2c + d and 8 from the oppoſite ſides of the former of theſe 
equations, the remainders will be equal to each other; that is, the ſeries 


bB—=5c+3d—Axx*—-c—=d+3—fxX& ＋ = ze 3f — ax & 
WW + proce 3f/ + 383 — b\x x* + &c ad infiiitum will be = the ſeries 


&c, and likewiſe that S is = — 2c + d. Therefore, if we 


Tx 
1 + x? 


va we , &c. Therefore, if we divide all the terms of this 


I + x) 1+ I+ x} : 
equation by x, we ſhall have the ſeries + — ge + 3d — e —(c — 34 + ze — x 
+ 4 — ze + 3f —g) X * — e — 37 7 38 — h) x + &c ad infinitum 


= the ſeries — = . 
19 rr 
multiply all the terms of this equation into the binomial quantity 1 + x, in 
order to diſengage the co- efficient r from it's diviſor 1 + x, we ſhall obtain the 
following equation, to wit, 


&c ad infinitum; and, if we 


3-3 ＋ 3d -f 34 + 30 2 x x + 4—3e + af=gl Xxx? —ſe = 3f + 22 =>) x83 +&c 
ſ | +b—3c+$34—0&Xx »v—l 3d + ze—f) —_—_—— 


I v wx X.x3 | Fer . 
= T, ——, ===, ==, &c, or the feries þ — ze n_—_— 
"1+ +2, 1+40 . 9 ＋ 34 


. | 4 G : * 
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+ b — 4c + 64 — 4e r K — ſe — 44 + be —4f T g & 
+ 4d —4e + / — 4g + 5\x — &c ad infinitum = the ſeries 


* Va 3 xs 
*1+% 1+xY 3+ 3) 
Now let x become = o. | 
Then will all the terms in this laſt equation that involve any of the powers 
of x become equal to o likewiſe, and conſequently the only quantity left on the 
left- hand fide of the equation will be + — 3c + 34d — e, and the only quan- 


tity left on the right-hand fide of the equation will be T. Therefore T will be 
= b6— 3c + 34 —e; and conſequently the five firſt terms of the aſſumed 


, &c ad infiniium. 


SES —— ec will be 
1+ 1+ 1+ F Ta 1+” (+27 
2 10 8 b — X ener - > — — — — a — — 
I + x 1 fl 2c + 4) X = 1 3c + 3d e 
1 * 8 by * D%y® D 2 | 
e I + * i T 1 + xÞ 1 +a» * 


:. ————ͤ——̃—ͤ x2 — — —  — — — —_— 


vx 


The Inveſtigation of the Sixth Term, — 


$ | 2 
E of the ſaid aſſumed Series. 


— 


Art. 17. We are next to determine what ſign is to be prefixed to the ſixth 


R. $.x3 Tx? vas 


= 
14 1 * Ts 1 + r 1 + * 


&c, and what will be the magnitude of the co- efficient V. 


v.x5 2 
term, — —. of the aſſumed ſeries p, 
I +x) 


wers xæ 
F r ld 
Now it has been ſhewn in the laſt article, that the ſeries 5 — gc + 3d — &- 
＋ 7 — 47 ＋ 6% — 4% f H&K * - — 4d f be — 47 + g\x * 
3 ae + of — 4g +bl x x* — & c ad injiiiium, is equal the ſeries 7, 
Va WZ WM: 
1+ x I + Xx 2 +a” 
34 — e. Therefore, if the former of theſe ſerieſcs is greater than þ — 30 + 34 — e, 
the latter of them muſt be greater than T. But the former of theſe ſerieſes is 


greater than þ — ge + 3d'— e; becauſe the next term þ — 4c + 64 — 4 + x, 
which is added to þ — 3c + 3d — e, is greater than the following term 
£— 4d + be— af + g)X *, which is ſubtracted from „ — 36 4+ 34 — e; and, 


& ad infinitum and Jikewiſe that r is = b — 3c + 


N 


fromb — ze + 34 — e. Therefore the other ſeries r, 


OE IO TRIER a 
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in like manner, every following term in the ſaid ſeries that is marked with the 
lign +, or is to be added to þ — 3c + 34 — e, will be greater than the term 
immediately following it, which is marked with the ſign —, or is to be ſubtracted 
vr 1 Xx3 
++ 1+ a* 3 ns. 
&c will. be greater than it's firſt term r. And this will be always true, of how 


ſmall a magnitude ſoever the quantity x, and conſequently the fraction 7 , 
I * 


be ſuppoſed to be taken. Therefore, by the ſecond of the foregoing Lemmas, 
the ſecond term, — of this ſeries muſt be added to its firſt term T, and 


conſequently muſt have the ſign + prefixed to it; and therefore the laſt 


equation will be 3 — 36 + 34 —e + 6 — 4c + 64 — 4e + flx# 
—c—44 + be —af+g\xa* +d—4e + of —4g Ka — & = 


vx Wa? xx? . ; . Qr 
— — &c. Therefore in the aſſumed ſeries 2 
E 1 
Rx? $x3 Tx? v. ws xXx v . 
2 — ——— ̃ —7· ＋·uꝓv ß, ... 
C1 1 T A ien WY P 


Va wa? X.x3 &c 
11 1 +a 1+ x) 
tion mentioned in art. 10, which cauſes all the ſigns of the terms of the ſaid 


aſſumed ſeries to be changed, and by means of certain other arithmetical opera- 
tions by which the ſigns of the terms are not affected, ) the correſponding term 

Vas 
11 45 : 7 
ſix firſt terms of the ſaid aſſumed ſeries will be p — . — = 
r 1+) I+Þ 


ah 5 3 42 
750 Ir or a — — - = x = — 6 — 2c + 4\x 


ſent ſeries T + is derived by means of the ſubtrac- 


muſt have the contrary ſign — prefixed to it. And conſequently the 


I + x 4 I + * 1 + x45 
py | 44 v as or 8 bx pia? 
r ITON CC NEW +5 7 
D113 9114 vs 
r e 1+) 1 


Art. 18. It remains that we determine the magnitude of the co-ethcient V V; 
which may be done as follows: 


It has been ſhewn in the laſt article, that the ſeries “ = 3c + 3d — e 
+ J 4c + % e f] x K - c — 44 + be = af + 8) Xx * + 


vx 


4 — 428 + bf — ag ＋ X x* — &c ad infiniſum is = the ſeries T + 1 2 
4 G 2 — 


- — — 


9 


1 +x. 
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= =; EE &c, and likewiſe that Tis = þ — 3c + 3d — e. Therefore, 
if we ſubtract þ — 3c + 34 — e and T from the oppoſite fides of the former 


of theſe equations, the remainders will be equal to each other; that is, the 
ſeries 6 — 4c + 64 — 40 + /\X * 5 Gan 4d + be — 4/7 + 2) x ** 


FEET e e will be equal to the feries 


x? 


Wa? xx 


Ee oF 
we ſhall have the ſeries 3 — 4c + 64 — 4e + f 4 — 44d + be = 4f NN 


& c. Therefore, if we divide all the terms of this equation by x, 


wx X.z3 


22 2 1 v 
24 = ge + bf — ag + b\x # — &c ad inſinitum = 7-5» „ 


&ec ad inſnitum; and, if we multiply all the terms of this equation into the bi- 
nomial quantity 1 + x, in order to difengage the co-efficient V from the diviſor 
x + x, we ſhall obtain the following equation, to wit, 7 


b—4gc +6d= 4e - A f = f g\xx+d=4 +6 = D Ke 
| Ge eee . 


wx xx 
333 &c, or — 4c + 64 — ge + f + 


7 — 5c + 104 — 10e + Ax x — c = 54 + 10 — tof + 52 — þ\X © 


wr xa * 
Ar e. 


Now let x» become = o. 


Then will all the terms in this laſt equation that involve any of the powers 
of x become equal to o likewiſe ; and conſequently the only quantities left on 
the oppoſite ſides of the equation will be þ — 4c + 64 — 4e + Fand V. 
Therefore V will be = 6 — 4c + 6d — 4e + f; and conſequently the fix firſt 


. a RA $x3 'Tx* Vas was 
terms of the aſſumed ſeries p, TNF 7 r 
xx) 8 br ( ** 15 
— &c will 5 * b—c * 72 r — 
xt | x5 
mb — 3c + 34 — e 2 55 — 1 — 4c + bd — qe + f\X == Or 
. 
1 1 + x)? 1+ aVÞ 1 T* 1 Q. E. 1. 


The 
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The Invęſtigatiou of the Seventh Term, —=, of the ſaid aſſumed Series, 
; I * 


5 2 


Art. 19. We are next to determine what ſign is to be prefixed to the ſeventh 


W , Q Rx? 843 14. 
erm. -, of the ſuid aſſumed fories :: a=. —_<_ 
1 1 1 * if if 17 


vas was xx 
Tra TH” TN 
Now it has been ſhewn in the laſt article, that the ſeries? — 4c + 64— 4e + f 
+ þ—5c + 104— loe + 5f — g\X x —le— 5d + 10e—10f + 5g — bx 


W. xa * 


+ &c ad infinitum is = the ſeries v, R &c ad inſinitum, and like- 
I X 


&c, and what will be the magnitude of the co-efficient w. 


wiſe that v is = — 4c + 64 — 4e + f, But here, as the compound quan- 
tities on the left-hand fide of the firſt of theſe equations are ſo long as to 
make it troubleſome to repeat them as often as may be neceſſary, it will be conve- 
nient to expreſs them in an abridged notation. I ſhall therefore denote the quan- 
tity þ — 4c + 6d — ße + f, (which is the firſt difference of the co-efficients 
b, c, d, e, f, g, b, i, k, l, n, &c of the fourth order,) by the expreſſion »**; 
and the ſeveral co- efficients of the powers of x on the fame fide of that equa- 
tion, to wit, þ— 5c + 10d — 100 + 5f —g, ©— 5d + 10e— 10 + 5g — , 
d — ße + 1of — log + 5% — i, e — 5f + 1og — lob + 511 — E, 
f— 5 + 10b — loi + 5&— 1 and g — 5b + 10i — 10k + 5 — , &c, 
(which are the ſeveral fitth differences, or differences of the fifth order, of the 
fame co-efficients 2, c, d, e, /, g, b, i, &, I, n, &c,) by the expreſſions 


Di, D., D,, D,, Di, and Dg, &c reſpectively. And then the faid equation 


will be as follows, to wit, D* + D, x * — D. x * + D. 13 p. 


Wx 


„ * + D, be "of an D; X * + &c ad infinitum = the ſeries v, 1 


* 


_ 2 rz X's aN 
R2, 52, &c are uſed to denote the co-efficients of the following terms of the 
aſſumed ſeries after the co- efficient 2, which is the laſt letter of the alphabet. 
With this notation, the inveſtigation of the ſign that is to be prefixed to the 

q RA SK 3 ræꝰ 


WAs . 
th term, ===—, of the aſſumed ſeries p, ——, —=; : — 
— © ms „rr THY rep Tan” 


&c ad infinitum, in which pz, og, 


vas Ws x 


x7 . | 1 
Z=, ===, , &c will proceed as follows: 
Aba 1a IT“ f 2 
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Since the ſeries B“ + D. X * — - Xx x* + D, X * — D X * 


* * 9 ; . 
+ D 5 * * — D. x x* + &c ad infinitum is = the ſeries v, e 1 
1 + 4)* 
3 5 6 5 . . . 
— 5 * = * — &c nn, and V is D, it follows 


that, if the former * D' + D. x * — D. X * 4 D, * x D, X ** 


+ D. X * — D 5 X x* + Ke is greater than it's firſt term D, the latter ſe. 

W * xx * 1 WAR z P2 X x5 Q * 
1 T* 1 4 K I T' 1 T“ 1 1) 1 T * 
than it's firſt term V. But the former of theſe ſerieſes is greater than it's firſt term 


, &c will alſo be greater 


ries v, 


Dir; becauſe the terms N D, and D,, and every following term in the ſe- 
ries that is marked with the ſiga +, or added to the firſt term D., are greater, 
reſpectively, than D ef D. and D., and every following term in the ſame 


ſcries that is marked wich the ſign —, or ſubtracted from the firſt term D“. 
* xa y 13 2*⁷ P2 X x5 d X , 


Therefore the other ſeries v,. , , — __ . 
+” Th 14 r+A” 1+)! it +0 
&c will be greater than it's firſt term V. And this will be always true, of how 


ſmall a magnitude ſoever the quantity x, and conſequently the fraction 172 be 
ſuppoſed to be taken. Therefore, by the ſecond of the foregoing Lemmas, the 
ſecond term, 72 of this ſeries muſt be added to it's firſt term V, and con- 
ſequently muſt have the ſign + prefixed to it; and therefore the laſt equation 
will be D + DI x * — D x * + D * * — 5. x * + D, Xð* * 
WX 1 
1 rer f 


4 5 . . 4 
Ne ot infinitum. Therefore in the aſſumed ſe— 


1 Tal“ LT 1 T* 


hn D; Xx * + &c ad infinitum = the "95 Vv + —— 


ries v. TVT e (from which 
5141 * 1+ al” I ec. 11 IT EA r“ 


the preſent ſeries v. —— ne — 24% rz er qQ2Xx* 
s i F THe” re T 406 
rived by means of the ſubtraction mentioned in art. 10, which cauſes all the 


terms of the ſaid affumed ſeries to be changed, and by means of certain other 
arithmetical operations he which the ſigns of the terms are not affected, the 


=", muſt have the contrary ſign — prefixed to it. 
And 


6? &c, is de- 


correſponding term, . 
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And conſequently the ſeven firſt terms of the ſaid pg ſeries will be 7 — 


a R * Ss ræꝰ vx DEP Ok be. Diaz 
e 1a n+ 1+ — == 1 17 A* 
51173 91154 pas wers 
er ETTETY P. Is 


Art. 20. It remains that we determine the magnitude of the co- efficient W; 
which may be done as follows: 


It has been (hewn in the laſt article, that the ſeries D'“ + D, ** — D, ** 


+ D. * * — . X * + D, * x* — D; x * + &c ad infnitum is = 
3 4 aN q 

the ſeries v — OO} 1 
+ 7Þ# F SY 55 55 
and likewiſe that V is = D'”.. Therefore, if we ſubtract V and D from the 
oppoſite ſides of this equation, the remainders will be equal to each other; 


that is, the ſeries D, X xz — . * * + D, x * —D, X * + D, * 


„ &c ad infinitum, 


* 6 0 .. . 0 * . wr ** v3 
— 6 X * + &c ad infinitum will be = the ſeries rr 7 


W FEES. ==, . 
1 + me 1 + * may” Lo 
of this equation by x, we ſhall have the ſeries D _ D. X x + D, ** — 


&c ad inſnitum. Therefore, if we divide all the terms 


xv Y x? 


N v : V . w 
x? DD $ — —. . — | 
D, X + D. X Xx 6 Xx x* + & = the ſeries r mn 


—— 92 2 


tion into the binomial 8 1 + x, in order to diſengage the co- efficient W 
from it's diviſor 1 + *, We (hall obtain the following equation, to wit, 


&c; and, if we multiply all the terms of this equa- 


D — . X x * D. X * . x * , 
＋ Di * —D,xx*+D,xa*—D. x a4 +D, x 43 — & 


Ks _-_ yuP 22 y2 Xx 1% Q2 X xs ") 
— — — D, D, —D * 
*r e 14 1 * 1 + 21 * 


b. —D') x & + D be yn D. DD Dq 


va KATY Q2 X a3 & 
* 


I 3 


1 r F 1 a 
Now let x become = o. 


— &c ad W = W, 


Then 
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Then will all the terms in this laſt equation that involve any of the powers 
of x become equal to o likewite ; and conſequently the only quantities left on 


the oppoſite ſides of the equation will be D, and V. Therefore V will be = 


D., or D'; and conſequently the ſeven firſt terms of the aſſumed ſeries 


b aur F $1? Ta# Vas ws xa the wit; 
3 "ITT CR =—X% FPR_RRY) = —= 5 . 1 e 
T I+4* 1+4)* i+#j* 1+2* 1+4*% 1+)! 


1+x 1 + xi > La - 1454 1 + x15 1+ Js QF, I, 


UbU¾VEy Es em In Inn an ian nn ine 
0 * 
„ 


Genera! Cæncluſions from the Five loft Inveſtigations concerning the following Terms 
of the ſaid aſſumed Series. 


—C N 
Art. 21. From an attentive obſervation of the five preceeding inveſtigations, 


. - 2 
by which we have found that the third term, —_ of the aſſumed ſeries is to 
k I 


* 
have the ſign — prefixed to it and that it is e ual to þ A x * r 
2 P ; q X 1 * 0 
72 * and that the fourth term, . of the ſaid ſeries is likewiſe to have 
* | 
* - | | : 2 51153 
the ſign — prefixed to it, and is equal to “ — 2c + A x — or = 7 5055 
a 5 6 
| ſixth, and ſeventh terms, , Wa 
and that the fifch, ſixth, an FI and r * of 


the ſaid ſeries, are, all of them, in like manner, to have the ſign — prefixed to 

7 q h h 211154 Diuons 

at they are equal to —— 

them, and t y q _— 

ſeems evident that, if we were to make uſe of the like inveſtigations to diſcover 
y xs 


. 7 
the ſigns that are to be prefixed to the following terms, —— — 
1 + x I x 


ves - i 
» and —— reſpectively, it 
1 * , 


7 M = SEE &c of the ſaid afſumed ſeries, and the values of their 
ſeveral co- eſſicients X, Y, Z, Pa, Q2, &c, we ſhould find that all theſe terms 
would have the ſign — prefixed to them, and that the ſaid co-efficients would 
be, reſpectively, equal to i . N Dr.. and D,, &c, or D”, D*, 


| + cnn 
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Dein, D., and D*, &ec, or to the firſt differences of the ſixth, ſeventh, eighth, 
ninth, and tenth, and other following orders of differences, of the original co- 
efficients b, c, d, e, /, g, b, i, &, I, n, &c, to whatever number of terms the 
ſaid aſſumed ſeries might be continued. For in every new inveltigation the 
proceſſes and the reaſonings upon them would be exactly fimilar to thoſe in 
the next preceeding inveſtigation, and conſequently mutt produce fimilar reſults, 
which are, 1ft, that the new term of the aſſumed ſeries is to have the fame fign 
— prefixed to it which was pretixed to the next prececding term; and, 2«y, 
that the numeral co-efficient involved in it will be the firtt difference of the 
next higher order of differences of the original co-eflicients 4, c, d, e, /, g, B, i, 
k, I, m, &c, to that of which the numeral co- efficient of the next preceeding 
term of the aſſumed ſeries was the firſt difference. And therefore we may con- 
clude, without an actual inveſtigation of any more than the foregoing ſeven 
terms which have been here inveſtigated, that the following terms of the faid 


DYT.x7 


—ͤ—— —_—— 


I + — 


&c ad infinitum, or to whatever number of 


ſeries will, all, have the ſign — prefixed to them, and will be equal to 


bytes D111 pt rio p11 
1 ＋ 87 * 1+ 2” Ta. 
terms the ſaid aſſumed ſeries may be continued. And thus, by this method 
of inveſtigating the terms of the faid aſſumed ſeries ſuggeſted by Mr. Hellins, 
we have diſcovered the law of the continuation of the terms of the ſaid aſſumed 
ſeries. Q KI 


Art. 22. But, perhaps, the reſemblance between the proceſſes and the reaſon- 
ings employed in theſe ſucceſlive inveſtigations of new terms of the aſſumed ſe- 
ries, may be made to appear more clearly by expreſſing them 1n a cloſer and 
conciſer manner than has been uſed in the foregoing articles. And therefore [ 
ſhall now repeat, or recapitulate, the five laſt inveſtigations in as ſhort and com- 
preſſed a manner as I can, and with the ſame abridged notation as is uſed in 
the laſt of thoſe inveſtigations, in which the ſeveral ſucceſſive differences of the 
fifth order of the original co-efficients 3, c, d, e, f, g, b, i, #, I, u, &c are denoted 


by the expreſſions D/, D., D,, D., D/, D,, &c. And therefore I ſhall now 
denote the firſt order of thoſe differences, to wit, the differences - , - d, 
d—e, e—f, f = g, and g — b, &c, by the terms D,, D., D,, D., D,, 
and D,, &c, and the ſecond order of thoſe differences, to wit, the differences 
b—2c+4d c—-2d+e, d—2e+f, e—2f + g, f — 2g + b, and 
g — 2h + i, &c, by the terms D., D', D., D.. D., and = &c, and the 


third order of thoſe differences, to wit, the differences 5 — 3c + 34 = e, 
34 + 30 —þ 4 * 3f = & ©= 3+ 36 =, ſ=> 30 + 250% 
- Vor. IV. BY H and 
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and g — 3% + 3i — K, &c by the terms 55 D D, , N W.; and De, 


&c, and the fourth and fifth orders of thoſe differences by the terms = 4 | 


D., D., D., De, &c, and D., D., D,, Di, D;, Dg, &c. With this nota- 


tion the five foregoing inveſtigations contained in art. 11, 12, 13, 14, 13, 16, 
17, 18, 19, 20, may be expreſſed in the manner following. 


A Recapitulation of the foregoing Inveſtigations of the 3d, 4th, 5th, 6th, and 715 
Terms of the aforeſaid aſſumed Series, in a more conciſe Notation, 


— c—c—@nrr—H—_— 


The Inveſtigaticn of the Third Term, ws of the ſaid aſſumed Series. 


Art. 23. It is ſhewn in art. 10, that the ſeries þ + D, * D. 4 


D. 1 D. 1 D. „ * D, * * + &c ad infinitum is = the ſe- 


: RX S* Taxi va“ was Xx g 5 
ries — — ===, === , &c. ad infinitum 
1 © wks Fra rb O49: 16a. n „and 


alſo that Q is =b. And it is evident that the former ſerics is greater than it's 

firſt term 5; becauſe thoſe terms of it that are marked with the ſign + are 

greater than thoſe that immediately follow them and. are marked with the 

ſign —. Therefore the latter ſeries muſt be alſo greater than it's firſt term . 

And this is always true, of how ſmall a magnitude ſoever we may ſuppoſe the 
* 


quantity x, and conſequently the fraction „ be taken. Therefore, by 
RX 


Lemma 2d, the ſecond term, Tg of that ſeries muſt be marked with the 
ſign +. And conſequently, by reaſon of the ſubtraction mentioned in art. 10, 


the correſponding term, — of the aſſumed ſeries muſt be marked with the 


contrary ſign —. Q E. I. 


Secondly, by ſubtracting the equal quantities & and from the oppoſite ſides 
of the equation þ + D, X x . x2 + D, * * — D, X * + D, x x* 


*. 
4 
oj 
4 
3 
2 
3 
- 
5” 
-F 
* 
4 
AY 
4 
© 
K/ 
LY, - 
9 
vi 
bo 
1 
* 
4 
= 
1 
4 
1 
2 
2 
I 
4 
4 


4 

<q 
x 
4 
2 
4 
WW. 
= 


— 2 ds l 
r 
1 r 


D 2 S LAT CRne,> A n 8 Tr" 


+D'x#— De K A Kc = 
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sa ra va we? xaꝰ 
A I + ** + I + DIY 1 + Ds 1 + Py 
&c, we ſhall have the equation D, X ot — D. * + D, X * — D. X * 


—D, x ＋ & = = 


Rx $.x? Tx3 v ws 
1+" 1+ 1+3) 1+) 1+ 
at &c ; and, by dividing all theſe terms by x, we ſhall have the equation 


I + x) 
D. — D. X ＋ D * * — D. x * rn x * + &c = 


ex © ves wl 


R T* 
* 1+) e 1+)" 1+" . 
plying all the terms of this equation into the binomial quantity 1 + x, we 
Hall have the equation 


&c ; and, laſtly, by multi- 


D D. D x kD eds Dots 
ren 3 * , 6 
, 


1 
„ 3 


S* Tx? maT - WE}. 1 1 ) 
— „ * 
= r n pra, — Kc, or D, + D, D, * 


ll; D x x + 3 1 + —59 


8 * OT i —_— xx5 
$ — 


6 22 5 D: x * — & = 8, 
$Xx Tx? 2 wal x rs 

Kr — 

= o. And we ſhall have 17 =, ce. D, . . i; 


&c. Now let x become 


The Inveſtigation of the Fourth Term, —_ „ of the faid aſſumed Series. 
I 


—_— 


Art. 24. .It has been ſhewn in the laſt article, that the ſeries D, + D; * * 


— D, * * + D; > * D, x x E pm x * + &c is = 


. Sx 14 V.x3 * wet X.x5 
the' eie . er c, and like- 
DDr rr 


4 H 2 


wiſe 


_— 
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wiſe that K is = D. But the former ſeries is greater than it's firſt term D.; 
becauſe the following terms D, * x, D, x ©, D. Xxx, &c, which are mark. 
ed with the ſign +, are greater, reſpectively, than the terms D. X a, D. X * 


D; x *, &c, which immediately follow them and are marked with the ſign —. 


Therefore the latter ſeries muſt alſo be greater than it's firſt term x. And this 
is always true, of how ſmall a magnitude foever the quantity x, and conſe. 


quently the fraction — be ſuppoſed to be taken. Therefore, by Lemma 2, 


the ſecond term, 2 25 -, of that ſeries muſt have the fign + prefixed to it, 


And conſequently, by reaſon of the ſubtraction mentioned in art. 10, Ithe cor. 


3 | | g | 
reſponding term, , of the aſſumed ſeries muſt have the contrary ſign — 


+») 


prefixed to it, Q. E. 1, 


Secondly, by ſubtracting the FE quantities D. and R from the oppoſite 
ſides of the equation D. =_ D/ * * —D, * * + D, 3 D, x 94 4 


2 


85 5 Tx vs w 4. ä 
$ 6 
— = OY — — 
of X Xx Dg X x + & R * 1 _ 1474 TS ay?! IS x 
xs 
==> we ſhall have the equation D. X ** = x + D, 8 
J. 3.x 


— 5 


72 75 = La 54 an. 


D. * RD, X PD, e = 


xa 
2 &c; and, by dividing all the terms by x, we ſhall hav 
1+ 0, . e e ing erms by x, we ſhall have the 
11 11 11 11 
equation D. — D. x x + 5 * * — D. x * + D, „ D, x * 
1 _— wad — — x5 
PRC; = 1+ N "I + cy amb, by.mul- 


tiplying all theſe terms into 1 ws x, we lhall * the equation 


I 2 3 


11 11 11 11 11 11 
D - D xx +D * . xX4*+D. x%*—D, x »* + Re 

11 11 11 11 11 
nnr, . 


| 


Tx vr wa3 x. x+ vr 


= 8, TIP r &c, or D/ + . —D' 
LOI * 11 5 8 font 11 
— D * + n x —D,—D; * * 5 


K * 


+ e 9 . CE On * _ 2» 


PETTY 


22 
ak 
"x" 


nnn 


- Ma 8 FI —_ bs Ds POD 8 


6— 


c 
* 
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* —— 4 

. = 2 „ =o e +D, X x 

=D; x*+D, x . — * — & = 8, =, 
®. ws xa VY.x5 3 

T Trap Fra, Fra &c. Now let x become = o. And we ſhall 


then. have S. = D.. 1. 1. 


7. 


= 1 of the ſaid aſſumed Series. 
” 


The Inveſtigation of the Fifth Term, : 


Art. 25. Since the ſeries * + > 64 * * — D, * * + D, „ 


111 111 Tx ve” 
3 + . X 1+) 
D, X + 5 ? 1 + x? 1 +x ok 
3 5 
,, , e, and D, is 8, and the former ivies 


T+a' i Fe 1+A” = 


is evidently greater than it's firſt term 3 it follows that the latter ſeries muſt 
be greater than it's firſt term 8. And this will be always true, of however ſmall 


a magnitude we may ſuppoſe x, and conſequently the fraction 1 — to be taken. 


Therefore, by Lemma 2d, the ſecond term, 1 of the latter ſeries muſt 


have the ſign + prefixed to it. And conſequently, by reaſon of the ſubtrac- 


, 2 8 . T.x* 2 
tion mentioned in art. 10, the correſponding term, —_— of the aſſumed ſe- 
I * 


ries muſt have the contrary ſign - prefixed to it. E. I. 


Secondly, by ſubtracting the equal quantities D, an] S from the oppoſite 
fides of the equation D, + 5 * + ih X * + = BEA Ne D, xx 


111 1 Ws x x* 
X5 — nr; e | Z 


a 6. 111 
e 5 == , &c, we ſhall obtain the equation D, xx—D, x * + 
. 1 A 


111 Tx V2 


D, x * —— * * + D, „1 — Dy N 


1 T* 31+ 8. 
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1 


e e X x Des tf * * —D, 8 K * — 


; and, by R all theſe terms by , 


111 5 3 T 3 5 xæs * 
De x3 be = r F b r F == 
and, laſtly, by * all theſe terms into 1 855 *, we ſhall obtain the 
equation 


111 11 
D 3 n -D, das +D, * — Df Xx #5 + &c 


11 
+D, 3 ebe +07 X * = &c 


Vx wx? Xx3 val 2 * 171 
rer ECTS =p Ke, or D. +D, DIN 
. — DK +D} — DX = O. DEN 

Vx wa? xx 1 7.45 &, 


D, eee —=T, i+ x LEAP 1+ a a of I+ x} 
or D, + D. x x D K +D, i * * + D. X * — 


— — on EW. — N 8 0. 
1 e, T Tf Ke. No | 
And we ſhall then have T = D, „ or D. Q k. 7. 


T he Inveſtigation of the Sixth Term, = NT -, of the ſaid ned Series. 


Art. 26. Since the ſeries * + D. XX — D x * 4 D, 8 


N42 


15 7 —_ 3 3 6 8 Vx no A 
D, X x +D. x x D, xx + &c is = the ſeries T, N = 


. Yau 2 * 52 P2 xa 
— XG and D, is = T, and the former ſeries 1s 


+} Sz 4) 14+" 1 + A” 


evidently greater than it's firſt term . it follows that the latter ſeries muſt 


be greater than it's firſt term T. And this will always be true, of however ſmall 


a magnitude we may — x, and conſequently hs tration, —— — ——, to be 
taken, 


| 


þ 
* 
2 
— 

3 
oY 
4 
2 
7 

1 


ON THE SUMMATION or INFINITE SERIESES. 607 


taken, Therefore, by Lemma 2, the ſecond term, 


— of the latter ſeries 
muſt have the ſign + prefixed to it. And conſequently, by reaſon of the 
ſubtraction mentioned in art. 10, the correſponding term, _ of the aſſumed 


I Tah 


ſeries muſt have the contrary ſign — prefixed to it. 1 bs 


Secondly, by ſubtracting the equal quantities Dr and T from the oppoſite 
ſides of the equation + + D, wit E K * + D, YT 97 * x 


iy vx wa? xx3 va 2 * 
4 * * + & = 1. — ===> 
+ ES 1 +7 140" 1+ 


, &c, we ſhall obtain the equation D* Xu — D x * + D, X * — 


e = , — 
D, x ＋ ＋ D. x #* — De x * + Ke * TF 


, &c; and, by dividing all theſe terms kt x, we (hall have 


z P K a” as 
n+ 2.4 1+" 
iy. x I 
3 =D. X x + D, * * —D, x * „ * — D X * Xe 
v W. xx Y.x3 7x4 P2 X 45 a a 
r Yo RY r Ta R=5- &c; and, laſtly, by multi- 
plying all theſe terms into 1 + x, we ſhall obtain the equation 


Dr b. X x + D, X * —D, x a3 + D. * 44 — D, X x5 + &c 


Iv iy Iv Iv Iv 
D. * # . x f +D, E: ou” X x5 — &c 


EI TE wa xXx? vas 2 a X x5 & D* D* D 
IF" FF FD FT r Gor D Y% —_ 


I + s 
b — D, x * + D. — D. * * — D. — D'\x x* + D. — D * 


wax f — fg z.ax* P2 X x5 


— &c = V, FFÞP 2 po r+ 1+M. 2 or D. +D, x « 
- D, x «* FF 


x x* Y a3 2 ** P2 X x5 x5 


Ras UE 4 &c. 


Now let x become = o. And we ſhall then have V = Da, or D**, 
E. I. 
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| 3 5 was . = 
The Inveſtigation of the Seventh Term, == of the ſaid aſſumed Series, 


—_—CT 


Art. 27. Since the ſeries D + D. X * — . X & + D, „ * 


1 


b. K * + D, beak ei D. * + &c ad infinitum is = the ſeries v, . 


BY 
2 3 * P2 'S 2 X - 
Xa væ 7 Xa c od inſiuitum, and . 8 


HA e IEA” e 1+00 


and the former of theſe ſerieſes is evidently greater than it's firſt term D”", it 


follows that the latter ſeries muſt alſo be greater than it's firſt term V, And 
this will always be true, 92 how ſmall a magnitude ſoever the quantity x, and 


conſequently the fraction ——, be ſuppoled to be taken. Therefore, by Lem- 


ma 2, the ſecond term, OY of the latter ſeries muſt have the ſign + pre- 


fixed to it. And conſequently, by reaſon of the ſubtraction mentioned in 


art. 10, the correſponding term, = of the aſſumed ſeries muſt have the 
contrary ſign — prefixed to it. * . 1. 


Secondly, by ſubtracting the equal quantities D” and V from the oppoſite 
ſides of the equation Dr + D. * 1 ** + D, * ** — D, K * + 


| n FS - v 2x% P2X45 
y 1 17 TN e 1+000 1 
== &c, we ſhall obtain the equation D, X x — D, * * 4 D, 3 


W. X.x2 Y x3 


N 1 6 05 — 

D, x * + D, a Dg x » 9 To" 2+ 

<1. - ra K x5 NK 

* * 2 2 

have D, — D. x * + D, * * —D, x * + D, X * — DA x ** + 
4 - 

& = — — Dn ren, eng &c ; and, laſtly, by 


+ Tr 1+" 1+4 1+ 1+ 


multiplying all theſe terms into 1 + x, we ſhall obtain the equation 


—— tec; and, by dividing all theſe terms by x, we ſhall 


Wu 


D 
5 


| 
| 
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1 
* 
* 
f 
7 5 
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* * * * * 
D — D. * * ＋ D. ** —D, x * 


＋ D. xx D X D x 2 


** 14 — Dy * x5 + &c 


4X 2*+D, x 35 le 


x 14 * 243 2 „ 4* ai as v v * 
= W, —, 22, — ——— , &c, or D D —D | x 
3+ 1 T 1+) + AT. SS... - ry 24 * 


v v A v v) * v v Mn 
—D; -D + D' D. D- D!)x D- Dq 


2 
Xr 12 2.13 2 X 47 2 » x5 v vi 
— = Kc, or D. + Di x * 


— &C = W, ——, — — 8 
1 e e 1+" 


XX 


vt A vi vi vi * 
— D. xx ＋ D. ** — D. N +D. X x* — &c = W, 7 


1 2x3 Pz N N & 


Now let à become = o. And we ſhall then have D. = W, or W D, 


or D'. Q E. I. 


Remarks on the laſt Five Inveſtigations of New Terms in the aſſumed Series 


7 Qr R * r* vas was X.x7 tre at 'f F 
1+ 142 142 FF 1+0 TA 1+” 1 


tum. 


Art. 28. Theſe inveſtigations are all exactly ſimilar to each other, and conſiſt 
of the ſame arithmetical operations and reaſonings, repeated over and over, and 
applied to new infinite ſerieſes involving new orders of differences of the original 
co-efficients 5, c, d, e, ,, g, B, i, k, I, n, &c ad infinitum, For in each of 
them we ſet out with conſidering an equation between two infinite ſerieſes that 
have the following properties. The firſt, or left-hand, ſeries in this equation is 
a decreaſing progreſſion of terms, of which all the terms, except the firſt, in- 
volve in them the ſeveral powers of x in their natural order, to wit, x, *, x*, 
*, x*, *, &c, combined with, or multiplied into, the ſeveral ſucceſſive terms 
of ſome order of differences of the ſaid original co-efficients &, c, d, e, J, g, B, 
i, E, 1, m, &c, reſpectively; and the ſaid terms, ſo involving the powers of x, 
are marked with the ſign + and the ſign — alternately, or are added to the firſt 
term (which is a Known quantity not combined with x,) and ſubtracted from 
it alternately : and conſequently the whole ſeries is neceſſarily greater than it's 
firſt term. Theſe are the properties of the firſt ſeries. And the ſecond ſeries 
in this equation is a ſeries of quantities of which all the terms, except the firſt 
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. he: . | . * . | . 
term, involve in them the ſeveral powers of the fraction 2 7 their natural 


8 . , &c, combined with, 
re de 8 

or multiplied into, certain numeral co-efficients denoted by the capital letters 
R, s, T, V, w, x, &c, that are hitherto unknown, and are to be determined 
gradually, one after another, by means of the following inveſtigations; and the 


order, to wit, 


fixſt term of this ſeries is a known quantity, not involved with the fraction Er- 
* 


or with x, to wit, the co- efficient of the term of the aſſumed feries that was de- 
termined by the laſt preceeding inveſtigation; and this term has been ſhewn 
to be equal to the firſt term of the former ſeries. And hence it follows that, 
ſince the whole of the ſaid former ſeries is greater than it's firſt term, the whole 
of this ſecond ſeries muſt likewiſe be greater than it's firſt term. And this will 
be true, of how ſmall a magnitude ſoever the quantity x, and conſequently the 
fraftion - -, may be taken. And therefore, by Lemma 2d, the ſecond term 

of the ſaid ſecond ſeries muſt be added to it's firſt term, and conſequently muſt 
have the fign + prefixed to it. And conſequently, by reaſon of the ſubtraction 
mentioned in art. 10, (which cauſes the ſigns of all the terms of the aſſumed ſe- 
ries to be changed, ) the correſpondent term of the aſſumed ſeries muſt have 
the contrary fign — prefixed to it. Theſe are the reaſonings contained in the 
firſt parts of each of the foregoing inveitigations, and by which it is diſcovered 


that the ſign to be prefixed to the new term of the aſſumed ſeries will always 
be the ſign —, 


Art. 29. The remaining part of each of the ſaid inveſtigations relates to the 


determination of the magnitude of the co-efficient of the new term of the 


aſſumed ſeries; which co-efficient is alſo the co-efficient of the fraction - 2 k in 


the ſecond term of the ſecond of the two infinite ſerieſes above-deſcribed, which 
are equal to each other. And to determine the magnitude of this cos efficient, 
we perform, in each of the ſaid inveſtigations, the three following operations 
on the ſaid two equal ſerieſes. | 


In the firſt place, we ſubtract from them their two firſt terms, which are equal 
to each other: and by this operation we obtain a ſecond equation between the 
two iemainders ; which are infinite ſerieſes that have the following properties. 
The firſt of them is a ſeries of which all the terms involve the ſeveral powers 
of x in their natural order, to wit, the powers x, **, x*, x4, x*, *, &c, com- 
bined with, or multiplied into, the ſeveral ſucceſſive terms of the aforeſaid order 
of differences of the original co-efficients 5, c, d, e, J, g, b, i, k, I, m, &c, 
and connected with each other by the ſign — and the ſign + alternately ; the 
ſecond, fourth, ſixth, eighth, and other following even terms having the ſign — 
prefixed to them z and the third, fifth, ſeventh, and other following odd terms 
having the ſign + prefixed to them. And the other ſeries is a ſeries of which 

g al! 


8 
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4 


all the terms involve the ſeveral powers of the fraction 12 in their natural 
* 


* ** 13 a+ x a® 


1 + x) 1+ 2 1+ +a 1+) 1 +a 
combined with, or multiplied into, certain numeral co-cfficients that are hitherto 
unknown, and of which the firſt is now to be determined. 


We then, in the 2d place, divide all the terms of this ſecond equation by x; 
and we thereby obtain a third equation, of which the firſt, or left-hand, fide 
contains an infinite ſeries of which the firſt term does not involve any power 
of x, but all the following terms involve the ſeveral powers of x in their natural 
order; and the firſt term, and the numeral co-efficients of the powers of x in 
the following terms are the ſeveral ſucceſſive terms of the aforeſaid order of 
differences of the original co-ethcients 5, c, d. e, /, g, b, i, Ek, I, m, &c; and 
the ſecond and other following terms of the ſaid ſeries are connected with it's 
firſt term by the ſign — and the ſign + alternately: and the ſecond, or right-hand, 
ſide of the ſaid third equation contains an infinite ſeries, of which the firſt term is 
a fraction that has for it's numerator the new co-eſhicient which we are now en- 
deavouring to determine, and for it's denominator the binomial quantity 1 + x; 
and the ſecond and other following terms of the ſaid ſeries involve in their nu- 
merators the ſeveral powers of x in their natural order, beginning with x, to 
wit, x, *, 4, *, x*, x*, &c, and involve in their denominators the ſeveral 
powers of the binomial quantity 1 + x in their natural order, beginning from 
e a5 + abs, 1+al, 1 + a, &c, 
and involve allo. in their numerators, beſides the ſaid powers of x, the ſeveral 
numeral co- eſſicients of the terms of the aſſumed ſeries that are hitherto unde- 
termined, 

And we then, in the 3d place, in order to diſengage the new co-efficient, 
(of which we are now endeavouring to determine the magaitude,) from it's de- 
nominator, or diviſor, 1 ＋ x, multiply all the terms of this laſt, or gd, equa- 
tion into the ſaid binomial quantity 1 + x; which produces a new, or 4th, 
equation between two infinite ſerieſes, which may be deſcribed as follows. 


The firſt term of the firſt ſeries, which forms the left-hand fide of this 4th equa- 


&, 


order, to wit, the powers 


tion, is the ſame with the firit term of the firſt ſeries contained in the former, 


or 3d, equation, or is the firſt difference of the above-mentioned order of dit- 
ferences of the original co-efficients 3, c, d, e, %, g, b, i, &, I, n, &c; and 
the ſecond and other following terms of the ſaid ſeries involve in them the ſe- 
veral powers of x in their natural order, (to wit, x, x*, x*, *, x*, &c,) com- 
bined with, or multiplied into, the firit, ſecond, third, and other following dif- 
ferences of the original co- efficients &, c, d, e, J, g, b, i, &, I, n, &c, of the 
next higher order to that of the differences of the ſaid co- efficients contained in 
the former, or 3d, equation, and they are connected with the firſt term of the ſaid 


ſeries by addition and ſubtraction alternately, or have the fign + and the ſign 


— prefixed to them alternately : and the firſt term of the ſecond ſeries (which forms 
the right-hand fide of this th equation, ) is the new co-efficient, (of which we are 
endeavouring to determine the magnitude,) not combined with, or multiplied into, 

412 any 


_ 
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any other quantity, and the ſecond and other following terms of the ſaid ſecond 


Xx * * 
8 their natural 


ſerics involve in them the ſeveral powers of the fraction 
5 : x at a3 a+ a5 py 
order, to wit, the powers 5 I . r pe, re * 7 * 
&c, combined with, or multiplied into, the ſeveral co-efficients of the terms of 
the aſſumed ſeries that are hitherto undetermined. | 
And then, in the 4th place, we ſuppoſe x to become = o; which cauſes all 
the terms on both fides of this laſt, or 4th, equation, except the firſt term on 
each ſide, to become equal to o likewiſe : and we thence;;eonclude that the ſaid 
two terms muſt be equal to each other, or that the new co-efficient, of which 
we have been endeavouring to determine the magnitude, 1s equal to the firſt 
term of the former ſeries which forms the firſt, or left-hand, fide of the laſt, or 
4th, equation, or to the firſt difference of the above-mentioned order of differ. 
ences of the original co- efficients 5, c, d, e, F, g, b, i, K, I, ni, &c, contained in 
the 3d equation before the multiplication of it's terms into the binomial quan- 


tity 1 + x. 


Art. 30. Theſe are the proceſſes and reaſonings contained in the ſecond part 
of each of the foregoing inveſtigations; by which it has been diſcovered that 
every new co- efficient of the aſſumed ſeries thereby determined, is the firſt dif. 
ference of the next higher order of differences of the ſaid original co-efficients 
b, c, d, e, f, g, b, i, k, I, m, &c, to that of which the laſt preceeding co-effi- 
cient in the ſaid aſſumed ferics was the firſt difference. And, upon an atten- 
tive examination of theſe inveſtigations, and a compariſon of them with each 
other, it will appear that, in each of theſe inveſtigations, the ſeries which forms 
the firſt, or left-hand, fide of the laſt, or 4th, equation mentioned in the pre- 
ceeding, or 29th, article, (which 4th equation was obtained by the multiplica- 
tion of the next preceeding, or the 3d, equation into the binomial quantity 
1 + K,) is always a ſeries of the ſame kind with that which forms the firſt, or 
left-hand, fide of the equation with which we ſet out in the beginning of the in- 
veſtigation; that is, it's firſt term is the firſt difference of the order of differ- 
ences contained in that firſt equation, and it's following terms contain the ſe- 
veral ſucceſſive differences of the next higher order to the ſaid former order, 
combined with, or multiplied into, the ſeveral powers of x in their natural or- 
der, to wit, x, x*, x*, x*, x*, x*, &c, and connected with the firſt term, or the 
firſt difference of the preceeding order, by the fign + and the ſign — alter- 
nately. 


Ü—Üü—ͤ8—— .. K... ID 


The foregoing Concluſion proved in a more General Manner. 


Art. 31, And that this muſt univerſally be the effect of ſuch a multiplication 


of a ſeries of quantities involving the terms of any order of differences of the ſaid 
original 


cc 
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original co- efficients b, c, d, e, f, g, b, i, &, , n, & c, in which ſeries the firſt term 
does not involve any power of x, but the ſecond and other following terms in- 
volve in them the ſeveral powers of x in their natural order, to wit, che powers 
x, a, a0, *, x5, 4 &c, and in which the ſecond and other following terms 
are connected with the firſt term by the ſign — and the fign + alternately j— 
I fay, that this muſt univerſally be the effect of a multiplication of a ſeries of 
this kind into the binomial quantity 1 + x, will appear by denoting the number 


- which expreſſes the order of theſe differences contained in the ſeries that is to be 


multiplied, in a general manner by the letter , fo that the ſeries that is to be 


multiplied ſhall be the ſeries D. = D x * + D, x * — D x W + 


D. x * — D/ x * + + Ke, and multiplying the ſaid ſeries into 1 + . 


This may be done as follows : 


D D A +Djxs D. * 7 D. xa* —Dj * + &e 


3 4 5 
11 * ; 8. 
1 n 17 7 n 
D, —D,xs +D,x- —Dixa* +D_ xa =D, x a& ww 
* * * * 7 
＋ Di x * — D. * * +D, x 4 —D, x * + D. x * — Ke 
| D. D* * | * 7 
D, + * a—| pet +] 5) a + x * + 5 Xx x5 — & 
D — D . 3 * 6/ 
which is = DI + DT X D' x + DJ) X — DUE! o of 
E * D* x # — &c. 
This ſeries D. + D' * D' xt Dr R = DEPT! 
Xx * + D' * — &c, obtained by the foregoing multiplication, is of 


5 


the ſame kind with the ſeries D” 


+ Di x * — D X * ＋ DI X * — 
D. Na ++ D, * x* — &c with which we muſt have begun the inveſtigation 


which ends with the ſaid ſeries obtained by the ſaid multiplication, For the 
ſeries with which we muſt have begun the ſaid inveſtigation which ends with 


that laſt ſcries, is the ſeries D“ + Di x * — D. x * + D' Xx af 


D. * * + D* * K* — &c; this being the ſeries upon which, if we perform 


the three operations of ſubtraction, diviſion, and multiplication, mentioned in 
art. 29, 
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art. 29, we ſhall thereby obtain the laſt ſerics D! 1 a 4 a; © Pe + pe * * 


3 5 
from it it's firſt term D. , we ſhall obtain the ſeries Dr x * — D x * 


„„ X #* + 9 "X * — | 1 „ i + & c. For, by ſubtracting 


+ p, 138 D. * x* + D, ** — &c; and, by dividing all the terms 
of this ſeries by x, we ſhall obtain the ſeries D. — D. x * + D, X * — 
p. hd + D? * * — D. x * + &c; and, by multiplying this laſt ſeries 


into 1 + x, we ſhall obtain (as we have juſt now ſeen,) the equation D + 


3 5 


* KR D "2X -#* + D“? X * —D" * * + © of * * — 
D* Z "X * + &c ad infuitum. And therefore, ſince theſe three operations, 


Which are performed in every new inveſtigation, always produce a fimilar ſeries, 
at the end of the inveſtigation, to that with which the inveſtigation begins, it 
follows that, whatever order of the ſaid differences the letter » be ſuppoſed to 
expreſs, or denote, in any one inveſtigation, (as, for example, in the laſt in- 
veſtigation, by which we obtained the value of the co-efficient w,) all the fol- 


2 


. . - | ® Q R. 
D r h — 
lowing co-efficients of the te ms, of the aſſumed ſeries v, 7 
8&3 * Var . Ya! za® a * * QZ XxX a! 


I 


Ds &c will be reſpectively equal to D-, DP, D* +3, D* #4, 
D“, &c ad infiritum. And thus we may ſafely conclude that the following 


terms of the aſſumed ſeries, which have not been inveſtigated, will be analogous 
to thoſe that have been inveſtigated, or will be ſuch as the above-mentioned 
law of generation, or continuation, will produce, . k. b. | 


——— 


End of the Appendix to the Traci in Vol. III. of this Collection, pages 255, 
256, 257, Cc — — — 312, concerning the Inveſtigation of the Dif- 


ferential Series a ou DK Duæz bin pts 
r 17 
bx viz; puns = a : 
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A METHOD of SUMMING an INFINITE SERIES of DECREAS- 
ING QUANTITIES of the following Form, to wit, a + bs + cr + dv 
＋ ex* + Vr + ge + bx" + &c ad infinitum, with Exatineſs, when the 
ſeveral Terms of the ſaid Series decreaſe ſo ſlowly as to make the Summa- 
tion of it in the common Way, or by the mere Computation and Addition 
of a moderate Number of it's initial Terms, impracticable. 


Invented by the Reverend Mr. JOHN HELLINS, Vicar of Potter's Pury, 
in Northamptonſhire. 


— 


Article 1. JN this ſeries a + bx + cxx + dif + ext + fof + gx?) + bx? + 
&c ad infinitum, it is ſuppoſed, in the firſt place, that x denotes a 
quantity that is leſs than 1, but talls ſhort of it by a very ſmall difference, (as, 


for example, that it denotes a quantity that is equal to the fraction 2 or the 
fraction 22, of which the former differs from 1 by only the ſmall fraction , 
£00 10 


and the latter differs from it by the ſtill ſmaller fraction — ;) and, conſequently, 


that the ſeries 1, or u, **, x*, X, x4, x*, *, 7, &c, of the ſeveral ſucceſſive 
powers of x, (which are involved in the terms of the ſaid ſeries,) will be a de- 
creaſing geometrical progreſſion, of which the ſeveral terms will decreaſe ex- 
ceeding ſlowly : and it is ſuppoſed, in the ſecond place, that the letters a, &, c, 
d, e, f, g, b, &c (which are the co-efficients of &, or 1, and of x', x*, &, af, 
x*, a*, x7, &c in the ſaid ſeries a + bx + oa? + dif + en + faf g' + br? 
+ &c, or 4X1 + bx + of + dif + en + ff + gx? + bx? + &c, or 
a X * + bx" + cx + di? + ea! + fof + gf + bx? + &c, reſpectively,) do 
likewiſe form a decreaſing progreſſion of terms, fo that þ ſhali be leſs than a, 
and c than , d than c, e than 4, / than e, g than f, h than g, and every tollow- 
ing co- efficient than the co- efficient immediately preceeding it: and it is ſup- 
poſed, in the 3d place, that the decreaſe of theſe co-efficients a, 5, c, d, e, f, 
g, h, &c is very flow, and conſequently that the multiplication of theſe co-efh- 
cients into the ſeveral correſponding terms of the geometrical ſeries 1, x, *, 
x3, x*, , *, x", &c, (by which the propoſed ſeries a + bx + c + d + 
ex* + f15 + gx* + bx!) + &c is produced,) will very little accelerate the de- 
creaſe of the tcrms of the ſaid geometrical ſeries, and therefore that the terms 
of the ſeries a + bx + c + di? + e + fo + g' + bx? + &c (which 
ariſes 
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ariſes from ſuch multiplication,) will alſo decreaſe very ſlowly : and it is ſup- 

poſed, in the 4th place, that, if we ſubtract the third term c of the ſeries a, 5, 
c, d, e, f, g. b, & c from the ſecond term 5, and the fourth term d from the 
third term e, and every following term from the term next before it, the ſeveral 
differences thence ariſing, to wit, the quantities 3 — c, — 4, d — e, e— ＋ 

, g — bh, &c, will be a ſeries of decreaſing quantities; and, in like man- 
ner, that the differences of theſe differences, or the ſecond differences of the 


— 


co- efſicients , c, d, e, f, g, b, &c, to wit, the quantities 5 = c (c — 4, 


c=d de, 4 — : —(e—f, e =f — , andf—g = g , &c, 
or 6 — 2 +4,c- 2d T e, d — 20 /, e — 2 ＋ g, and f — 2g + b, &c, 
will alſo be a ſeries of decreaſing quantities; and that the third differences of 
the ſaid co efficients 4, c, d, e, f, g, h, &c, or the differences of their ſecond 
differences, to wit, the quantities 5 — 3c + 34 — e, c — 3d + ze — f, 
d— ze + 3 — , and e — 37 + 34 — b, &c, will alſo be a ſeries of de- 
creaſing quantities; and, in like manner, that the fourth differences, and the 
fifth differences, and the ſixth differences, and all the following differences, of 
the ſaid co- efficients 5, c, d, e, /, g, b, &c, will be ſerieſes of decreaſing quan- 


| = . . 8 a a? * * 40 * ? Pu 
tities. The logarithmick ſeries x + — + kay 3 + T + + + 5 + 


+ &c ad infinitum, (which is equal to the logarithm of the ratio of 1 to 1 — x 


in Napier's Syſtem of Logarithms,) will afford us an example of ſuch a ſeries, 


if we ſuppoſe x to be = —, For then the ſaid ſeries will become equal to 


a, OO, — Tr 
= * ELANTRA] HT "IX 


IO 


$ 
ES, 5 = 2B i + 5 x £) + &c ad infinitum, or to — X the ſeries 14 


2 3 "Ta 5 
I 9 . 9 3 mn; . OS: 9 On 
_— 3 X on + 4 X = + 5 X 150 * G X — * - X 


g |* + _ x = + &c ad infinitum ; which laſt ſeries is of the ſame form 
with the general ſeries a + bx + a + du + ex + ff + gx* + bx" + &c 
Fe I . 9 . . 1 
ad infinitum, the fraction — correſponding to x, and the co. efficients 1, wy 


= OY 7 — — 5 Ke, ad infinitum, correſponding to the co-efficients 


4, 3, c, d, e, /, g, b, &c ad infinitum. 


1 1 1 1 1 1 1 . 
Art. 2. Theſe co-efficients 1, E fy > ov &c do in- 


deed, for a few of the firſt terms, decreaſe rather faſter than might be expected 
in a ſeries that converges very flowly. But their decreaſe ſoon becomes ſo flow 
. as 
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9 
10 
with which they are combined; inſomuch that, if we were to eadeavour to find 


« . x* per * as as x7 po 
the value of the faid ſeries x + — + are + ee gp + — + 7T- 


2 * 
+ &c ad infuitum, or + — x = +tSx2'+—x4 ara. 


10 4 

6 7 s . 
x 2] ++ x2 + + x | ++ x {| + &c ad infnitum, in the 
common way, or by merely computing ſome of it's initial terms, and adding 
them together, the firſt thirty-two terms of it would give us the value of the 
whole ſeries exact only to one figure, the ſaid thirty-two terms being equal to 
the mixt number 2.294, 933,8 20,483, 84, which agrees with the true value of 


the ſaid ſeries only in the firſt, or higheſt, figure 2, the ſaid true value being 
2.302,585,092,994,04 5,684,017, &c, or Napier's Logarithm of the ratio of 


#43 to contribute very little to the diminution of the powers of the fraction 


1t0 1 — . or of the ratio of 1 to 22. or of the ratio of 10 to 1, or (ac- 


cording to the common inaccurate exprefſion,) Napier's Logarithm of the num- 


ber 10. So little would the decreaſe of the co-efficients 1, _ — 2 Tr 
— TY . &c (though tolerably ſwift for the three or four firſt terms, ) 


contribute to accelerate the decreaſe of the powers of the fraction _—_ and 


thereby facilitate the calculation, And, if we wgre to endeavour to find the 
value of the ſaid ſeries, or logarithm, exact to twenty places of decimal figures, 
in this way, or by the mere computaiion and addition of it's terms, it would, 
as J apprehend, .. be neceſſary to compute very nearly four hundred of it's terms 


for that purpoſe. And, if we were to fuppcſe x in the ſeries x + — 4 ＋ 
2 
7 
ſtead of =, the difficulty of obtaining the value of the ſaid ſeries to this de- 


+ - + = + = + + Lal + &c ad infinitum to be equal to 2, in- 


gree of exactneſs in the common way would be much greater than in the former 
caſe, and indeed fo great as to be juſtly conſidered as unſurmountable. It is 
therefore very deſireable, when our object is to obtain the value of the ſaid lo- 

rithmick ſeries to any great degree of exactneſs in either of theſe cafes, to have 
tome eaſier method of diſcovering the ſaid value than the direct, or rommon, - 
one, of merely computing and adding together a ſufficient number of it's initial 
terms. And accordingly many eminent Mathematicians have exerted their abi- 
lities in endeavouring to find ſome ſuch methods of diſcovering the values of 
infinite ſerieſes of the foregoing form a + br + coax + dr + ex* + fa* + gx 
++ bx* + &c, when their terms decreaſe with this exceſſive ſlownels. 

Vor. IV. 4 K | Art. 3. 
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Art. 3. Now it is remarkable that a flowly-converging infinite ſeries of the 
foreg:mng form, @ + by + cr + di? + c + ' + g + bs + &c ad in- 
fjinitum, in which all the terms are connected together by the ſign +, or are 
added to each other, has been found to be much more difficult to be ſummed to 
a conftderable degree of exactneſs, than a ſeries conſiſting of the very fame 
terms, in which the terms are marked with the ſigns — and + alternately, or 
in which the ſecond, and the fourth, and the ſixth, and the eighth, terms, and 
all the following even terms, are marked with the ſign —, or are ſubtracted 
from the other terms, fuch as the feries a — bx + ax — di + ex* — A + 
gx* — ba? + &c al infiritium. This has been long ago obſerved by Mr. James 
Seirling, in his learned Treatiſe on the Summation of Infinite Serieſes, page 17, 
where he tells us that Series quarum termini ſunt per vices negalivi et offirmativi, 
funt mags tractabiles quam alteræ, ubi de ſummabione azi!tur : and I have often ex- 
perienced the truth of this remark. For, as to the latter fries 4 — bx + cx 
— 4 + e — , + g — bs + &c ad infinitum, it has been ſhewn in a 
paper that I ſen! to the Royal Society in the year 1777, and that was printed in 
the Philoſophical Tranfactions for that year, (and that has been lately re-printed, 
with ſome additions, in the Third Volume of this Collection of Tracts, called 
Scriptores Lrgarithmici, pages 219. 220, 221, &c - - - - 252,) that, if Di be 
pur for 4 — c, or the fiſt difference of the firſt order, of the co-eſficients 6, c, 
, e, f, g, B, &c, (that involve the ſeveral powers of x,) and D, be put for 
6 —2c + d, or the firit difference of the ſecond order, of the ſame co-efficients, 
and Dim be put for 3 = 4 + 34 — e, or the firlt difference of the third order, 
of the ſame coefficients, and D“, DY, D“, &c for the firſt differences of the 
fourth, fifth, ſixih, and other following orders of the fame co. efficients reſpec- 
tively, che laid ſlowly. converging ſeries a — bx + xx — dx) + er — ff + 
ge — by) + &c ad infnilum, will be equal to the differential ſeries 2 — 

b. o 51. 3 Dis 51174 Divas bv. xs bote? 

— — — > =; == — &C ad 
1 +x 1 + x13 1 + x13 1 + * 1 + x13 1 ＋ 1+ K* 

infinitum; which ſeries will always, even in the moſt difficult caſes, converge 
with a ſufficient degree of ſwiſtneſs to give us the value of the whole of itſelf, 
and conſequently of it's equal, the ſeries a — &x + cx — di? + ext — fo + 
g — bx? + &c ad inſinilum, exact to eight, or nine, places of decimal figures 
by computing only eight of it's terms, But, when I have endeavoured to find 
a ſimilar ſeries for the ſummation of the former ſeries a + by + cr + dx? + 
en + fi + gx* + bx! + &c ad Tifirnitum, I have always found my efforts to 
be unſucceſsful, though I have attempted it in a great variety of different ways. 
Nor have I met with any general and convenient method of doing this, for an 


infinite ſeries of this form, in any of the learned writers who have treated af 


this ſubject; though many of them have given very practicable methods of 
ſumming {ome particular ſerieſes, in which the terms were all connected by the 
fign +, or added to each other, when the coefficients of the powers of x, in 
the terms of the ſaid ſerieſes, have obſerved ſome particular law of decreaſe that 
was favourable to their ſummation, 


Art. 4. 
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Art. 4. But now at laſt this difficulty ſeems to be overcome. For my learne:! 
friend, the Reverend Mr. John Hellins, Vicar of Potter's Pury in Northampton- 
ſhire, (who furniſhed me with ſome ingenious quadratures of the circle, which 
have been inſerted in the preceeding volume of this Collection;) has lately 


. . . » b Ha? 
found out a meihod of applying that very differential feries 2 — . _ — 
| 1141 
1153 v4 bes DYa® br | s 
— : > — — —=— — &c ad infinitum, to the 


ia)  iS#V: 14230 140 4244+ 0 

ſummarion of the ſaid general ſeries @ ＋ bx + a* + 4 + ex* + fx* + g 
+ bx? + &c ad infinitum with the ſame ſucceſs as it was before applied to the 
ſummation of the other ſeries 42 — by + ox — df f — fe o+ gif = be" 
+ &c ad infiiitum, or fo as to obtain the true value of the laid ſeries a + 6x 
+ xx + dx + ex* + V + gx* + bx? + &c ad inſuitum to as great a degree 
of exaCtnels as we before obtained, by means of it, the true value of the feries 
a — bx + can — d + ek“! — ' + gi? — bs” + &: which is, ſurely, a 
very valuable diſcovery. This ſummation, however, cannot be performed fo 
eaſily as the ſummation of the former leries a — be + c — d& o+ er — jo 
+ gx* — bx" + &c ad infnitum ; becauſe it will uſually require three, or four, 
and, in ſome caſes, ſeven, or eight, or more, repeated applications of the ſail 
ba .- D%&? D* 113 v4 Divx 


1 iF- Ie 1+: oa 

v6 v1 

— — = a> fiitum to the ſummation of as many ſerieſes of 
1 + x) I + x] 
the ſaid form a — bx + cx — dx? + ex — , + gx* — bx? + &c ad infini- 
tum, before we can accompliſh the ſummation of the ſeries of the other form 
a + bx + cr + 4 + x5 + ff + gx + bx! + &c ad infinitum to the pro- 
poſed degree of exactneſs. And theſe ſeveral operations will be found to be 
very laborious, though much leſs fo than finding the value of the original ſe- 
ries to the ſame degree of exactneſs in the common way, or by the mere com- 
putation of it's terms and addition of them to each other. This method of 
ſumming an infinite ſeries of this form, (or of which the terms are all connected 
with each other by addition,) invented by Mr. Hellins, I ſhall now endeavour 
to explain, 


Art, 5. But, before we enter upon the deſcription of this ingenious method 


. . . . bx 9152 51153 911151 
of applying the differential (ſeries a — 3 oghia_n; cond — 
* 1+* F fie Tia 
urs v6 ve x 2 . " : 
3 5 — = _ — &c to the ſummation of an infinite ſeries of the 
1+x} +a) 1a) i 


ſoregoing form, a + by + cx + di + er“ + fſa* + gx? + b + &c ad 
irfiritum, it will be proper to obſerve, that, when any ſuch ſeries is to be ſummed 
in the method that is now to be delivered, it will always be found moſt conve- 
nient to begin our operations by computing about thirty, or forty, of it's terms 
in the common way, and adding them together into one ſam, (which we ſhall 

+ 4K 2 here 
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here denote by the capital letter A,) and then to proceed to compute the re. 
mainder of the ſcries, (which we will here denote by the capital letter R,) by 
the application of the differential ſcries above-mentioned in the manner directed 
by Mr. Hellins : after which, by adding the value found for the ſerics R, or 
tue remainder of the farſt ſeries, to A, or the value of the initial terms of the 
ſud ſeries which we had before computed, we ſhall obtain the value of A + R, 
or of the whole ſeries at hilt propoſed, to the required degree of exactnels, 
Thus, for example, if the ſeries that is to be ſummed, is the above-mentioned 


: a 13 a'* *5 as x? K. 5 
ſeries x + ew + 4 + = + 3 = * 2 188 &c ad inſinitun, and 
x is ſuppoſed to be equal to the fra ion . (and conſequently the whole ſc. 


N " , , * 1 
ries is equal to the logarithm of the ratio of 1 to 1 — , or of 1 to —-, or of 


1010 1, in Napier's Syſtem of Logarithms, which logarithm we know, from 
other grounds, to be = 2.302,535,092,994,045,084,017. & c,) it will be found 
moſt convenient to compute about thirte, or torty, of the terms of this ſeries, 


3 T rer 
to wit, che ſeveral terms io? 2 * ol? 73 * oP "#0 a, 5 1 ;0l 
| 49 


I . . 
„ or the term 7 * a „ incluſively, in the 


30 


1 9 
&c as far as the term ” X 9] 


common way, and add them all together into one ſum, and then to proceed 
to the inveſtigation of the value of the remaining terms of the ſeries, that js, 
if we have computed only thirty terms of the original ſeries, to the inveſtigation 


: HS Ge 2 23 4 4 2 * ES 
of the value of the infinite ſeries X 9] + 5 ES: + = RN 5] Þ 
l 6 5 

LEES x21 4 15 CLF. ee, 
7 7 r LET a” 60" Barr: * 
&c ad infinitum, or, if we have computed forty terms of the original ſeries, to 


; g R : ; 41 
the inveſtigation of 'the value of the infinite ſeries „ r Ds 
41 10| 42 10 


N . Ty 
T7373 2 26 p23 7 Sha c FE * 5 +3 * 15 T 7 *3 


+ 7 * 27 + &c ad infinitum, by the application of the differential ſeries 


above-mentioned in the manner directed by Mr. Hellins: after which, by add- 
ing the value thereby found for this remaining ſeries, to the value of the firſt 30, 
or 40, terms of the original ſeries which we had before computed, we ſhall 


10 2 10 


I 9 4 1 2 5 ED 9 A. 9 7 1 9 8 - 
+ x L\+>xL\++xL4| + x42 ++ x4 + 
- &c ad infinitum, which was to be diſcovercd. 


obtain the value of the whole original feries © + L x 2 + — * 


Art. 6. 
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Art. 6. Mr, Hellins has applied his method to the ſummation of this ſeries} 
and has, for this purpoſe, computed the firſt thirty-two terms of it, and added 
them all together into one ſum, which he has found to be = 2.291,933,820, 
483,84, &c, which agrees with the true value of the whole lerics, to wit, 
2.302, 585,092, 994,04 5,684, 17, &c, only in the firſt, or higheſt, figure 2: 


1 
and he has then Se to inveſtigate the value of the remaining ſeries — 


9 33 Pf 9 | 1 9 36 8 0 Ci 1 
4 X — += x2 To X Tot + 5 x 
x | + &c ad tfinitum, by means of the above mentioned differential ſeries 

hx 51 1 51155 91114 per bas Dot v7 


r 145) ee e ener 
dc ad infinitum in the method which he bas lately diſcovered, and finds it to be 
= 0.007,651,272,511,2 ; which being added to 2. 29 69338 0, 483,8, 


2.302,38 5, 92, 995,0 for the value of the whole ſeries - = + — X 1 


| 9 
54 DDD 2] ++ x + +5 X 


A + &c ad OUR: or for Napier's logarithm of the ratio of 10 to 1; which 
10 ” 


value agrees with the more accurate value of that logarithm, to wit, the number 
2.302,585,092,994,945,084,017, &c in the firſt twelve figures 2. 302.385, 02, 99. 
This is a very great degree of exactneſs, and thews the excellence and import— 


ance of Mr. Hellins's method of inveltigation, which I thall now proceed to 
deſcribe, 


—— > ꝙ—D—eñ2ũÿ —— — U —— — — t — 


A 8 of Mr. Heilins's Method of applying the above-mentioned Differential 


5 bs Dev 5117 Th 117154 nIvx5 vv 
I+* 3753+ 2 1+” +a 1 + x5 1 + * 


pY2,7 5118 


— = — &c ad infinitum to the Summation of a flowoly-converging 


Series of the feregeing Form a + bx + xx + ds + ex* + n + ga + be" 
+ &c ad infinitum. 


Art. 7. If, when we are deſirous of obtaining the value of a flowly converging 
infinite ſeries of the foregoing form a + br + c + d + e + ff + go 
＋ bx” + &c ad irfinitum, we begin our operations by computing a certain 
number 
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number of it's firſt terms, and adding them together into one ſum to be de- 
noted by the letter A, before we have recourſe to the application of the above- 
mentioned differential ſeries, agrecably to the advice contained in the laft article; 
and the number of the initial terms ſo computed be denoted by the letter ; 
—it is evident that the remaining ſeries R, which we thall then be under a ne. 
ceſſity of ſumming by the help of the faid differential ſeries, will be of the fol- 


lowing form, 5 „ 4-64 © TA + ar 3 + T4 + je + 5 


+ gx” as + bx” T1 + &c ad infnilum, or (that we may diſtinguiſh theſe 


coefficients from the co-cflicients a, 6b, c, d, e, /, g, b, of the firſt eight terms 


of the ſeries,) of the following form, 4 + & 8 3 4 


FED a +4 5 3 Fs gfx + 6 + Fx * + &c ad inſnitum, in which 


ſeries the co- efficients , &, c“, 4, % V., 955 *,, differ from the letters a, 5, 
c, d, e, f, g. b, (which denote the co-efficients of the firſt eight terms of the 


ſeries,) only by having a mark, or accent, *, placed over them. Now this fe. 


ries & + Ox” 2 + cr T 2 + A* +3 + + 4 + ffs 5 7 +6 


+ Bs" *7 &c ad infinitum is equal to x x; the ſeries . + V + xx + 


dx? +e&x* TN + g + Ys + &c ad iifinitum; which laſt ſeries is of the 
ſame form as the propoſed ſeries @ + bx + c + dx? + en“ + fo + gif + 
hx" + &c ad infinitum. We will therefore now endeavour to apply the dife 
ferential ſeries above-mentioned to the ſummation of the ſeries a + Fr + xx 
+ A + + ff + gx* + Vx! + &c ad inſinitum; in which, if we ſuc- 


ceed, we muſt multiply the value of the ſaid ſeries thereby obtained, into x”, 
and the product thence ariſing will be equal to the ſeries a'x" + x" 2 4 


„ 28 3 + EN TS (HE Yoo rently &c, 


ad infinitum, or to R; which, being added to A, or the ſum of the #2 initial terms 
of the original ſeries a + bx + cx + dif + ef + V + gi? + by? + &c 
ad infinitum which were computed at firſt, will give us the value of A + R, 
or of the whole original ſeries a + bx + coax + dx' + ex ＋ ff + ge + bx! 
+ &c ad infinitum, which was to be ſummed. We will therefore now endea- 
vour, by means of the above-mentioned differential ſeries, to find the value 
of the infinite ſeries . + Us + Of ＋ d + d + ff + g + Wi) + 
&c ad infinitum. 


The 


n 
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2 of aa * = 
CY 8 oh Y 


7 he Firſt Step of this Method of Summing th2 Series a + Us + OF + d + * 
| + f'x* + g&a* + Ys! + &c ad infinitum, by means of the above-mentioned 
1 Differential Series, 


— 2. — 


Art. 8. Now here we may obſerve that the ſeries 4 + & + x* + A 
en TFA Tg + x! + &c ad inſinitum, (of which we are endeavouring 
to find the value,) is equal to the ſum of the two following ſerieles, to wit, 
4 the ſeries 4 — r + Of — dof + e. — fx + & — Vx + &c od infi- 
nitum and the ſeries 2% + 24'x* + * + 2x? + &c ad infinitum, or to 
the ſum of the ſeries & — bx + Ore — d, + 4% — ff + ge — bx + 


— yy 


==" = 
_ 


— 


| 

4 3 * 1 

I Kc ad infinitum and 2y x the ſeries “ + dif + VA + U + &c ad in- 1 
A finilum, : | q 1 
'I Let the value of the ſeries 4 — e + xx — d + * — f'x* + ge — . 
f "hn 

V' + &c ad infinitum be found by means of the differential ſeries a — = 9 

| * 


— = 


Dix 51173 5114 TE D1vzs5 dus bo 
e r en ew 
finitum in the manner deſcribed in the 3d Volume of the Scriptores Logaritomicis 
pages 219, 220, & — — =— 2323 and let the ſaid value be denoted: 
by. the ſmall Greek letter æ. 


Then will the ſeries a + Us + Ore + d + 63% + 5 + ge + A + 
&c ad infinitum, (of which we are now ſecking the value,) be equal to & + 2x 
x the ſeries “ + Cx T + H + &c ad infinitum, which laſt ſerics is 
of the ſame form with the ſeries & + x + dr + a + Of + VK + g 
+ bx" + &c ad infinitum, (of which we are now ſeeking the value,) but con- 
verges with a greater degree of ſwiftneſs than the ſaid ſeries, becauſe it's terms 


involve the ſeveral ſucceſſive powers of xx, to wit, xx, l, AA, &c, or xx» 
, a5, &c, inſtead of the like powers of x itſelf. And thus we ſhall have re- 
duced our remaining buſineſs in this inveſtigation to the ſummation of the ſeries 
% + d'xx + f'x8* + bx* + &c ad inſinitum, which converges leſs ſlowly by 
one degree than the former ſeries & + Us + car + dal + en + ffs + 
gs + H + &c ad infinitum, This is the firſt ſtep of Mr. Hellins's inveſti- 
gation, 


— &C ad in- 
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The Second Sep of the jaid Methed of Summing the ſaid Þ finite Series 4 + Us + 
OO + Ca K ea + fs + ga + Bs) + &c ad infinitum. 


Art. 9. Before we enter upon the next ſtep of Mr. Hellins's inveſtigation 


it will be proper to continue the ſeries 4 + r + Cx + Hof + C + V 
+ g + bx" + &c to ſixteen terms inftead of cight: and, in doing this, it 
will. I think, be convenient to denote the co-efficients of the next following 
eight terms by the ſame letters a, 6, c, d, e, f, g, and b, as have been uſed 
to denote the co efficients of the former eight terms, but with two accents, “, 
placed over them inſtead of one, to diſtinguiſh them from the ſaid former co- 
efficients, which were marked with only one accent. And then the ſaid ſeries 
will be as follows, io wit, & + Us + cr + di + 8 TR + g + Lv 
+ a x 4+ % + cr + * + ox? + fx"? + "i an + bs + &c ad 
inſfnitum, and the ſeries “ + Ax + VK + H + &c, (of which we are ſtill 
to find the value,) will be & + dx + V + A + V + d + Tx 
+ r + &c ad ixſinitum. | 


Art. 10. Theſe things being premiſed, Mr. Hellins's next obſervation is as 


follows: The ſeries “ + xx TF + DO + r + dr + fa" + & 
+ &c ad infinitum, (of which we are ſtill to find the value,) is equal to the 
ſum of the ſeries “ — d'xx A — Bf Þ+Þ e' — 32 + F = bg + 
&c ad infinitum, and the ſeries 24xx + 2 + 24% + 2þ"s'* + &c ad in- 
finitum, or to the ſum of the ſeries 6“ — xx + f — HM + & — "x"? 
+ V — þ"x'* + &c ad infinitum, and 2xx x the ſeries & + H + A + 
B + &c ad infinitum; the former of which ſerieſes may be ſummed by 
means of the above-mentioned Differential ſeries, and the latter, to wit, & + 
DNN + 4A + DA + &c ad infinitum' is of the fame form with the ſeries 
, + dar T a + &c ad infiuitum, from which it was derived, but 
converges more ſwiftly than the faid ſeries, becaule it's terms involve the ſeveral 
ſucceſũ ve powers of x*, to wit, x4, aJ, 34 „ &c, or «, „ , &c, inſtead of 
the like powers of xv. Let the ſeries &“ — dx Tf — A + bx? — g's? 
+ fx? — H + &c od iſnitum be ſummed by means of the above-men- 
tioned Differential feries, and let the value of it, thereby obtained, be denoted 
by the ſmall Greek letter 8. Then will the ſeries & + dx + f + Ne + 
BY + ds + fx + b + &c ad infinitum, (of which we were now to 
nd the value,) be equal to the quantity & + 2xx x the ſeries & + Y + ds? 
+ en &c ad infinitzm, which converges much more ſwiftly than the firſt 
trics & IU + x TI +0 + Fa + g + bs! + &c ad infinitum, 
5 which we were to find the value. | 

Still, however, the terms of the ſeries 4 + BA + A + Nn + &c ad 
infinitum, will, if x is equal to =, or any greater fraction, converge too ſlowly 


to 
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to make the ſummation of it to any great degree of exattneis in the common 
way, or by the mere computation and addition of it's terms, cafily prafticable, 
6561 
10000 


0 . . I 
For the fourth power of —- is » Which is greater than -—; ſo that about 


four terms would be neceffary to be computed for every new figure that would 
be exact in the value of it obtained in this manner, and conſequently forty— 
eight, or fifty terms of it muſt be computed in order to obtain the laid value 
exact to twelve places of figures. It therefore will be expedient to 1ncreale the 
convergency of the final ſeries by another degree, or two, before we proceed to 
determine it's value in the common way, or by the mere computation and ad- 
dition of it's terms, 


* 
vs. . — ͤ — 


— —— — - — —— > — — 


The Third Slep of the ſaid Methed of Summing the ſaid Series & + b'x + Ox + 
dx T CA TTA ＋ g' + bs! + &c ad infinituin, 


Art. 11. And here it will be expedient to continue the number of terms of 
the laſt ſeries 4 + Hr! + dx TD + &c, (of which we are ſtill to find 
the value,) from four terms to eight; and for this purpoſe it will be neceffary 
to continue the terms of the ſeries & + bu + CA + A + ea + {ff + K 
+ & + &c ad infnitum to thirty-two terms, inftead of ſixtcen; and in doing 
this it will be convenient to denote the co-efficients of every fet of eight terms 
by the ſame letters a, b, C1 a, e, J. 2 B, with one, two, three, and lour, ac- 
cents placed over them; fo that the ſaid ſeries will be as follows, 4 + V 4- 
Cxx ＋ * + * + V + gx + * + a K 4 & + cf $9 + Ax" + 
4. I. Fig, + Z, + Hal + ant + gt + dern + Cine + 4e þ 
1 + 1 + His + a ** 4 & 15 xe 4 ** + 11468 = 


Fux + gx T + &c ad infinitum. Then will the ſeries & + Ha“ + 


d + e + &c (of which we are ſtill to find the value,) be 4 + Hat + 
G + n + A e + e + VP" + &c od infiritum. 


Art. 12. Theſe things being premiſed, Mr. Hellins obſerves, as before, that 
the ſaid ſeries d + Y + 4 ＋ M + A + Gx + d + WOO? 
+ &c ad infinitum (of which we are ſtill to find the value,) is equal to the 
ſum of the ſeries c - U + Go HH A A mn e E 
Bi + &c ad infinitum and the ſeries 2/x* + 2b"x"* + 20a + 2 t 
+ Ke, or to the ſum of the feries 4 U + d — V's" + dx = ee 
+ A“ — }"x** + &c ad infiiitum and 2x* Xx the ſeries + O + B74" 
T +. &c ad infinitum ; of which the former ſeries 4 — , TA. — 
* + al, = e + d,, — H, + &c od infiritum may be ſummed 
by the above-mentioned differential ferics, and the latter feries “ + “ + 

Vor. IV. 4 L * 
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Be + et + &c ad inſinitum is of the ſame form with the ſeries d + Y 
+ UE + Mx + als + Hase + dll, x + DOE + &c al infinitum, (from 
which it was derived,) but converges more f{wifily than the ſaid "4 because 
it's terms involve the ſucceſſive powers of x", to wit, X's a, ven, &c, or * 
*, , &c, inſtead of the like powers of “. Now ict the 44 1805 41 ene 
4 1 1 — n 12 + „ DW x 20 + * f ee 29 ＋ &c 24 infinitum 
be ſummed by means of the above-mentioned 1 ſeries; and let the 
value of it, thereby obtained, be denoted by the {mall Greek letter 7. Then 
*. 11] the {cries P o + L/ a4 + WA 8 4. rl ＋ 2754 16 + SN 4- ö 4 A 24 + , 28 
+ &c ad infinituin, (of which we were now to find: the vals? be equal to the 
quantity ys + 2x* > the ſeries Þ ＋ u + Y + , + &c ad 222 
tum, which converges with a much greater degree i ſtneſs than the firſt {cries 
Sf + Bs + xx + di? + Ox + * + g + Vs" + & ad infinitum, of 
which we were to find the value. 


Art. 13. And in the ſame manner, if it be thought neceffary, we may, by 
another proceſs of the ſame kind as the three foregoing proceſſes, reduce the 
remaining buſineſs of the inveſtigation to the computation of an infinite leries of 
quantities that would involve the ſeveral ſucceſſive powers of x'*, to wit, uu 
r „ a'#%, x, Occ, inſteafl of the powers of * which 
are thoſe involved in the terics “ + Dx" þ Dx 4 /"x**. + &c laſt- 
obtained; and, by a fifth proceſs of the ſame kind, we might reduce it to the 
computation of an infinite ſeries of 8 that would involve the ſeveral 
ſucceſſive powers of x**, to 80 52 4% 46, bat, 500, biss, ase, 453, 153, bse, &c, 


which, if x be ſuppoſed = =, would converge with a great de egree of ſwiftneſs. 


And thus at laſt we might, by repe: ating theſe proceys es often enough, and making, 
in every New proceſs, an app! lication 'of the differential {cries above mentioned 
to the ſummation of a ſeries in which the terms are alternate} y marked with the 
ſigns — and +, reduce the remaining bulinels of the invelligation from the 
ſumn nation of a flowly-converging infinite ſeries to the ſummation of a ſwiftly- 

converging infinite ſeries, w hich it would be eaſy to ſum to a great degree of 
cxactnels in the common way, by computing a moderate number of it's terms 
and adding their values to each other. And when this is done, the value of 
the original infinite ſeries will be obtained by adding together the values of 
the ſeveral infinite ſerieſes into which it has been reſolv ed. Q 1. F. 


Art. 14. Thus, for example, if we make uſe of only the three proceſſes that 
have been above-deſcribed, and find the value of the laſt-obtained ſeries Þ A. 
UN + Vx + WORE + &c ad infiiitum in the common way, or by com- 
puting a {ulficient number of it's terms and adding their values together, and 
call the ſum of the ſaid values L, we (hall have the value of the whole original 


ſeries & + bx + cx + df + ex4 + fri + gil + by? + & ad inſoitum = = 


A+R 
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| 3 wm  m +1 - in + 2 „n + } 1 
A+R=A A the ſeries av + Us + © + ax ? + ON l 
m mM +6 , m + 
+ 7 T5 + gx + Ls 7 + &c ad infinitum 


mM oy , "/ ' y 
= A + x .x the ſeries + & +a TA + af + jo + gx 
+ 1x7 + &c ad infmitum 
m . 4 5 5 
=A + x X the ſeries — /x + OO - -e -& + 2s 
. . mM 8 4 
5 - + &c ad infinitum + x X the ſeries 2% + 2d + 2f*x* 
+ 20“ + &c od infintun 


= (by art. 8,) AT! X TX XxX 2» Xx the ſeries * + dax + 
fx# + I's* + &C ad infinitum 


m 8 
= (by art. 9,) AT X T* x 2 X the ſeries “ + d'xx + {x 
+ Ve + 685 + ix? + f%x* + bt + & ed liſinilum 


AT“ Xx + X 2r * the "ARS U — Exe + x — e + 


Nx — d + f"x* = e + &c ad infiiitum + x N a X 
the ſeries 2d u, + 2 O + 24%? + 2% ² + &c od infinitum 


- 


= (by art. 10,) A + «„ Nc ＋ * X 2 „ & ＋ * x 2x x 2 X 
the ſeries d& + D + N + MN + &c ad infnitum 


1 
= (by art. 11) A TR X * X 2 X S x 2x X zr X 
the ſeries Pd + & + Fa ot. e 13 t- 4 4 15 + Ws 20 ＋ 4 21 0 
+ D + &c ad infinitum 
” mm N . . 
: i++ xa+tr: .x av x S + x x 2x XK 2xx X the ſeries 
dt wo bx + ds) =D e mn Ex 
a N 2 , 
＋ &c ad infinitum + X X-2x X 2xx Xx the ſeries 2% + 2 
+ 202 ＋ 2% + &c ad inſinitum 
= (by art. 12;} A + x" X c + x X2xx6C+x" XxX 2x X 2x 
1 X 7 + XX 2X X 2Xx X 2x4 X the ſeries “ + Y + Lg" 
; + a + &c ad infinitum 


A „ 2* X 6 + * „ 2X X 2XX X 7 1 > 
a N u NK . Q: E. I. 
4L2 Art. 15. 


— 
— 2 
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Art. 15. And, if we were to make uſe of two more of theſe proceſſes, in 
order that the final ſeries ſhould converge by the powers of x, (inſtead of 
converging by the powers of x*, as the final ſeries * + YE H + L128 
+ &c ad infinitum, or L, does in the laſt article,) and we were to denote the 
ſaid final ſeries (which was to be computed in the common way, or by ſimply 
computing a few of it's initial terms and adding them together into one ſum,) 
by the capital letter N, we ſhould find the whole original ſeries a + bs + c 


+ d + e“ + ' + gr? + bx! + &c ad infinitim to be = A + x" X c 
+ * xX2rx6 ＋ 2 N 2 X 2 „ y TX x 2x x 2xx X 2 N 8 + 
a” 0 2x* N 2&5 > iy; de” Xx X 2xx *X ar* X 2x X 2K 


* N., or AT K X 25 K E * N 4 x Y T* x 8x" x 3 


＋ * d 16 „ L K* x 321" XN. 3 


Art. 16. The foregoing deſcription of Mr. Hellins's method of proceeding 
to find the ſum of a ſlowly-converging ſeries of the above-mentioned form, 
a + bx + c + dx + e1* + A + g + bx! + &c ad infinitum, by repeated 

D172 5110 114 


—— 


applications of the differential ſeries 4 — - . = 
11 ier 1 ＋ 1 ＋ * 


DLs Dv 2 
+9 rr 
by applying it to a particular example, And therefore I ſhall now proceed to 
apply it to the ſummation of the above-mentioned flowly-converging logarith- 


4 . * x3 a+ a5 x a7 a . 
mick ſcries x + 1 5 ＋ _ 4 = __— + = + &c ad infinitum, when 


— &c ad infinitum will be better underſtood 


9 


vis = —. ; 


Au Example of the foregoing Method of finding the Value of an Infinite Series of the 
foregoing Form a + bx + e + d\* + ex* ＋ ff + ge + bx? ＋ &c, when 


it's Terms decreaſe very ſlowly. 


4 — — 
Art. 17. Let it be required to find by the method above-deſcribed the value 
x3 


2 3 4 5 6 7 
he 1 ite ſeries x 1 — _ 2 * 3 e ee 
of the infinite ſeries x 4 . * , whe + Ke, 


when x 1s equa] to the fraction 1 
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To bring this ſeries under the form of the general feries a + bx + c + 
dx. + ex* + * + gx" + bx' + &c ad infinitum, we mult Conner it as being 


f hs 85 of the pg apa: of x into the ſeries 1 + — + ＋ =_ 2 4 
1 — Mr 1 . * — 0 &c ad infnilum, which is of the ſaid form. 
: Art. 18. Now let the firſt thirty-two terms of this laſt ſeries be computed to 
3 eightcen places of decimal figures. This may be done in the manner following: 
; Since x is ſuppoſed to be equal to ==, or o. 9, we (hall have 
Xx (= 0.9} = 0.510,0C00,009,9200,009,000, 
4 and x* (= 0.9* X 0.9) = 0.729,000,000,000,000,000, 
4 and x* (= 0.9% x 0.9) = 0.656,100,000,000,000,000, 
4 and x = 0.914 X 0.9) = 0.590,490,200,000,000,000, 
4 and x* (= O. 5 x 0.9) = 0.531,441,000,002,000,000, 
4 and i (= 0.5” X04} = 0.478,296,900,000,000,000, 
E and * (= o. 9 x 0.9) = 0.430,467,210,000,000,000, 
and x? (= o. 9“ x 0.9) = 0.387,420,489,000,000,000, 
mga” (= "ML X 0.9) = 0.348,678,449,100,000,000, 
4 and x! (= ON Xx 0.9) = 0.313,810, 590,090,000,000, 
I and 0.4)" x 0.9) = 0.292,429,536,481,900,000, 
q and ** {= O. 9“ x 0.9) = o. 254, 186, 582, 8 32, 900, ooo, 
4 ae = 0.913 X 0.9) = 0.228,767,924,549,610,000, 
3 and x = PRC X 0.91 = 0.205,891,132,094,049,000, 
I and * (= 0.95 x 0.9) = 0. 183, 302,018,885, 184, 100, 
? and & (= o. 9“ x 0.9) = 0.166,771,816,996,665,090, 
J and * (= o. ou x 0.9) = o. 1 50, 094, 635, 296,999,121, 
F and x” (= 6.9“ x 0.9) = 0.135,085,171,767,299,208, 
J and &“ (= o. 5e x 0.9) = 0.121,576,454, 590, 869, 288, 
{ and 2 o. 9 X 0.9) = o. 10, 418,89, 131,512, 3 59, 
and & (= o. 9“ x 0.9) = o. 98, 477 090, 218, 361, 123, 
and K* (= OH Xx 0.9) = o. o88, 629, 381,196,525, ooo, A 
and x*4 (= o. h X 0.9) = 0.079,766,443,076,872,500, 
and x** (= 0..Þ X 0.9) = 0.071,789,793,769,185,2 50, 
and a® {= o. 9 x 0.9) = 0.064,610,818,892,266,725, 
and & (= O g x o. 9) = 0.038, 1497737. 003, 040,053, 
and & (= 0.91” x 0.9) = 0.052, 334,763,302, 736, 047, 


and 
and 
and 
and 


* (= 0.9% x 0.9) 
WW (= o. ce „ 0.9) 
a (= N. * 891 


* (= 0.9" x 0.9) = 
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0.047,101,286,972,4602,44, 
0.042,391,158,275,246,198, 


0.038,152,042,447,094,578, 


0.034,330,838,202,925,120. 


Therefore the firſt thirty-two terms of the ſeries 1 + — * —— es = + —— 


—+ ++ 


— 1 


1s 


63 


+ &c will be as follows: 


2 


o. oo, ooo, oo, ooo, ooo, oo ) = 


0.3 10,000, ooo, odo, ooo, ooo 


3 
o. 720, ooo. ooo, ooo, 000,990 


4 


3 


o. 590, 400, ooo, ooo, ooo, ooo 
6 
0. 531,441, ooo, 209, ooo, ooo 


7 


-) 
0.656,100,9000,900,009,005 2) 
-) 
) 


0.4783, 295,900,000,020,000 


8 


0. 430, 467, 2 10, ooo, o — 


9 


0.285, 420,489,000,000, = 


10 


o. 348,678, 440, 100,000, = 


II 


0. 31 3, 8 o, 596, oo, ooo, ooo ) 


12 

282,429, 5 36, 48 f, ooo, ooo 
13 

0. 2 54, 186,8 82, 8 32, 9oo, ooo 
14 


0.228, 767,92 4. 540710, o , 
/ 


) 
) 


15 


) 


10 


2 


17 
o. 166,771, 9 16,996, 665, 600 
18 


) 


1.000,000,000,000,000,000, 


0.450,200,000,000,000,000, 


o. 270, ooo, ooo, ooo, ooo, ooo, 


= . 182, 2 50, ooo, ooo, ooo, ooo, 


= o. o98, 415, ooo, ooo, ooo, ooo, 


— 
— 


o. 07 5,920, 142, 857, 1 42,55 75 
o. 059, 787, 112, foo, ooo, ooo, 


o. 047, 829, 6go, ooo, ooo, ooo, 


o. 038,742, o48, oo, ooo, ooo, 


= | 0.03 1,698,040,009,090,909, 


= 0.026,1 50,883,007, 500,000, 


0.021,725,343,960,076,923, 
0.018,1506,1 84, 488, 064, 285, 


o. 0 13, 25 1, 194,969,974, ooo, 


= 68.01 2,808,195, 5559157562, 


o. o 10, 9oo, 118, 757, 9 52, ooß, 


o. oo9, 265, 100, 944, 259, 205, 


15 


r 


n 3 
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o. 1 50, 94,635, 295,999, 121 
ee 15 RRC) = 0.007,899,717,647,210,480, 
0.133,085,171,767,299,208 
Re pms” ) 
2:121+570:654.590.569,288, 


21 


= 0.000,7 54,258, 588,364,960, 


= o. oog, 789, 364, 504, 312, 823, 


o. og, 418,989, 131,5 12,3 69 
22 ) 
0.098, 47 7,090,218,361,123 
TT” ) 
o. 088,629,381, 196,525,900 
24 
0.070, 766, 443.076, 87 2,500 
75 ) 
0.071,” 89,98, 69, 18 6, 2 50 s 
) 


— 0.004,073,590,41 5,003,743, 


= 0.004,281,012,618,139,614, 


—) = 0.003,092,890,893,188,541, 


. = 0.003,190,657,723,074,900, 


= 0.002,761,146,106,507,125, 


2") 
0.064,610,818,892,266,725 
27 


4 — o. o02, 392,993, 292, 306, 175, 


0.958, 140,7 37,003, 0 1,5313 __ = { 
78 ) o. oo, 76, 776, 321, 537, 144, 


0.0: 2,334,763, 202,736, — 7 
9 

0.047, 101, 286 972,462, 4433 3 

30 (8 4 38 ——) — — o. oo :, 570, o42, 899, 082,081, 

4 ., 0.042 „188,276, 216, | 

772 „ (= —— et”) = o. 01, 367, 456, 718, 55 5,361, 


31 .o 38, 152,042, 447,904, 578 : 
= is (= —=2 = 1223222) = 0.001,192,251,326,490,455« 


= 0,001,804,047,010,439,174, 


„* 


* K 2 — — oy . ey "28 * * % TR, n « * 12 a, 24% 
5 * 7 % 4 * - - * = 
e n a. \ a i 2 ä Y Fw J 

* 4 8 N r 2 n : * r A 


e 

E 
7 1 
. > 


——— 


Art. 19. Theſe thirty-two terms muſt now be added together into one ſum; 
which may be done as follows: 

The firſt eight terms are as follows, to wit, 
is = i. ooo, ooo, ooo, ooo, ooo, ooo, 


8 


is = o. 450, ooo, ooo, oco, ooo, ooo, 


o. 270, ooo, ooo, ooo, ooo, ooo, 


Is 


F 


is = o. 182, 250, ooo, oo, ooo, ooo, 


n 
D 


3 
— = 0 8 
*. 


is = o. 131, 220, ooo, ooo, ooo, ooo, 


— 
O 


= 0.098,41 5, ooo, ooo, ooo, ooo, 
— is = o. 075,920, 142, 8 57, 142, 857, 


is = o. 059, 787, 112, 500, ooo, ooo, 


The ſum = 2.267, 592,25 5,3575142, 857. 
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3 


The next eight terms are as follows, to wit, 
is o. o4 7,8 29, 690, ooo, ooo, ooo, 


is o. 038, 742, 048, oo, ooo, ooo, 


„ 


is = 0.031, 698, o40, oo, ogo, go, 
is = o. 026, 1 50, 883, oo), 00, ooo, 


is = o. 021, 725,348, 960, 56, 923, 


Ns es r * . 8 Ws > + 22 
TR GRIT 4 . - Fadia 


& (fie. tes 8 
1 L TY TY 1 . 


is = 0.018, 156, 184,488,064, 283, 


* 
3 1 
99 of 


is = 0.015,251,194,909,97 4,000, 
— is = 0.012,868,195,755,915,562, 


The ſum _= 0.212,421,586,090,621,079. 


The next eight terms are as follows, to wit, 


Fake 


17 
-— is — o. oog, 265, 100, 944, 259, 205, 
18 


is = o. 0 10, 900, 118,757,952, ooß5, 


x 
19 
119 


— is = o. oo, 754,238, 588, 364, 960, 


20 
** E 


* o. oo, 899, 517,647, 210, 480, 


wo Is = 0.005,789,3644504,312,323, 
„ wr 

Tr is o. 004, 973,590, 415, o68, 743, 

K 72 


ay is = 0.004,281,612,618,189,614, 
423 
24 


n= 0.003,692,890,884,1 88,541, 


OE rr 


"The ſum 


0.053,550,054,358,540,371. 


And 


8 2 _ > 1 7 * 1 - 2 1 £1 . 
1 8 TY , 
eu er _ 9" * * 
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And the laſt eight terms are as follows, to wit, 

— is = 0.003,190,657,72 3,074,900, 
is = 0.002,761,146,105,507,12 5, 
— is = 0.002,392,993,292,306,175, 
F is = 0.002,076,776,321,537,144, 
— is = 0.001,804,647,010,439,174, 
— is = 0.001,570,042,899,082,091, 
— is = o. 001, 367, 456, 718, 555,361, 


— is = o. oi, 192, 251, 326, 490, 455, 


ah. —— _—_— 


— 


The ſum = 0.016,355,971,397,992,41 5+ 


Theſe four ſums total muſt now be added together, as follows: 
2.207,592,255,357,142,857, 
0. 212,42 1, 586,090, 621,679, 
o. 053, 556, 654, 358,846, 371, 
0.0 16,355,971, 397,992,415, 


— 


2.549, 926, 467, 204, 303, 322. 


— — 


Therefore the ſum of the firſt thirty-two terms of the ſeries x + — KR 


3 
| 4 $ 7 128 . 
—— — = 5 + — + = + — + &c ad infinitum, when x 1s equal to =, 


is = 2.549,926,467,204,303,322, or, according to the notation of art. 55 A 
will be = 2.849, 926, 467, 204, 303, 322. 


Art, 20. Since the ſum of the firſt thirty-two terms of the ſeries 1 + — + 


＋ + — — = + 2 + _ * — + &c ad infinitum, is = 2.549,926,467, 
204,303,322, it follows that the ſum of the firſt thirty-two terms of the original 
ſeries x + = + = + - + =++ 5 + > + &c ad inſinitum will 

Vol. IV. 4 M : he 
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be = 2.549,926,467,204,303,322 X 0.9 = 2.294, 933, 820, 483,872,989, 8, 
which agrees with the true value of that whole ſeries in only the firſt, or higheſt, 
figure 2, that true value being 2.302,585,092,994,045,084,017, &c, or Na. 
pier's logarithm of the ratio of 10 to it, This ſhews how ſlowly the faid ori. 
ginal ſeries converges, and how difficult it conſequently would be to find it's 
value exact to ten or twelve places of figures in the common way, or by the 
mere computation and addition of it's terms, and how neceſſary it therefore is 
to have recourſe to ſome ſuch ingenious contrivance as this of Mr, Hellins, 
whenever we have occaſion to inveltigate it's value to ſo great a degree of 
exactnels, 


Art. 21. Having found the ſum of the firſt thirty-two terms of the ſeries 1 + 
* * 2 13 a+ * 40 x7 3 
* 5 Et + — 7 3 * &c ad infinitum, or the value 


of A, to be = 2.549, 926, 467, 204, 303, 3 22, we mult now endeavour to find the 
value of che remaining part of that ſeries, after the ſaid firſt thirty-two terms, 


. . . 32 x33 434 335 x39 137 
or the value of the infinite ſeries -— 0 ernes "able wig 
7 „ in” T 3 


* 38 e x 39 


39 49 
art. 5, be = R. And, when this value is found to the required degree of exact. 


neſs, we muſt add it to A, or the number 2.549,926,467,204,303,322, and 


+ &c ad infinitum, which ſeries will, according to the notation of 


the ſum A + R will be the value of the whole ſeries 1 + — + ＋ + = + 
— + — _ + 1 + &c ad inſinilum to the ſame degree of exactneſs, 


and conſequently A ＋ X x, or A + K * =, will be the value of the 
. 42 + a3 « a* 15 as 17 af K 
whole original ſeries x + — 5 + © x + == + 72 + + + & 


ad infinitum to the ſame degree of exactneſs. 


. . . . — 32 39 34 
Art. 22. Now this remainder R, or the infinite ſeries 74 + 7 + 7 + 


x35 4x36 K* 27 x38 x39 . . a 2 . 

=" + + EO + &c, is evidently equal to &* x the in- 
: : 2 x3 ** a5 x6 17 

| EE . + =—— + = +. + — + — + &c, or to 

—_ F W575» ad nth 


0.9]* x the ſaid ſeries, or to 0.034,330,838,202,925,120 Xx the ſaid ſeries. 


We muſt therefore now endeavour to find the value of this ſeries 77 + _ + 
** x3 a+ as as 47 E . 

— + — + — X — + — &c ad inſinitum. 

35 © THT TI Ying 


Art. 23, 


6 
4 
be. 

4 
1 
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Art. 23. Now this ſeries is equal to the ſum of the ſeries 77 — = + — 
33 


x3 a4 25 xs a7 : i : 2x 
—  — — -—-  —— —- — &c ad infinitum, and the feries -— 
1 n, cries ET 


2x3 2.x5 2x7 | : . 1 * x? x3 
— + — + — + &c ad infinitum, or to the ſeries — —- -— — cc — 
36 38 40 f g 33 34 * 35 36 


a* a5 * 


x7 1 5 5 1 * 

— — — — &c ad infinitum and 2x x the ſeries — + — 

7:0 Tt 8 fi x the ſeries — + = 

4 IF + 2 + &c ad inſſuitum; which laſt ſeries is of the ſame form as the 
: 2 13 a+ as * a7 : 

ſeries — 4 noe rage oe mae os ge ne rn &c f , 

33 ” 34 955 35 30 T 37 + 38 * 39 + 40 + 2 (0 which we 


are ſeeking the value,) but converges one degree leſs ſlowly. 


Art. 24. The former of theſe two ſerieſes, to wit, == = oj 


= 6 9 39 39 

* a 7 3 

Þ = + 5 — 5 + &c ad infinitum may be ſummed by means of 
2 2 1 11 4 Vs 

the differential ſeries 4 — 2 1 2 


1 Ii 1+D ra 


. = — —_— — &c ad infinitum, by proceeding in the manner fol- 
lowing : 


Here a is = = 0.030, 303, o3o, 303, ozo, 303, 


32 7 = 0.029,41 1,764,705,882,3 52, 
3 þ— * o. 028, 571, 428, 571, 428,571, 
dis = = . 027, 777,777,777,7 77,777. 
n= 
F 1s = . 026, 313,7 89,473, 684, 210, 


33 

_ 

3 

I 

3 

I 
3 
7 = 0,027,027,027,027,027,027, 
_ 
38 

g is = = = 0.025,641,025,041,02 5,041, 

. 
40 
— 
41 
505 
42 
1 
43 
1 
44 


5 is 


= o. og, ooo, ooo, ooo, ooo, ooo, 


i= 0.024,390,243,902,439,024, 


0.023,809,52 3,809,52 3,809, 


k is 


12 2 = o. oꝛ23, 2 55,8 13,953,488, 372, 


and m 1s = 


0.022,727,272,72/,272,727z 
4 M 2 And 
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0.020, 411,764, 705, 882,352 
0.028, 571,428, 571,428,571 


= O. oo, 840, 3306, 134,453,781; 
a 8,871 
3 0 0.028,57 1, 428,571, 428,57 
_ — 0.029, 777,777,777,777,777 
= 0. O00, 593, 650, 793,650, 7933 


„ 1 0.027,77, 777.777,777.777 


— . 027, 027, 27, 27, oz27, oz7 
= o. ooo, 750, 750, 7 50,750, 7503 


And conſequently 5 — 6 is = | TE 


TEES 0.047,027,027,027,027,02] 
And e — F is 0 — 0.026,315,789,473,684,210 


= 0.900,711,237,553,342,317 5 


gs 0.026,315,789,47 3,034,210 
* { — 0.025,641,025,641,025,641 


— o. O00, 674, 763,832,658, 69 5 


2 
And g * — 0.02 5,000,000,000,000,000 
= 0.000,641,025,041,025,041 ; 
o. oꝛ 5,000,000,000,000,000 


And h — i is = q _ 0.024, 390, 243,902, 439,024 
= O. oo, 609, 756, 097, 560, 976; 
. o. o 4, 300, 243, 902, 430, 24 


— o. oa3, 809, 523, 809, 523, 809 
= o. oco, 380, 720, 092, 915, 215 


3 o. oa, 809, 523, 809, 523, 8og 
And k . — o. 023, 25 5, 813,953, 488,372 


= o. ooo, 553,709, 8 56, o3 5, 4373 

3 0.023, 255,8 13,953, 488,372 

And - is ] — 0,022,727,272,727,272,727 
= 0.000, 528, 541, 2 26, 215,645 


o. o2 5, 641,023, 641,023, 641 | 


8 — — — ad — \ J 4 N —— 


Wy 


that is, the firſt differences of the co- efficients i, c, d, e, J, g, b, i, k, I, and m- 


| I 1 1 1 1 1 K-23 I 
- mie 
44 


or —, , T. , 
34? 35 35 37 38 39 % 41? 42 43 


o. ooo, 


ON THE SUMMATION OF INFINITE SERIESE?®, 


0.000,840,336,134,458,781, 
0.000,793,050,793,050,793z 
0.000,7 50,7 50,7 50,7 50,7 50, 
o. o00, 711, 237, 553,342, 817, 
o. ooo, 674, 763, 832, 658, 569, 
o. oo, 641,02 6, 641, 02 5, 641, 
o. ooo, (o, 7 56, 097, 560, 976, 
o. O00. 580, 7 20, 92, 915,213, 
0.000, 55 3,709, 856, 035,437, 


and o. oo, 528, 54 1, 226, 215, 645. 


Therefore the ſecond differences of the ſaid co-efficients 5, c, d, e, f, g, , 
i, k, I, and m, or the differences of their firſt differences, will be as follows; 


to wit, 


And their third differences will be as follows; to wit, 


And their fourth differences will be as follows ; to wit, 


o. ooo, o46, 68, 340, 802, 988, 
o. ooo, 42, 900, oꝗ4 2, 900, o43, 


o. oo0, 39, 5 13, 197, 407,933, 
o. ooo, o 36, 473, 7 20, 684, 248, 


oO. ooo, o33, 738, 191, 632, 928, 


o. ooo, og 1, 269, 543, 464, 66 f, 
o. ooo, o29, 036, oo4, 645, 761, 
o. ooo, 27, o10, 236, 879,778, 


and o. ooo, o2 5, 168,629,8 19,792; 


o. ooo, oog, 78 5, 297, 902, 943, 
o. ooo, oog, 386, 845, 492, 110, 
o. ooo, oo3, o39, 476, 723, 685, 
o. ooo, 02, 735,29, 08 1, 320, 
o. ooo, oo, 468,648, 68,263, 
o. ooo, oo2, 233, 538, 8 18, 904, 


o. ooo, oa, 25, 767,763, 983, 
and o. ooo, oo 1, 841, 607, og9, 986 ; 


o. ooo, ooo, 398, 45 2, 410, 835, 
o. ooo, ooo, 347, 368, 768, 425, 
o. ooo, ooo, 303, 947.672, 365, 
o. Oo, ooo, 266, 880, 883,057, 


o. ooo, ooo, 235, 109,349,359, 


o. Soo, ooo, 207,771, 052, 921, 


and o. ooo, ooo, 184, 160, 706, 997; 


And 


038 ON THE SUMMATION OF INFINITE SERIESES, 


And their filth differences will be as follows; to wit, 
0.000,000,051,083,042,410, 
oO. ooo, ooo, o43, 421, 096, o6o, 
O. ooo, ooo, o37, o66, 789, 308, 
o. ooo, ooo, o; 1,771, 533.698, 
o. ooo, ooo, o27, 338, 296, 438, 
and o. ooo, ooo, O23, 6 10, 346,924 3 


And cheir ſixth differences will be as follows; to wit, 


o. oco, ooo, oo), 662, 546, 3 50, 
O. ooo, ooo, oo6, 354, 306, 752, 
o. ooo, ooo, oo 5, 29 5, 2 55,010, 
O. ooo, ooo, oo, 433.237, 260, 
o. ooo, ooo, oo3, 727,949, 5143 


And their ſeventh differences will be as follows; to wit, 


o. ooo, ooo, oo t, 308, 239,598, 

o. ooo, ooo, oo 1, 59, 051, 142, 

o. ooo, ooo, ooo, 862, 018, 350, 
and o. ooo, ooo, ooo, 705, 287,746; 


And their eighth differences will be as follows; to wit, 


o. ooo, ooo, ooo, 249, 188, 456, 
o. ooo, ooo, ooo, 197, 032, 92, 
and o. ooo, ooo, ooo, 156, 7 30, 604; 


And their ninth differences will be as follows; to wit, 


o. ooo, ooo, ooo, 32, 135, 664, 
O. oo, ooo, ooo, o40, 302, 188; 


And their tenth difference will be 


o. ooo, ooo, ooo, 11, 883, 476. 


Therefore D', or the firſt difference of the co- efficients ö, c, d, e, / g, b, i, 
k, 1, and m, of the firſt order, will be = o. ooo, 840, 3 36, 134, 453,781; and 
Du, or the firſt difference of the ſame co-efficients, of the ſecond order, will be 
= 0.000,046,685,340,802,988 ; and Di, or the firſt difference of the ſame 
co-efficients, of the third order, will be = o. ooo, oog, 785, 297 902,945 ; and 
Di, or their; firſt difference, of the fourth order, will be = 0.000,000,398, 
452,410,835 ; and D', or their firſt difference, of the fifth order, will be = 


0.000, 


4 
"I 
1 

4 

1 

J * 

* 2 
9 
% 3 * 
f 
* 
= 
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o. ooo, oco, o 1, 8 3, 642, 410; and D“, or their firſt difference, of the ſixth or- 
der, will be = o. ooo, ooo, oo), 662, 546, 350; and Dit, or their firſt difference, 
of the ſeventh order, will be = o. ooo, ooo, oo t, 308, 239, 508; and D, or 
their firſt difference, of the eighth order, will be = o. oo, ooo, ooo, 249, 188, 456; 
and D*, or their firſt difference, of the ninth order, will be = o. ooo, ooo, ooo, 
052,155,664; and D*, or their firſt difference, of the tenth order, will be = 
Oo. ooo, ooo, ooo, o1 1, 8 53,476. 


: : bs bs 5 5111 
Therefore the differential ſeries a — — = ===; = ———— === 
1+x 1 + x) 1 +x| 1 + a) 
DT x5 Dx DYT x7 Does D511 50 bv 10 Derr! 


— — — — — 
— 


1+ i+a +0! 15a I+0 i+s i+al 


&c ad infinitum will be = 
0.030,303,030,303,030,30F 
+ 
— 0.029,411,764,705,882,352 * 2 a 


2 


— 0.000,840,336,134,453,731 * 1 


o. ooo, o46, 68 5, 340, 802,988 X — 
— o. ooo, oog 785, 297,902,945 * 71 
x 


— 0.000,000,398,452,410,835 && 


— do. ooo, ooo, o31, 083,642, 410 X 2 


O odo, ooo, oo, 662, 546, 3 50 * 7 


xs 
— 0.000,000,001,308,239,593 X —= 


a9 
— 0.000,000,000,249,188,450 X 75 


do. ooo, ooo, ooo, o52, 135,664 X . 


111 


o. ooo, ooo, ooo, oi 1, 8 53,476 X == 


= &c ad infinitum. 


* 


is = 2. = 2 — + - 
But, becauſe x is = — We ſhall have 1 + x (= 1 + ts —= 
D 
10 +9,  '9 GC 
—) = 75» and conſequently - = (= = 
10 


Thereſore 


. - = — — 
r GA - - - _ = 
. _ - 


— = 


> 


10 
Fi 
: 


— — — <4 
- — — 


* 2 


— — — 


ä — 


2 ——— — > 


— 


— 
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Therefore the foregoing differential ſeries will be equal to 


0.030,303,039,303,030,303 
— 0,029,411,764,705,882,352 X = 
— 0.000,840,336,134,453,781 x 2} 
— o. ooo, o46, 68 5, 340, 802,988 x TD 
— 0.000,003, 785, 297, 902, 945 * 7 
— o. ooo, ooo, 398, 452, 410, 835 * 
— o. ooo, ooo, og 1, o83, 642, 410 x N 
— o. ooo, ooo, oo), 662, 546, 350 X x +} 
— 0.000,000,001 308,239,598 x 2] 


— o. ooo, ooo, ooo, 249, 188,456 * 12 


o. ooo, ooo, ooo, o5 2, 15 5, 664 X al 


— 0.000,000,000,011,853,476 * ws 


powers of 19,) equal to 

0.030, 303,030,303,030,303 
— 0.01 3, 931, 888, 544, 891, 640 
— o. ooo, 188,551,875, 043, 646 
— o. ooo, oo4, 961, 891, 448,517 
— o. ooo, ooo, 190, 570, 510, 824 
— o. ooo, ooo, oo, 502, 130, 733 
— o. ood, ooo, ooo, 577, 052, 473 
— o. ooo, ooo, ooo, oꝗ 1, oo 1, og 
o. ooo, ooo, ooo, oog, 3 13, 878 
do. ooo, ooo, ooo, ooo, 299, 176 
— o. ooo, ooo, ooo, ooo, oa, 661 


— &c ad infinitum 


bo 0.030,303,030,303,030,303 
— 0,014,125,603,005,523,044 


— &c ad infinitum, and conſequently, ( 
ſeveral neceſſiry multiplications into the powers of 9, and diviſions by the 


by performing the 


P 
4 4 . x . Ro 8 


> Ls £:7- 85% g * 6 EY . = 
— * I ** * N W n WY FR OI OY to 


EO "I RR 
ST wh 29d 


e ET TOI 


len 
WIFE gs} A 
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= 0.016,177,427,297,506,659 ; of which number the firſt eleven ſignificant 
1 o. 010, 177, 427, 297, or the firſt twelve figures, reckoning from the place 
of units, will be exact. 


But the ſeries a — r + cxx — dxf + ox — ff + gif — bx? + &c ad in- 


i 1 * a? x3 ** 15 x* +7 38 
. 33 34 T 35 36 T 37 38 T 39 40 + Yor 
tum, is equal to the ſaid differential ſeries. Therefore the ſaid ſeries = — D 


* 


* 3 * s : 8 . 
+ * + 5 + — — — + &c ad infinitum will alſo be equal 
to o. 0 16, 177,427, 297, 506,659, &c. . 1. 

4 of th i . be ELLE on 3 oo ©, os 
End of the Summation of the Infinite Series = = + 5 2 * 


+ &c by means of the above-mentioned Differential Series, 


— — 


x5 


2 1 * * * a3 as 
Art. 25. But, by art. 23, the ſeries 7 + _ + oo + IT + 17 


* a7 i F a : I * a* x3 
— 4 — 4 Ke ais js equal io the ferics — — —— << 
+ 5 -* * 1 33 —_— 39 
5 as 7 ; . : 
+ 77 _ — om 2 + &c ad infinitum together with the product of 
. . . . 5 : 
the multiplication of 2x into the ſeries 7 — 155 + IX oY — + &c ad infi- 


nitum. We muſt therefore now, in the next place, endeavour to find the value 


* 


of the ſaid ſeries _ + 7 + I + _ + &c ad infinitum. 


Art. 26. Now this ſeries, if continued to twelve terms, will be as follows, to 
F I * * ** * x$ K 0 K 12 114 115 213 4:29 
— txt T7 "I 8 7 
_ . + &c ad infinitum ; or, if we ſubſtitute the ſingle letter y inſtead of xx 


in it's terms, (which will be found convenient in the proceſſes we are now going 


N 0 8 1 y 72 7 44 ys 
to enter upon, ) the ſaid ſeries will be 2 I + 35 + 7 * 2 + ln 


44 
2 27 + EAR _ + 17 + 57 on 25 + &c ad inſinitum. This therefore 


will be the ſeries of which we are now to find the value. 


"DON . y r 
Art. 27. Now the n —— +: ++ — — + + —— 
Vol. IV. 4 N 


4 


— 


— — * — . X > - - - 2 


— 
x 
— 


— Z—ä— —— — 4 * — 
= — — — - 


= DE ” . 23 
—— . ——— — — 
— 8 = 
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== 
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132 = 
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+ 2 + 2 6 5 + &c ad infinitum is equal to the ſum of the two 


i 2 3 

following ſerieſes, to wit, the ſeries = — 42 422 

7 y7 y y9 2 = & 27 
1 er e e c ali infinitum and the ſeries = 

46 48 * 50 52 T 54 56 + f 36 + 

3 5 7 9 251 

— ＋ om +2. + =p * + &c ad + ts ; of which two ſerieſes the latter 

| „„ 2 87 

is equal to 2) x the ſeries 55 4 + = 1 * &c ad iu. 


3 + muſt * now endeavour to 1 the ** of the two infinite 


3 4 5 6 7 8 9 
| 12 F 40 4 is T4 i ＋ 5o 52 T 
6 8 1 
2 — 2 + Kc and 36 ME: — +27 + + + &c. 


54 48 92 


The Summation of the Infinite Series 85 — 5 + * — 25 + 7 TM — + &c 


by means of the Differential 2 . mentioned, 


5 6 7 
/ /] ... 
. 34 36 38 49 T 42 44 + 46 48 


U 10 
- 0 15 + 5 — 5 F + &c ad infinitum may be ſummed by means of the 
; R n bx 9142 51175 911144 
foregoing differential ſeries 4 — — 8 
ores g d e 1+x I + x2 1 + a\3 1+ 2 


Diers bes Dot? Dol DVI D119 D* ir 
1 + K* * 1 + * 1 ＋ r 
&c ad infinitum, by only ſubſtituting the letter y inſtead of the letter x in the 
by Dy? D193 


* 1 +7 1 + y)3 


2114 blos 24 " . pY311,9 D150 


terms of the ſaid ſeries, which wilt then be 4a — 


1+) 11 
ries z which may be done in the manner following: 


Art. 29. In this ſeries, it is evident, we ſhall have 


rr CF 
c ad infinitum, We muſt therefore compute this laſt differential ſe- 
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and c'= — = 0.026,315,789,473,684,210, 
and 4 = = 0.025,000,000,000,000,000, 
and e = — = 0.023,809,523,809,523,80g, 
= 0.022,727,272,727,272,727, 
and g = = 0.021,739,130,434,782,608, 
and þ = — = 0.020,833,333,333:333-333» 
and 5 = — o. o 20, ooo, ooo, ooo, ooo, ooo, | 
o. 019, 230, 769, 230, 769, 230, 
= o. 018, 5 18,18, 518,518,518, 


and m = — = 0.017, 837, 142,8 57, 142,8 57. 


3 0.27, 77,777.77. 777777 
Therefore b c will be = | RI 0.026,315,789,473,684,210 } 


; | = o. o0 1, 461,988, 304, 93, 567; 
I , PEP 0.026,315,789,473,084,210 
4 and c — d will be = | — 0.025,000,000,000,000,000 
IJ = o. 001, 31 3,789, 473,684, 210; 


. 0.02 5, ooo, ooo, ooo, ooo, ooo 
and d— e will be = 55000, Oo, doo, ooo, | 


— o. o23, 809, 523, 809, 5 23, 809 
= do. oo 1, 190, 476, 190, 476, 191; 


" 3 o. o23, 80, 523,809, 523, 809 
and e — f will be _ 0.022,727,272,727,272,727 
= O. 001, o8 2, 251,082, 251, 082; 


o.0 22,727, 272,727, 272,72 | 


and f—g will be = 5 __ 0.0 21,7 39, 130, 434, 782, Co 


= co. ooo, 988, 142,292,490, 119; 
4 N 2 | and 
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0.021,739,130,434,782,608 
— 0. 020,833, 333,333,333,333 
= 0.000, 905, 797, 101, 449,275 
o. oa, 833,333, 333,333,333 


— O. oz o, ooo, ooo, ooo, oo, ooo 
= o. ooo, 833, 333, 333,333,333 


o. oo, ooo, ooo, ooo, ooo, ooo 


and g — þ will be = 
and þ — i will be = 


and i — K will be = q __.,,019,230,769,230,769,230 


| = 0.000,769,230,769,230,770 3 

; 3 o. 0 19, 230, 769, 230, 769, 230 

and & — / will be — 0.018,518,518,518,518,518 
= oO. ooo, 712, 2 50, 712, 2 50, 712; 

o. o 18, 518, 518,18, 518,18 

— .o 17, 85), 142, 8 57, 142,857 
= b. ooo, 661, 375, 661,375, 6613 

that is, the firſt differences of the co-efficients 5, c, d, e, f, g, b, i, &, I, and n, 


and — #43 will be = 


or —, , —” —, —, 5 7 —, —5 —, and . will be 


o. 01, 461, 988, 304, o93, 367, 
o. o0 1, 315, 789, 473, 684, 210, 
o. o0 1, 190, 476, 190, 476, 191, 
o. oO 1,082, 251, 082, 231,082, 
o. ooo, 988, 142, 292, 490, 119, 
o. ooo, 905,797, 101, 449, 275, 
o. ooo, 833, 333,333.333,333, 
o. O00. 769, 230, 769, 230, 70, 
o. oo0, 7 12, 250, 7 12, 2 50, 71 2, 
and o. ooo, 66 1, 37, 66 1, 375, 661. 


Therefore the differences of theſe differences, or the ſecond differences of the 


ſaid co- efficients, = 77. = . = Fx FL 12 = — and 565 will 
be as follows; to wit, | 
0.000,146,198,830,409,357, 
oO. ooo, 125, 313, 283, 208, 019, 
o. ooo, 108, 225, 108, 225, log, 
o. ooo, oꝗ , 108,789, 760,903, 
. o. ooo, 
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0.000,082,345,191,040,844, 
0.000,072,403,768,115,942, 
0.000,064,102, 504,102,563, 
0.000,056,980,056,980,058, 
and 0.000,050,875,050,875,051 ; 


And their third differences will be 


0,000,020,885,547,201,538, 
0.000,017,088,174,982,910, 
0,000,014,116,318,464,146, 
0.000,011,703,598,720,119, 
0.000,009,881,422,924,902, 
o. ooo, oo8, 301,204,013,379, 
O. ooo, oo), 122, 50%, 122, 505, 
and o. ooo, oo6, 105, oo6, 10g, 07; 


4 — 4 LS — 
& I DA — _ — — 
Is * 2 — — = 
— * — — * > - 
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And their fourth differences will be 

o. oo0, oo3, 797,372, 218, 428, 

o. ooo, oo, 97 ·, 8 56, 5 18,764, 

o. ooo, oo, 352, 719,744,027, 

o. OOo, oo 1, 882, 175,795,217, 

o. ooo, oo 1, 5 20, 218,911, 523, 

o. OOo, o0 1, 238, 696, 890, 8 74, 

and o. ooo, oo 1, 17, 501, 017, 498; 


| And their fifth differences will be 

'J 0.000,000,825,515,699,664, 
1 o. ooo, ooo, 619, 136,774, 737. 
o. oo0, ooo, 470, 543,948, 8 10, 
o. ooo, ooo, 36 1, 9 56, 883,694, 


3 0.000,000,281,522,020,649, 
4 and o. ooo, ooo, 221, 193,873,276; 
4 And their ſixth differences will be 


o. oco, ooo, 206, 378, 924, 927, 

4 0.000,000,148,592,825,927, 

E 0.000,000,108,587,065,116, 

1 0.000,000,080,434,863,045, 
and 0,000,000,060, 326,147,373 3 


And 
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And their ſeventh differences will be 
0.000,000,057,786,099,000, 
0.000,000,040,005,760,811, 
0.000,000,028,152,202,071, 

and 0.000,000,020,108,715,672 ; 


And their eighth differences will be 
0.000,000,017,780,338,189, 
0.000,000,011,853,558,740, 

and 0.000,000,008,04 3,486,399 ; 


And their ninth differences will be 


0.000,000,005,926,779,449, 
and o. ooo, ooo, oog, 8 10, 72, 341; 


And their tenth difference will be a 
o. ooo, ooo, ooa, 116, 70, 108. 


Therefore D', or the firſt difference of the co- efficients 5, c, d, e, /, g, b, i, 

: I I I I I I I I I I I 
k, I, and m, or 36? 33” 7” 42 I 6”. 48” Too? T2? 7 and 7 of 
the firſt order, will be = o. 0901, 461, 988, 304, 093, 567; and D, or the firſt 
difference of the ſame co- efficients, of the ſecond order, will be = o. ooo, 146, 
198,8 30, 409, 357; and Din, or their firſt difference, of the third order, will 

= o. ooo, oz20, 885, 547, 201, 338; and D“, or their firſt difference, of the 
fourth order, will be = o. ooo, 03, 797, 372, 218, 428; and D", or their firſt 
difference, of the fifth order, will be = o. ooo, ooo, 8 25, 53 13, 699,664; and D*, 
or their firſt difference, of the ſixth order, will be = o. ooo, ooo, 206, 378, 924, 927; 
and Dy, or their firſt difference, of the ſeventh order, will be = o. ooo, ooo, 
057,786, og, ooo; and D', or their fuſt difference, of the eighth order, will 
be = o. oo, ooo, o17, 780, 338, 189; and D*, or their firſt difference, of the 
ninth order, will be = o. ooo, ooo, oↄ05, 926,779, 449; and D*, or their dif- 
ference, of the tenth order, will be = o. ooo, ooo, oo, 116, 70%, 108. | 


. . . 5152 vin 2174 
Therefore the differential ſeries a — . Sen DE Oo. 3 
93 a2+8--.1+5% ir 


by p*y® DYTy7 bos 39 95157 DX*y"1 


r e 
&c ad infinitum will be = ' 


0.029,411,704,705,982,352 
— 0.027,77 71777517 17TT>177 X FE7 


— 0.001,461,988,304,093,567 X == 
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| 3 
— 0.000,146,198,8 30,409,357 X TIT 
; — 0,000,020,885,547,201,338 * == 
— 0.000,003,797,372,218,428 X 75 
| — 0.000,000,825,515,699,064 * == 
— 0.000,000,206,378,924,927 X . 2 
— o. ooo, ooo, o57, 786, og, ooo N 
— o. ooo, ooo, o17, 780, 338, 189 * = | 
— o. ooo, ooo, 05, 926,779,449 * . 
— o. ooo, ooo, oo2, 1 16,707, 108 X = 
| — &c ad infinitum, 
But, becauſe y is = xx = 3 * i ==, 1 +y will be = 1 + A 
| * 
Rn = + 755 = = and conſequently 1 will be = = = =. 
100 


. . . . by 917 b 
ore the foregoing differential ſeries 4 — —— — —=— — — 

812828 TY he 1 175 
910% Dp ¹s bvys Dry? L _—_— I 01 7 


14 1 9 1+y)\ 1+)? = 2+ r I+y = 
&c ad infinitum will be = 


0.029,411,764,705,882,352 
8 
— 0.02, 7,777,777, 777.77 X fr 
"or 


181} 


— 0.001,461,988,304,093,507 & 


— 0.000,146,198, 830,409,357 x £i] 


_ K 4 wy n * my i 4 A - e 1 * : i . 2 * n 1 A 
n 2 . * — 2 DE 5 2 E 4 > 2 * 6 n 1 SS * _ r yt Ws. 4 y' 7 LS 8 oY” $ r * "Epos 2 d * 5 
S W wax kg th „ hi ANC ED pn „„ 8 F . 1 8 ns - als MS n 
e 1 P 1 : pe ITT . s , * 26> oh as Ss EI 
n 2 0 ron dd > x x , 4 | 2 4 bs * * hn £4 p N y uw 5 A , — 
x 8 , b a * "I 8 8 a ths. by 4 I : 2 . R 4 ooo 8 9 "Is % 8 2 2” A 8 
. 8 I 2 your 


1 181} 
F = 0.000,020,885,547,201,338 X . 
4 1 

a 06 
— 0.000,003,797,372,218,428 X —, 
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t Ius 
do. ooo, ooo, 825, 5 15, 699,664 X = 
8107 
1811” 


81 


N 9 o. ooo, ooo, 57, 786, og, ooo X 181] - 


— o. ooo, ooo, 206, ; 78,924,927 * 


33 
— o. ooo, ooo, ol, 780, 338,189 & =— 


8 ¹⁰ 


— o. ooo, ooo, oo5, 926,779, 449 * 1811 


817 


— 0,000,000,002,116,707,1038 X ==; 
; 7 bl 3 57 77 181 * 
— &c ad infinitum 


= o. 029, 411,764, 703, 882, 352 
— . ol 2, 430, 939, 226, 5 19, 336 
— o. ooo, 292, 790, 368, 522, 264 
— O. ooo, 13, 102, 773, 397,957 
— o. ooo, ooo, 837, 667, 439, 20g 
— o. ooo, ooo, O73, 723, 029, 832 
o. oo, ooo, oo6, 630, 771, 675 
o. ooo, ooo, ooo, 744, 502, 986 
— do. ooo, ooo, ooo, 92, 953, 465 
— o. ooo, ooo, ooo, o 12, 799, 647 
— o. ooo, ooo, ooo, oo, 909, 431 
— o. odo, ooo, ooo, ooo, 305, 162 
— &c 
o. 029, 411,764, 703, 882, 352 
— . 012, 737,753,242, 152,958 
— o. 016, 674, or 1,463, 729, 394; of which number, (if no 


miſtakes have been made in the calculations, ) the firſt twelve figures, reckoning 
from the place of units, to wit, the figures o. o 16, 674, o11, 463, will be exact. 


Therefore the ſeries - 2 
34 36 


© I 25 + &c ad infinitum, which is equal to the differential 


by Dy? 8 p33 55 1 Eo _ 
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Di? 56 by, 519¹ 55 4 Y 
— . — fed on — — — — &c ad initum wall 
PEN ii Tel? root rags, 
allo be equal to o. 016, 674, 01 1,463, 29,394. . E. I 

. . * 2 3 * 

End of the Summation of the Infinite Series — 2 + Io — 2 + LoL 

| 34 36 38 40 42 44 


+ Ec by means of the Difſ:rential Series above-mentioned. 


* 


Art. 30. We muſt now endeayour to find the value of the infinite ſeries 


4 8 . A. . . 
7 + 2 + 25 + 2— + &c, which, if it be continued to twelve terms, will 


48 
ETA A == co 
%%% r wh Gd 7 x 
+ 4 + &c, or, if we ſubſtitute the ſingle letter x in it's terms inſtead 
of yy, (which will be found convenient in the following proceſſes,) will be 
I 2 2 23 24 2 2⁰ 27 23 2? ks 21 
7 r ET CW Tx 


+ &c ad infinitum. We will therefore now endeavour to find the value of this 
laſt ſeries. 


: . | 22 23 24 25 x6 27 
Art. 31. Now this ſeries + + —+ — + NTT 
3 to ATA NN * 
23 29 220 oy 3 , 
+ x + " rr &c ad inſinitum is equal to the ſum of the two 
, : E I 2 22 23 24 25 25 27 
following ſerieſes, to wit, % 72 
28 29 210 zur 3 22 223 225 227 
+ = 57 T5 = 5 7 *c ef r + I 
229 2211 * T 2 
+ * + 55 + &c ad inſinitum, and conſequently to the ſeries 7 ＋— 


* 23 2+ 25 2s 27 28 x . gn 
UTE RTs” HT CTR” 
. . . I z? 24 2 3 * 
finitum, together with 2z Xx the ſeries „ + = + = + * + = 


+ &c ad infinitum; of which two ſerieſes the former, to wit, the ſeries 


— 55 + &c ad in- 


k 25 23 23 2+ 25 25 27 23 29 979 211 
/ 3x Res 


+ &c ad infinitum, may be ſummed by means of the foregoing differential ſe- 


os 80 
FO 


; - , [ 23 24 2® 

ries, and the latter, to wit, the ſeries _ + = + — ++ —_— —— =. 4+ 

+ &c ad infinitum, converges by the powers of 28, or of , or of , and 
Vol. IV, 40 conle. 
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* . * x3 
confequently much ſwifter than the ſeries = + Fs + —_ * — WA. 
3 . 3 37 38 
0 a? * * ** 2 I" . 3 
+ 5 1 _ _ — + 3 * & c ad infmitum, of which it is 
the object of all theſe proceſſes to find the value. Our next operation therefore 
muſt be to find the value of the infinite feries . 4 . 
8 85 
25 2 27 25 2 219 211 & } > f | . 
differential ſeries. This may be done in the manner following: 


— —  ———___—— 


: . . . 1 2 22 23 >+ 25 6 
The Summation of the Infinite Series —— — — k. — + — —- Lf 
4 30 42 x 44 48 T $52 56 5 Go 


7 . . . 
hn 2 + Ec by means of the Differential Series above-mentioned, 


— 


Art. 32. The differential ſeries to which this ſeries is equal is the ſeries 


5 by D'z> 21123 D524 Diezs vgs pY1z? 
| — — n—_ —»W— —¼—— — — —— — — — — — — — 
I+z 17 =) 1 + 2 1 + 2) 1 ＋ 1 + K 1 TP 
nDY311,8 : D111 p10 D*zrt 


r 


— . and þ 1s = = and c, d, e, f, g, b, i, 45 1, and m, * Ss 


OILED =, ned lt = and _ reſpectively, and Di., Du, 


Ss 7 — &c ad infinitum, in which à is 


Du, D”, D', Du, Dru, Du, D, D-, are the firſt differences of the ſeveral 
ſucceſſive orders of differences of the co-efficients 5, c, d, e, . 


S 
and Ni, &c, Or 40 44 43 ? 52? 56? bo ? 64 68 ? 72 70 and 70 &c. 


Here therefore we ſhall have 
= o. 027, 777,777,777, 777,777. 


= O. oa 3, ooo, ooo, ooo, ooo, ooo, 


«= 
and þ = 
and c = 


and d = 


= 0.022,727,272,727,272,727, 
= 0.020,833,333,333333333s 
and e = = 0.019,230,769,230,769,230, 


and f = 


al- l- Sl 2 3[- $- 


= 0.017, 857, 142,857, 142,857, 
8 and 
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- = 0.016,656,666,656,666,656, 1 


and g = 


2! 


OY : 1 1 


and þ = = 0.015,625,000,000,000,000, 


and ; = = 0.014,705,882,352,941,176, 


and & = = 0.013,868,388,888,883,888, 


and / = = o. 013, 157, 894, 736, 842, 105, [| 


! 
18 Wn ME $'- £|- 


and m — 0.0 2, goo, ooo, ooo, ooo, ooo. 


0.02 ʒ;, ooo, ooo, ooo, ooo, ooo 
— 0.0 22,727, 272,727,272,727 
o O02, 272,727, 272,727, 273 
0.022.727, 272,727, 272,727 
— 0, 833,333,333,333,333 
o. oo f, 393, 939, 393,939,394; 
and 4 — e will be = 0.020,033,3331333»333»333 | 
— . 019, 230, 709, 230, 769, 230 
_ o. o0 1, 602, 564, 102, 564, 103; 


Therefore 3 — c will be 


and c = d will be 


6g 3 0.0 19, 2 30, 769, 2 30, 769, 230 
and e—f will de = - 0017,857,142, 857,142,857 


= 0.001,373,026,37 3,026,373 ; 
PL 2 o. 017, 857, 142, 837, 142,8 57 
and f—g vil be = = 9.166,66 0,666,668,686, 688 
O. 00 1, 190, 476, 190, 476, 191; 
o. 0 16,666, 666,666, 666,666 
1 — o. o13, 623, ooo, ooo, ooo, ooo 
o. oO 1,041, 666, 666, 666,666; 
SE IS 0.015,62 5, ooo, ooo, ooo, ooo 
. | — 0.014,705,882,352,941,176 ; 
o. ooo, 919, 117, 647, 058, 824 
13 . 0.014,705,882,352,941,176 
and 5 — þ will be — 0.01 3,8 88,888,888, 888,889 
o. ooo, 8 16, 993,464, 05 2, 288; 
o. 013,888,888, 888,888,888 
— o. 013, 137, 894,736, 842, 105 
o. ooo, 730, 994, 152,046,783; 
40 2 


and g — þ will be 


and x — will be 
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| ; VS ” 013,157,394,736,842,105 
and / — mill be S . — * 012,500,000,000,020,900 


= 0.000,057,894,7 30,842,105 ; 
chat is, the firſt differences of the co-effictents 5, c, d, e, 75 2, b, i, X, I, and . 
I I 13 I I I 1 1 I 
or r. . Tt . and = will be 


o. oo, 272, 727, 272,727, 273, 
o. oo 15893, 939, 393,939,394, 
o. o0 1, 2, 564, 102, 3564, 10g, 
o. ot, 373, 626, 373,626,373, 
o. 00 1, 190, 476, 190, 476,191, 
o. ooo, 4, 666, 666,666, 666, 
o. ooo, 19, 117, 647.058, 3824, 
o. 00, 8 16, 993, 464,0 5 2, 288, 
o. ooo, 7 30, 994, 152, 046, 783, 
and o. ooo, 657, 894, 736,842, 105. 


Thereſore the ſecond differences of theſe co-efficients will be 


o. oo, 378, 787, 878, 787, 879, . 
0.000,291,375,291,37 53291, 
0.000,228,937,728,937,7 3O, 
0.000,183,150,183,150,182, 
o. ooo, 148, 809, 323, 809, 525, 
o. oo, 122,549,019, 60%, 842, 
o. ooo, 102, 124, 183, 06, 536, 
o. ooo, o8 5, 999, 3 12, oog, 505, 

and o. oeo, o7 3, 099, 415, 204, 678; 


And cheir third differences will be 


o. ooo, 87, 412,587, 412, 588, 
o. ooo, 62, 437, 562,437,561, 
o. ooo, o45, 787, 545,787, 548, 
o. ooo, o34, 340, 059, 340, 657, 
o. ooo, o26, 260, 504, 201, 683, 
o. O00, o20, 424, 8 36,601,300, 
o. ooo, o 16, 124, 871, 01, o31, 
and o. ooo, o12, 899, 896, 800, 827; 


_ 2 ts. * — 4 7 dee * fy my 1 Y 7 "= v 3 * Ve * 4 bh 6 7 \ 
p 8 . * 2 e 2 E Fs e * as ; 8 - Sw r ry 145 PO . RN” 4 8 - 4 
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And their fourth differences will be 


0.000,024,97 5,024,97 5,027, 

o. ooo, o 16, 650, o 16, 650,01 3, 

o. oo, 11, 440, 886,440, 891, 

o. Coo, oo8, o80, 15 5, 138,974, 

o. ooo, 05, 83 5, 607,600, 377, 

o. ooo, oog, 299, 965, 600, 27 5, 
and o. ooo, 03, 224, 974, 200, 2043 


And their fifth differences will be 
o. ooo, oo8, 325, 008, 32 5, oi4, 
o. ooo, oo 5, 203, 130, 203, 122, 
o. ooo, oog, 366, 731,307.91, 
o. ooo, 02, 244,487, 538,597, 
o. ooo, oo 1, 535, 702, ooo, Ioa, 
and o. ooo, oo 1, 74, 991, 400, 071 3 


And their ſixth differences will be 
o. ooo, oo 3, 121,878, 121, 892, 
o. ooo, oo 1, 836, 398, 893, 205, 
o. ooo, oo 1, 122, 243,769, 320, 
O. ooo, ooo, 708, 78 5, 538, 495, 
and o. ooo, ooo, 460, 7 10, 6o0, 31; 


And their ſeventh differences will be 
o. ooo, oo 1, 28 5, 479, 226, 687, 
o. OOO, 00, 714, 153,125, 883, 
o. ooo, ooo, 413, 458, 230, 825, 
and o. ooo, ooo, 248, o) 4, 938, 464; 
And their eighth differences will be 
| O. OOo, ooo, 571,324,100,802, 
o. ooo, ooo, 300,696, 89 5,000, 
and o. ooo, ooo, 163, 383, 292, 3613 
And their ninth differences will be 
o. ooo, ooo, 270, 627, 203, 742, 
and o. ooo, ooo, 135, 313,602, 699; 
And their tenth difference will be 
o. ooo, ooo, 13 55 13,603; 043. 
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Therefore Di, or the firſt difference of the ſaid co-efficients 6, c, 4, e, f,g,b, 


I 1 1 1 1 1 1 1 1 1 I 


i, K, J, and m, or 7 If FJ 5 36 5 N 08” 72 7G 

the firſt order, will be = 0.002, 272,727,272, 727, 73; and D', or the firſt 
difference of the ſime co- efficients, of the ſecond order, will be = o. ooo, 378, 
787,878, 787,879; and Dur, or their firſt difference, of the third order, will 
be = O. ooo, 87, 412,587, 412,88; and D, or their firſt difference, of the 
fourth order, will be = o. ooo, o24, 97 5, 24, 973, 27; and D', or their fir{t 
difference, of the fifth order, will be = o. o00, o08, 325, oo8, 325, 14; and D“, 
or their firſt difference, of the ſixth order, will be o. ooo, oog, 121, 878, 121, 892; 
and Du, or their firſt difference, of the ſeventh order, will be = ©.000,001, 
285,479,226,687 ; and Du, or their firſt difference, of the eighth order, will 
be = 0.c00,000,571,324,100,802 ; and D**, or their firſt difference, of the 
ninth order, will be = o. ooo, ooo, 270, 62), 205, 742; and D*, or their dif- 
ference, of the tenth order, will be = 0.000,000,135,313,003,043. 


iz? 5113 Dertze 


: : 5 bz 
Therefore the differential ſeries 47 =—_ _ N K ba 


Durs DVAG 5 nY11gs D110 Dtxz io Dr zit 
1 ＋ D c 7 412 


&c ad infinitum (to which the ſeries a — bz + cz‘ — dz? + ez! — fo + go. 
— bz! ＋ iz" — e + 12? — mz" + &c ad infinitum is equal) will be = 


o. o 5,77, 777,777,777, 777, & 


o. oa, ooo, ooo, ooo, ooo, oo X —— 


— o. oo, 272,727, 272, 727, 273 X ST 


— 0.000,378,787,878,787,879 X — 


2+ 


1 + a? 


— 0,000,087,412,587,412,588 X 


25 


— 9.000,024,975,024,97 55027 X == 


2 
o. ooo, oog, 323,008, 32 5, 14 X — 
| 1+%z 
27 
— o. ooo, oog, 121, 878, 121,892 x 7 
1 2 


: " 
— 0.000,001,285,479,226,087 X == 


— O. ooo, ooo, 57 153 24, 100, 802 X == 


7 
4 
4 
4 
1 
2 
* 
mY 
1 4 
2 
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YN 219 
: . — 0,000,000,270,027,205,742 * = 
1 | 211 
: — 0.000,000,135,313,003,043 X ===— 
2 1 - 2 it 
. — & c ad infinitum, 
4 
| But, becauſe 2 is = yy, and y is = xx, 2 will be = *, or 27, or ==» Or 
4 10 
4 
3 6 . 6561 5 
N . conſequently 1 + 2 will be = 1 = (==22? 6561 
i 10,000 10,000 10,000 19,0900 
6561 
7 6, 56 5 
1 10.000 + 6561 — J6,c0r 16,861 ws x lh he. 10,000 — 6561 ; 
10,000 10,009? I + z 16,561 16, 561 
10,000 
Therefore the foregoing differential ſeries 4 — 1 — 
| | 1 1 ＋ 140” 
y111g4 D®vg5 pz DY1z7 nY11,8 DY111,9 D310 D* 211 


— — — — — 
— — — — — — —— — 


5 9 T7 © I F597 9 ap 
&c ad infinitum will be = 


0.027,777,777.777,777.777 


6861 
— 0.02 5,000,000,000,000,000 Xx — 


15.567 

6561] 

16,561) 
© 65613 


— 0.000,3 878,787,8 — — 
o. ooo, 37 8,787, 878, 787,879 * N 


6 514 

10 56105 
— . 000,024,97 5,024,97 5,027 X = 
501 


— o. oo, 272, 727, 272,727, 273 X 


— o. ooo, o8 7, 412,387, 412,588 X 


. — do. ooo, oo8, 325, oo8, 325, 14 X 2 


— o. ooo, oo3, 121, 878, 121,892 X ——— 
| 16,5617 


6561 
16,500 + 
65679. 9. 
16,5611* 


O. ooo, ooo, 57 1, 3 24,100,802 Xx —— 
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\ 6561 


— 0,000,000,270,6027,205,742 * 


— '0.900,000,1 35,31:3,0603,043 * = 
— &c ad infinitum 


= 0.027,77715711»1115771715777 
2d. oc, 904, 293, 219, 08, 513 
— o. ooo, 3 56, 709, 178, 793, o83 
* — 0.000,023,553,015,337,856 
— 0.000,002,153,316,64 7,057 
—— O. ooo, ooo, 243,738, 051,037 
o. ooo, ooo, og32, 187, 375, 014 
o. ooo, ooo, o04, 78 1,898, 001 
— o. ooo, ooo, ooo, 780, o68, 799 
— o. ooo, ooo, ooo, 137, 351,646 
— o. ooo, ooo, ooo, o2 5, 775, 450 
— o. ooo, ooo, ooo, oog, 105,751 
— & c ad infinitum 
= 0.027,777»4177»7711+177»777 
— 0.0 10, 286, 990, 38 5, 412, 207 


= 0.017,490,737,392,365,570; of which number, (if no 
miſtake has been made in the calculation,) the firſt eleven figures, reckoned 
from the place of units, to wit, the figures 0.017,490,7 87,39, will be exact. 

23 2+ 2 26 87 


. I LA & 
Therefore the ſeries 6 F 


— * 75 + = — = + &c ad infinitum, (which is equal to the faid dif— 


ferential ſeries,) will allo be equal to 0.017,490,787,392,365,570 ; of which 
number (if no miſtake has been made in the calculation,) the firſt eleven 
figures 0.017,490,787,39, will be exact. Q. E. I, 
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= 25 — 57 + Oc by means of the Differential Series above-mentioned. 
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. . ; 22 2.3 
Art. 23. Having thus found the value of the ferics — = :—¶ + — = 
33 S | 36 40 T 44 45 


++ — 8 25 ; 27 28 +10 vil I 7 1 - 
— 2 — — — — — 2 !?!!!! m——_— nas & * 2. 2 H 44 mm w 
ws 72 55 * = 54 * 68 — ＋7.§ 75 Sg 1 & G 2 am, We 


2 


- 8 10 1 . 
— 85 + &c ed infinitum. 


72 


p 0 . . 0 . 1 * 
This ſeries, if continued to twelve terms inſtead of ſix, will be — += 
4 4 


4 28 28 210 212 e 14 +6 AL A 222 
e Hom — —— _ CCF —_ 
56 T 64 + 72 T 80 + 88 88 + 9 + 12 q 20 7 + &Cc ad ix 


uilum; or, if we ſubſtitute the ſingle letter v in it's terms inſtead of zz (which 


will be found convenient in the following proceſſes,) it will be 25 + — 
— 


48 
9 v3 24 vs 9 27 as 99 e9*0 
ET TT oe 80 T 88 ＋ 7 on 5 + &C ad in- 
finitum, Now this ſeries is evidently equal to the ſum of the two. following ſe- 
V ike q/3 e724 25 ** * PL 


. 1 
rieſes, r 33 . * 7 — 


9 vo v2! 25 2 217 249 2 
r & c ad infinitum and — — þ -— + — 4 == 
112 T 120 + i 7 . 64 T 80 + 9 415 * 128 


. . . ay 1% * 
— 7 n U 4 — — — — _ — — 
+ &c 44 _—_ and conſequently to the ſeries 4 +2 8 


24 25 2 27 2 2 271 PTL 
> — —— ze 164 112 1 IT + &C e toget! ler 


1 + — — - + &c ad infinttumn ; 


; 8 22 —4 
with 2v x the ſeries y eh - 7 


* * * * 2 2 
of which two ſerieſes the former, to wit, the ſeries — — ＋ 4 
40 48 56 64 


511 ; , 
r ad inſinitum, may be 


* 45 6 v7 vs <9 yo 
T 
ſummed by means of the foregoing differential ſeries, and the latter, to wit, the 


0 I ny? 4 97 s 2¹⁰ . ' 
ſeries ” | 4 E + 1 7 + = + oo + wy + &c ad infinitum, converges by 


the powers of vv, or of 2, or of y*, or of ack and conſequently much ſwifter 
_ ++ S+E+S+E 
4+ _ + — + &c ad infinitum, of which it is the object of all theſe proceſſes 


to find the value. 1 next 8 muſt therefore be to find the value of the 


. 0 * 3 4 3 8 7 8 
infinite ſeries — = © TT — * 
40 7 * 64 72 80 + 88 96 * 104 
vol. IV. 4 P 1 
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725 + == — = + &c by means of the foregoing differential ſeries, This may 


be done 1n the manner following : 


. . pe 8 2 3 4 Jer” 8 
% Summation of the Infinite Series — — . ow 
5 1 4 * 43 F 56 64 + 72 89 8 


7 . . . 
bins =p + Oc by means of the Differential Series above-mentioned. 


—  — 
Art. 34. The differential ſeries to which the ſeries — 4 © 2 
; 49 48 56 64 

4 5 * v7 vs 0 * vlt 18 5 

nec n is 
x 5 51 91153 911154 DIV 

equal, is the ſeries a2 — 3 ee eee. 8 
3 „ 1+bP - 2+0* 1+008 

Dv pv 5118 p % 511 D* l 


1 =" Des e dr ee &c ad in. 
1 ＋ 1 + v\? TUN 1 + ov)? 11 1 
fnitum, in which 2 is = ry and bis = and ; # *, D**, Dir, Dy, Dry, 
Din, Dim, D“, D', &c are the firſt differences of the ſeveral ſucceſſive orders 
of differences of the co-efficients 3, c, d, e, f, g, b, i, k, I, n, &c, or A 

, eee er 2 & 

56 6 72 80 88 90 104 112? Tao? 128 C. 

Here therefore we ſhall have 

= 0.025,000, ooo, ooo, ooo, ooo, 


= o. oꝛ0, 833, 333, 333,333,333, 


1 
40 
1 
43 
— I = 0.017,857,142,857,142,657, 
«+: = 0.015,62 5,000,000,000,000, 
2 o. o 13,888,888, 888,888,888, 
77 = 0.01 2, 500, ooo, ooo, ooo, ooo, 
and g = 36 = 0.01 1,363,636,363,636,363, 


and þ = I = 0.010,416,666,666,666,666, 
and 


© Sa 
1 1 
4 128 
q Therefore 3 — c will be = 
2 and - 4 will be = 
1 and 4 — e will be = 
[i and e — F will be = 
1 and f—g will be = 
Y and g — þ will be = 
2 and 5 — i will be = 
1 and i — & will be = 
4 and k - 1 will be = 
3 = 
3 


and ] = m will be = 
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and i = — = O. oog, 615.384, 61 5,384,615, 
and K = = = 0.008,928,571,428,571,428, 


and } = — = 0.003,333-333333:3331333s 


and m = = = 0.007,812,500,900,000,000. 


0.020,833,333,333»333+333 
— 0.17, 857,142, 857, 142,8 57 


o. 002, 976, 190,476, 190,476; 
0.017, 857, 142,8 57, 142,857 
— . 0156, 625, ooo, ooo, ooo, ooo 

o. o02, 232, 142,857, 142,857; 


o. O15, 625, ooo, ooo, ooo, ooo 
— 0.013, 888,888,888, 888,888 


＋ . o0 1,736, 111, 111,111,112; 


o. 013, 888,888,888, 888,888 
o. ol 2, oo, ooo, ooo, ooo, ooo 


O. 00 1, 388,888,888, 888,888; 
o. 012, ;o, ooo, ooo, ooo, ooo 
— 0.011, 363, 636, 363,636,363 

o. oo 1, 136, 363,636, 363,637; 
o. 0 11, 363, 636, 363,636,363 
— do. o 10, 416, 666,665, 666,666 

o. ooo, 946, 969, 696,969,697; 
o. 0 10, 416,666, 666,666,666 
— o. oo, 615, 384,6 15,384,615 

o. ooo, 801, 282,05 1,282,091; 
o. oo, 61 5, 384,61, 384,615 
— o. oo8, 928,571, 428,571,428 

o. ooo, 686, 8 13, 186,8 13,187; 
o. 008, 928, 871, 428,571, 428 
— 0.008,333333-333»333»333 

o. oo0, 595,238,095, 238,95; 


0.o08, 333,333,333,3335333 
— o. oo, 8 12, 500, ooo, ooo, ooo 


0. o00, 520, 833, 333733373333 
4722 


— — — 


—— = 2 = _ 

— " — — 

N — 3 — 
— = — 


— 
. 
— — 


— — — — —— — — 


E * 


5 — .  - R—_—_ — * -- 


that 
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that is, the firſt differences of the co-efficients b,c,d, e, fs g. b, i, k, I, and u, 


1 1 1 
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I 


I I I I I I 


0.002,976,190,476,190,476, 


0.002,232,142,857,142,857, 
0.001,736,111,111,111,112, 
0.001,388,888,888,888,888, 
0.001,136,363,636,363,637, 


0.000,940,909,696,969,697, 


0.000,001,282,051,282,051, 
0.000,686,813,186,813,187, 
o. ooo, 595,238,095,238,09 5, 


and 0.000, 520, 833, 333, 333,333. 


Therefore the ſecond differences of theſe coefficients will be 


o. O00, 744, 047, 619, 047, 619, 
o. 000, 496, 03 1,746, 031,743, 
o. o00, 347, 222, 222,222,224, 
o. ooo, 25 2,525, 252,525,251, 


0. ooo, 189, 393,939,393, 940, 


o. oo, 14,687, 645, 687, 646, 
O. ooo, 114, 408, 864, 468, 864, 
0.000,091,575,091,57 5,092, 


and 0.000,074,404,761,904,762 ; 


And their third differences will be 


o. 000, 248, 015, 873,015, 874, 
o. O00, 148, 809, 523, 809, 521, 
O. oo, o94, 690, 969, 696,973, 
o. ooo, ob3, 131, 313,131,311, 
0.000,04 3, 706, 293,706, 494, 
o. o00, 031, 218,781,218, 78a, 
o. oo0, oꝛ 2, 893,772, 893,772, 


and o. oco, 17, 170, 329, 670, 330; 


And their ſourth differences will be 


o. ooo, 99, 206, 349, 206, 353, 
o. ooo, o 54, 112, 554, 112,548, 


I 
128 


„ will be 


0.000, 


"5 544% 6s * , 


o 


8 r o ĩ ²˙ A S 
5 e Dot ant S N 3 
8 4 = . A ' 9 SS HAY — x 2 * oy 4 


7 * Ys 

ee 
2 4 SE SS — 0 

8 5 * 
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I  0,000,031,565,046, 565,662, 
J | o. 30, 019, 425, 0 19, 425,017, 
I O. 0, o 12, 487, 512,487, 512, 
i 9 o. ho, oo8, 32 5,008, 325,010, 
1 and o. o, O03, 723, 443,223, 4423 
; | And their fifth differences will be 
| 0.000,045,093,795,093,805, 
4 0.000,022,540,897, 546,886, 


0.000,012,140,637,140,045, 
0.000,006,937,500,937,505, 
0.000,004,102,504,162,502, 
and o. oo, 02, 601,505, 101, 5683 


And their ſixth differences will be 


o. ooo, 22, 546, 897, 546,919, 
O. Oo, 010, 406, 260, 406, 241, 
o. ooo, oo 5, 203, 130, 203 140, 
0.000,002,77 5, 02, 775, oog, 
and o. ooo, cot, 560, 939,060, 9343 


FC Nr 
5 2 2 y PF "* 2 =; RAY, — 2 * 8 — 


e at: ta. a. = a 1 
RENE ISAS 


And their ſeventh differences will be 
0,000,012,140,637,140,678, 
0.000,005,203,130,203,101, 
0.000,002,428,127,428,137, 

and 0,000,001,214,063,714,069 z 


— — 


CA >_> = 2" . — De. — —— — — — 


—ͤ — —-— 
- "F_ - — 


And their eighth differences will be 


o. ooo, oo6, 937, 506, 937,77, 
o. ooo, oo2, 773,002, 774, 964, 
and o. ooo, 01, 214, 063, 714, 068; 

And their ninth differences will be 
O. ooo, oo, 162, 504, 162, 613, 
and o. ooo, o01, 560, 939, o60, 896; 

And their tenth difference will be 
O. oo, 02, 601, 565, 101,717. 


— — 


” — 2 — — — 
— _ — — 
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Therefore D', or the firſt difference of the ſaid co-efficients b, c, d, e, /, g, b, 


. 1 1 1 1 1 1 1 1 1 1 1 
i, ky bs n, EG, or J. 39 5g. z, Bo? I. 96, Toy” 11 1256 tag Kc, of 


firſt difference of the fourth order, will be = o. ooo, og, 206, 349, 206, 353; 
and Di, or their firſt difference of the fifth order, will be = o. ooo, o45, O93, 795, 
093,805 ; and Dei, or their firſt difference of the fixth order, will be = 0.000, 
022, 546, 897,546, 919; and D"", or their firſt difference of the ſeventh order, 
will be = 0.000,012,140,637,140,678 ; and D', or their firſt difference of 
the eighth order, will be = 0.000,006,937,5090,937,577 3 and D®, or their 
firſt difference of the ninth order, will be = o. ooo, oo4, 162, 504, 162, 613; and 
De, or their difference of the tenth order, will be = o. ooo, 002, 60 1, 565, 101, 
717. 
. . . by Dig? | 91114 
Therefore the differential ſeries a — NS eg = a —— —_ 


rer 1+ 1+? 


T 1 +98 
= &c ad infinitum (to which the ſeries a = bv + c = dv* + ev! — fo + 


, : ö , , r * 
gu* = by! + iv — k + de — mo* + &c ad infinitum, or or 


9 95 9 9 PR 97 * 9 o 911 & : 
EEG . 4&4 — ad in- 
56 64 T 72 80 + 88 96 7; 104 112 T 120 128 * X 8 
finitum, is equal) will be = 
: 0.02 g,[ ooo, ooo, ooo, ooo, ooo 
* 
— 0. oꝛc, 833, 333, 333,333,333 X T 
2 


V 
— 0.002,976,190,476,190,476 X 2 


— o. 000, 744, o47, 619, 47, 619 X . 


| * 
— do. ooo, 248,015, 873,015,874 X == 
95 
1 ＋ 


vs 


— o. ooo, o4 5, 93, 795, ogg, 805 X 1 ＋ 9 


— o. ooo, o, 206, 349, 206, 353 * 


6,897,546 _ 


9s 


14 


— o. ooo, o 12, 140, 637, 140, 678 X 
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— 0.000,006,937,506,937,577 X —==- 
I + v) 
10 
— 0,000,004,162,504,162,613 X = 
1 V 
I 
— do. ooo, oo⁊, 60 1, 565, 101717 X ——— 
142 
— &c ad infinitum, 
: 4 „ 
But, becauſe v is = zz = v = „ = =& = 
10 mY 
43,040,721 < 43046, 2721 __ 100,000,000 43,040,721 
100,000,000? we ſball have 1 +v =1 + 7 100, oo, ooo 100,000,000 100,000,000 
43.046.721 N 
[EM 143,046,721 v» __ 100,000,000 _ 43,046,721 —85 
100,000,000? and conſequently 1＋ 1 25 143,046,721 YT 143,046,721 721 44 


— 
= — - 


100,000,000 


- 4 — FE * 
— 
DDD = 
— — 
„ — + — * 


| 
] 
| 
| 


: N : . ty 
Therefore the foregoing differential ſeries 4 — 
* un dr 1+ a 


11% DIV Dv bv DVI 51% 13 3%419 

— — — — — — — — — — — — . —— — — — * 
TY 1+ 1+9 i+v i+9 ee 7 
D' 165 

— — . ad inſinitum (to which the feries a — bv + c — do? + 4 
CEE 1 ( + 7 

— 0 + go — bY) + iv — kv? + bo”? — _—_ ho &c ad infinitum, or "of 
#5 3 _ s v 2 v0 33 ll 
40 7 * N 72 — * + A 83 — 35 + 55 112 7 120 128 Wil 


+ &c ad x is equal,) will be = 


0.025,000,000,000,000,000 
43,046,721 
— 0.020, 33,333333,333,333 X 8657 
5. 212 
— o. oo2, 976,1 6, 1% % %R 
5970, 190,470, 190,47 ed 

43046, 7213 
143 040,72 7775 
v40,7-1 4 
— 0.000,248,015,873,015,874 x YL —— 
142-04%,721 \ 

4 5 0,72 

143,0;0,72 V 


43,046, 21% 


— o. ooo, 744, 047, 6 19,047, 619 * 


o. ooo, o99, 206, 349, 206, 353 X 


— o. ooo, oà5, ogg, 795, 93, 8s x , 
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434240, 7 21 25 


— c. ooo, O12, 140, 6 140,678 — 
o. ooo, 40, 37, 140,78 X 737545772705 


iy 43,040,721\ M 
— 0.,000,005,927.,500,99 N 22 * 
„009,937,509, 937,577 8 


| ,046,721\ 29 
— 0.000,004,162,504,162,613 x ⏑ 
143,046, 210/10 


0 0,72 11 
— o. ooo, oo2, 601, 565, 101,717 * 29.1 — 
143,040,721 „ 


& c ad infinitum 


o. O25, ooo, ooo, ooo, ooo, ooo 
o. 006, 269, 327, 120, 52, 386 
o. oo, 269, 5 16, 314, 608, oog 
o. oo, O20, 276, 231, 287, 886 
o. oo, oo2, 033, 893, 227,518 
o. ooo, ooo, 244, 821,923,861 
o. ooo, ooo, o33, 488, 043, 2 26 
o. ooo, ooo, oog, o38, 740, 243 
o. ooo, cod, ooo, 8 16, 467,357 
o. ooo, ooo, ooo, i 40,398,054 
o. ooo, ooo, ooo, o2 5, 349, 906 
o. ooo, ooo, ooo, oo4, 767, 805 
&c ad inſinitum 

0.02 5, ooo, ooo, ooo, ooo, ooo 


0.006, 561,437,895, 570, 851 
&c ad infinitum 


C 


= 0.018, 438, 562, 104, 429, 149; of which number, (if no 
miſtake has been made in the calculation, ) the firſt eleven figures, reckoned 
from the place of units, to wit, the figures o. 018, 438, 562, 10, muſt be exact. 


he ſerie 6 We e eee e ee 
Therefore the ſeries — 48 + 55 a + — ＋ 75 = 4- 


75. — — + = + &c ad infinitum (which 1s equa] to the ſaid differ- 


ential ſeries,) will alſo be equal to 0.018,438,562,104,429,149. Qi ie I 


. . . I | * 792 e413 q/4 8 
End of the Summation of the Infinite Series 7 + = 5 


vs v7 


IF — 76 + &c ty means of the above-mentioned Differential Series. 


Art. 35. 
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Art. 35. Having thus found the value of the ſeries 1 RA Rat 

d | 4 175 5 * * BY” . 5 * 50 64 
* = "> ＋ * VE = P 55 T8 + BY we mult now 
endeavour to find the value of the {cies * + — + 15 ＋ 5 + 22 52 


+ & c ad infinitum, 


Now thus ſeries converges with a ſufficient degree of ſwiftneſs to make it ca- 
pable of being ſummed in the common way, or by raerely computing a mo- 
derate number of 1 irs terms and adding them together. For, ſince vis = *, 
vo will be = x", which we have found above (in art. 18) to be = 0.185,302, 
018,88 5, 184, 100; that is, the quantity wv, (by the powers of which the taid 


ſeries converges,) will be = 0.185,302,018,88 5,184,100; which is leſs than 0.20, 
20 2 I . . . 
or than , or , or _ Therefore every term in the faid ſeries muſt be 


leſs than the 5th part of the term immediately precceding it, and than the 25th 
part of the laſt term but one, and than the 125th part of the laſt term but two; 
and conſequently every three new terms of the ſeries will give us the value of 
the whole ſeries exact to at leaſt two new places of decimal figures, and there= 
fore eighteen terms of it will give us the value of the whole exact to at leaſt 
twelve places of figures. We will therefore now proceed to compute the firſt 
twenty terms of the ſaid ſeries, 


4 | A an ph the Sox . the Sum of me eff twenty Terms of the Series 
| * Cl — + - + — + 22 3 7 + &c ad infinitum. 
—_____ 


Art. 36. Since ov is = © 18g, 302, 018,885, 184, 100, we ſhall have 
* (= 0.185,302,018,88 5, 184, 100“) = o. o34, 336, 838, 202, 925, 120; 
and v* (= v* x v* = o. o34, 336.838, 202, 925, 120 x 0. 185, 302, 018, 88 5, 184, 
100) = o. oo6, 362,68 5, 441, 135,942; 
and v' (= v x v* = o. oo6, 362, 68 5, 44, 135 942 x 0. 185, 302, o18, 885, 184, 
; 100) = 0.001,179,018,457,773,858 ; 
and v (= v x v* = 0.001,179,018,457,773,858 x 0.185,302,018,885, 
184,100) = 0.000,218,474, 500,528,392 z 
and v (= v x v* = 0.000,218,474,500,528,392 x 0.185,302,018,885, 
184,100) = o. ooo, o40, 483,766, 022, 843; 
Vorl. IV. 40 and 


— 


— 


— 
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and v“ (= v* x vf = 0.000,040,483,766,022,843'X 0.185,302,018,885, 
184, 100) = 0.000,007,501,723,570,108 z 

and v (= v* x v* = 0.000,007,501,723,576,108 x 0.185,302,01 3,885, 
184,100) = 0.000,001,390,084,523,771 ; 

and v (= z x v* = 0.000,001,390,084,523,771 X o. 185, 302, 18, 88 5, 
184,100) = o. ooo, ooo, 257, 58, 408, 675; 

and v“ (= v* x v* = o. ooo, ooo, 257, 585, 468,675 Xx o. 185, 302, 018, 88 5, 
184,100) = o. ooo, ooo, o47, 731, 107, 380; 

and v** (= v x v* = o. ooo, ooo, o47, 731, 10), 380 X o. 185, 302, 018, 885, 
184,100) = o. ooo, ooo, oo8, 844, 670, 661; 

and v** (= u x v* o. ooo, ooo, oo8, 844, 670, 56 x o. 183, 302, o18, 885, 
184,100) = o. ooo, ooo, oo 1, 638, 933,311; 

and v (= v x v* = o. ooo, ooo, oo 1, 638, 935, 311 X o. 185, 302, 018, 88 5, 
184,100) o. ooo, ooo, ooo, 303, 698, o· 1; 

„ = o. ooo, ooo, ooo, 303, 698, o21 * o. 185, 302, 018, 885, 
184, 100) o. ooo, ooo, ooo, o 56, 275,8 56; | 

and v' (= v x v = 0.000,000,000,056,275,856 X 0.185,302,018,885, 
184,100) = 0.000,000,000,010,428,029 3 

and v (= v x v* = 0.000,000,000,010,428,029 Xx 0.185,302,018,885, 
184,100) = 0.000,000,000,001,932,334 3 

and v (= v* x v* = 0.000,000,000,001,932,334 X 0.185,302,018,885, 
184,100) = o. ooo, ooo, ooo, ooo, 3 58, 065; 

and v® (= v x v* o. ooo, ooo, ooo, ooo, 358,065 x o. 185, 302, o18, 885, 
184,100) = o. ooo, ooo, ooo, ooo, o60, 350; 

and v' (= v* x v* = o. ooo, ooo, ooo, ooo, o66, 350 X o. 18 5, 302, ol 8, 88 5, 
184,100) = o. oco, ooo, ooo, ooo, o 12, 294. 


186,302,018, 86,184, 
Therefore 57 will be (22 "ro — — = 


o. oo2, 89 5. 344,04 5,08 1,001; 

4 0.34, 236, 8 38,202, 925, 120 

and 80 will be = 8 ) 

0.006,362,685,441,125.942 
90 

o. oo, 179,0 8.457), 73.8581 ; 

————) = 0,000,010,526,950,515,838; 


and 


= 0.000,429,210,477,536,564 ; 


and = will be (= = O ooo, o66, 277, 973,345,166; 


and 272 will be (= 


< A 8 5 A _ 1 4 4 1 „ 1 1 8 1 1 — l 
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and — will be (= — — = do. ooo, oo 1, 706, 832, 035, 378; 
x 
and 125 will be (= — — ) = co. ooo, ooo, 28 1, 137, 264, 047; 
and 755 will be (S 8 HD LESHIEY = 0.000,000,046,88 5,772,350 3 
and _n will be (= AT _ = 0.000,000,007,893,207,521 ; 
WT: o. ooo, oo, 259,585, 468,675 
and = will be (= — — } = co. ooo, ooo, oo 1, 341, 390, 982; 
and "7 will be (= Ong) = 0.00c,000,000,229,476,477 ; 
and = will be (= — — = O. ooo, ooo, ooo, o39, 48 5, 136; 
and _ will be (= — — O. ooo, ooo, ooo, oo6, 828, 897; 
and = will be (= — —e = oO. odo, ooo, ooo, oo, 1 $6,320; 
and = will be (= — — o. ooo, ooo, ooo, ooo, 206, 8963 
and 785 will be (= — — = o. ooo, ooo, ooo, ooo, o36, 208 
and 755 will be (= — — = 0.000,000,000,000,006,356 ; 
and 520 will be (= — — = o. ooo, ooo, ooo, oo, 01, 118 
and 5 will be (= — — O. ooo, ooo, ooo, ooo, ooo, 197; 
and 5 will be (= — — = oO. ooo, ooo, ooo, ooo, ooo, o34. 
5 N 6 0 | 
Therefore the ſeries . + IC + 85 + = + — += — + 175 + 


216 PL 120 222 1124 225 28 133 32 34 q/35 38 
175 ＋ 192 . 268 T 2 f 2% T 256 f f T 88 Tix © 356 © 336 © 37 


+ &c ad infinitum. will be = 

o. 020, 833, 333,333,333,333, 
+ o. oo2, 893, 344, 046,08 1, oo i, 
+ o. ooo, 429, 210, 47 7,530,564, 
+ o. ooo, o66, 277,973, 345,166, 
+ o. ooo, o10, 526, 950, 313,838, 
+ o. ooo, oo 1, 706, 832,033,378, 
+ o. ooo, ooo, 281, 137, 264, 047, 
+ o. ooo, oco, o46, 88 3,772, 350, 


4Qz * 
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＋ do. ooo, ooo, oo), 898, 207, 521, 
＋ do. ooo, ooo, oo 1, 341, 590, 982, 
+ o. ooo, ooo, ooo, 229, 476, 477, 
+ o. ooo, ooo, ooo, o3, 485, 136, 
+ o. ooo, ooo, ooo, oo, 828, 897, 
+ o. ooo, ooo, ooo, oo 1, 186, 320, 
+ o. ooo, ooo, ooo, ooo, 206, 896, 
＋ do. ooo, ooo, ooo, ooo, o36, 208, 
+ o. ooo, ooo, ooo, ooo, oo6, 3 56, 
+ o. ood, ooo, ooo, ooo, oo 1, 118, 
＋ do. ooo, ooo, ooo, ooo, ooo, 197, 
+ do. ooo, ooo, ooo, ooo, ooo, og34, 
+ &c ad infinitum 


= 0.024,236,737,151,909,819; of which number, (if no 
miſtakes have been made in the calculations,) the firſt ſixteen figures, (reckon- 


ing from the place of units,) to wit, the figures 0.024,236,737,151,909,8, will 
be exact. . 


End of the * 2 the pos of the Sum 5 the firſt twenty Terms of the Series 
1 F * 5 o © ” 


— d infinitum. 
112 128 = Sea . 
— .  ——— — . — 


The Application of all the foregoing Computations to the Computation of the Value of 
; * a® a3 ** as as 17 
the Series A + R, or 1 + — MENT WEL th WR MES 5 + ＋ + . 


ad infinitum. 


| —— ww. — 


ofa 
Art. 37. Having thus found the ſeries — + 1 — 1 50 ** — + 
10 12 
1 + + &c, continued to twenty KR to oe = 0.024,236,737,151, 
909,819, we muſt multiply this value into — in order to obtain the value of 
2 25 20 27 25 
the ſeries * = < —+ 7 5 — 81 * 15 96 &c mentioned in art. 33. 


Now, ſince v is (= A) = o. 430, 467, 2 10, ooo, ooo, ooo, we ſhall have 2 
(= 2 x o 430, 4067, 210, ooo, oop, o So. 860, 934, 420, ooo, ooo, ooo, and con- 
ſequently 2 X 9.024,30, 737,15 1,909,849 (= o 860, 934, 420, ooo, ooo, ooo, 
X O 24, 236, . =O. e 1,931. 1 herefore the 


* $ 70 
ſeries XI +; + 90 += 175 + _ + &c will be = 0.020,866, 
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Art, 38. But the ſeries FT 3 75 +> 8 OR 


112 — 


5 &c toge- 


. . T q 9 * ” qy5 s 7 * 
with the feries — & TE wo oþ = nn n—_—_ 
ther with 40 48 T 56 64 72 80 T $8 mn 104 


9 q10 9 


— ri + &c is equal to the ſeries - 3 * 38 + + 
7 e 
Therefore o.o20, 866, 241, 242,571,937, together with the ſeries 25 — ” 
9 05 a4 775 9 97 3 7 5 2 
F io 5 + 750 ns 
. . . Tk. 
infinitum will be ab to the ſeries 55 4- 7 2 — + = — + _ + 
/ 
A 5 &c ad ! 
r 7 c a 3 
But it has been ſhewn above, in art. 34, that the * ies 7 — = * — — 
5 
* 9 9 90 7 * /o 9 8 
— 64 72 — 1 + 3g 23 + wo 25 4 SO. -— 128 -- &c ad infini- 


tum is = 0.018,438,502,104,429,149. 


pain ET 38 ＋ + > + +37 +> + 
= + kat + > - + . &c ad infnitum will be (= o. oc, 866, 241, 242,871, 
931 + . ien 0.039,304,803, 347,001,080 ; and con- 
. 5 +5 e 
4 27 + 5 + =— + &c (which is equal to the ſeries 2 + —— 4 
STUN 5 — + =; + "| . =, 


which the latter ſeries was derived by 5 mere ſubſtitution of the ſingle letter + 
in it's terms inſtead of 'zz,) will alſo be = 0.039,304,803, 347,001 080. 


© 
11 30. A thus found the value of the — — +- 4 +I * 2 
10 213 —— 25 15 22 8 s 
803,347,001,050, we muſt EE I oy 5 "apa ZI 80 in order to obtain 
3 
the value of the ſeries 2 + x += + — 


Now 2 is (= yy = x*) = o. 65613 = therefore 22 is (= 2 x 0.6561) = 
| 1.3122. 


f 
A. 
we 
Kt. 
4.98 
N 
1 
N 
©» AT 
Dy 
WE 
— F< 
* 
* 
"4 
32 
—— 5 
I 
1 
A 
— 4 
ws 
" 
_ 
884 
by kJ .. 
Ph 
$a, 
* 
7 a 
I. #* 
1 
* 
0 
6 K 
7 * 
3 
"= 
= 
% 
i 
4 5 
ud 
A 
62h 
* 
"A 
x * 
2 
3 
x. 2 
— 
1 
1 
by 
bo 
N 


a , 
* wth 


670 ON THE SUMMATION OF INFINITE SERIES Es. 


1.3122. Therefore 22 x 0.039,304,803,347,001,080 will be (= 1.3122 x 
0.039,304,803,347,001,080) = 0.051,575,702,951,934,817. Conſequently 


Ea RIS 297 25,20 
78 taotot T i T i + &c will be = 0.051, 575, 
762, 95 1,934, 8 17. 
OOO! DoD BPRS Dt SAY. AWE. ca obs 
40 + 48 + 56 * "Mb 72 + 55 + &c ad infinitum to- 
. . I 2 23 23 + 8 6 
gether with the ſeries — = — + — — 8 
1 : : 30 49 44 4> * 8 Tt 4 * 
2 210 2 : : . 
_— + * &c ad infinitum are equal to the ſeries — + = + 
5 + wh 24 + 25 26 333 | * FRE = 36 40 
44 48 52 56 ET rTRaTsoty Ht cen 


Anitum; and it has been ſhewn in art. 32, that the ſeries — — = + res 8 
36 49 44 8 
: 1 
27 25 2 210 2¹ 


ee 3 — 
72 56 . * 7 77 ＋ 7 > + & c ad infinitum 18 


= o. 017, 490, 787, 392, 365, 570. Therefore the ſeri . 
, 39239595] e lexies FT _ 8 78 


— 25 x® 27 | a> * * 
Z's Xt t tat zr + cad infeins wil 


be = 0.051,575,762,951,934,817 + 0.017,490,78 6 = 
at. 11499, 78753925365, 57 = 0.06g, 


Art. 40. But, by art. 30, tl T — 25 
4 „by 30, the ſeries 30 e + == += 


9 10 2 1 5 0 . 
2 + &c ad infinitum is equal to the ſe- 
r 
25 5d CRT Ty +—=+= 
+ 50 + &c ad infinitum, Therefore this laſt ſeries is alſo = o. o69, o66, 550, 


. th 1 255 7 9 
344,300,387. And conſequently the ſeries * I 4 75 


2571 : 5 5 i 
= + &c ad infiritum (which ariſes from the multiplication of the ſaid ſeries 


into 2y,) will be = 27 X 0.069,066,5 50, 344, 300 387 (=2 X xx N 0.06 
066, 5 50, 344,300,337 = 2 X 0.91 * 0.069,006,550,344,300,387 1. 55 : 
0.069,066,550,344,300,387) = 0.111,887,811,557,766,626, 


Art. 41. But the ſeries 2 + 9 2 oo |, ww 4 : 
„ 
Faitum together with the ſeries - 4 Ln Do Do_E 4 
3+ | 30 + 38 49 T 42 44 + 46 
” 488 
48 
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y! th y9 yo Lk 4 : ; ; ' - 
48 $60 J by 5 + &c ad infinitum, is equal to the ſeries _ on 


k 4 yy + y3 * y 5 76 7 Che 49 10 11 
,, ET 2 


35 40 42 
ad inſinilum; and it has been ſhewn in art. 29, that the ſeries — — 55 + UA 
34 3 = 
3 3 * 7 y* y7 the y? 7 7 : 
40 42 44 46 48 50 52 * ä 56 + &c ad infint- 


tum is = 0,0i6,674,011,463,729,394. Therefore the ſeries 7 + 25 + * 
3 . 


t * 
Y 40 42 r Th hb — 
tum will be = 0.111,887,811,557,766,026 ＋ 0.016,674,011,463,729,394 = 
0,128,501,823,021,496,020. 


Art. 42. But, becauſe y is = xx, the ſeries LANES UPS ut + a 4 2. 
34 3 40 


5 6 7 g # 2 
+ 2 + * + 5 + 31 — 77 - _ * 5 + &c ad inſinilum 15 equal to 
the ſeries — + 5 5 ++ ST + ++ on ＋ 
25 7 7 + & c. Therefore the {aid ſcries _ on 5 I — + _ 4- 
5 5 + 55 + _ + - = 7 + _ + &c ad infintum will be = 


. 3 8 S. | 
o. 128, 561,823,021, 496, 20. Therefore . 24 
„501,823, 490, che ſeries 77 + 78 + 3 + + 


_ + _ + &c ad inſnitum (which ariſes from the multiplication of the ſaid 


ſeries into 2x,) will be = 2x x 0.128,561,823,021,496,020 (= 2 x 0.9 X 
o. 128, 561,823, 21.406, 20 = 1.8 x 0.128,561,823,021,496,020) = 0.231, 
411,281, 438,692,836. 


2 * 2x7 


Sat. 42. Bur the fl e Re De EE * 
bas ” i As 1568 I at + CO 


, . ; 2 

finitum, being added to the ſeries -— — © +  — 3” + =. m———— 
x7 4 a x9 + 110 111 3 i a 

8 FT FE Fr — * infinitum, is equal to the ſeries 55 


„„ , , . 4 eo—_—_ 


&c ad infinitum ; and it is ſhewn in art, 24, chat the ſeries — — 4 — 
33 


34 
C 1 
30 37 Wo r ˙ r 


18 
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is = 0.916,177,427,297,506,659, Therefore the ſaid ſeries 2 + 75 + — 
+ = 7 . . 


37 
tum will be = o. obs os; 692, $26 i's o. Ar 177 4276297:506, 659 = 
0.247, 1 8 88888 And conſequently the ſeries © — * _ + 75 + 
35 
= + = +* * + _ * — + & c ad infinitum (which wiſe = the mul- 


tiplication of = laſt ſeries vu 1 will be = x** No. 247, 588,708,730,199, 


495 = o. g x 0.247,588,708,736,199,495 = 0.034,336,838,202,925,124 
* 0. 247,588, 708, 736, 199,495 = 0.008 Wh ne * that is, the 
x5 as 


whole remainder of the infinite ſeries 1 + — + = + — + 5 + = + 7 


+ ＋ + &c ad infinitum after the firſt thirty-two terms, will be = o. oos, 01, 


413,432,746,036 ; or, according to the notation of art. 5, the quantity R will 
be = o. oo8, 301, 413, 432,746, 036. 

Art. 44. But the quantity A, or the ſum of the firſt thirty- two terms of the 
ſaid infinite ſeries, has been ſhewn above, in art. 19, to be equal to 2. 349, 926, 
467, 204, 303,322. Therefore the quantity A + ing ag _ * of the ſaid 
infinite ſeries 1 + — + = mY — + — + += — 3 7 * &c ad infini- 


tum, will be = 2.549, 6. IR ER 322 + o. > Win 413, 432, 746, 036 
= 2.558, 427, 880, 6 3704913, 58, 251 — A + R * x, or the whole 


original ſeries x + = += + — += +5 + — + + + &c ad infi- 
nitum, will be = 2.558, 427,880, 637,049,358 & x (= 2.558, 427, 880, 637, 
049,358 X 0.9) 2.302, 585, 092, 573,344,422. Q E. I. 


This number is exact in the firſt ten figures 2.302, 38 5, oz, the more ac- 
curate value of the ſaid original ſeries (which is Napier's Logarithm of che ratio 


of 10 to 1) being 2.302, 585, 92, 994, o45, 684, 017, &c. 


———— öäũC)ũ344 


A more ſummary Statement of the Proceſſes of the foregoing Computation. 


Art. 45. The laſt ſeries obtained in the foregoing computation is the ſeries 


1 vv 2 v v = 
. + x + = * = + &c ad infinitum, in which vv is = & 
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= 0.185,302,018,885,184,100, which is leſs than o., or than ＋. This ſeries 


converges ſwiſtly enough to be ſummed in the common way by computing ſome 
of it's firſt terms and adding them together. And twenty of theſe terms are 
found to be o. 024, 236,737,181, 909,819; of which number, if no miſtake 
has been made in the calculation, the firlt ſixteen figures, 0.024,236,737,151, 
909,8, mult be exact. 


. * 2 27 2 277 . 
— the A ꝛ Üͥœͤal 8 
48 + 64 + do * 96 112 128 + &c (which 


19 


+ 11% + &c) will 


be = 2v x 0.024,246,737,151,909,819 (= 2 X * x 0.024,236,737,151, 
909, 819 = 2 X 0.430,407,210 X 0.024,230,737,151,909,819 = O. 860, 934, 
420 X o. 024, 236, 737, 151, 909, 819) = o. 20, 806, 241,242, 71,931. 


. . I q/7/ 4 * 
2 20 ſeries 88 Was = Pea 
is * the lerics 7 ＋ 64 1 3 + 


95 112 


# 3 2 207 , 2 2:7 
he L 8 — — — — Kc 5 
The ſeries 48 + 7 + = + 50 + + —x 4 Tc and the ſeries = 
Ul 99 93 4 5 9 77 10 ** v „r 
48 wet 56 we 64 + 72 80 Ac 88 96 + N 112 120 128 


2 * * 58 


1 * 
+ &c are together equal to the ſeries 5 = og 67 + 77 


v v7 Uh v9 10 hk I 5 2 
* 9 . v7 v? 1 177K ä 
=<Htit EH tw mw iv 


0.018,438,,62,104,429,149 ; of which number, if no miſtake has been made 
in the calculation, the firſt eleven figures 0.018,438,562,10 mult be exact. 


* s 


q ! RG W — . 421 ps e . * 
Therefore the ſer - + 1 = 55 on 64 — = rr 1 * 


_— 4 as 3 + &c will be (= o. oa, 866, 241,242, 571,931 
D 580,241,242, 571,931 + 
o. 0 18, 438, 562, 104,429, 149) = 0.039,304,803,347,001,080 ; of which number 
the firit eleven figures, o. 039, 304, 80g, 34, mult be exact, 


24 2 


2 I 23 23 219 l 
Therefore the ſeries = + + = + 65 + 857 + rr = + 


8&c (which is equal to the ſeries = + 7 + 114 5 * 
* 56 + &c,) will alſo be = 0.039, 304, 803, 347, oo 1, odo; of which number 


the firſt eleven figures, o. 039, 304, 803,34, muſt be exact. 


227 229 228 223 2215 


. 2% 223 225 
Therefore the ſeries _ 4 = + = + = + mo += +3 7 TY 
; . . 1 1 4% -4 © 23 z19 12 
&c (which is = 22 x the ſeries — + 4 + —S T +— + 55 + = 


Vol. IV. 4 R 4＋ 


— ——ů __ ——— — Ez 


— - 
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+ = + &c) will be = 22 x o. 039, 304, 803, 347, 01, 80 (= 2 X 3» X 


0.039,304,803,347,001,080 e 0.039, 304, 803, 347, oo 1, od8o =-a 


X 0.6561 x o. og, 304, 803, 347, oo1, 80 = 1.3122 X 0.036,304,803,347, 


001,080) = 0.051,575,762,951,934,817; of which number the firſt eleven 7 
figures o. 0g 1,57 5,7 62, 95 mult be exact. | 4 
. 22 223 2235 227 229 211 1 
l ö e N e N N 7: "pg ＋ G ” 
But the ſeries — | 48 4 56 ＋ 75 + = += + &c, being added to , 
. I ⁊ 23 23 2 25 * 27 x* 29 7 
the 5 44 12 e 5 64 "I bs —— 2 
s a og . . 1 2 2 23 2+ 25 5 
— — al to the ſeries — + — + — + + + — + — 8 
- * &c, is equa | 35 + 7 * "A ＋ 59 x 7 + 55 1 
2 27 2 29 210 11 5 1 — 
1 — + —- + &c. And the ſeries — — — 
+ bo * 64 * 68 1 7 oF: 76 T 80 + &c 36 40 + 
>3 4 25 85 7 2 20 810 211 
2 — + &c has 


27 2 2 
EEE SC UG T7 TS 
been found to be = 0.017,490,787,392,365,570 ; of which number the firſt 
eleven figures 0.017,490,787,39, will be exact. 
3 2 22 23 2+ 25 2:® 27 
Therefore the ſeries — + po + OP ” + 5 + _ * 2 re ＋ 
2 9 21 s 271 8 5 E 
— 53 * = * & c will be (= o. 051,575,762, 951,934,817 + 
0.017, 490, 787, 392, 363,570) = 0.069,066, 5 50, 344, 300, 38 7; of which number 
the firſt eleven figures o. 009, 006, 3 50, 34 will be exact. 


| ; I 2 _ 23 24 
But z is = yy, and conſequently the ſeries 1 45 + Oh — 
* 26 7 4 | . r 1 45 4 3 
50 1 &c is equal to the 1 1 
e 11 
＋ 7 Ro + = + &c, Therefore the ſeries — + oþ | x 
8 10 This 714 : - 3 4 
Eo — 285 ** 8 * „ o. ob, ob, 550, 344, 300, 387 ot 
which number the eleven firſt figures 0.069,066, 550,34 will be exact. And 
VVV 
conſequently the ſeries = — * - — 40 —— — . 6 
+ &c, (which ariſcs from the multiplication of the laſt ſeries into 2y,) will be 
= 2y X 0.069,066,550, 344,300,387 (= 2 x ax x 0.069,006, 5 50, 344, 300, 
387 = 2 X 0.81 Xx o. 069, 066, 5 50, 344, 300, 387 = 1.62 x 0.069,066, - 50, 
344,300. 387) o. 111, 887,8 11,557,766, 026; of which the firſt eleven figures 


0. 111,887, 811,55 will be exact. 


CP N ud 3 : - OS 


n 27 255 29” 2y7 2y? 2711 . 
the ſeries + —- + — + + + — + — + Ke, being a to 
But - + += + Kc, being added 
. I y ””_ 7 44 ys : os 47 : 
34 36 09 £ 42 44 40 EO 1 | 
to 
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yy 73 14 * y7 
to the ſeries = 2 = + > oe mn et nn un inn + 2 + Zi 4 em_—_ 


55 40 42 44 40 48 
hy ſeries —— 24 8 yy - 2 — 4 . + &c, has been 
$$. df 40 42 44 46 48 3 


found to be 0016 674,011,463, 729, 394; of which number the firſt eleven 
figures 0.016 674.011; 45 will be exact. 


6 


Theretore the ſeries — + 2 ＋ x + =— * EZ + 2 ＋ = = 
4G 45 


& ad infinitum will bs 3.06, 7 6 Peaks . "ag ＋ o. 016,64, 01m, 
463,729,394 o. 128, 561,823,021, 496, 20; of which number the firſt eleven 
figures 0.128,501,823,02 will be exact. 


* 4 5 
But 8 is = xx, the ſerie — + > + > + —- + = Ez 
34 36 at 40 42 44 
* 8 * * x3 
— c will 11 2 — + — + — + — + —- 
1 — + il be equal to the ſeries 5 12 = + 7 2. = ＋ 
gy + = + Kc. Therefore the f _—_— 
— — — 2 0 wry — — — 
I *＋ 75 88 C refore the ſeries + - 7 + 7 + 7 + 5 
x10 4 
+ * ; += —- + &c will allo be = o. 1 8 823,021,496, 20; of 
which number he HF eleven figures 0-128, 561,$23,02 will be exact. 
. x3 25 17 19 2111 2 13 
Therefore the ſeries 1 — — —— 
39 35 49 42 44 46 


15 ; 7 5 2 ; 
_ + &c (which ariles from the multiplication of the laſt ſeries into 2x,) will 


be = 2x x 0.128,561,823,021,496,020 = 2 X 0.9 X 0.128,561,823,021, 
496,020 = 1.8 X O. 128, 561, 823,021,496, 20 = 0.231,411,281,438,692,836; 
of which number the firſt eleven figures o. 231,411, 281,43 will be exact, 


243 2x9 2. v¹⁷ p ; 
But the ſeries — + —- EY wo + DP + &c ad infinitum, 
. . x 1 x3 x4 15 a6 * 
being added to = WEE + =, — oj. = cn == fo oe 
S 33 34 35 39 . + . * 
* x? * 0 * 
* Anitum is equal to the ſeries — + — 
8 44 33 7 
\ + x3 4 ** + x 4 x 4. Y 4 x? ry 1 + +6 as 
— — — — — — — — — — — — — 1 * — — 
5 35 36 37 * = 42 41 42 43 
7 And the ſc + Zan + =——= + 
mniiitum, nd the ferien og ade. oo 88 — 
33 34 35 30 37 38 39 40 
a3 x9 110 111 
2 3 + &c ad infnitum has been found to be = 0.016, 
4 42 4 


177,427, 297, 506,659 ; of which _— the firit eleven _— o. on 1771427; 


29 are exact. Therefore the ſeries — + -— + — „ 1 — 4 — 
33 34 33 30 


* 


4 R 2 5... 


- 
= 
* 


* A * ” — . | 
— — — — > 4 — 
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— — + £ 2 * — - += 3 2 7 2 — 7 7 &c ad infinitum will be = o. 231, 411, 


— 4 ” Ms 336 + 1 Na var . 659 = o. 247,588, 708,736, 199, 


495; of which number the firlt eleven figures, o. 247,588, 708, 73, (it no miſ- 


takes have been made in the calculations, ) will be exact. 
8 x 
Therefore the ſeries 3 + _ + = += 6 7 7 ＋ I ＋ 57 * 5 4 
&c ad infnitum, (Ghich! is equal to he laſt . wo ttiplied — = will be 
= 0.247,588,708,736,199,495 Xx ** (= 0.247,585,708,730,199,495 X 
0.034,336,838, 202,925,120) = = 0c 008,501,413,432,740,030 ; ; that is, the whole 


WES —+—+—+I+5 + == + &c ad infinitum, ex- 


cept the firſt thirty-two terms, will be = 0.008, gon, 41 3,432,746, 036. 

But the ſum of the firſt thirty-two terms of the ſaid ſeries is = 2. 549,926, 
467,204,303,322, 

_— the whole of the ſaid ſeries 1 + — + = + © 1 74 0 


4 . ＋ + &c ad infnitum will be = 2. as 322 + 
O. 906 9 48,545, o36 = = 2.558, 427, 880, 637, 049, 358. And conſequently 


8 a a2 x3 ** * 5 s x7 x? 
the whole original ſeries x + — + — * — 4 * ＋ + * * + 
& ad infinitum, (which is n to Pe laſt — multiplied into 13 will be = 
2.558, 427, 880, 637, 049,3 58 Xx x (= 2. 558, 42.7,880,637,049,358 X 0.9) = 
2.302, 585,92, 573, 344,422. Q. E. I. 


Another Statement of the Proceſſes of the foregoing Computation, expreſſed in the 
Notation uſed in art. 14. 


Art. 46. If we expreſs theſe ſeveral proceſſes in the notation uſed in art. 14, 
they will be as follows: 


The ſeries 1 + © + f — + &c ad inſni- 
tum, or a + bx + i + 45 + 0M a + gx* + 1 Fo &c ad infinitum, 
will be 
= A +R = the ſum of the firſt * two terms of the ſaid ſeries, together 


with the 8 of it, or the ſeries 4 + — 
33 34 35 30 37 


86 hey — + © — — + &c ad infinitum 


head * hy p , 4 8 E _ * oy mn 
Rn $4 - 4; N * - « "1 2&3 * 4 4 
Fü. ðVVm dd T | 
8 Ari) i WS] 4 Y ON TRY "es * n 5 * * — "74 : wa” 3 wu . * 5 x. 4 5 7 NN $249 4 #F. - * —— 7 8 = 8 l — 8 * * 1 
+ * K x 1 1 4 . 1 * F< 1 5 1 6 8 N 4 ? , 4 — 2 1 1 * 4 . > \ 8 V 

/ ˙⁰dũ ö ˙iIĩn s ĩ Tüͤ. F t EL No > 8 r N 

1 : l ; * 0 " bs 3.3 "IVE x; \ 0 PI” * , f 2 | . 7 

: ; # W ; "TY nN Sed Tu CF a, Se OI 3 200," 3 2 1 


rw, 


— 5 6 PE q þ = : 0 N N , 1 - 1 8 
by 3 E 2 1 8 22 C . * 6 a... f r 4 . 
. n e ad . 5% EVE PEE 7 : 8 1 ES» i. . k - {th 4 CI 5 T' 4 y mas 2 : , . —— , x * I 
ee ²˙—ͤb . 47 „/ w On Re afro if i 3 o2t F SO. r 
wr % Sk 0 "2 N 7 * — - , : Hs 5 4 = ; 5 * 2 8 LD. 2 2 ot wu 7 . - iT F 1 — ' £ 7 6 " <A 4 het 
f : . EFF Haw” . Pa 1 a Toe AR. ed . * 2 RS " . *% 17 245-500 nt 5 5 a fin. = ek I 4 F 8 3 * 7 1 . 2 . I 
Y Lo 5 N * , f 2 A wo” < h 
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= oe e + ** x the ſeries Ty + = mY _ + = 
77 ＋ DN _ — + _ = + &c ad infinitum 


— * aue 322 + 0 934633094 8,202,923, 120 X the ſeries 
—+=+=+T -+=—+5 > + = + > + &c ad infinitum 
= Pl top — E X the ſeries 


I * 4 x3 * * 5 a® x7 . . 
33 34 35 39 37 38 39 40 | 


2.x3 2x5 2x7 4 


2 
+ 0.034,336,838,202,925,120 Xx the ſeries * + * + * + 
&c ad infinitum 
= (by art. 8,) 2.549,926,467,204,303,322 + o. 034,336, 838, 202,925,120 X 
(, or) 0.016,177,427,297,506,659 
K 
+ 0.034,336, $38,202,925,120 X 2x X the ſeries = — 3 1 + 55 5 7 + 


&c ad infinitum 


6 | 
= A+ Xe +# x ar x the ſeries = + 36 + + + 5+ 


a a” a4 3 
— 4 — + — &c ad infinitum 
44 46 T 48 * ff 


a a+ x* ax? 2 


"= * & + x? 2x wa. fob 
5 l 24 . 34 36 38 42 * 44 


ins 2 — — 
* &c ad infinitum + x* x 2x X the ſeries 29 Þ+ - = < + 44 


J 5 +5 CE m— 
47 5 — — + &c ad infnitum * Xx 2x X the ſeries — — A —— 
+ _ + 45 + &c ad infinitum 

=A + x« X 2 * EAN ar x the ſeries — - +2 _ 
TE 7 + &c ad infinitum 

AT NA ＋ x X 2K XK 8 + os X 2x X 25 X the ſeries g += 


+ 2 = +I +. ow "a — + %— 3 67 = + &c ad infinitum 


| 
7 I 
1 
| 
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_—_—_—__* + ** „ 2x x 2xx X the ſeries 36 —— 


2. 1 * * 3 7751 4 — + — 18 ET cn 6. + &c ad infinitum 
40 


= A + & Wo A Tg X 2x N g 4 - X 2x X 2xx X the ſeries 16. — 2. 
| 40 
8 10 
* . 1 7 &c ad Infiniti + ** x 2x X 
44 48 52 . bo 
ies 2 2 4 Da &c od infintum 
2xx X the ſeries — + 48 _ 55 + 3 nf. 
= + Xa + x X 2x X 3 
40 
22 23 2+ 25 26 27 0 . 
1 BMA — a — þ ---  — + QC ad Mmmm + x* x. 
red 'fi + * R. zx 


8 2% 223 225 227 - 8 : 
F &c ad infinitum 
ax X the ſeries = * Fr + 55 + os + if 


= AT X + x X ee ms 2XX Xy + x2 X 2x X 
227 229 2271 2213 2215 


22 23 225 
zur x the ſeries — + 45 7 7 37 
&c ad infinitum 
ATN. x & 8 „ „ + &” x 2X X 


12 214 


2xx X 22 X the ſeries — + — + — * r 
+ &c ad inſinitum 
= AT „„ T* * X 21 X 8 . 


2x 2 the ſ - _ = 
N e ſeries — + 3+ 36 1 bf = ＋ 555 5 
+ &c ad infiuitum 


—_—_—_ x + x 2X X 2XX X y + x" ye 2x N 
q13 4 5 PT 
r 


9 


96 


2xx X 2x* Xx the ſeries — 4 — 2 * 
| + &c ad infinitum 


Xa SNA & 2x X 22 K T* x 2x X 


: at 93 4 s s v7 
2* * 2 ** h ES OL >» x en 2] „ honed Bl aw 
Xx 2* Xx the ſeries _ 78 55 = - 2 I - 


+ &c ad mfinitum + & X 2x X 2xx X 2* X the ſeries 85 + * + 


245 
8 


AT Xa ＋ xX2rxX6 TA xX2x X28 Xx „ + ** x 2x 5 


7 
+ I + &c ad infnitum 


2xx X 2K X35 + x* x 2x X 2xx X 2x* X 2 x the ſeries 29 +x of 


_ 6 Te 
* = + &c ad infiutum 
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= AT X ＋ A* X 21 X S +a x 2K X 2x Xy + I * 2x X 


2xx X 2x* X 0 + a® X 2x X 2xx Xx 2x4 X 24 x the ſeries 7 + — 
| . + 

* 05 178 19 512 q14 16 s 2 2 | 

To nia wit mtiaotigt tas 


=A+ xe + wx 2K K C + x 2 x 24X-X y + x** x 2x X 
a2 X 2 X60 +42 X 2x x z X 2x* x 2 x M 
Z ATN TN a2 X S + x „ +x*X d& X 8 + K* 
X 16x45 x M 
= A + a* x the quinquinomial quantity & + 2x x & + 4x „ „ + 8x 
Xx 9 + 16x* x M | 
= A + x* x the quinquinomial quantity 
0.016,177,427,297,506,059, 
+ 2x N 0.016,674,011,463.729,394, 
+ 4** X 9.017, 490, 787, 302,365,570, 
+ 8x7 Xx o. 018, 438, 562, 104, 429, 149, 
+ 16x x o. 024, 236,737,131, 909, 819 
= A + x* x the quinquinomial quantity 
o. o 16, 177, 427, 297, 506, 689, 
+ 2 X 0.9 x o. 016, 674, 011, 463,729, 394, 
+ 4 Xx 0.729 Xx .o 17.490, 787, 392, 365, 570, 
+ 8 X o. 478, 296,9 Xx 0. 018, 438, 562, 104, 429, 149, 
+ 16 X . 203,891, 132.094, 649 Xx o. 024, 236,737, 15 1,909, 819, 
= ATA x the quinquinomial quantity 
| 0.016,177,427,297,506,659, 
+ 1.8 X 0.016,674,011,463,729,394,z 
+ 2.916 X 0.017,490,787,392,365,570, 
+ 3.826,375,2 X 0.018,438,562,104,429,149, 
+ 3.294, 258, 113,514,384 Xx 0.024,230,7 37,151,909,819, 
ATA“ x the quinquinomial quantity 
o. 0 16, 177,427, 297, 506, 659, 
O. 030, 013, 220, 634.7 12, 909, 
o. 05 1, 003, 136, 030, 138. 00a, 
o. 070, 552, 850,760, 047, 505, 
o. 079, 842.008,07, 94,424, 


= A + 4* X o. 247,558, 708, 730, 99,499, 


+ + + + 


1 
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= A + o. 034, 3 30, 8 38, 202, 925, 120 X o. 247, 588, 708, 736, 199, 499 
= A + o. oo8, 501, 413,432,746, 036 
= 2.549, 926, 467, 204, 303,322 + o. oog, 301, 413, 43 2,7 46, o36 
= 2.58, 427, 880, 637, o49, 358. | 

Therefore the original ſeries x + 2. + — * 5 | + 2 4 2 - - 2 - 
+ &c ad infinitum, will be (= x X 2.558, 427, 880, 637, 49,358 = 0.9 X 
2.558,427,880,037,049,358) = 2.302, 585,092, 573,344,422. a. E. 1. 


End of the Computation of the Value of the Infinite Series x + — oy — = — 

as as a7 * x9 ao by: alt influ PL : } 

+ —_ + 2 1 „ c ad infinitum, WHER X is equa 

to the Fradtion 175 by the foregoing Method of Approximation invented by 
Mr. Hellins. 


—T A 


Art. 47. I have now gone through the computation of the value of this in- 
OE ** 25 x3 * a5 * x7 =: ie od infocre | 
finite ſeries 7 + * 7 * ＋ ＋ &c 4 infinitum, 
when x 1s equal to =, by Mr. Hellins's ingenious method of approximation, 


in as full and plain a manner as I could. But I muſt confeſs I have found the 
labour of performing it much greater than | could have imagined ; it. having 
been the employment of myſelt at firſt, and afterwards of a very ſkilfull arith- 
metician, whoſe aſſiſtance I found it neceſſary to call-in, for more than three 
weeks. And therefore, though this method 1s very ingenious and accurate, it 
ſeems much to be wiſhed that the great mathematicians of the age ſhould apply 
themſelves to the ſubject, and favour us with the diſcovery of ſome leſs labort- 
ous method of obtaining, to a great degree of exactnels, the values of theſe 
ſlowly-converging ſerieſes of the foregoing form a + by + c + dv? + ex4 
+ fx* + gx* + bx! + &c ad iiſinitum, in which all the terms are connected 
with the firſt term by the ſign +, or are added to it. 


Art. 48. In the mean time, or until ſome tolerably eaſy method of obtaining 
a very exact value of a flowly-converging ſeries of the ſaid form ſhall be dil- 
covered, the following imperfect and conjectural method of obtaining a value 
of ſuch a ſeries to a moderate degree of exactneſs, (as, for example, to four or 
five places of decimal figures,) will be found to be of conſiderable uſe in 


pr actice. 


Con- 
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A Conjeftural Method of obtaining the Falue of a flowly-converging Series of the fore- 

going, Form a + by + c + di an + fi + gx? + bx? + & ad infini- 

tum, (in which all the Terms are connected together by the Sign +, or added 10 
each other,) to a moderate Degree of Exattneſs, 


— — — — 


Art. 49. In theſe ſlowly converging ſerieſes the {everal numbers a, 6, c, d, 
?, V, g, b, &c almoſt always decreaſe more ſlowly than the terms of a geome- 
trical progreſſion that begins with the fame two firſt terms @ and &; ſo that the 
third, fourth, fitth, and other following terms of the ſeries a + ＋ c + 4 + 
e FTA + b, &c will be reſpectively grezter than the third, fourth, fifth, 
and other correſponding terms of the geometrical progreſſion a + & + = + 


* _ F 2 ” 2 1 2 = + &c. And conſequently the ſeries @ + bx + 


c + d + c + i + gx* + ba? + &c ad infinitum will be greater than 


[x2 b3g3 [4,4 [LED 50 371 


the geometrical ſeries a + by + — + V 5 


42 * 
+ &c ad infinitum. Now the value of this geometrical ſeries continued-on 
ad infinium is equal to the fraction. — z. Therefore the propoſed ſeries a + 
be + (* + d, + ex* + fxs* + g' + bx! + &c will be greater than the 
fraction. — 5; 3 which will therefore be the leſſer limit of the magnitude of the 
value of the ſaid ſeries, 


Further, the ſaid ſeries @ + bx + ci + dif + en T + g + buy: + 
&c ad infinitum, is evidently leis than the geometrical ſeries a + ax + ax* + 
ax? + ax* + ax* + an + ar! + &c ad infinitum, becauſe the numbers a, , c, 
d, e, f, g, b, &c are ſuppoſed to be a dec reaſing progreſſion. But the ſaid 
geometrical progreſſion a + ax + ax* + ax? + ax* + 4 + at + ax? + &c 


aa 


ad infinitum is equal to the fraction , or — Therefore the propoſed 


ſeries a + bx ＋ cx + d + ex* + fx + g' + bx? + &c will be leſs than 


the ſaid fraction — ; which will therefore be the greater limit of the magni- 

tude of the ſaid ſeries, If therefore we ſuppoſe the ſaid ſeries to be equal to 
a 

19 


any quantity of an intermediate magnitude between the two fractions and 


=... ſuch quantity will be a near value of the ſaid (ſeries. But I have found, 


Vor. IV. 45S in 
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1 . . 2 x3 + % 
in the caſe of the foregoing flow ſeries = + © 4 Ede OR 
_ = * © 35 36 35 +. 35 
Xx 


6 7 : 
+ + * * & c ad iuſinitum, when x is equal to, that the true value of 
59 4 
the faid ſeries approaches much nearer to it's leſſer limit, or the fraction — 
Aa — [Fr 
. . 0 1 . a | : n , 
than to it's greater limit, or the fraction —— ; and that, if we ſubtract the 


12 Xx 


. . * ad 
ſaid lower limit 
a - þ 


or difference, 1ato 8 equal parts, and add one of thele parts to the ſaid lower 


- from the higher limit — and divide the. remainder, 


aa 


limit, zr, the fum thence ariſing will be very nearly equal to the true value 

of the propoſed feries 2 + bx + cx + di? + ex + fx + g + bx) + &c ad 
7: | 1 c 

1 —.. ˙ r „2 

i: finitum. For the fraction — (= = * * ** = 


] ——_— — 


10 10 
o. 303. ozo, &c, which is conſiderably greater than 0.247,88, &c, which we 
have ſeen in the foregoing articles to be the true value of the propoſed ſeries 
NE... = x3 a* ax 


.6 7 . 
bs = 11 = + &c ad infinitum ; and. 


I I I 1 7 
— X — — X — . 
— , e „ 4 
* 2. K C 7. 
33 34 33 * 34 34 
— 34 FF 34 3 34 FEY 34 ht 


3 * 34 — 33 X 33 1122 — logs © 1122 — 1059 x 0.9 1122 = 9801 
. = 3 = 0.239,605, &c, which is leſs than 0. 247,588, &c, or the 
faid true value of the propofed ſeries. But the ſaid true value 0.247,588, &c 
is much nearer to the lower limit 0.239,605, &c, than to the higher limit, 
0.303,030, &c; and, if we ſubtract the lower limit 0.239,695, &c from the 
higher lim 0.303,030, &c, and divide the difference 0.063,425 by 8, and 
add the quotient of this diviſion, to wit, 0.007,928, to the lower limit, 0.239, 
605, the ſum will be equal to o. 247, 533, which is very nearly equal to, but 
ſomething leſs than, 0.247.588, or the true value of the ſaid propoſed ſeries ; 
or, in other words, the fa propofed ſeries will be very nearly equal to, but a. 
little greater than, the firſt, or leatt, of ſeven arithmetical mean proportionals 
interpoſed between the values of the faid two geometrical ſerieſes a + bx + 
_ = = * &c ad infinitum and a + ax + ax* + ax? + ax 


+ ax* + &c ad infinitum. qe E. I. 


Art. 50. 


5 
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Art. 50. If we ſuppoſe the ſeries = + 4 4 444 
5 PP TT 35 ba 36 37 58 


* 4 A | | 
* 2 + &c ad infinitum to be equal to the value juſt now found for it by 


this conjectural method of approximation, to wit, the number 0.247,533- the 


4 23 x33 134 a 35 x50 437 138 x39 F 
C1 5 r ep Wd fi 


will be (= K X 0.247,533 = 0.034,230,838,202,925,120 X 0 2474533) = 
o. C8, 499, 300, 570, 884, 63; Which, being added to 2 549,926,407,294,303z 


322, or the ſum of the firſt thirty-two terms of the ſeries 1 + — + ＋ 4 - 


** a 4 4 a? * * 0 CY ; 
+ = + -- + 8 oY 7 3 + & c ad inſinitum, will give us the 
number 2.558,425,967,775,187,985 for the value of the whole of the ſaid ſeries, 
And conſequently the original ſeries x + - + 2 + = + ＋ + = + - 


2 ＋ + _ + = + &c ad infiritum will be (= x X 2. 558,428,967. 775. 


187,985 = 0.9 * 2.558,425,9*7,775.187,985) = 2.302, 83,370, 997, 669, 
186; which agrees with the true value of the ſaid ſeries, to wit, 2 302,535,092, 
994,045,084,017, &c, in the firſt fix figures 2.302,58, and falls ſhort of the 
{aid true value by a leſs quantity than 0.000,002, or the 1,155,292nd part of 
the ſaid true value; which, for ſuch a conjed ural method of proceeding, may 
be conſidered as a ſurpriſing degree of exactneſs. Q. E. I. 


Art, 51. As this method of obtaining a near value of the flowly-c >nverging 


. I x x? a3 ** a5 * x? #2 
ſeries _ + — + 5 + 55 + 3 + : + - — 2 &c ad infinitum, 
though very ſucceſsfull, is only conjectural, and therefore would leave us in 
doubt as to the degree of exactneſs with which it approaches to the true value 
of the ſaid ſeries, if we did not know already, from other grounds, that the 
faid true value is o. 247.588, &c, it will, I think, be uſeful to have recourſe 
on theſe occaſions to more than one method of obtaining a near value of the 
ſame ſeries, to the end that the near agreement which the ſeveral values of the 
propoſed ſeries, obtained by theſe different methods, may be found to have 
with each other, may ſerve to increaſe our confidence that each of the values of 
the ſaid ſeries ſo obtained, approaches tolerably near to it's true value. And 
therefore | will now proceed to deſcribe a ſecond method of finding a near 
value of a ſlowly-converging ſeries of the foregoing form à + bx + c + ds 
+ e + fx* + g1* + bx) + &c ad infinitum that is but little different from 
the toregoing one, and that will enable us to approach as nearly, or almoſt as 
nearly, to the true value of the ſaid ſeries, as we did by the foregoing method, 
but not with quite ſo little calculation. This method is as follows: 


48 2 Ancther 
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Another Conjectural Method of obtaining the Value of a flowly-converging Infinite 
Series of the foregoing Form @ J. bx + ca + dif + e + ff g + bit 
Se ad infinitum tv a moderate Degree of Exattneſs. 


5 — — — — — 


Art. 52. Let this ſeries a + br + cx + G + ex“! + u + gif + br! + & 
ad infixitum be divided into the two following ſerieſes, a + cx* + en + gab 
+ &c ad infuitum and be + d& + , + bx? + &c ad infinitum ; of which we 
will call the former y, and the latter =. And let the values of each of theſe two 
ſerieſes y and 2 be fought for in the following manner, (which is nearly the 
ſame with that in which we before ſought for the value of the whole leries 
'@a + by + cx* + di + en + fs + ge + bx! + &c ad inſinitum, or y + 2,) 
and then added to each other. And the ſum thence ariſing will be a near value 
of y + 2, or the propoſed feries a + bx + c + d + e + Va + gif + 
bx + &c ad infinitum, The values of the two ſerieſes y and z may be found 
in the following manner: | 


Art. 83. The ſeries y, or @ + cx* + ex* + gx* + & c ad infinitum is evi. 
.dently leſs than the geometrical ſeries a + ax* + ax* + ax" +.&c ad infini- 
tum, but greater than the geometrical ſeries a * + = + = + &c ad 


infinitum ; and therefore it will be leſs than the fraction _ or — which 
is equal to the former of the ſaid geometrical ſerieſes, and greater than the 
fraction ——. which is equal to the latter of them. And, further, it will be 


much nearer to the latter ſeries, or it's lower limit, than to the former, or it's 
higher limit; juſt as the ſeries a + bx + c + dx3 + ex* + I + g + bx" 


3522 


+ &c ad infinitum was much nearer to the geometrical ſeries @ + b + 


big? a Og . N 
+ — * &c ad inſinitum, or it's lower limit, than to the geometrical 
ſeries a + ax + ax* ＋ ar + ax* + & ad inſinitum, or it's higher limit. 
And, as the feries à + cx* + ex* + gx* + &c converges by the powers of the 
ſquare of x, whereas the ſeries @ + bx + cx + d + en + &c converges 
only by the powers of x itſelf, and the numeral co-efficients a, c, e, g, &c of 
the terms of the former ſeries likewiſe decreaſe ſomewhat faſter, oi lets ſlowly, 
than the numeral co-efficients a, &, c, d, &c of the correſponding terms of the 
latter ſeries, it ſeems reaſonable to ſuppoſe that the former ſeries will approach 
ſomething nearer to it's lower limit, or the geometrical ſeries @ + c + <= 


+. 


ON THE SUMMATION OF INFINITE SERIESES. 685 


+ 2 + &c, than the latter ſeries @ + bx + “ + dx? + ex* + &c, ap- 


12 . . . . S* [3,3 
proaches to it's lower limit, or the geometrical ſeries a + bx + — xr + 


64.4 ' | . . 

— + Kc. We will therefore compute the values of the two geometrical ſerieſes 
2 4 6 7 | OY * 62 cd 

a + a + ax* + ar + ax F &c ad infinitumand a + of + — + —- + 


ca 8 . a aa 
—- + &c ad iuſiritum, or the values of the two fractions and ——\, 
a 12 XX 4 CF 


(which are equal to the ſaid ſerieſes,) and will then ſubtract the value of the 


= from the value of the fraction — 


a — C XxX 1 — 


fraction —, and divide the remain- 


der into nine equal parts, (inſtead of eight equal parts, as in the former method,) 
and add one of the ſaid parts to the value of the fraction — — And the ſum 


thence ariſing will be a near value of the ſeries y, or a c + ex* + g + 
&c ad infinitum, ' "Wy =P 


Art. 54. And, in like manner, the ſeries z, or bx + dx? + ' + bx? + &c 
ad infinirum will be leſs than the geometrical ſeries bx + bx* + bx* + Ix? + 
| 43. 
6 


&c ad infinitum, but greater than the geometrical ſeries bx + dx? + = + 


32g 
x — x3 wm 


+ &c ad infinitum ; and therefore it will be leſs than the fraction 2 


— , Which is equal to the former of the ſaid geometrical ſerieſes, but greater 
XX. 


1 2 
than the fraction 9 or , which. is equal to the latter of them 
4 — dg? b — dan : 


And, further, the ſaid ſeries 2 will be much nearer to the latter ſeries, or it's 
lower limit, than to the former ſeries, or it's higher limit; juſt as the ſeries 


2 + bx + c + of + e + faf + gs + br) + &c was much nearer to 


; : $2.32 b3.43 14 * 15 : : 
the geometrical ſeries 2 + bx + 2 + r . — + &c ad infinitum, 


or it's lower limit, than to the geometrical ſerics a + ax + ax* + ax? + ax* 
+ ax* + &c ad infinitum, or it's higher limit. And, as the ſeries br + dx* + 
fx* + hx” + &c converges by the powers of the ſquare of x, whereas the 
ſeries a + bx + cx + dif + ex* + / + gx* + hx! + &c converges only 
by the powers of x itlelt, and the numeral co-efficients &, 4, /, b, &c of the 
terms of the former ſeries likcwiſe decreaſe ſomewhat faſter, or leis ſlowly, than 
the numeral co-efficients a, &, c, d, &c of the correſponding terms ot the latter 
ſeries, it [ſeems reaſonable to ſuppole that the former ſeries will approach ſome- 


. . 3 . 0 4* x5 
thing nearer to it's lower limit, or the geometrical ſeries by + dx? + —- + 


x 
8 1 


rr 
2 
_ —_— — 


. 
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a3 x7 a4 x? g , 4 

= + 75 + &c ad i finitum, than the latter ſeries a + bx + ca + du + 

ex* + fa5 + &c approaches to it's lower limit, or the geometrical ſeries a + 
| B42 b3x3 R s 

. 

of the two geometrical lerteſes bx + bx* + bx* + bx? + &c ad infnitum and 


2 7 5 
1 © 4 ec ad irfinitum, or the values of the two fractions 


+ &c. We will therefore compute the values 


b * 
522 : bar 1 
SIE; and —— of Z (which are equal to the ſaid ſe. 


[2+ 


rieles, and will then ſubttact the value of the fraction . from the value 


of the fraction. = and divide the remainder into nine equal parts, (inſtead 
of eight equal parts, as in the former method,) and add one of the laid parts 


to the value of the fraction — And the ſum will be a near value of the 


ſeries 2, or bx + dx* + /* + by) + &c adi, finitum, . ®. I. 


Art. 55. When we have thus found near values of the two ſerieſes y and 2, 
or a + c + ex* + g + &c ad infinitum and bx + di r + be! + 
&c ad irfiaitum, we mult add theſe two values together; an'! their ſum will be 
a near value of y + 2, or the propoled ſeries a + br + ca + dx? + ext + 
E + gx5 + bx! + &c ad infinitum. Q. E. 1. 

And, if this near value of the propoſed ſeries a + bx + c + dif + en 
+ fax* + g + hx) + &c al infnitum differs but little from the near value of 
it found above by the former conjectural method deſcribed above in art. 49, 
we may conclude with confidence that each of the conjectural values of the ſaid 


ſeries will be nearly equal to it's true value. 


Art. 56. We will now try this method of obtaining a near value of the ſaid 
ſeries a + bx + cx + du + en“ + fi + gx* + bx) + &c ad infinitum, in 


2 . | ** x3 a* x * 
the caſe of the fore Olin ſerles — We — — — — — 
Soing A un x #57 39 


+ 5 + &c ad infinitum, when x 1s equal to the fraction =, or 0.9. 


Now in this ſeries @ is = 77 o. o zo, 303, o3o, and 6b is = = and c is = 


=, and d is = *. and conſequently 4x will be (= — * o. 9 — 
—— * o. 026, 470 588, and cx* will be (= 7 * o. 81 = — 


34 35 
bd o. 8 0,007, 
= 0.023,142,857, and dx* will be (= 7 K 0.81 = — — 


) = 0.022, 
500, 


bs - 
4 
2 
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4 
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590,000, and && will be ( x bx = b X 0.026,470,588 = — X 0,026, 


. 6,470,583 
— = 8 — 
47,5 - 


= 1-00 — 0.81) = o. 19, and a — c will be (= 0.030,303,030 — 0.023, 


) = do. ooo, 778, 546, and 1 — xx will be (= 1 — 0.8: 


142,857) = 0.007,160,173, and þ — dxx will be (= 77 — 0.022,500,000 


= o 029, 111,764 — o o22, 500, ooo) = o. 06, 911,764. Therefore f 


* & 


9635377038. 


will be (= ———) = = 0.159,489, and —— will be (= 


0. 19 0.097, 160, 173 
32222 Len ) = O. 128,240; that 1s, the value of the geome- 
0,007, 160, 173 
trical __ a 85 1 + 5 + ax* + ar + ax? + &c ad infinitum, or 
10 . 

77 += N N FS —_—_ = + 35 + © hy EOS Re + &c ad Wh will be 0.159,489, 
; 145 448 5 40 

and hs PF jp the Ia ſeries a + — + — . — 
1 I a® 33x* = * Fs 75 * * 334 „ x 

&c ad inſinitum, or — + — + = + < 5 
= —_— e a 10 33 L 3500 


+ &c ad infinitum, will be o 128, 240. 


Now let o. 128, 240 be ſubtracted from 0.159 489; and the remainder wilt 
be 0,031,249; of which the gth part is 0.003,472. We muſt therefore add 
_ * number o W to 3 240, or the value of the geometrical ſ-ries 


33 u. Du x a* n * 
+ — + —— + + &c ad infinitum ; and 
7 IN I”. 35 Th A 


the hs "wth lis to wit, the —_— 0.131 27 12, will be a near value of 


the ſeries y, or 77 + 4 25 * — 5 17 * 2 + &c ad infinitum. 


Q 1 


We muſt next, in like manner, find the values of the two ns: ſerieſes. 
15 


br + Bx + bx* + bx" + bx? + r + &C ad infinitum, o 7 
+ — + 27 + — + &c as and bx — dx? + to + | 2 + 
Eu: -. — * 341* x 1 l x a? 
3 + &c ad mfinitum, or — 5 + — = = + = " + 1 
34 x an 
+ &c ad in nitum, 
+ "= 2 
Now the former of theſe ſerieſes is equal to the fraction — or 
by = þx* ? I — xx? 


— 


'— OD—— -__ _—_— 
> FS po rr 
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i 8 522 63 v | 
and the latter is equal to the fraction -———, or .. And therefore we 
1 2 , 
muſt compute the values of the fractions = and = which may be 


L dax 
done as follows : 


Since bx has been ſhewn to be = o 026, 470, 688, and % to be = 0.000, 
778,540, and 1 — xx to be = o. 19, and þ — dxx to be = 0.006,911,764, 


bs „ By 
we ſhall have = r (= 5 —) = 0.139,318, and ——— (= 
o. ooo. 78, 546 Ho 
—— = O. 112, 640. Q, E. I 


Now let 0.11:,640 be ſuhtracted from o. 139, 318; and the remainder will 
be = 0.029,678 ; of which the gth part is = 0-002,964. We muſt therefore 
add this laſt number 0.002,994 to o. 112, 640; and the ſum thence a ing, to 
wit, the number o. 115, bog, will be a near value of the ſerics z, or bx + dx? 


14 . , x * * * 17 
+ V + bx? + #49 + ms + &C ad in f uitum, or _ + 7 + 6 + . 


ee od init 
1.1 Mm, : 6 . E, I, 
1 Anuitu a. 


Therefore o. 131,7 12 + o. 115, 6oꝗ, or o 247,316, will be a near value of 
„ + 2, or the piopoſed feries @ + br + e + di + en + fe + g + ba” 


| 8 X 3 *⁰ * 4 * 
6008 f FCC TT mT '#t 


+ &c ad infinttum, . 


Art. 57. This number o. 247, 316 is not quite ſo near the true value of the 
ſa d propoſed ſeries, (which 1s 0.247, 588, ) as the number 0.247, 533, which 
was obtained above in art. 49, by means of the firlt conjectural method of 
ſumming t e ſaid ſeries there deicribed. But it is near enough to the ſaid 
former near value, 0.247 533, Of the ſaid ſeries, to render it highly probable 
(if we did not already KUW what it's true value was,) that each of them ap- 
proaches pretty ncarly to the true value ot the ſaid ſeries, 


A Third 
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A Third Conjetural Method of finding a near Value of a flowly converging Infinite 
Series of the foregoing Form, a + bx + «© + ds + en + ff TSA + bsx* 
+ Oc ad infinitum. 


Art. 58. If we could find the proportion of the ſeries y, or @ + c' + ex 
+ g + ix* + IE? + &c ad infinitum, to the ſeries x, or bx + dx* + „ + 
hx? + kx? + n + &c ad infinitum, to a great degree of exactneſs, (as, for 
example, to the degree of exactneſs that might be expreſſed by two numbers 
of ten or twelve decimal figures in each,) without knowing the actual magnt- . 
tudes of each of the ſaid two ſerieſes, we might, by means of only one appli- 

9172 5113 511114 


bx 
I + x 2+ 2 x + x\* 1 + x) 


cation of the differential ſerics 4 — 


blu . . 
— — &c, Ic x 
772 c, diſcover the value of y + 2, or of the propoſed ſeries a + bx 
+ cx + d' ＋ en + fe + g + bx) + is? + A* + Is” + ur + &c ad 
infinitum, to the ſame degree of exactneſs. For, if in that caſe the two Known 
numbers that expreſſed the proportion of y to , or of the ſeries à + c + 
ex* + gx* + ix + IE? + &c ad infinitum to the ſeries by + dx3 + fx + bs? 
+ kx? + u + &c ad infinitum, were to be called p and , we ſhould have 
p : 9 ::: 2, and conſequently (componendo,) p +q:ip:i:y+2% 3, and 
Cdividendo,) p — : p:: - 2: y, and ( invertendo,) p: p - 7 ::: 
5 — 2, and therefore (ex æ quo,) p +qip — 2 :: ＋ 2 2 = 2, and 
112 5 = X 5 —2, But y — 2 is equal to the ſeries a — &x + c 
— d + ex* = fo + g' — bx) + i — kx? + A — mx + &c ad mfe- 
nitum, the value of which may be found by means of the differential ſeries 


pn! [2,4 Div 45 5 . 
6 & ad infinitum.. Let 


if bx _ att 2 Des... EBIT. 1 
EK 
it be ſo found to the ſame degree of exactneſs as the proportion of y to 2 is 
expreſſed by the known numbers þ and q ; and let it be called K. Then will 


y + 2, or the propoſed ſeries a + bv + c + & + ex! + , + gx? + bx? 
+ is" + kx? + Is? + m þ &c ad infinitum be = 2 x K. But I know 


of no way of diſcovering the proportion of y, or the ſeries a + c + ex* + gx 
+ ix* + Is + &c ad infinitum, to 2, or the feries br. + Ad + fa* + bxt + 
kx? + mx"" + &c ad infinitum, to ſo great a degree of exactnets, or to more 
than the degree of exactneſs that may be expreſſed by two numbers containing 
each three, or, at moſt, four, decimal figures. And therefore this method of 
obtaining a near value of y + 2, or the propoſcd feries & + by cx + dx* 

Vol. IV. 41 + 
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+ ex* + fx* + g + bx! + &c ad infinitum, notwithſtanding the aſſiſtance it 
ſeems to receive from the toregoing differential ſeries, will not be found prefer. 
able to either of the two foregoing methods, which proceed without the ule of that 
ſeries. It may, however, be uſed to obtain a third near value of y ＋ 2, or 
the propoſed ſeries a + by + if + dif + ex 4 ' + gx? + br) ＋ & c ad 
infinitum, to a moderate degree of exactneſs, as, for example, to three or four 
places of decimal figures; which value may be compared to the former near 
values of it found by the two foregoing methods, and will, if found to agree 
pretty nearly with thoſe former near values of the ſaid ſeries, {crve greatly to 
confirm them, and to give us further grounds for thinking that each of the 
values of the ſaid ſeries obtained by thele three different methods of inveſtiga- 
tion will be nearly equal to it's true value. 


Art. 59. In this laſt method of ſeeking a near value of the propoſed ſeries 
y ＋ 2, or 4 +br + mf + df + et + fo + gf + by + ii + bY + 
Ix** + m + &c ad infinitum, our buſinels is to find, to a moderate degree 
of exactneſs, the proportion of y to z, or of the leries @ + of + ex* + gv 
+ i + N + &c ad inſinitum to the leries by + Ae + fo? + bx? + ki? + 
mx + &c ad infinitum, Now: I have found that in the caſe of tue ſeries 
I * = x3 x5 5 x7 xs a9 479 
r r 
xl . . a Po, 0 
1 4 + &c ad infinitum, when x is = —, Or 0.9, the proportion of the 


whole ſeries a + cx + ex* + g' + ix + Is? + &c ad infiritum to the 

whole ſeries by + d. + ff + bx + kx? + matt + &c ad infinitum will 

be pretty nearly equal to that of the quadrinomial quantity ex* + g + 

MS 10 2 * 8 | fd 

5 8 
_ a5 * x9 4 * 

bx) + e + mx", or += + es + * of the ſum of the 3d, 


4th, 5th, and 6th terms of the ſeries y, or 4 + cx + en? + g + if 


, to the quadrinomial quantity fx* + 


110 


10 8 I 4 EA 1 * 
+ Ir + &c ad infinitum, 3 + + b- + 5 + 8 4 
&c ad inſinitum, to the ſum of the 3d, 4th, 5th, and 6th terms of the ſe— 
ries 2, or bx + dx* + r + bx! + ki? + men + &c ad infinitum, or 


* x3 45 x7 ax? 41 R : a* 1 
„ — 14 — &c ad infinitum, For — is (= 

34 Bo 36 + 38 40 T 7 5 f 37 ( 

.6 6 as * » 7 3 

- - ) = 0.017,732,432, and — is (= 2 — =. o 13, 626, 692, and 

uw: 0.430,467,210 : 2. 0.343,678,440 

— 1s (= —) = 0.010 200, and * — 

7 0 3 499,200, and —— is ( 7 


: . : 4 10 FO 
©.008,108,800; and conſequently the quadrinomial quantity 5 + ob — 


39 
＋ 
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4 _ will be (= 0.017, 732,432 + 0.013,626,692 + 0.010,499,200 + 


_. 0 O, , 
0.008,108,800) = 0.049,967,124 And * is (= — — — _— 3 
x7 . 0.478,296,900 | 2 
538,210, and = is (= — — —). = . 011,957,422, and — is (= 
0.38 0,48 * ey 313,810, 505 
D) = 0.009, 224,297. and f is (= 1 9 


059 z and conſequently the quadrinomial quantity = 1 + _ — + - _ -- will 


be (= o. 0 13, 538, 210 + 0.011,957,422 ＋ o. ee 28 0. 00% 
. 043,85 1,988. Therefore the former quadrinomial quantity will be to the 
latter as the whole number 49,967,124 to the whole number 43,851,988, or, 
nearly, as the whote number 49,967 to the whole number 43,852. Now thele 
two numbers are to ow —_ 3; o—_ in _ {ſame proportion as the whole 


ſeries y, or 15 > — — + 4 5 — += — + &c ad infinitum, is to the 


whole ſeries z, or — 5 1 


For the true value of the ſeries y i is o. be 882, wk 1 true value of the ſeries 
2 is o. 115, 05; and 49,967 is to 43,852 as o. 131,882 is to o. 115,742, which 
exceeds o. 115, 705, or the true value ot z, by only the ſmall quantity o. oo, 37, 
which is leſs than the 3127th part of the ſaid true value. Theſe numbers there- 
fore may be ſubſtituted inſtead of p and q in the exprefiion given above for the 


value of y + 2, to wit, the expreſſion 4 „ 72 2, or — Xx K; and 
; : * + 43,352 93,319 
conſequently the ſaid expreſſion will be = #2 h K = rms K. 
9 7 7 49967 — 43,852 7 
* x? x? a4 x5 * 


of : 33 34 35 36 37 38 39 
x9 110 all 


— + 5 + 1 + &c ad infnitum, has been ſhewn above, 


in art. 24, to be = 0.016,17 7,427. 


: 8 1 N 
Therefore y ＋ 2 will be 17 * . os 15517 7 713) 2 
o. 248, 201; that is, the propoſed ſeries FE _—_ on 7 A455 + * + = - 


2% La 3 — eee — + _ + 8: ad ps wall * nearly 


4 * 2 Art. 60. 
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x3 


. . I * 42 
Art. 60. This near value of the propoſed ſeries 5 7 * 


+ &c ad imfinitum. 


Art. 61. But there is another method of applying our knowledge of the true 
value of y — 2, or the ſeries @ — bx + of — dif + * — fi + ga — by? 


+ &c ad infinitum, (obtained by means of the differential ſeries a = 12 


* 


Dix Dis ov DIVgS Ls . 
r r TE - & c ad if nitum,) to the diſcovery 

of a near value of y + 2, or the propoſed ſeries a 4+ bx + ca + dif + ex“ + 
I + gx* + hr! + &c ad mfinitum, which may, perhaps, prove more ſuccets- 
full than the laſt. This method may be deſcribed as follows : 


Since y — 2 is equal to the known quantity K, the ſquare of y = 2, that is, 
the trinomial quantity yy — 2) + 22, will be equal to KK, or the ſquare of K. 
Now yy + 2yz + 22, or the ſquare of y + 2, is = yy — 2y2 + 22 + 42, 
or KK + 4yz. Therefore, if we could find the value of yz, or the product 
of the multiplication of the ſeries y, or a + cx + ex* + gs + i ＋ A + 
&c ad inſinitum, into the ſeries z, or bx + dx + i ＋ ba! ＋ a + mat + 
&c, we might, by adding four times the value of that product to yy — 252 
+ zz, or KK, obtain the value of yy + 2yz + 22, or the ſquare of y + z; 
after which, by extracting the ſquare-root of the value of 1y + 2yz + zz ſo 


obtained, we ſhould obtain the value of y + 2 itſelf, or the propoſed ſeries 


a +bx + c ＋ du + ef + ff + gf + “ + if + by? + A ＋. ma 
+ &c ad infinitum. We muſt therefore now endeavour to find a tolerably near 
value of yz, or of the product of the multiplication of the ſeries , or a + 
c + ex* + gx* + ix + I + &e aa infinitum into the ſeries by + dy? + 


F + bx! + ki + mx" + &c ad infinitum, 


Art. 62. Now, in order to find a near value of this product, we may pro- 
ceed as follows: 


Let a near value of 5, or the ſeries a ＋ c + ex* + g + inf ＋ In + 


&c ad inſnitum be found in the manner deſcribed in the ſecond conjectural 
method above-mentioned, namely, by computing the values of the two geo- 


metrical ſerieſes a + ax* + ax* + an + a + ax'? + &c ad infinitum and 
F a —— 


. 


. 


72 tf OCR 
MR Fae - N 7 Af 2% 4 1 * ho. - «4 y 2 


8 E 4b th, 2 2 * % d 
s 2 ALS, 6 £ r 24. 
7 l 78 3 — 
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* 6244 C 3,.6 c*1 8 c 5 * 15 N 1 1 1 . . 
r + — bi— + + -- + #c's infinitum, (between which it 


lies, and which are equal to the two fractions . — and —) and then 


aw * a 


ſubtracting the latter value from the former, and adding a gth part of their dif- 


And let this ncar value of y be called p. 


ference to the latter, or p on 


* 
c 


Then let a near value of z, or the ſeries Ir + dx? + foi + bx? + kx? + n 


+ &c ad infinitum be found in the ſame manner, to wit, by computing the 


values of the two geometrical ſericſes bx + bx* + bx* + bx? + bx? + bx" + 
. . v5 3,7 14 4? wil a 5 
&c ad infinitum, and bx + dix* + = + = * 75 * 22 + &c ad infinitum, 


. 


and 


(between which it lies, and which are equal to the two fractions 


6² : : 
FI) and then ſubtracting the latter value from the former, and adding a 


2 
. . Le. . 
gth part of their difference to the latter, or r let chis near value 
' — a 


1244 


of 2 be called 9. 
Then will þ and q be nearly equa] to and z, but probably ſomewhat leſs 
than the truth. At leaſt they will be ſo in the caſe of the ſeries = -- 2 + 


1 x3 x4 xs al - aff 1 49 110 111 
S vhs woonee fs on od TT — 4x — &c, as we 
35 36 ES TT TERS. 5 


have ſeen above in art. 36, page 688. 


Art. 63. We will therefore find other near values of y and z that ſhall be a 
litde greater than p and g, by proceeding in the ſame manner as before, ex- 
cepting that we will add the 8th part (inſtead of the gth) of the difference of 


a aa . 
— and ——— to the value of —, In 
12 XX a c. ** a4 — c 


order to obtain a near value of y, and the 8th part (inſtead of the gth,) of the 


42 


the values of the two fractions 


: b: | 
difference of the values of the two fractions —— and g to the value of 


2 : ; 
7 = Ie in order to obtain a near value of 83. And the near value of y thereby 


obtained we will call P, and the near value of z thereby obtained we wall 


call Q. 


And now we will ſuppoſe y to be nearly equal to an arithmetical mean pro- 


P 
portional between P and p, or to be nearly equal to — , and ⁊ to be nearly 


equal to an arithmetical mean proportional between Qand g, or to be nearly 
equal 
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equal to VEL, And then, upon this ſuppoſition, yz will be nearly = =EL 


X REL = ? = — ” 2 , and 4yx will be nearly = P + 7 X 4-4 9. 


Therefore yy + 2% + zz (which is = yy — 2 + 22 + he = KK + ,) 
will be nearly = KK + F + p) x Q+ q; and conſequently y + 2 will be 


nearly = V/IKK + P +2 x * q, or the propoſed ſeries a + by + c 
+ di? + ex* rn + bx! + ix + kx? + l + mx" + &c ad infi- 
nitum, will be nearly equal to the ſquare- root of the compound quantity 


KK+P+pxQ+%q a. BE. I, 


Art. 64. We will now * this method of proceeding in the caſe of the fore- 


x a5 as a7 * x9 


going r * 


5 + BY + &c ad infinitum, when x is = — Or 0.9. 

We have already ſeen in art. 56, pages 687, 688, that p, (or the near value 
of y, derived from it's greater and leſſer limits, 0.1 69,489 and o. 128, 240, by 
adding o. 003, 472, or the gth part of 0.03 1, 249, or the difference of the ſaid 
limits, to the leſſer limit o. 128, 240, ) is = o. 131,7 12, and that , (or the near 
value of 2, derived from it's greater and leſſer limits, o. 139, 318 and o. 112, 640, 
by adding o. oo, 964, or the gih part of 0,026,678, or the difference of the 
ſaid limits, to the leſſer limit, o. 1 12, 640, ) is o. 115, 604. It remains there- 
fore that we find the other near values of y and z, which are to be derived from 
their ſaid limits by adding to o. 128, 240, the leſſer limit of y, the 8th part of 
o. 031,249, the difference of it's two limits, and by adding to o. 112, 640, the 
lefler limit of z, the 8th part of 0026, 678, the difference of it's two limits, 
Now the 8th part of 0.03 1,249 is = o. oog, 9o6, which, being added to 
o. 128, 240, makes o. 132, 146; and the 8th part of 0.026 678 i 88 003.334, 
which, being added to o. 112,640, makes o. 113,974. Therefore P is = 
0. 132, 146, and Q is = o. 115,974. Therefore P + p will be (= o. 132, 146 
+ 0.131,712) = 0.263,858, and Q + q will be (= 0.115,974 + 0.115,604) 


= o. 231,578; and conſequently P + p)x Q + will be (= o. 263,858 x 
o. 231,578) = 0.061, 103, 707, 924. 


+ 


But K is = 0.016,177,427, and conſequently KK is (= 0.016, 177, 427) 
= o. ooo, 261, 709, 144, 340, 329. 


Therefore KK + P +7) x Q + q\ will be = dee 561,509,144, &c + 
0.061,103,707,924 = 0.051,365,417,068, and conſequently the ſquare-root 


of KK +P +3 x/Q+9 will be = 4/0.061,365,417,068 = o. 247,720 
and therefore 0,247,720 will be nearly equal to the propoſed ſeries 77 — 2 
5 55 
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= +5 > +- - += > a's 4. a7 FE a * x? FI x1? 4 xt Fu N 
— —— pn — —' — — ce 
38 39 40 41 42 4.3 ++ 


ad of . h 


Art. 65. This near value of y ＋ 2, or the propoſed feries, is a little greater 
than it's true value 0.247,588, but approaches nearer to it than the near value 
of it obtained in art. 59, by means of the conjectural numbers 49k 907 and 


* 
- 


43,852, expreſſing nearly the proportion of y to 2, or of the ſeries 5 + x 
J 


4 5 ** x + 2 + — + & ed i»finitum to the ſeries £ + 8 < 
43 . C (+ 3 34 35 38 

27 gr al . * . * 
3 5 &c ad infinitum; which near value was o. 248, 20m. 


For the exceſs of o. 248, 201 above o. 247,88, the true value of the propoſed 
ſeries is o. ooo, 613; whereas the excels of the laſt-found near value of the ſaid 
ſeries, to wit, 0.247,720, above it's true value, 0.247, 88, is only 0.000,132, 

which 1s lels than the fourth part of 0.000,613. Therefore this laſt manner of 
applying our knowledge of the true value of , or the ſeries a — bx + cx 
— 4 + en — fo + ge — bx” + & ad infinitum, to the Uſcovery of a 
near value of y + 2, or che propoſed ſerics à + by + c + dx* + ex* ＋ fot 

+ gx* + bx" + &c ad infinitum, ſeems to be preferable to the former method 
of applying it to the ſame purpoſe by means of the conjectural numbers ex- 
preſſing the proportion of y to z. But both theſe methods require a good deal 
of calculation, beſides the labour (which, as we have ſeen above, is by no 
means trifling,) of computing the differential ſeries, by means of which the true 
value of y — 2, or the ſeries 2a — bx + c — d' + ex* — i + gi” — bs? 
+ Kc, is obtained ; and, when all is done, the near values of che provid ſe- 
ries that are obtained by them, are leſs ex ict than the two former near values of 
it, to wit, 0.247,533 and 0.247.316, which were obtained by the two firſt 
conjectural methods of inveſtigation explained above in art. 49, and 52, &c 
+ « + 56. And therefore I think thoſe two firſt methods are preferable to this 
laſt method, which requires the computation of y — z by means of the diffe- 
rential ſeries. They are not, however, ſo exact as I could with. But I have 
not been able, after much labour and Tepeated endeavours, to find any better 
method of obtaining a near value of the propolcd leries @ ＋ bx + c + dv 
+ ex! + fx* + gi” + bx" + &c ad irfinitum., And therefore I ſhall here 
give over the further proſecution of this inquiry, and put an end to this Diſ- 
courſe. 


End of the Account of Mr. Hellins's Method of finding the Value of a flitoly-con- 
verging 1ufinite Series of the foregoing Form, à + bx ＋ c + dx* ＋ e + fob 
+ ge + bx) + Oc ad infinitum. 


THE END ar” Oh i: 
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Ix page 8, line 10 from the bottom, inſtead of FEN, read EFN. 

In page 12, line 8 from the bottom, inſtead of cu, read cuts, 

In page 38, line 13, after =, and before 0,008,959, inſert the ſign —. 

And in the ſame page 38, line 12 from the bottom, inſtead of o 092,0247, 
read 0.002, 502x5, 

And again in the ſame page 38, line 10 from the bottom, after x*, inſert tc. 

In page 40, line 9 from the bottom, inſtead of 0.001,217, read 0.001,2 20. 

In page 43, line 23, before 0.028,799, inſert the ſign =. 

In page 46, line 19, inſtead of 5 9 en read o. ae 


In page 53, line 7, inſtead f = , read — 


In page 59, line 13, after the model F, inſtead of C, read G. 

In page 61, line 16, inſtead of 65.5, read 69.5. 

And in the ſame page 61, and ſame line, inſtead of 147.375, real 156.375. 

And again in the ſame page 61, line 17, inſtead of 0,036,843, read 0.039,094. 
N. B. This value of c is to be uſed inſtead of 0.036,843 in the remainder of 
the ſolution, 


— 


In page 87, line 6 from the bottom, inſtead of @ + 8, read @ + C. 

Ia page 96, line 5, inſtead of 0.081,201, read 0.081,226, 

And in the ſame page 96, line 7, inſtead of 0.081,201, read 0.081,226, 

And again in the fame page 96, line 8 from the bottom, inſtead of 0.081,201, 
read 0.081,226. N. B. This value of c is to be uſed inſtead of 0.081,:01 
in the two ſubſequent pages. 

In page 98, line 8, inſtead of 0,050,332, read o O50, 307. 

And in the ſame page 98, the bottom line, inſtead of o. G60, 332, read 0,060,307. 
N. B. This number is to be uſed inſtead of 0.062,332, as often as it occure 
afterwards, 

Ia page 115, line 4 from the bottom, inftead of erat, read exit. 
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In page 137, line 18, inſtead of y:y:oJa;, read yey:o9a. 

In page 139, the Greek correſponding to the Latin ſentence, Hunc igitùr in 
modum Pontus, ac Boſporus, et Helleſpontus d me dimenſa ſunt, is wanting, 

In page 149, line 18 from the bottom, inſtead of 500, read 20. 

In page 151, line 12, inſtead of 1, read ix. 

In page 162, line 6, inſtead of 12,/5;, read 11/7. 

In page 165, line 10, inſtead of cur/as, read cur/us. 

In page 171, line 15 from the bottom, inſtead of /ongitudinis, read /atitudinin 

In page 177, line 6, inſtead of curſus, read curſiis. 


In page 191, line 4, inſtead of oe, read io. 


14 — 4/26 14 = 4/96 


In page 338, line 6, inſtead of , read 


In page 354, line 1, inſtead of 1,380ax*, read 1,380a'*%* 

In page 355, line 11, inſtead of 72x*, read 72x, 

And in the ſame page 355, line 19, inſtead of 12,4354'a*, read 12, 43 54's". 
In page 356, lines 8 and q, inſtead of 4,2124%*, read 4,2124%*, 


In page 357, line 7, inſtead of = L 2, read << — 24 +9 


In page 358, line 7, inſtead of 4x 3+ 2 X _ * Va X 2 * 


4X3 +2X2,/3X1/2 +2 


3 
In page 359, line 10, inſtead of 12,43 54%x*, read 12, 43 54'a*, 


And in the ſame page 359, line 12, inſtead of g, read g“. 

In page 363, lines 3 and 6, inſtead of 12,62 54, read 12,6259", 

In page 364, line 2, inſtead of 1 24a, read 12.44%", 

And in the ſame page 364, line 2, after 1244x?, inſert + 24ax”, 

In page 365, line 9 from the bottom, inſtead of 14,0524%?, read 14,0524 *. 

In page 370, line 18, inſtead of 9, 1624, read 9, 162a¹⁶⁴. 

And in the ſame page 370, and line 18, inſtead of 9, 1624“, read 9,1624 

And again in the ſame page 370, line 19, in two places, inſtead of 9, 162a“, 
read 9, 1624“. 

In page 373, line 4, inſtead of 298, t 12, 058, 489,5, read 297,735,917,476,4, 

And in the lame page 373, line 9, inſtead of 3,022.363,764,741,5, read 

3,021.988,63 3,738, 3. 

And again in the ſame page 373, line 10, inſtead of 12, 591.587, 735, 258, 5, 

read 12,59 1.962,86, 261. 
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In page 375, line 3 from the bottom, inſtead of 3,02 1.988, 633,728, 3, read 
3,021.988,633,738,3. 

And in the ſame page 375, bottom line, inſtead of 12, 59 1.962, 866,271, 7, 
read 12,591.952,806,261,7. 

In page 376, line 4, inſtcad of 12,591:962,866,271,7, read 12,591.962,866, 
261,7. 

And in the ſame page 376, line 6, inſtead of 12, 59 1.962,66, 271,7, read 
12,59 1.962, 866, 261,7. 

And again in the ſame page 376, line 14 from the bottom, inſtead of o. 160, 
500, 953 * *, read o. 160, 300, 953 X 49. 

In page 378, line 2, inſtead of o. 632,95 + 4 x 2, 5 o. 632, K @ X Z. 

In page 381, line 20, inſtead of 8,47 8a, read 8,74845%xs. 

In page 383, line 10 from the bottom, inſtead of goax'x, read goxꝰx. 

In page 384, line 10, inſtead of 2, 1 56a, read 2,1 56a. 

In page 387, line 13 from the bottom, inſtead of 7760.68 35 X 4, read 
7760.6835 x 4. 

In page 391, line 7, inſtead of 15,289.53 47,896, 654 X 2, read 15,289.547, 
896, 564 X 2. 

In page 402, line 3, inſtead of 516ax", read 5164*xs" 

In page 411, line r, inſtead of 12, 435%, read 12, 43 5 “. 

In page 442, line 15 from the bottom, inſtead of cn, read en. 

In page 489, line 13 from the bottom, inſtead of ”hypotheſe, read Hob. 

In page 490, line 2 from the bottom, inſtead of davantage, read d"avaniage. 

In page 499, line 8 from the bottom, inſtead of UD, read ND. 

In page 550, line 5, inſtead of % A, read 2½½ A. 

And in the ſame page 550, line 8, inſtead of a/cizo A, read afcits A 

In page 567, line 15, inttead of verti, read tertii. 


. . [ r 
In page 571, line 13 from the bottom, inſtead of read 1 
[ 


Des Dir 


In page 593, line 7, inſtead of , read R 
F 


In page 595, line 11, inſtead of — þ, read + E. 
In page 597, line 3, inftcad of —, after the capital letter P, put a comma. 
In page 600, line 3, in two places, inſtead of V, read W. 
. . Iy iy 
In page 607, line 7, inſtead of D., read DS. 
8 


eo ERRATA 


In page 619, line 7, inſtead of fx, read fx*. 
In page 626, line 9, inſtead of *, read 4. | 
, 65611? _. * 
In page 655, line 8 from the bottom, inſtead of 1055 read nee 
In page 669, line 10 from the bottom, inſtead of LY read Sn . 


In page 687, line 4 from the bottom, inſtead of — 4, read + 45. 


In page 693, line 8, inſtead of =, read =, 


F INI S. 


DIRECTIONS TO THE BINDER. 


Let one Plate of Mr. Paſcal's Triangle Arithmetique be placed on the left- 
hand fide, next to page 502, and ſo as to open upon the reader when he is 
reading page 503; and the other copy of the ſame Plate be placed on the 
right-hand fide between pages 532 and 533, ſo as to open upon the reader when 
he is reading page 532. 
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